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Abstract. Low temperature phase diagrams of two-dimensional #(¢) quantum
field models are constructed. Let £ lic in an (r— 1)-dimensional space of
perturbations of a polynomial with r degenerate minima. Perform a scaling

P(P)— A~ 2P(Ap) and assume A<1. We construct k distinct states on (Irc)

hypersurfaces of codimension k — 1 in the space of perturbations. An expansion
is used to exhibit exponential clustering of the Schwinger functions of each of
these states. At the core of the construction is a general technique for finding
the thermodynamically stable phases from a collection of competing minima.
We draw on ideas of Pirogov and Sinai [24] for this problem.
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I. Introduction

1.1. Background and Main Results

This paper presents a detailed analysis of low-temperature #(¢), quantum fields
models. The last several years have seen considerable development of constructive
field theory techniques for studying multiphase models. However, the range of
models that can be treated remains rather limited when compared with the large
class of polynomials to which expansion techniques ought to apply. We close this
gap by giving cluster expansions for the Schwinger functions of essentially
arbitrary low-temperature 2(¢), models. Moreover, we construct coexisting states
on various hypersurfaces of a phase diagram homeomorphic to the classical (zero
coupling) phase diagram. A unique feature of this investigation is the fundamental
role expansions play in determining the stable phases of a theory.

The study of phase transitions in quantum fields models was initiated by
Glimm, Jaffe and Spencer [18] with their proof that two phases exist in the
double-well (Ap*—4¢?), model. Subsequent results include existence of phase
transitions for models without a symmetry [9] or with continuous symmetry
[11,12], and absence of symmetry breakdown for vector models in two
dimensions [2].

Gawedzki [13] proved that the parameters in a ¢° polynomial can be adjusted
so as to achieve three distinct phases at one point. Summers [28, 29] established
that two phases coexist on lines leading up to that point. These results justified
classical ideas about the structure of the phase diagram of that model.

Of course, there are a number of methods available to construct models
corresponding to general polynomials [14,10]. But these methods do not lead
directly to results on multiplicity of phases or phase transitions.

When dealing with a model that is a small perturbation of a massive Gaussian,
cluster expansions usually give the most detailed information, e.g. on the relation
between the Schwinger functions and their perturbation series [6, 8] or on cluster
properties [16, 17]. This has been the case for multiphase theories also. Glimm et
al. [19] developed a convergent expansion for the Schwinger functions of the
(Ap* —1¢* — ug), model (with || <A%< 1), establishing also the mass gap of the
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theory. Their mean field expansion has formed a basis for studies of other models
with deep, widely separated minima. The technique was used for the Coulomb gas
[3,4], for a two-component ¢* model with three phases [5], and for the
pseudoscalar Yukawa model in the two-phase region [1]. Summers [28] used it in
the ¢° model mentioned above, although his expansion did not converge in a
neighborhood of the asymmetric phase transition lines. (He was nevertheless able
to prove asymptoticity of perturbation theory across the phase transition
lines [30].)

The work cited above goes very far in the description of quantum fields at or
near first-order phase transitions. However, all the results depend in an essential
way on special properties of the models considered. In all of the models, the space
of parameters in the interaction has an a priori reduction to 0 or 1 dimensions with
the use of symmetries or correlation inequalities. Thus all work has depended on
either

(i) the existence of a preferred point in parameter space at which the phase
transition should occur (e.g., a symmetric point) or

(i) the existence of a preferred direction in parameter space along which one
can pass to obtain the phase transition.

The Glimm-Jaffe-Spencer analysis of (1¢* —+¢2 —u¢), [19], and Frohlich’s
proof of phase transitions without symmetry breaking [9] rely on the external field
as the preferred direction. Gawedzki’s proof of the existence of three phases [13]
uses both (i) and (ii): a ¢— —¢ symmetry prevailed all along the direction of
variation of a quadratic term in the polynomial. Summers’s analysis of the phase
diagram of that model [28,29] also used the quadratic coefficient as the preferred
direction, even though the diagram was two-dimensional. Baftaban and
Gawedzki’s work on the two-phase Yukawa model [1] used a boson symmetry
¢— — ¢. Brydges and Federbush [3,4] and Constantinescu and Ruck [5] also
used symmetries in their multiphase expansions.

The limitations (i) and (ii) rule out a wide range of situations where one expects
phase transitions. A general polynomial will have many local minima. The
process of adjusting the coefficients of the polynomial to achieve many phases at
once involves many parameters nontrivially. One of the main contributions of this
paper is a technique for finding the hypersurfaces on which various phases of a
polynomial coexist. If r phases are involved, this involves a search through an
(r—1)-dimensional space of parameters, with no preferred directions and no
symmetries.

We also obtain detailed properties of each of the phases by giving a cluster
expansion which converges throughout the space of parameters. This represents a
considerable advance in expansion techniques, since up till now all cluster
expansions have relied on symmetries [19,3-5,1], correlation inequalities
[19,20, 28], or large differences in classical energy densities [28]. When correlation
inequalities are used, one is in case (ii) above. A large difference in classical energy
densities necessarily excludes neighborhoods of phase transition hypersurfaces
from consideration.

The main difficulty with applying expansion techniques to general polynomials
has been in obtaining ratio of partition function bounds. These bounds are
absolutely crucial in getting the boundary conditions to select a stable phase.
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Except in situations (i) and (ii) above, it is not clear which minima are stable and
which ones are unstable at a particular choice of parameters. Quantum fluc-
tuations can suppress some minima relative to others, making the classical
polynomial an unreliable guide. One can only hope to obtain good bounds on
ratios of partition functions when a stable partition function is in the denominator.
Thus the difficulty is compounded by the fact that one does not know which ratios
of partition functions one should attempt to bound.

This problem has been solved in lattice statistical mechanics where spins take
values in a finite set. Pirogov and Sinai [23,24] have developed a powerful
technique to give a complete analysis of the phase diagrams of such models at low
temperatures. They show that in the (» — 1)-dimensional space of perturbations of a

Hamiltonian with r degenerate ground states, there exist (r) hypersurfaces of
codimension k—1 at which k phases coexist. k

We solve the ratio of partition function problem by drawing on the ideas of
Pirogov and Sinai. Quantum field models, and unbounded spin systems in general,
have a number of properties which make a straightforward application of the
Pirogov-Sinai theory impossible. The difficulties arise from the nonpositivity of
terms of the decoupling expansion, from different classical masses in different
minima, and from the unboundedness of ¢. These will be discussed in the next
section, and as they arise in later chapters.

The techniques of this paper should also be useful in solving problems outside
of 2(¢), theory. At no point do we use symmetries or correlation inequalities to
obtain the expansion. The techniques should apply to the low temperature
statistical mechanics of continuous, unbounded spins (not covered in [23,24]).
They may be applicable to the problem of proving Debye screening for arbitrary
relative activities of charge species. (See [4] for a statement of this problem.)

We now state the main results. Let u vary in some neighborhood of the origin
in R Let 2, .u(&) be a polynomial with local minima at =& (u), ..., (W)
Suppose these minima are degenerate when u=0, and suppose 2y ()= mz(,u) >0
for g=1,...,r. Assume 2, , is bounded below and its minima él,. ,é are
separated by potential barriers. We give a more precise statement of the
requirements on &, , in Sect. 2.1. The parameters 1 must break the degeneracy
properly, and the classical energies 2, ,(£,) cannot be too far apart.

With

20,0 =1"22 (A0, (1.1.1)

we construct finite volume expectations as follows. Define

V4=£ [igx,u(qb(x)) — 2,8~ " HPx)—&p)*:|d

2

= 1{ [1%,,;(%()6)-% 8 —28)— 1pq(x)2

(1.1.2)

where w%(x) d(x)— &, Wick ordermg is defined with respect to the covariance
(—4+m3) 1 where qe{l .,r} is fixed throughout. Let dpu,,(y,) denote the

Gaus31an measure in which v, has mean zero and covariance (—4+m?2)~". The
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expectation with boundary condition q is

[Re_V"d,u 2(1P )
R), =F%—p——ra & 1.1.3
< A,q j‘e quﬂmg(wq) ( )
2
The measure Az(W,) supplies the missing mass term n;—" :wq(x)zz in A, while

outside A it forces the field to lie near the g™ minimum. The scaling (1.1.1)
preserves the shape of 2, ,, while separating the minima by factors of 17! and
raising potential barriers by factors of 1~ 2. Quadratic terms are unaffected, while
cubic and higher coefficients are multiplied by powers of 4.

Theorem 1.1.1. Let A be sufficiently small. There exists a Lipschitz continuous
mapping of a neighborhood of the origin in parameter space onto a neighborhood
of the origin in the boundary of the positive octant in R". (This is the set of r-tuples

(@', ...,a") satisfying i{llf a‘1=0.) The mapping inverts and the inverse is also

Lipschitz continuous. Let i be a parameter set which is the inverse image of a point
with a?=0. At u, the infinite volume limit of the Schwinger functions

<I=11 ¢(xi)>A,q (1.1.4)

exists and the limiting functions satisfy all the Osterwalder-Schrader axioms [22]
with exponential clustering. . R
The perturbation series for the q'®-state Schwinger functions are asymptotic as

A—0 whenever a’(u)=0. As a consequence there exist (;;) hypersurfaces of

codimension k—1 in parameter space at which k distinct phases coexist.

In the course of proving this theorem we give rather precise estimates on the
positions of the phase transition hypersurfaces. In Sect. 3.7 it is shown that they
deviate by O(1°/?) from the positions inferred from perturbation theory through
order A° for the vacuum energies.

This paper incorporates and extends the author’s doctoral thesis [21], where
the central ideas were worked out in a less general setting.

1.2. Physical Ideas and Outline

In this section we present some of the main ideas behind the proof of
Theorem 1.1.1. An organizational overview will be given at the same time. More
detailed discussions and analyses of technical problems will be found at the
beginnings of Chaps. 3-5.

Chapter 2 gives a version of the mean field expansion that is suited to variable
mass polynomials and to the constructions in Chap. 3. The basic objects used in
the rest of the paper are defined, and estimates on them are stated in Sect. 2.5. In
Sect. 2.1 we give a precise statement of requirements on polynomials, and we single
out aspects that ultimately determine how small 4 must be taken. A concise
statement of the choice of constants used in the expansions is also given in
Sect. 2.1.
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The basic idea of the mean field expansion is to decompose the theory into low-
and high-momentum modes. The low-momentum part resembles a lattice spin
system; it is controlled with a Peierls expansion. The high-momentum part
resembles a single-phase model ; it is controlled with a decoupling expansion in the
spirit of [17]. The low-momentum component (the “mean field”) is defined by
averaging the field over a square. Rigorous bounds on the deviation of the field
from its average value justify the splitting and provide a basis for the vacuum
energy bounds.

The mean field expansion expresses the theory in terms of a statistical ensemble
of objects defined on finite regions of IR% (Actually, it is not a true statistical
ensemble because the objects are not in general positive.) This is the starting point
for the analysis of Chap. 3.

In Chap. 3 the stable phases are determined and the all-important ratio of
partition function bounds are established. We use many of the ideas of Pirogov
and Sinai [23,24], though the constructions we give are quite different from
analogous ones in [24]. We emphasize partition function language over the
contour language of [23,24]. We must avoid taking logarithms of the basic
objects, since there is no way to keep them positive and bounded away from zero.

The constructions proceed through approximations to quantities representing
the “relative energies” of the different phases. For each set of approximate energies,
approximate partition functions are conmstructed. The physical basis of the
construction is the idea that transitions out of an unstable phase should have a
probability growing exponentially with the volume of the fluctuation. The
coefficient should be proportional to the energy of the phase relative to the stable
phases. In contrast to the true partition functions, the approximate partition
functions can be estimated at this stage.

Estimating approximate partition functions is the technical crux of this work.
The estimate depends on the fact that there is a form in which the expansion has
positive terms. In order to be able to reduce to that form at any point, we must use
a complicated inductively defined construction for the approximate partition
functions. The “relative energies” acquire a dependence on the size of fluctuations.

The approximate partition functions are estimated in terms of pressures and
surface energies. The pressure terms correct the approximate relative energies, and
the surface terms are incorporated into the ensemble. This new information yields
a better approximation to the partition function, and the procedure repeats. When
the iteration converges, we have expansions for the true partition functions. The
stable phases are the ones with zero relative energy. The estimate mentioned above
can be applied to give good bounds on ratios of partition functions, provided a
stable phase is in the denominator.

In Chap. 4 the information on partition function is used to obtain an
expansion for the Schwinger functions. Ratios of constrained partition functions
must be dealt with before dispensing with the machinery of Chap. 3. Constraints
on the expansion for [ Re ™" diuy(w,) can be handled with some techniques of Kunz
and Souillard (see [1]), and the normalization je’qu,um%(zpq) can be factored out
explicitly. This yields estimates on (R}, , independent of 4, for g a stable phase.
Other consequences of the convergence of the expansion are the mass gap and the
asymptotic nature of perturbation theory.
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Chapter 5 contains proofs of the estimates required for Chaps. 3 and 4. It is
essential to take account of the effective vacuum energy arising from changes in
mass. We also require some smoothness in y for each element of the expansion. To
obtain smoothness of partition functions associated with a single spin con-
figuration, we need a new type of estimate approximating the field as a bounded
spin. This estimate is what allows us to go beyond [21] to give a complete picture
of the phase diagram.

2. Mean Field Expansion
2.1. Polynomials and the A—0 Limit

In this section we specify precisely the polynomials and perturbations that will be
treated in this paper. Our philosophy will be to specify a polynomial £, and then
scale &, and its argument according to

P(O=1"22,(08), Ie(0,1]. (2.1.1)

This scaling has the effect of separating minima by 4~ ! and increasing barriers
between minima by A~ 2. The curvatures at the minima of £, are independent of A.
The coupling constant A can be identified with #'/2, so that as A tends to zero we
approach the classical limit. Alternatively, we can think of the scaling as a
continuum version of the low temperature limit for the lattice Hamiltonian
H=1V¢|*+ P, (¢). With A=p"12 B> 1, the change of variable ¢— A¢ sends BH
to 3|Vg|* + 4722, (Ap).

The scaling is particularly useful in studying #(¢), theories that possess many
phases, because it preserves whatever multiple-well structure £, has. In this
respect it differs from A2(¢)— ¢, A< 1 and g#(¢), g> 1, which should yield only
one- or two-phase theories [25].

We shall give a convergent r-phase expansion for the Schwinger functions
when 1<1 and £, has r important minima. (The meaning of “important” will be
specified precisely below.) As parameters in £, are varied, a minimum may rise so
far above the others that it becomes irrelevant. If this happens, we are able to give
overlapping r-phase and (r—1)-phase expansions. Thus we can handle general
polynomials except in neighborhoods of critical points.

In order to achieve coexistence of up to r-phases, we need to consider
perturbations of polynomials with r degenerate minima. Quantum corrections will
destroy the degeneracy, and we must be able to restore it by making small changes
in the perturbing parameters. Let pu=(u',...,u""!). We take 2, =2, , and
suppose that 2,  has r degenerate minima.

We shall need some lower bounds on £, to insure that the minima ¢, ...,¢, are
isolated by potential barriers and to prevent any one minimum from dominating
the others too strongly. We require a weak quadratic lower bound near each
minimum. Between minima, but outside a neighborhood of each minimum, we
allow the lower bound to diverge quadratically towards — oo at a faster rate than
the local bound. This allows 2,(£)) — Z,(£,) to be O(A™?), but no larger. Thus, the
lower bounds restrict the range of p. See Fig. 2.1.1. The diverging lower bounds
will be controlled by the expansion in phase configurations (Sect.2.2). The
expansion makes it unlikely for the field to lie outside of a prescribed well.
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Fig. 2.1.1. Lower bounds required of (). { is fixed, while 7 <{/4 may be taken to be small. However,
A= Ao(n)

We now give a precise statement of the requirements on £, , and
S, . (L) {2y 1 &y, -, &) will be called {nC-admissible if for all u with
sup [u|=C™*

' @® ¢&,,...,¢, are local minima of 2, ,.

(i) g1,0(6q1)=g1,0(6q2)5 1=q,<q,=r.

(iii) Define d and a; ,(u) by the formula

d
P ulE+E)= ';0 aj’q(/t)fj.

Then d is even, d=C, |a,, q(,u)l>C'

Write a,(u) = 4m3(u), ag, (1) = EX()
(iv) £q+1 é >C— _
(v) There is a ge{l,...,r} such that e?=E?—E? satisfies the following

g

. . . . [0
condition. If A is an eigenvalue of the matrix % atq then |Ale[C %, C].

0%e! G,
) <c, [a—ﬂ—c

and |a; (#)|=C, j=2. Of course a, ,(1)=0.

—12,...ir
0*m,

ouou| =

=<
| = =C, and
(vi)Put &y = — 0, £, = 0.
For g=1,...,r,

0
€ o

nC—&)%,  £eGE-1+E).3(6+ 4 0)
21,00—2,(8) 2 fl(é’—éq)z—%(é—%(éﬁ«fqﬂ))z, £23(,+ &40

ME= 8 L3 )P ESHETE).
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Plg)

Fig. 2.1.2. If 5 is decreased from 7, to 7,, then the right-hand minimum can be omitted from
consideration

The constants {, 7, and C that appear in the above definition arise as follows. {
is a constant chosen consistently with some upper limits arising in the proof of the
vacuum energy bound (Sects. 5.2 and 5.3). # may be chosen at will in the range
(0,{/4]). However, the lower bounds (vii) allow for a reasonable range of
perturbations u only if # is a small fraction of {. Also, the lower bounds imply that

m? 227 for all . As 1 tends toward zero, we must restrict A to smaller ranges. By
adjustmg n, one can exclude a minimum from consideration in a restricted range of
1 (Fig.2.1.2). Thus the domains of convergence of expansions with different values
of r overlap. The constant C parametrizes various aspects of the polynomial which
ultimately will affect the maximum allowable A. Thus C and ™! may be chosen
arbitrarily large, but we require 1 <14, C).

Requirement (v) insures that the parameters W break the degeneracy of 2, ,
and establishes a scale for y'. With E4(A, u) = 2.u(E,)> we have that a change ou in
the parameters induces a change OEI=0(A" 2)5/,4 in the classical energles of the
minima. Requirement (vi) is used to prove convergence of successive approxi-
mations to phase coexistence points. We need (v) and (vi) only in Sect. 3.7, where
coexistence is established.

The p-derivatives of the a; s can be expressed as nonsingular rational
functions of u-derivatives of the coefficients of 2. (Singularities appear only when
some m, tends to zero.)

Thebound ¢, —¢{,2C" ! orders the minima and helps to avoid any potential
critical points Together with the lower bounds (vii), it insures that fluctuations
between minima incur a certain energetic cost. The minima of &, , are at (1)
=A"'¢, (A=1). Thus they are separated by O(17").

Two length scales will be used in constructing the mean field expansion. One is
the scale on which distant regions are decoupled in the cluster expansion.
Decoupling lines are placed on a lattice with squares of length I. We choose I to be
a large integer, depending on C and #. I need not diverge with 1. However, 1 must
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be chosen sufficiently small, depending on . The qualification A< 1< will always
refer to this choice of constants. Once 4 and [ are chosen as described above, all our
results apply to any {yC-admissible family of polynomials. A second length L
provides an upper bound on the scale of effects of fluctuations between minima.
We take L to be the next multiple of [ after (logA)>.

More general polynomials can be brought into (#C-admissible form by
performing two operations. A dilation 2—622, x—5~'x can be used to bring the

masses into the range []/2_, l/2C] or to increase the range of parameters
consistent with the lower bounds (vii). A preliminary scaling Z(¢)—y~ 22(y¢) will
leave the masses fixed while bringing the leading coefficient into the range
[c-ic1

2.2. Expansion in Phase Boundaries

In the next three sections we present the mean field expansion [197] that we will use
throughout this paper. It consists of four parts: an expansion in phase boundaries,
a translation of the field, decouphng expansions, and mass shifts. The last two
operations are intertwined in a way that generates an expansion with the right
locality properties. Shifts of mass from the measure to the interaction or vice versa
are needed so that the decoupling expansion is always controlled by factors of A.
These multiply cubic and higher order terms in the interaction, but not quadratic
terms. The object of all of these operations is to represent an integral
[Re™ quymz(wq) as an appropriate statistical sum of quantities defined on finite
regions in R2 In Chaps. 3 and 4 we use the representation as a starting point for a
sequence of transformations that ultimately leads to the desired estimates on the
Schwinger functions.

To define the expansmn, we put two lattices on IR%. One is a unit lattice, with
elementary squares 4} having lower left corners at i =(i,,i,)e Z> CIR% The other is
a coarser lattice, w1th elementary squares 4; having lower left corners at (j,, [j;)
with I> 1. We take the interaction region A to be a square composed of [-lattice
squares.

In each unit lattice square 4} S A, we decompose the measure into r parts, one
for each minimum of &, ,. This is accomplished by inserting partitions of unity
into the measure. Suppressing the dependence of ¢, on 4 and u, we define

oAM= [ px)dx=P(x), xe4a’
At
(Eqt&q+1)/2

— —(&—2)2
WO=n"1? ¢z, g=1,..,r.
(éq—l+€q)/2

2.2.1)

Then ) x,(¢)=1. Let o, take the values 1,...,r at the unit square 4} SA. The
=1
expansion in phase boundaries is a result of the identity
- 11 £ x(oh)
A5E 4 \oi=1
=2 1 x.(8(4}). (2.2.2)

{o) 41Ca
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Here {0,} =X is a spin configuration, that is, a function on the unit squares in A
taking values 1, ...,r. Define

2= ] x.(6(4}) (223)
aica
and insert (2.2.2) into the measure to obtain the expansion

fRe™"adp,q(p,) = ; JRxze ™ dpyp,). (2.24)

The formula may be interpreted as follows. Since y,(¢) is close to 1 for ¢ near ¢,
and close to zero elsewhere, the factor x; tends to make each ¢(4}) lie in the
vicinity of the minimum ¢, . By estimating the fluctuation field 6¢(x) = ¢(x) — P(x),
we shall see that ¢(x) also tends to lie neay £, . For expectations with boundary
condition g we set 6, =gq if 4} { A. The boundary condition presses $(x) to lie near
¢, in ~ A without the help of x-factors.

Whenever o, 0, for neighboring squares A} and 4}, x; forces a fluctuation
between wells of 2, ,. When this happens, the edge common to 4} and 4} will be
called a phase boundary. We shall see that each configuration X is associated with
a strong convergence factor e~ ®W*7*1*l where |X| is the total length of the phase
boundaries in 2. Thus the tendency is for o to be constant over large regions.

2.3. Translation of v,

In defining the finite volume expectation with boundary condition g, we translated
from ¢ to y,=¢ —¢,, anticipating that (¢ should be approximately ¢, in the ¢
phase. With the y-factors present in the measure, we need a space-dependent
translation in order to recover a small mean. We expect {¢$(x)> to behave roughly

fie h(x)=¢&,,, xed}]. (2.3.1)
Taking into account the kinetic energy term in the action, a better approximation
would be -

gx)=m(—A4+n""'h)(x), (2.3.2)

where # is the constant appearing in the lower bounds (vii), Sect. 2.1.
As in [19] we localize the definition of the translation function g(x) so that it
depends only on g; for dist(4},x)< L/2. Choose a C¥ function {(x) satisfying

0= {1
Ux)=0, |x|>1 (2.3.3)
(=1, [xI=%.
Then define
9() =1, (=4 +n) " (x—){((x—y)/Lh(y)dy, (2.3.4)
where
ng ' =J(=A4+n) " 0)O/Ldy. (23.5)

Due to the localization of the kernel (—A+#x){, we have that g(x) and
(—A4+n)g—g.)x) are independent of A(y) for dist(x,y)=L/2. Thus if dist(x, 2)
2 L/2, then g(x)=h(x) and (—4 +n)(g—g.)(x)=0.
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Define
Y(x)=P(x)—g(x)
=yp,(x)+¢,—g(x). (2.3.6)

The meaning of v depends on X, though the dependence is not explicit in the
notation. Let dpu,;(y) denote the measure in which y(x) has mean zero and
covariance (— 4 +m2) !, 'We claim the following formula is valid:

e Vel () =25, (), (23.7)
where

9= /51 [:2,, l($(x): — EZ—31:($(x) = h(x))* : —3(m — 1) :9p(x)* : ]dx

+F +F,+F3+F,, (2.3.8)
=inf(h—g)?dx+5[(Vg)*dx, (2.3.9)
=3(mZ2—n) jA (g—&p)%x, (2.3.10)
=[px)—4+n)Ng—g)dx, 2.3.11)

F,=(m}—n) jA Px)g—&dx. (23.12)

The formula for translation of a Gaussian measure is
At + ) =exp(=5<fo (= A+mf> = p, (= A+m)f D)dtglp) . (2.3.13)
Thus
d,um}l(lpq) = dﬂmg(w + g - fq)
=exp(— <Y +3(g—Ep(—A+mig—ED)pu(w).  (23.14)
2
Since V,= j [:P($): —Ei— '—”21 (p+g—&)?:1dx, the claim will follow from

2
ZF 5 “Lip+g—E) i+ (w+g—h)?:+3(mi—n) > |dx

+ <w+7(g =& (= A+mdg—E)>. (2.3.19)

The terms linear in y are

JwlmZé, —nh—(mZ —n)gldx+fp[—m2¢, +(—A+ml)gldx.  (2.3.16)
A

Using h=¢, on ~ A and (2.3.2), these combine to form F; + F,. Of the remaining

m2 .
terms, + Tq(g—éq)2 cancel in A to leave

(g 5)2dx+§211(g h?dx+3<V(g—E), V(g — &)

2

5 7‘19 £)> —%nlg—h)?|dx. 23.17)

JA 2
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Using again h=¢, on ~ 4, the proof is complete.

The grouping of terms in (2.3.7)2.3.12) is convenient for the vacuum energy
bounds of Chap.5. The term —3(mZ—n):y(x)*: will be absorbed into the
Gaussian measure. The negative term —2# :(¢ —h)?: must be controlled by the
x-factors and by estimates on the fluctuation field d¢. [Compare with the lower
bounds (vii) of Sect.2.1.] F, is the dominant effect of phase boundaries, and
produces a factor e ?W*** F_F. and F, are error terms.

2.4. Decoupling Expansion and Mass Shifts

In this section we take each term in the expansion in phase boundaries and express
it as a sum of products of terms defined on bounded regions. The localized terms
are the basic objects of study in Chaps. 3 and 4.

In order to implement factorization we will use covariances with space-
dependent masses and with full or partial Dirichlet data on bonds of the I-lattice.
Let o(x) take values in the set {m2, ..., m?} and be constant on every unit lattice
square. Let I' be a set of I-lattice bonds and write A for the Laplace operator with
zero Dirichlet boundary conditions on I'. We will use decoupling parameters {s,},
where b indexes bonds of the [-lattice, and s,€[0, 1]. With s={s,}, m= sup m (W),
define ’

Cazs)= Y, [I s [1A—=sN(=4p+m>)1,

IrC® belc  bel
Co(8)=(Csals) '+ —m?) 71,

where I'° is the complement of I' in 4, the set of all I-lattice bonds. When s,=0,
C,,(s) has zero Dirichlet boundary conditions on b and when s,=1, C,(s) has no
Dirichlet data on b. If s,=0 for all beI’, we call I" a Dirichlet contour.

Let du, () denote the Gaussian measure in which ¢ has mean zero and
covariance C,(s). We call {s,} decoupling parameters because

jRYR ~ Ydy'w, s(w) = jRYd#w, s(W)jR ~ Yduw, s(lp) (2'4'2)

whenever 0Y is a Dirichlet contour. (Ry, R.. y are supported in Y, ~ Y, respectively.)

We now give a decoupling expansion for each term of the expansion in spin

configurations. Let #(Z) C 4 be the set of I-lattice bonds that are at least a distance

L from all phase boundaries of . We use the sup norm dist(x, y)= s%p |x;—y| in
i=0,1

(2.4.1)

discussing distances between phase boundaries and I-lattice bonds. We keep s, =1
for b¢ A(X) throughout. Rather than expand in all the s-parameters at once, we
break %(X) into subsets. After expanding in the s-parameters corresponding to
some subset, we make a mass shift. We may then proceed to the next subset and
continue until all bonds of %(Z) have been differentiated or decoupled.

In order to define the subsets of #(X), we construct inductively a sequence of
subsets of R?:IR?=D,2D,2...2D,5+,=0. p(b), the phase of a bond in %#(Z), is
defined to be the common value of nearby spins. Let D, be the region bounded by
bonds be %4(Z) with p(b) # p(b,), where b, is any bond far outside of 4. [Bonds with
p(b)=p(b,) may be contained in D,.] Then define #,(2)=%(Z)n{b:b<D,\D,}. In
general, D, will consist of a number of connected, simply connected components
D;. With b,C0D§, define Df,, to be the region bounded by bonds b<Dj
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Fig. 2.4.1. The decomposition of %(ZX) into subsets #,(X), B,(Z), ... separated from each other by the

phase boundary >

with p(b)=p(b,) and beZA(X). Then put D, = () Di,, and %,(2)=2A(2)

n{b:b<D,\D,,,}. The construction terminates when the bonds of %(X)
are exhausted, and we have #(Z)=%,(2)v ... U, (2). See Fig. 2.4.1.

We associate to each k a space-dependent mass w,(x). Define p(D;)=p(b,)
where b, 0D% if k=2 and b, is far outside of A if k=1. Then put w,(x)=m?, ,. We
obtain w,,, from w, by modifying it on each

Dz, ={xeR?:dist(x,D%, ) S L/2+1}
(using again the sup norm):
Wyey1(X) =m§(Dzﬂ) ) xeﬁ;+ 1

O (X)=0x), x¢{)Di,,.
a
Associated to each w, we have a mass-shifted interaction

0,2, 4,9)=0(Z, 4,9)+ i 3(m? — 0 (x)) :p(x)*: dx. (24.3)

Notice that @, =Q.
The decoupling expansion uses the identity

F(s,=1)=F(s,=0)+ } dsbai F(s,) 24.4)
0 Sp

for each be %,(2) for some k. For k=1 we obtain

JRxse ™ dp,5(v)

= Y fdsr, 05 [ Ryze™dp,, . (¥)
Iy CB1(2), I't finite

fasr, X I [395Co,(sr)-4,]

Iy S B,(3), T finite meP(l) ajem

‘Ryse™ %y, . (). (24.5)
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We have used the following notations:
)
* ber 05y
s, if bel}
(sr)y=70 if beZ,(2)\[;
1 if b¢#,(2),

der=j l__[ dSb,
bel

P(I')=set of partitions of I',
0 1)

—dz,dz,.

op(z,) Ow(z,)

2

K'AW=IK(21,22)

See [7,17] for details.
Before proceeding to the next block of bonds, we shift mass from Q to du:

e N wadl‘lwhsrl(w) = e_ szdﬂa)z, srl(ll))zwlwz(s[‘l) > (2'4'6)
Z o 0)(Sr) = I of 1/2(@1() = 02(x)) 1 (x)2: ""dﬂw,,sn(‘l)) . 2.4.7)

Absorbing the mass term into du changes the covariance to C,(sr,), given in
(2.4.1). We shall never apply s-derivatives to Z,, ,, factors. As a result of the mass
shift, contractions to Q,, from the next block of s-derivatives will bring down
powers of A.

Proceed through the blocks of bonds 4,(Z), #,(2), ..., #,(2) shifting mass-
squared from w, to w,, , after deriving bonds in %,(2). We allow s-derivatives to
act on covariances arising from earlier blocks. The result is

n

JRyze™ %dpt,a(w) = Y fasp Y [I|e@= 9 [T BC,[51)4,]
rSA(3), I'finite ne?(I') j=1 k(zgzj
n—1
‘Ryse” wad,uwm W) kl:[1 Z s 510 - (2.4.8)

We have used the following notations:
L=ro | #(2),
k(e) is the first integer k such that anI; 0,
s, if bel
(sp),=10 if be(jg)k 7] j(Z))\Fk

1 otherwise,

SI*=SF'I,

(S

n+1=wn’

[10,=0,0,_,...0,.
j=1
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We now write (2.4.8) in factorized form. Define Q(Z) as in (2.3.8)2.3.12) but
restricting all integrals to ZnA or Zn ~ A. Define @, (Z) similarly from (2.4.3).
Let {Z,} be the closures of the connected components of R*\{s=0 bonds}. (The
s=0 bonds are those in Z(Z)\I'.) Then

Qo= 2.0u(Z).
We let ZnZ denote the restriction of the spin configuration X to Z, and define

tsnz= 1 . 1a{$(41)),

AlCZn

i

so that
Xz= l;[ Xznz,.-

Using the fact that C,,(sy) vanishes between Z, and Z, ., and the fact that C,,(sy)
restricted to Z, depends only on s, with bCZ,. we can apply (2.4.2) to obtain

fasp Y (11 [ewa“-'% I1 [%6:cw,<sr)-aw]]

e j=1 aET
k(@)=j

‘Ryse™%=dp,, ()

n
=n{§dsl'nl,< Z jn[egw,.(zx)—ew“,(z,‘)
L4

nePI'nZy) j=1

- T1 [%6:ca,j(sr)-A.,,]]szxnzke"wa‘“duwn,sr(w)}. (2.4.9)

AET
k(@)= j

We have assumed that R is a product.
The Gaussian integrals Z,, ,, . (s5;) also factor, although not as fully as above.
We associate the factors to Z,’s as follows:

Z o 150 = 11 Z . (55D (2.4.10)
where
@, +1(x), xin a connected component of
suppt(w, , ; —w,) whose boundary lies in Z,
o, (x)= PP(@y 41 — @) y (2.4.11)

w(x), otherwise.

Notice that suppt(w,—wj,,) is always separated from suppt(w,—w}, )
by bonds with s, =0. Hence (2.4.10) is valid. In addition, Z,, . (sr,) depends
only on sy, .z,
Using (2.2.4), (2.3.7), (2.4.8), and (2.4.9), the full mean field expansion becomes
JRe™ adpa(wy) =3,
I IS BE), Ifinite «

n

'{fdsrnz,c 2§ 1 |eee®07@em @ [T [36C, (5r)-4,]

neP(InZs) j=1 aemn
k(@) =j

n—1
‘Rydznze 2@y, o ) [1 Zoor, ,(Srk)} : (24.12)
k=1
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Note that the construction insures that all spins within L of a connected
Dirichlet contour have the same value. If the common value is m, we call the
contour an m-contour. By the locality of the construction of g(x) and w,(x),
0,,(Z,) does not depend on XnZ,. for k'=+x. (It still depends on A and the
boundary condition g.)

Before making further transformations on (2.4.12), we introduce the notion of a
cluster. A cluster is a triple (Z, XnZ,I'nZ) satisfying certain conditions.

(i) Z is a connected union of a finite number of I-lattice squares.

(i) X=XnNZ is a spin configuration in Z.

(iii) '=I'nZ is a set of derivative bonds in Z.

(iv) dist(0Zur, X)= L. Here X denotes the phase boundaries corresponding to
the spin configuration 2.

(v) 0ZnI'=¢.

(vi) Let I'* denote the set of all bonds b¢I" such that dist(b, X)=L. Z\I'® is
connected.

We use the symbols X Y, Z to denote clusters. We shall often speak of clusters
as if they were simply subsets of IR%. Set theoretic operations U, N, \, etc. should be
interpreted accordingly. Let |Z| denote the number of Il-lattice squares in Z. The
boundary of a cluster Z consists of a number of loops with boundary conditions
determined by X, the spin configuration of Z. One loop surrounds all the others
and is called the external loop of Z. Its boundary condition is called the external
boundary condition of Z. If the external boundary condition of Z is m, then Z is
called an m-cluster.

We define g, ,(Z,)to be the k-term of the product over « in (2.4.12). The mass
shifts, etc. were designed so that g, ,(Z,) is determined uniquely by Z,, 4, g, and
R . (It does not depend on Zn~Z, or I'n~Z,.)

We may write (2.4.12) in terms of clusters. Most of the compatibility conditions
among X, I', and {Z } are handled by (i)(vi) above.

| Re“'“dum.z,(wq) = 3 [Tes, 7). (24.13)

{Z.;} nonoverlapping, filling R?
agreeing on common boundaries, Yz =q in Z\4
only finitely many Z, have |Z.|> 1

Adjacent clusters must have their X’s match along common boundaries. Note that
if Z is a single square in ~ A with no R-factors, then Q(Z)=0 and ¢, ,(Z)=1.

At several places in Chaps. 3 and 4, we shall need to resum the expansion
(2.4.13) within a region of R? The sum in (2.4.13) is not a true statistical sum
because not all the terms are positive. Resummation restores the positivity that is
needed for certain arguments. Resummation also produces the finite volume
partition functions which will be the fundamental objects of study in Chap. 3. We
will need to make some adjustments in classical energies to allow for the effects of
mass shifts. Define Wick ground state energies

(2.4.14)

2 2
m m
E1=Fi_ _41]og—%
v 8x gm§+

(Recall that m; is the Wick-ordering mass, and ge {1, ...,r} is fixed throughout.)
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Note that
Il /2(m§ - mg) sp(x)2:dx

.o =1
E{—Ei= l/}llgloo —l;lTlogje QW) (2.4.15)
see Sect. 5.5.
Let V' C A be a connected region composed of [-lattice squares. Let V consist of
V together with a single choice of boundary condition p(V) for all the boundary
loops of V. Let X be a spin configuration in V compatible with the boundary
condition. [Compatibility entails that dist(Z,0V)=L.] Let dumz .av(®) be the

measure with mass m,,y,, and with s=0 on 6V and s=1 elsewhere. Define
0<Z (W)_e(Eg(V)-E&(W))lwuz
=43 -

- 'I,[=@(¢(x)): —1/2m}(y):w(x)2:1dx
j. A€ dl" m%(v)sﬂxwp(v))

— EEW)|V|12 —V o)V,
=g fw [Vl j‘xze pw)( )d“mg(w),av(wp(v))
— (V) — EP(WM) V|12 —Om
AR A P s VA TR () B (2.4.16)

Since VE A, Z4(V) does not depend on A. Moreover, the factor e~ #4V1"” cancels
the dependence of Q on g so that Z4(V) is independent of q. Zy(V) is manifestly
positive. We shall also need the “partition function”

Z(V)= Y Z4(V)20. (2.4.17)

% compatible with V

Z4(V) and Z(V) are defined in general by taking A large enough to include V. If V
has several components, Zy(V) is defined by taking a product over the
components.

Apply the decoupling expansions and mass shifts to (2.4.16) to obtain

ZZ(V)e(Eg—Eg(V) + E&(V))Wllz

= Y [Tes Z,). (2.4.18)

{Z,} nonoverlappmg, filling V &
2, = 2N

Summing over X yields an analogous formula for Z(V):
Z(W)e(Eg —EpWM + Ep))| V|12
= Y [Tea Z)- (2.4.19)

{Z} nonoverlapping, filling V
agreeing on common boundaries and with 8V

Equations (2.4.18) and (2.4.19), applied in reverse, resum the mean field expansion
inside V.
In the special case where V<A is a single llattice square with boundary

condition m, we define
Zim=2Z(V). (2.4.20)

Only one term contributes to the sum over Z, because L=1.
We put (2.4.18)-2.4.19) into a form where the lack of dependence on 4, q is

more apparent. Define
B =0, [(Z)e~E42", (2.4.21)
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where A has been taken large enough so that Z< A and dist(04, 0Z) = L. As with
Z,(V), the e~ F4ZI” factor cancels the dependence on g, making o(Z) independent of
A and ¢g. Equations (2.4.18) and (2.4.19) may be rewritten as

Z(V) = FE - BRI [Tz,
{Z.} nonoverlapzpmg filling V '«
3z.= T
g wT (2.4.22)
P — EP
Z(V) =P R > [Te).
{Z,} nonoverlapping, filling V K

agreeing on common boundaries and with 0V

2.5. Vacuum Energy Estimates and Bounds on Terms of the Expansion

In this section we state the main technical estimates used in Chaps. 3 and 4. The
proofs will be deferred to Chap. 5.

The most important estimate is the vacuum energy bound. It provides
estimates uniform in /, despite the fact that the classical energies E™ are O(4~ %)
relative to one another.

Let {n(4})} be a set of nonnegative integers, one for each 4} CYNA. Define

xi,’?(é)— x,l(é) (2.5.1)

o¢"
and put

Ay = 284D (B(4}). (2.5.2)
41 Ynd
Let |2'| be the number of 4} with n(4})>0.
Let |Y|,, be the volume (in units of %) of the portion of ¥ with X=m, and let
|Y|=>|Yl,. Recall that /7= sup m,(n).

q, k

Proposition 2.5.1. There exists { >0 such that for all C>2, n€(0,{/4] there exists
7,(1,C)>0, a(n,C)>0, and Ayn,C)>0 such that for all A€(0,4,], all

{2, ¢ &} (nC-admissible and all pe|1,1+ 307 ]
(52 ye™ 2| LP(diteon, s,(¥))
§ le(Eq ET)‘Ylme_3rzl—z(lzl+|21|)ea112|ynA| HH(AII)' ] (25'3)

4}

The L? estimate is needed so that we may be able to split a general integral into a
Gaussian part times an integral as above via Holder’s inequality.

The next proposition provides a lower bound needed to support the interact-
ing measure and prevent normalization factors from vanishing.

Proposition 2.5.2. With {, C, n, a, 4, and 2, , as in Proposition 2.5.1 except that A,

depends also on I,
(ZAme’zE”)* 1< o OR (2.5.4)
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We next state bounds on the terms of the mean field expansion. First consider
the case where there are no field monomials, that is, R =1. Clusters with no field
monomials will be denoted by the letter Y. For the others we use the letter X. Let
p(Z) denote the external boundary condition of Z. If m=p(Z), define Int,,Z to be
the region bounded by boundary loops of Z that are in the m™ phase. Every
component of IInt, Z is given boundary condition m.

Proposition 2.5.3. Suppose 4 <1<l There exist t,(n,C)>0, t,(1,C)>0 such that
for R=1,|Y|22,

IQA,q(Y)I élllze—31:11|\Y|e—2r2,1-2|2w|

Y(E3—E%—ERY) + EE)2|Y,,| ¥ (Er-—E%—EEY)+ER(W)i2[int,, Y|
. e"’ em *p(Y)

. (2.5.5)
Take R to be of the form

R= I_VI Px) e, (2.5.6)

and let degR= Y k;. Let | -||,- denote the norm for L” ( IT Ai>, where 4, is the
i=1 i=1

I-lattice square containing x;. (The 4,’s need not be distinct.) Assume that 4, <X for
all i. Define N(4)= Y. k;

itd;=4
Proposition 2.5.4. Given p'e[ 1, o0), let A <1 <. There exist positive constants T, T,,
K depending on p', n, C such that for degR=1, |X|=1,

u QA,q(x)”LP'
< l_[(N(A)!)1/2eKldegRl—degRe— 3111|Xle_ 203223y
4

T(EZ—ER—EROO+EROO)2|X|p, T (EF'—ER— EROO + EE(X)12|Int,,X|
m e m* p(X)

e 2.5.7)

If 2 =m, then the factor A~ may be omitted.

Differences such as E'— E}, appear because of the mass shift normalization
factors included in the definition of g, ,(Z). These factors will extend into Int,,Z.

The next two propositions give some smoothness in p to elements of the
construction of Chap. 3. They are needed in Sect. 3.7, where the phase diagram is
constructed.

Proposition 2.5.5. Suppose A <1<1. There exist 7,(n, C)>0, 1,(n, C)>0 such that
for R=1, Y| =1,
’ 0 ( I (—Eg+ER+EpY) — ERV)I2|Y],,

a_ﬂi QA, q(Y)em

$z m( —Er+ER+ERY —Ee}W))lllun:mm)
. em P

éllne—5/2t11|YIe—121'2|EW|‘ (2.5.8)
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Proposition 2.5.6. With {, C,n, A,and ™, , as in Proposition 2.5.1, there exists K(n, C)
such that

B .
a_M-i1og(ZE(V)eEé’v“’” M) <KA-212V]. (2.5.9)

Without Proposition 2.5.6, only limited information on the phase diagram may
be obtained — see [21].
In the next two chapters we shall use extensively the following normalized form

onA’q:

04,42

P
QA,q(Z)e(_Eg TER® ~ BRI Al pm i pea)

l—[ (ZAm)IznAI"'

(— EZ* + EW + EZ@ — ER®)12|Int,, Z|

. (2.5.10)

Using Propositions 2.5.2-2.5.4, we see that the energy factors cancel, yielding the
bounds

éA’q(Y)éllﬂe—Sﬂtll]M—ZtZA‘ZIZ‘WI , lY| >1

éA,q(X) < l“[ (N(A) !)I/ZeKldegRe— 5/2711|X]| = 2724~ 2| 3|
4

A—degR, ZXEFm
4 s =m)’ degR21 (2.5.11)

X
éA,q(Y)=1’ IYI=1

In case Z is well inside 4, (2.4.21) implies

éA,q(Z)
o(Z)eEED ~ ERDILZ oo I g ("B B BE® — BEO2in,
) ” (ZAm)IZ'"‘
m
~ee. (2.5.12)

where we have made the 4, g-independence clear by dropping the subscripts on §.

3. The Search for Stable Phases: Ratios of Partition Functions

3.1. The Physics: Surface Energies and Collapsing Expansions

Chapter 3 constitutes the core of this paper. The main result to be proved is the
following bound on ratios of partition functions:

ZZ((‘X())) éezzl/llaw . (311)

Here V and V% occupy the same simply connected region in R* but V% has
boundary condition g, The fact that (3.1.1) holds for arbitrary V for some
qo€{l, ..., r} will be of the utmost importance in all subsequent developments. It is
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the definitive sign that g, is a stable phase at a given point in parameter space. One
could not hope to give a convergent expansion for Schwinger functions without
first attending to a bound of this type.

Pirogov and Sinai [23,24] have developed a technique for obtaining bounds
like (3.1.1) in theories lacking the special properties discussed in the introduction
(symmetries, correlation inequalities, or large differences in classical energy
densities). Their work applies to lattice spin systems where the spins take values in
a finite set. We adapt many of the ideas in [23,24] for the problem at hand. We
encounter additional problems from the unboundedness of ¢ and from the contin-
uum limit. In Chap. 4 we deal with a third additional complication : In contrast to
[23,24], the passage from (3.1.1) to a construction of the stable states is nontrivial.

The difficulty in proving (3.1.1) lies first of all in the fact that both numerator
and denominator have exponential dependence on the volume of V. Yet the bound
states that Z(V%°) dominates up to a small surface term. Second, there is no a priori
way of knowing which phases g, should work in (3.1.1).

Heuristically speaking, the stable phases should be the ones of least energy.
There is, however, no simple measure of the energy of the unstable phases. For
example,

-1
Ié,lgnw Vi log Z(V™) (3.1.2)

is presumably the same for all m, because the theory should tunnel into a stable
minimum if unstable boundary conditions are imposed.

A way of constructing a measure of the energy of unstable phases is given by
Pirogov and Sinai in [24]. A theory is first expressed in terms of contours
separating uniform distributions of spins. Unstable boundary conditions m should
be characterized by the fact that fluctuations out of the m' state should have a

o - 1 -
probability growing like me“ [Volume of contour] " for 5ome g™ >0. The constant

a™ is a measure of the energy of the m™ state.

In order to achieve a situation where the partition function is given by such an
ensemble of contours, one must proceed through successive approximations to a™.
In our #(¢), model,

a"=—logZ ;m— inf(—1logZ 4m) (3.1.3)

is an excellent first approximation, as it contains the Wick ground state energy and
also some fluctuations about the m™ minimum.

When one attempts to describe the theory using this approximation to the
relative energies, one finds two types of errors. The approximate partition
functions we use have an expansion

log (V) =s|V|+ 4(V), (3.1.4)

where the pressure s is independent of V and where |A(V)| < A12|0V|. A difference
of pressures corrects the first approximation to {a™}. Surface energies 4(V) must be
incorporated into the description of the theory by including them with the
“energy” of contours bounding V.
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After making the corrections, the new approximate partition function is
expanded as in (3.1.4) and the procedure is repeated. As one proceeds through the
iteration, higher and higher order surface effects are taken into account. When the
iteration converges, one has a description of the true partition function Z(V) in
terms of an ensemble of contours with factors g®”IVelme of contour] The phases g, for
which a?=0 can then be shown to dominate the others as in (3.1.1). If several
phases have a?=0 at some point in parameter space, then they will all coexist at
that point.

Collapsing expansions are the principal tools for carrying out the procedure
described above. They arise from the following construction.

Compeatibility of clusters on shared boundaries is a very difficult condition to
work with. Therefore, one resums the mean field expansion inside the outermost
clusters (the ones not surrounded by other clusters). The result is a partition
function Z(V) for the regions surrounded by clusters. If the outer clusters are

Z(Y)
Z(V)
returns to the original boundary condition ¢ and there is no compatibility
condition for the outer clusters.

To be completely relieved of compatibility conditions, one must apply the
above procedure to the clusters that make up the expansion for Z(V?) and
continue to smaller and smaller clusters. In the end, one has an expansion purely
in terms of g-clusters with no compatibility conditions. Each cluster is multiplied
by a ratio of partition functions. This form of the expansion makes it clear why
(3.1.1) is so important.

One can reverse the above procedure to recover the original expansion. When
this is done, we say the expansion has collapsed.

Collapsing expansions were first used in quantum field theory in [20]. They
were used to make the step from Z/Z bounds to a cluster expansion, rather than to
prove Z/Z bounds.

The biggest problem we encounter lies in bounding partition functions that
involve the factors e*"IVol*™¢l_ Only the crudest estimates are available for such
objects. (A more familiar situation is where contours have probability e~ ¢! in
which case expansion techniques give very precise bounds.) The crude bounds
depend on every term in the partition function sum being positive. Unfortunately,
o(Y) is not in general positive.

We discuss this problem in greater detail in Sect. 3.4. The resolution of the
problem entails that each iteration step consist of an inductive construction
designed so that the expansion may be collapsed at any point. Certain bounds are
proven in the collapsed form of the expansion, while others are accomplished in
the uncollapsed form. The constants a™ acquire a dependence on the diameter of
clusters.

A second major problem arises in proving smoothness of the construction in
the parameters of 2. Smoothness is needed to solve for the parameters that yield
an arbitrary set of a™s, as was done in [24]. The difficult bound is Proposition
2.5.6. One must control the bounded-spin approximation for ¢ and obtain lower
bounds on Z(V). These problems will be covered in Chap. 5.

multiplied by -Z(V9) and if Z(V?) is expanded in the numerator, then one
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3.2. Contour Models

In this section we introduce certain statistical ensembles which will be used
throughout this chapter. Recall the definition of clusters given in Sect. 2.4. In most
of this chapter we restrict attention to clusters with more than one I-lattice square.

Definition. Let F be a real-valued function of clusters. F will be called a contour
functional if
| F| = sup e M+ =472 F(Y)| < 00 . (3.2.1)
Y

The restriction of F to g-clusters will be denoted F? and called a g-contour model.
| F4| is defined by restricting the supremum in (3.2.1) to g-clusters. Note that F(Y)
need not be positive.

Let V be a finite, connected, simply connected union of l-lattice squares together
with a choice of boundary condition. Such a V will be called a simple domain. A
domain is a finite union of simple domains. The components of a domain may have
different boundary conditions. |V| will denote the number of I-lattice squares in 'V and
|0V| will denote the number of l-lattice bonds in the boundary of V.

For any contour functional F, we define a partition function as follows.
Suppose V is a simple domain with boundary condition g. Then

Q(F,V)= y T F4Y9). (3.2.2)

(Y8 X
Y2 CV, nonoverlapping

The sum over {Y?} is over collections of nonoverlapping g-clusters in V, and
Y% >1. If {Y?} =@, the product is set equal to 1. Note that every cluster in the
collection has the same external boundary condition as V¥ and that neighboring
clusters may disagree on boundary conditions. This is different from the expansion
of Sect. 2.4, where neighboring clusters agree, and where clusters with any external
boundary condition may appear.

To define Q(F,V) for general domains, let {V;} be the simple domains that
make up V. Then

a(F, V)= ] AFY). (3.2.3)

An example of a contour functional is 9, with no field monomials present
(R=1). [See (2.5.10) and (2.5.12).] From (2.5.11) we see that g(Y) has the requisite
decay. In fact, there is room to spare in the exponential bound on |3(Y)| so that

F(Y)=§(Y)e" ™ (3.2.4)

is also a contour functional if L(Y)=r,[|Y|.
Much of this chapter is devoted to finding an L(Y) such that the true partition
function is given by

Z(V)=Q(F., V). (3.2.5)

This will only be possible if ¥ has thermodynamically stable boundary conditions.
(For the other boundary conditions, we will need the generalized contour models
introduced in Sect. 3.4.) L(Y) will be a sum of several terms, one of which is
log Q(F, V) for some F and for ¥V a domain surrounded by Y. In order to preserve
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the bound L(Y)=1,I|Y| we will have to cancel the volume growth of logQ and
leave just a surface term. In the next section we will show how to separate the
surface effect from the volume effect and obtain bounds on each.

3.3. Expansions for the Pressure and Surface Energy

We make use of some algebraic properties of partition function sums in order to
write Q(F, V) as an exponential of some quantity. Then taking the logarithm and
separating surface effects from volume effects will be easy. The main barrier to
taking the logarithm of the expansion (3.2.2) is the constraint that no two clusters
can overlap. Following [1], we implement the constraint using functions of
clusters U(Y,, Y,). The technique can be traced back to similar ideas in statistical
mechanics [26] and in quantum field theory [8]. The U’s defined here are special
cases of ones in Chap. 4.
Define

0 if Y, andY, overlap (ie, [Y;nY,|=1)

1 otherwise. (33.1)

Uy, Y,= {
Assume V is a simple domain with boundary condition g. Then the expansion for
Q(F,V) (3.2.2) becomes

— _1_ q q (Y9
Q(F,V) ; i <\Ye§,vz) [:[ U(Ysl,Ysz)]:[F (Y9). (3.3.2)
We have changed from summing over sets of Y?s to summing over ordered
families of Y?s, hence the 1/k!. The terms in this sum involving only nonover-
lapping Y?s are unchanged, while the others vanish. In the remainder of this
section it will be assumed that all clusters have external boundary condition g and
the superscript g will be omitted.
Define some more operations 4=U —1, and expand the product of U’s using
the formula
[T a+4@)y= Y [] A2). (3.3.3)
ey GCY G
Here & is a set of unordered pairs of clusters (called lines .£). G is a subset of &
and can be visualized as a graph connecting clusters with the lines .#. Equation
(3.3.2) becomes

V=T T T [LADIIFY,. 634
k * (Yiseees Yx) G ZLeG s

A graph G is called connected if the lines in G form a connected graph joining all
the clusters in G. Every graph breaks into its connected components (which may
consist of single clusters with no lines). Let G,, ..., G, be the connected com-
ponents of G. We sum separately over the Y’s and G;’s in each component, using
the identity

(kzﬁ y z). (33.5)
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To understand where the factorials come from, fix k, n, and {k;}. The sums on the
right do not allow for the Y’s in the connected parts of G to be chosen arbitrarily
from (Y, ..., Y,), but always consecutively. Therefore the right-hand side should
have a factor of the number of choices of »n subsets with sizes k, ..., k, from k
k!
klok,! {
permutations of the components of G as separate terms. Hence a factor ) must be

objects, or Having made this correction, the right-hand side counts

included to cancel this overcounting. Dividing both sides by k! yields (3.3.5).
The expansion for Q(F , V) takes the form

AFV=1 1‘[( Y YTl A(y)lle(Y;ﬁ)). (3.3.6)

' .
k5 kit v, o) 6 e,
n

This formula is valid because the 4’s in each term of || do not depend on clusters

=1
n

in other terms. We observe that all the terms of [ [ are identical. Therefore we may
take the logarithm to obtain =1

log Q(F,V¥)= Zk— Yo Y [ A®) H F(Y,), (3.3.7)
(Yi,..., Yi) Ge LG

where the subscript ¢ on G serves to remind us that the graph is connected. There

are no connected graphs on zero clusters, so the k=0 term vanishes.

The number of clusters in V is finite, so the sums )’ Z in the above
..... Yk)
discussion are all finite. The sums over k; are infinite in (3 3.6), but since they are

absolutely convergent sums (see below), there is no problem in deriving (3.3.6)
from (3.3.4).

To see where the volume growth in (3.3.7) comes from, observe that translating
all the Y’s in some term produces another legitimate term, provided the Y’s do not
run across the boundary of V. Therefore, summing only over families of Y’s such
that () Y| contains some [-lattice square 4 should, up to surface effects, yield the

coefficient of volume growth of logQ(F, V). Actually, we should divide each term
by | because that is the number of times the term is counted when we sum

over ACYV.

In the remainder of this section, we suppose that F(Y) is invariant under
translations of Y. This property holds for 9(Y) because of its construction via a
sufficiently large A. The pressure associated to a translation invariant contour
model F? is defined as follows:

k
Y [T A@) [T FAYD). (3.3.8)

G: L<Gc s=1

s(F)= Z U

Here, the clusters are not restricted to lie within a particular domain, as was the
case with (3.3.7). The pressure is independent of the square used to define it, by the
translation invariance of F. Note that s(F?!) will in general be different from s(F?2).
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Subtracting s(F9)|V| from log Q(F, V) should leave a remainder growing as |0V].
Define
A(Fa W) = IOgQ(F, W) - S(Fq)’W|
— le Uy, .

v 2 1 A@) [T R (3:39)

1

T4y
k k! (Yq, ... Yg)
VA Ys*0+~Vn{JYs
s s

The second line follows from (3.3.7) and (3.3.8). All the terms of (3.3.7) are
cancelled, leaving graphs containing squares of both ¥V and ~V. These do not

appear in logQ(F, V), but appear exactly 1Wﬂ () Y| times in s(F%)[V].

If 'V has several components V,, each with the same boundary condition, define
A(F, V)= A(F,V,). (3.3.10)
We now estimate the pressure and surface energy, using a lemma proven in
Sect. 4.4.
Lemma 3.3.1. Suppose A<1<l. If F%is any g-contour model with ||[F?|| <1, then

k
Y Y 11 A@) [T FUY)| Skt Fafle” M4 (3.3.11)
(Y1505 Yie): | JYs24 1Ge LeGe s=1
)-s:ivs|=;v

There are two sources of convergence. The first is that A(Y,,Y,)=0 unless Y,
overlaps Y,. The second is the exponential decay of F(Y) with |Y| and with |Zy]
[see Eq. (3.2.1)].

Proposition 3.3.2. Suppose A <1<I. Let F? be a translation invariant g-contour
model with |F%|| <1. Then
[s(FO = | F9]|, (3.3.12)

where s(F9) is defined in (3.3.8). Moreover, if V is a domain with only g-boundary
conditions, then
log Q(F, V) =s(F9)|V|+ A(F, V) (3.3.13)

with
[A(F, V)| < || F7|| |oV] (3.3.14)

and A(F,Y) given by (3.3.10) and (3.3.9). Finally, if F4 and F% are two g-contour

models as above, then
Is(F{) —s(F)| < | F{ —F3| (3.3.15)

and
|A(Fq,V)— A(F4, V)| || F{ - F%[ |0V]. (3.3.16)

Proof. By summing over k=1 and N=2 in (3.3.8) and applying the lemma, we
obtain (3.3.12). Every graph in (3.3.9) must contain a square at the boundary of V.
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Applying Lemma 3.3.1 to each such square, and using —T%{—— =<1, we obtain

the bound |4A(F, V)| < |/ F?||0V]|. Equation (3.3.14) follows by summing over the
components of V. To prove (3.3.15), interpolate between F, and F, in the formula
for s(F9). Let F"(Y)— tF4(Y)+(1—t)F4(Y). Then

S =59 | tism)

k
Y1 4@ Z (F4Y9)— FA(Y9) [T FaY9)

fdtZ— 2 VA H

k! Vg, ¥P:U g4

(3.3.17)

k
> 1 A®) 1]1 Fay),

A1Ge LeG.

<|Fg- Fqqu, o 2 s
7

where FY(Y?)=¢ ™ "/l ~=47*1%%| The sum over § is controlled by || ) Y{ ™!, and we
S

have used ||FZ| <1. Applying Lemma 3.3.1 as before, we obtain (3.3.15).

For (3.3.16), interpolate as above. The sum over squares 4 lining 0V yields the
factor |0V, as in (3.3.14). The factor k from the sum over § is controlled by e~ */8,
taken out of (3.3.11). O

3.4. Contour Models with Parameters: An Inductive Construction

In this section we introduce ensembles whose purpose is to describe the unstable
phases as well as the stable ones. The basic idea is as in [24]. Contour functionals
are multiplied by factors that grow exponentially with the volume of interiors of
clusters. The coefficient of volume growth can be thought of as the loss in energy
density (gain in probability) achieved by fluctuating into a stable phase. The result
is not a contour functional, but the new partition function can be crudely
dominated by the old one times an exponential factor. When we have managed to
express the partition function of our #(¢), model as a partition function for a
contour model with parameter, the crude bound will yield the ratio of partition
function estimate that this chapter is devoted to. ‘

Carrying out the above plan in the context of quantum field theory produces
some problems. The most serious is the fact that g(Y) is not in general positive.
Therefore, multiplying terms of associated partition function sums by factors
greater than 1 does not necessarily increase the sums. There is, however, a form in
which the mean field expansion has positive terms. This is after the expansion in
spin configurations, but before the introduction of decoupling lines. Our strategy
will be to multiply terms of the expansion by volume-divergent factors when it is
the undecoupled form, and then use the decoupled form to make estimates that
depend on decoupling. In order to work things so that one can go back and forth
between the two forms at any time, we are forced to use a rather complicated
procedure. We must exploit at each stage the collapsing expansions that result
when terms are multiplied by ratios of partition functions. (In [24] a collapsing
expansion was obtained only after the iterations had converged.)
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We will work with contour functionals F;, where
F(Y)=g(Y)e"Y (3.4.1)
and where certain growth conditions are imposed on L.

Definition. Let §(Y) denote the largest dimension of Y, measuring distances in units
of 1 along the directions of the I-lattice. We call 6(Y) the diameter of Y. L, a real-
valued translation invariant function of clusters, is called a vacuum functional if

L
L= sup Ié(gll <o (3.4.2)
and
L(Y)=t,1|Y]. (3.4.3)

In d dimensions, we would use §(Y)?* ! in place of 5(Y)?. We could also use the
norm of [24] which allows |L(Y)| to grow exponentially with |[Y]|. Our stronger
growth condition is possible because in the iteration of Sect. 3.6, errors accumulate
more slowly with §(Y) than they do in [24].

The splitting of F; into § and e avoids the problem of taking the logarithm of
0. Notice that e can be very small, but it cannot be very large, by (3.4.3). From
(2.5.11) we have that F, is a contour functional if L is a vacuum functional.

Moreover, TR (3.4.4)
Given a contour functional F,, define for each g
a'(F,)= —s(F)—logZ ,,+const, (3.4.5)
where the constant is adjusted so that
ill;lf a(F;)=0. (3.4.6)

From (3.4.4), Proposition 3.3.2, and Proposition 2.5.2, we see that up to 0O(A*/?)
corrections, a¥(F,)/I? is the Wick ground state energy of the g™ well of 2 relative to
the smallest such energy. Thus a%(F,) may be as large as O(A™21%).

Definition. The interior domain of Y, denoted IntY, is defined as follows. Suppose Y
has external boundary condition q. Consider the closure of the union of all the
g-squares of Y (the ones with p(4*)=q). Of its connected components, let Y**' be the
one bordering on the outer boundary of Y. Call a boundary loop of Y inner if it is not
contained in Y*'. IntY is defined as the region bounded by the inner loops of 'Y, with
each component given the boundary condition associated to the loop bounding that
component. [IntY| will denote the number of l-lattice squares in IntY.

Define Y™=(YUllnt Y)\Y**. X .., the spin configuration associated with
Y™, is defined by extending Z,NY™ to IntY so that the phase that exists on the
boundary of a component of IntY persists in all of that component. See Fig. 3.4.1.

We define the partition function for a contour model with parameter in a
manner closely related to Eq.(3.2.2). If V is a simple domain with boundary
condition g, then

QYF,, V)= Y [TF.(Y9e
S

g
Y2V, nonoverlapping

o]y

(3.4.7)
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[e]

4

Fig. 3.4.1. The construction of the regions IntY, Y, Y*** associated to a cluster Y. Let Y consist of
regions 1, 2, 4, 5 with curved lines indicating the phase boundaries of Y. Then Y™ is the union of
regions 1, 2, 3, 5;IntY is region 3; and Y*** is region 4. Y™ is decomposed into subregions {R;};{ ; 3.
One labeling is as follows: R,=region1; R,=regions 2,3; Ry=region5. With this labeling,
Intg Y= for i=1,3 and IIntg, ¥ =region 3

aF)[Uvaine
Except for the factors & V¥ |, this is the same as Q(F, V). More general

domains, with possibly different boundary conditions on different components V,,
are handled by taking a product:

Q(F,, V)= []Q(F, V). (3.4.8)

a%(F;), the coefficient of interior volume, will vary from component to component,
because g varies from component to component.

Starting from a vacuum functional L, we construct a new vacuum functional
A'(L) by successively making changes in L(Y) for Y’s with larger and larger
diameters. The vacuum functional that results when changes have been made
through 6(Y)=n will be denoted L,. We then define

ALYY)=L,(Y), (3.4.9)

where n is any integer greater than or equal to §(Y).

L(Y) is defined to be zero if Y is a cluster without phase boundaries with
o(Y)=n. If n=2L/l, the only other possibility is 6(Y)>n, in which case L,(Y)
= L(Y): This begins an inductive construction.

Given L, ..., L,, we construct L, ,. Define F,=F,,_for k<n. Suppose Y has
external boundary condition ¢q. If 6(Y)#n+1, L,, ,(Y)=L(Y). For 6(Y)=n+1,
we proceed as follows. Let {R;} be the connected regions of constant phase in Y™,
Squares are considered connected if they abut on an edge or on a corner. See
Fig. 3.4.1..Let IInty Y denote the components of Int'Y that are contained in R;. Let
]Int‘,’ziY be the domain obtained by placing g-boundary conditions on every
component of IInty Y. Let n,=[d(R;)] be the integer part of the diameter of R,.

Then we define
Q4F_,Inty Y)
= )+ log———m R ] 4.1
L, (Y Zi:A(R,)+ og Q(F,, Int, Y) R (3.4.10)

where A(R,) is defined as follows.

R, is said to surround R, if every smooth path from R to infinity intersects R,
in a curve of positive length. R, is called the closest region surrounding R, if every
other region from {R;} that surrounds R, surrounds R, also. Denote by V(R,) the
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volume (in units of /?) of the union of R; with all the regions surrounded by R,. Let
p(R;) denote the phase of R; and let m(R,) denote the phase of the closest region
surrounding R,. If no regions surround R;, then m(R;) =g, the phase of Y*** which
surrounds all the regions.

If R; is not surrounded by any other R, then

Z jo(r,
AR)= |- ar®i(F,) +10g 222

V(R). (3.4.11)

AM(R;)
Otherwise, let R;,, be the closest region surrounding R;. Then

Z 0w
1 AP(R;)
)+log Z

AR)=|—a"®)F, )+ a"®)F

Ris(R;)

] V(R,). (3.4.12)

AM(R:)

This completes the inductive construction.

Notice that the construction of L, ; used F,, ..., F,, not just F,. The reason is
so that when we assemble a set of clusters with their factors ¥, the a™®)(F,)
coefficients associated with various regions will depend only on Z, and not on I
This will permit us to resum the decoupling expansion, leaving only an expansion
in phase boundaries where all terms are positive.

To prove that the construction does not produce L,’s that are not vacuum
functionals, and to obtain useful properties of the s, we state a proposition and
carry it along as an inductive hypothesis.

Proposition 3.4.1. Suppose A<<1<l. Let L be any vacuum functional, and for any n
let Li,L,,...,L, be constructed from L as described above. Then L,,...,L, are
vacuum functionals, and |||LJ|| S |IILII|+ O(A~21?) for 1<k<n.

Suppose V is a simple domain with diameter 8(V) and boundary condition q. A
representation for Q%F;, V) may be obtained for j<n as follows. For any spin
configuration in VY define regions R, as in the construction given above. Define n,,
p(R), m(Ry), and i,(R;) as above. If R;,, does not exist, then set n;,g,=j. If 6(V)
<j=<n then

Qa(Fj,W)= Z ZZ‘(W) ne[_“'"(R‘)(Fm)+am(R‘)(Fn.-zmn)]V(Ri). (3413)

Invy Z Ae i
compatible with V 4y
The ordinary contour model partition function C(F ;, V) is given by the same formula
except that for i such that Ry, does not exist, the corresponding term in || has

a"®)F, ) replaced by zero. By the nonnegativity of Zs, we have '

Riz(Ry)

Zy_

Zr=dV) SQYF,V)SQF, V)e @M, (3.4.14)

1l . !

ACY
Proof. To avoid confusion, we suggest setting EI'=E}, and Z,.=1 for a first
reading. We proceed by induction on n. For small n, L (Y)=L(Y) or zero, and the
bound on |||L,]|| is trivial. There can be no phase boundaries in V, so IntY=Y™
=R;=0 for all YCV. Therefore, QF;,V)=Q(F;,V)=Q(0,V). The decoupling

expansion for Z’—Eéy)— is exactly (9, V), so (3.4.13) follows.

A9
ACV
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To prove the proposition at stage n, suppose it holds for n<n. We need the
following bounds on L,(Y), for d(Y)=n:

—0(A"21H)(Y)} < L(Y)<1,]|Y]. (3.4.15)

Suppose Y has external boundary condition q. Visualize the accumulation of
terms in Y A(R,) as follows: For each i, A(R,) associates terms +a™®(F)/I?> and

11 og Z jor

log— to every unit square contained in, or surrounded by, R;. Many of the
AM(Ry)

1 . . .
+ l—zlogZ 4 terms cancel. If R, surrounds or contains a unit square and R, is the
4

. . 1 . 1
closest region surrounding R,, then 1_21082 Lmry cancels with —l—zlogZ Am(Ry-

1 1
The only uncancelled terms are l—zlogZAp(R;Ai) and —l—zlogZAq, the latter

coming from the region with no R; surrounding it.

The terms +a™®)(F)/I? in (3.4.12) would cancel if F  were the same as F, .
Keep track of them as follows. For each unit square At of Y let Ry any be the
region containing A*, and let Riyary Riggany -+ ,R; w41 be the successive regions
surroundlng A* such that each one is the closest region surrounding the last. Since
i(A%) is independent of A' as long as 4 is chosen from a fixed region, we can
define more generally i,(X)=i,(4" €X) for X a subset of some R;. This agrees with
our definition of i,(R;) above. R; (41, ---, R; _, 41, contribute differences of a’s and
R; 41y contributes only —a'(F,, (Al))/lz We have derived the following equation:

w(4l)—-1

zi: A(Rl) = l_Z At Czyi Z (am(Rlu(Ai))(F"lm 14ty )

— am(Ria(A*))(F )—a¥(F )+log ——%ﬁ . (3.4.16)

49

Rig(aly Rig(aly

Consider first the terms 4! CY™AY. The difference of a’s is small because
F, . differs from F, only on clusters with diameter larger than n, . Thus for

every phase p, Is(FE )—s(FE)IZ|Fh  —F5 |

Mgty

<l 1)1/ (3.417)

Rigry

We have used Proposition 3.3.2 and the fact that ¢ has extra exponential decay
[see (2.5.11)] so that the possible growth from e and the large factor in the norm
can be dominated and a factor e”"!"«*1) remains. Using the definition of a™
(3.4.5)3.4.6), we obtain

0 ) = @ ) S 201207000 (3:4.18)
Therefore,
w(4)—1
Z (am(Ri“(Al))(F"ia+ 1(at )) - am(Ria(Al))(F"ia(A‘)))
a=1
<2712 Z e < O(1)AYV2, (3.4.19)

a=1
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We are using the fact that F,, and F,,_ differ only on large clusters for large o.
Hence the corresponding change in a is small.
The terms —a?+1logZ,,—logZ ,, are handled by noting that

at—a? = s(F?)— s(F?) +log Z ,, — 108 Z 4o, (3.4.20)

so that
—a’+logZ,,—logZ ;= —a?+ s(F) —s(F?)

S s(F%)— s(F7)
<0(1)AV2, (3.4.21)
Hence the contribution to L from 4 CY is bounded by O(A'/?)|Y].
Next consider 4! CV, where V is a simple domain of IntY. We bound

w(4t)—1

Y (a"(F,  )—a"(F,)
a=1

as before, but noting that n, ., =d(V), which greatly reduces (3.4.17). Equation
(3.4.19) becomes

w(4l)—1
ugl (am(Riu(Al))(F"iﬂ 1(4‘)) - aM(Ri“(A v (F”l'a«fl(dl)))
©
SN2 Y g L O(1)A 2T IM (3.4.22)
a=1

Summing over A*CV and over VCIntY yields a bound O(A'/?)]Y| for the
contribution of these terms, since the number of components of IntY is less than
[Y].

Up till now we have been bounding the effects due to making the a-factors
depend only on spin configurations. We next attend to the contribution from the
ratio of partition functions, which is physically the interesting term. Consider each
simple domain V of IntY separately. Note that i=n;,,, <n because 6(R;,,) =6(V)
—2L. Thus we can apply an induction hypothesis from Proposition 3.4.1:

Q(F;, V) S Q(F;, V) VAN < gtFE™) + aPOEDIVpAF5 W) (3.4.23)

Here p(V) is the phase of V, and we have used Proposition 3.3.2. In addition,
Q(F;, V) = S FDVIgd v (3.4.24)
where V? is ¥V with boundary condition changed to g. We can now bound the
remaining contributions to L, from V as follows:
———-—gzgﬁfgg —a¥(F, . )+log Z—Z":‘TV’
SA(F5 V)= A(F V) +V]
“(S(FEV) + a?™(F;) — s(FY) — aX(F,, ) +108Z son —108Z 1)

=A(Fy, V) — A(Fy, V) + |V|(a'(F5) — a(F,,,,))
<2AM210V) + 241/2|V]e "W
<0(AY?)|ov]. (3.4.25)

log
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Using the definition of the a’s, we see that all of the volume factors would have
cancelled exactly, except for the difference between a%(F;) and a¥(F, (V)). This
difference is bounded as in (3.4.18). What remains is a surface effect. This near-
cancellation of volume effects is simply the result of a judicious choice of volume
terms in L. Summing over VCIIntY, and using the other results above, we obtain
the bound L (Y)<0(A'/?)Y|.

We proceed to the lower bound on L (Y). Except for (3.4.25) and (3.4.21), all of
the above bounds are bounds on absolute values and can be used for the lower
bound. From (3.4.14), we have

QF5 V) Zys-4V)
log———"-—==lo =L~ — A(F;, V) — s(F2)|V]|
gQ(Fﬁ, Vq) == g 1—[ ZAq ( n ) ( n)l I
ACVY
= -0V, (3.4.26)
In the last step we have used the decoupling expansion to show that
Z = q(w) ~
= = o(Yy)
l_[ ZAq {Y%): Zys= 0, nonoverlapping l:[
40V
=Q(F,, V), (3.4.27)

where Fo(Y)=g(Y) if 'ZY=(/) and F(Y)=0 otherwise. Since |[|F,| <42,
Proposition 3.3.2 yields (3.4.26).

The other terms —a¥(F,, )+logZ,,(V)—logZ,, occurring in (3.4.25) and
(3.4.21) are bounded below by O(4~21?). Altogether we have

L(Y)= — 02~ )| Yullnt Y|
> — 0" 21)S(Y)2. (3.4.28)
Thus |||IL,MIIS0(A™21%)+]||L||l. We include |||L]|| in this estimate because of

contributions to L, from ¥’s with 6(Y)>n. The need for the % factor in the
definition of |||L||| will not appear until later in this chapter. oY)

We now prove (3.4.13) and the analogous statement for Q(F;, V). The proof is
the core of our construction. Four basic steps are involved. The expansion for
Q%F ;, V) is collapsed, and the induction hypothesis is applied for IntY with YCV.
Then after a complicated matching and cancellation of volume factors, the
decoupling expansion is resummed to complete the proof. The first step relies on
our technique of modifying L one diameter at a time. The matching and
cancellations are possible because we have anticipated in L and in (3.4.13) the
structure of the terms that arise. The resummation is possible because the volume
terms depend only on X (not on I).

We can assume 6(V) <j=n because the other cases are covered by the inductive
hypothesis. Given {Y?}, a set of nonoverlapping clusters in V, define the outer
clusters to be the ones not contained in IntY? for any Y? in the set. In (3.4.7) we
separate the outer clusters from the rest and sum over the rest first. This sum

factors into separate sums over each component of () IntYZ In each
Y? outer .
component, the sum is an unconstrained partition function sum as in (3.2.2).
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q int,
Uw
s

can be determined from the outer clusters only. Thus we have

F,V= Y TIEM0QF, eyl Y
{YZ@ outer s
Y2 CV, nonoverlapping

(3.4.29)

We have changed the boundary conditions of IntY? to ¢ in Q(F,,Int?Y?) because
all clusters must have external boundary condition g.
Divide L(Y) into three parts [for §(Y)<n]:

L(Y)=LYY)+ LAY)+ LYY). (3.4.30)

L? contains all the a-terms in (3.4.11) and (3.4.12); L2 contains the logZ, terms;
and L2 is the logQ“/Q term in (3.4.10). The partition functions in (3.4.29) cancel
with the ones in ¢ because F, differs from F, _ only on clusters that do not
contribute to Q(F,, W9). This cancellatlon is the signature of a collapsing
expansion. Here W is a component of Int Y2 We obtain

F(Y9)Q(F,, Int?Y?)
— LA(Y9) ,LA(Ye
= oYYl ODA0D [T O%F, W)
WCIInt Y2
=@(Yq)eL%(Wg)eLﬁ‘(Wg) I‘[
s
WC Int Y4
Z E(W l_l [—am(RO(Fp,) +am(Ri )(F,” @)V R)
Inw H ZAP(W) i
ACW

o(W7)es ~E9Pvy, 5, (ZE2+E%+E4—E&)I?Int, V|
—_ S

[T 2

4 LY3Ulnt Y¢

Z ZE(W) H [—am(R(Fyp) +amR)(Fp (g, ))]V(R,)

InwW

LAY

(3.4.31)

[1

WCInt Y4

We have applied the inductive hypothesis (3.4.13) to V, which must have diameter
less than n. In the last step, we have used our previous analysis of LA(Y9): It is a

Z p(at
12 %j > For A* €YY, Z s cancels the 1/Z 41 factor
in 9(Y%). For A*ClintY?Y, it cancels the 1/Z ,,w, in (3.4.31). The end result is that
0(Y?) is changed to o(Y?) with the inclusion of some energy factors and the Z ;s are
as in the last line of (3.4.31). Recall from Proposition 3.4.1 that n;, g, =n; , if R;
has no region surrounding it.

Combine (3.4.29) with (3.4.31). Each term in the sum

> IS -]

{Y@outer W [ZnW

sum over 4! CYZ™ of

i1(

determines a spin configuration 2 in all of V. We fix X, and sum over all {Y?}
compatible with X, Compatibility here means that the Y¥s do not overlap, that
they agree with 2, and that no Y?is contained in any Int Y%. After some shuffling
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of energy factors, the result is

XFE V=Y 3 enmldv

Zy (Y2} outer
compatible with Zy

E4— E4)12|Ygulint Yg
o(Y)elBt - EOM I

. La(Y9)
[I 0 z. ¢ [1

s W IInt Y4

ACY2UIntYe

. [ o~ EZW + EZ12|W| van w(W) 1’[ el = @ RIEFn) +am(R')(Fn,z(Ri))]V(Ri)}
i

= Z 1‘[ el = A RIFn) + @ RI(F 0 )IV(R) Z H

Zy i {Y3) outer s
compatible with 2y,

Tz ol [Tz, Wl 3432
q WEIntYZ
ACY3Ulnt Y4 4 B

Q(qu) e B4~ E)I2|YZulnt Yg|

We have combined all the ¢* factors~into a simple form that depends only on the
regions R, associated with 2. For a region R, in some W such that R, , does not
exist in W, we have

aM(Ri)(Fn.,(R,)) = aP(WV)(Fn“(W)) — am(Ri)(sz(Ri)) ,

where for the second equality i,(R;) and m(R,) are defined in terms of the regions
associated with Xy. For regions R; such that R, g, does not exist in V, the
a™®)F, ) is defined to be a%(F,) and such terms arise from the overall
e ““Fn [U¥E™] factor. [This would be absent if we were dealing with Q(F,, V) instead
of Q4F,V).] For all the other regions, the last step is a straightforward
transcription of terms from the previous step [from L%(Y?) or from W-terms].
Equation (3.4.13) now follows from the following string of identities:

oE4-EYIV|
SLA="F— T 1 e
(Y s l—[ 449 {Yg outer 4ag V\U (Y2Ulint Y9)
ALY compatible with Zv s

I'[ o(Y?) I‘[ [e(—E€<W’+E%(“”’)12IWIZE (W]
s * WC IntYd v
SES=EDHIV]

=— 7o o(4%)
11 Z4 (vgjouter A4S\ (¥EUInY9)
ACv compatible with Sy s
11}e(Y?) > [Te(Y,)
s {Y,.} nonoverlapping, Y, |21 rs

Ty, =fynY,, filling Int YZ
e(Eg —E&)|V|

i Y [Te(Y)

Z Aa  {Ys) nonoverlapping, |Ys|Z1 s
4Cv 3y, =2ynYs, filling V

_ 2z (3.4.33)
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The first step uses the identity Z ,, = e®¢~E”p(49) to rearrange energy factors.
The second and last steps are simply the cluster expansion performed at fixed ~
[see (2.4.18) and (2.4.21)]. Note that Y, and Y, need not have g-boundary
conditions, and they may be single I-squares. The third step follows because the
inner sums and the presence of the g(4%)’s outside relieve the constraint that {Y?}
be a set of outer g-clusters, yielding an overall summation over {Y,} as above.
The analog of (3.4.13) for Q(F,, V) follows exactly as above, with the only

change being the absence of the factor eaq(F")lgwg ml. This leads to the modification
in (3.4.13) stated in Proposition 3.4.1. Equation (3.4.14) follows immediately. This
completes the proof of Proposition 3.4.1. [

3.5. An Equation That Yields the Ratio of Partition Function Estimate

In the last section we defined a transformation L+—.4"(L) of vacuum functionals.
We now explore the consequences of having a fixed point for this transformation,
that is, a vacuum functional L that solves the equation

L=A(L). (3.5.1)

If L solves (3.5.1), then L,,L,, ... must all be equal to L, because of the way
N(L) was constructed. Thus F, =F, for all n and the terms —a™®(F,)

+a™®)F, . )in (3.4.13) exactly cancel. Therefore, Proposition 3.4.1 implies that
Z(V) Z(V)
QFL V)= L= : (3.5.2)
L Z‘;W l—[ Z 49 n Z A4
ACV ACY

where V has boundary condition g. Place a subscript O on letters denoting phases ¢
such that a¥(F ) =0, for example g,. There must be at least one such phase because
of the condition irqlf a(F)=0. These phases will turn out to be the thermodynami-

cally stable ones. If ¥V has boundary condition g,, then there is no difference

between Q“(F, V) and Q(F, V) because the elimination of the term a™®)(F,, _)in
(3.4.13) has no effect. Therefore,
YA W‘IO
o, vy = 2V (3.53)
l—[ Z A90
acv

Theorem 3.5.1. Suppose L=A(L) and A<1<l. Let V be a simple domain with
boundary condition q, and let V° be the same domain but with some stable boundary
condition (a®(F;)=0) replacing q. Then

Z(V) 2

Sk A T L 54
Z(Y0) - ¢ (3:54)
Proof. From (3.5.2) and (3.5.3) we have

zyy  FEV ] Za

Z(Ve)  QF;, Vo) [] Z,
4Cv

Q(F L W)eaq(FL)Wl l—[ ZAq
4LV

< =
S TOEV ] Zgw (3.5.5)
A<V




298 J. Z. Imbrie

where (3.4.14) has been applied from Proposition 3.4.1. Using the estimates of
Proposition 3.3.2, we obtain

2V

Zviy S@F)+SF)=s(FE) +108Z 10 =108Z 1 )IV]

log
+A(F ., ¥)— A(F,, V1)
<2120V, (3.5.6)

The terms proportional to |V| cancel exactly, by the definition of the a®s. This
completes the proof. [

Theorem 3.5.1 will be of crucial importance in Chap. 4, where an expansion is
given for the Schwinger functions in the stable phases.

3.6. Solving L= (L) by Iteration

Starting with L=0, we produce a sequence 0, 4(0), /' (A7(0)), ... and show that
the sequence converges in the norm [||-[||. The limiting vacuum functional will
satisfy L= A4"(L). Convergence is very rapid, with each iteration making a change a
factor e~ ™*"* smaller than the previous change. This is due to the fact that L=0
except for YW’s with some phase boundaries. Proving convergence involves
obtaining Lipschitz conditions on various aspects of the construction of A(L).

Lemma 3.6.1. Suppose A <1<1. Let L and L' be two vacuum functionals such that
L(Y)=L'(Y) on Y’s with no phase boundaries. For each q, the following bound holds:

|F —Fpl Se *=*"%||L- L. (3.6.1)

Proof. By definition, F4(Y)=g(Y)e*™. By Proposition 3.3.2, the lemma follows
from the bound

sup eIV + =AM | 5(Y)e W) — (W) M| < e 422 7| |IL— L)l (3.6.2)
Y
Let L(Y)=(1—1t)L(Y)+tL'(Y). Then
Lo o< | 4w
— < &Lt
le M| < g dt e
<|L(Y)— L'(Y)| sup e2®
t
S|IL— LI8(Y)3e M. (3.6.3)

The bound (3.6.2) follows because e ~"!'MI5(Y)> < 1 so that the decay of §(Y) (2.5.11)
dominates both the diverging factors of (3.6.3) and the growth from the definition
of ||-|I. The fact that L=L’ only on clusters with phase boundaries insures the
presence of the factor e 4*2*"* from |§(Y)|, since the minimum length of phase
boundary is 4. . [

Let | — p,| denote sup |u; — 3.

Lemma 3.6.2. Suppose A <1<I1. Then for L a vacuum functional,
18,,6" — 8,8 | <A1y — ). (3.64)



Phase Diagrams. I 299

Proof. We need the bound
18, (W)e —8,,(W)eH| S AMZemmiM =23y —yy ) (3.6.5)
Apply Proposition 2.5.5 to g, ,(Y) and to

— 2 2
QA,q(Am)e( E3+ET)IZ _ ZAmeEml

to obtain
)
‘-a—(g ) q(y)eé(‘Eg+E%+E‘£“”"E&W’)lzlvlmemgpm( —E5"+EW+EIC’(Y)—Eev(‘l())[z'nntmw')
o \ 84
= : [T(Z gme"E)¥Im
m
‘a (Z, 12Ew)

RO S ¥, e

A™

<12, —(s/zm a112)|w|e—c21 zlfy'+)'1/Ze—5/2r;l|W|e—2121'2|Ey|IYI/‘Ll/2eallz
éll/Ze—2t1l|W|e—tzl‘2|Ew| ) (3.6.6)
Since et eV, (3.6.5) follows. [
Lemmas 3.6.1 and 3.6.2 imply that
”Fﬂth #sz " = ”FﬂlLl _Fﬂle ” + ”Fllle —Fﬂsz ”
Se UL, — Lolll+ Ay — pyl (3.6.7)
Proposition 3.3.2 then yields the bound
Is(Fe, ) —S(F2, )| Se” ** L, — Lolll + A2 |uy — i, (3.6.8)

Proposition 3.6.3. Suppose A<1<1. Let L, be constructed from L,L,,...,L,_, at
the parameter set [, as in an elementary step of the construction of A'(L). Let L; be
constructed from L',L},...,L,_, at parameter set u,. Write |||0L||| for

max {|I|L =L, Ly = Lyll -, Ly g — Ly 411}

and assume all vacuum functionals vanish on clusters with no phase boundaries. Then

for §(Y)=n, ,
%ﬁ—@ S e SLII+ A 2oly — pyl. (3.69)

Proof. We have from (3.4.10) that
L,(Y)= Y [A(R)+1ogQ“(F,, Intg (Y))—logQ(F,,Inty (Y)]. (3.6.10)

Consider the log Q@ terms first, and use (3.4.13):

d ZxV) EPP——
lo F,,V)—log< (F,,V)= dt ]og 2 e T pl-at+ar V@Rl (3.6.11)
805 Py ¥) 1088 Fo § 2T Zati) |

ACV
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Here pu,=(1—t)u, +tu, and
ap =(L=0a"®F, )+ ta"®(F,)
a;k* = (1 —_ t)am(Ri)(F )+ tam(Ri)(Fl ) .

Riz(Ri)

(3.6.12)

Rizy(Ry)

This may be estimated as

[log € (F,,V)—log&; (F,,V)

t

2V,
<
s\ e
d 2
2 e
+ V] + Y lak—a¥—at*+a*V(R)/* (3.6.13)

Z 4o )e™

where
Z - Z(V) H el~atTarlV(Ry)
He
_z i
- Z ZE(W) H el af+af*lV(Ry) *
B
P i

The first two terms are bounded uniformly in Z by 2rkA™21%|V| |u; — p,], by
Proposition 2.5.6. Equation (3.6.8) produces the bound

(3.6.14)

<'>t

|a¥ —af) +|at* —af*|
. d
<8e 4 ISLI| 48412 uy — +8rsup a—w(logZAq(u,)—logZAa(ut))

<8e 4 SL|+ O(A™ 2Pty — iy (3.6.15)
Here, Propositions 2.5.5 and 2.5.2 bound the derivative of
1og(Z 4o¢"*") =loge 4, ,(4)

by 1Y2e**”| and similarly for §. The derivative of I(EI—EY) is O(A™%%), by
condition (v), Sect. 2.1. The derivative of

is O(1), by conditions (vi), (vii), and (iii).
Hence,

2. llog 2%, (F,,, Inte (Y)) —log Q5 (F,, Intg (Y))|

<2rkA™ A Int Y] |, — p,|
+[sup Y V(R,.)](se-‘*fﬂ“znlaL|||+0(,1-212)|u1—uzl). (3.6.16)

ZIntY R;ClntY
The supremum is bounded by I*6(Y)? because each unit square is counted no more

than I5(Y) timesin )’ and there are no more than [>§(Y)? squares to consider.
R;ClintY
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Thus (3.6.16) is bounded by
P6(Y)*®e™ ****ISLIll + O(A ™ *1P)|uy — ).

The same bound applies to the terms log Q(F,, ,Inty (Y)).
Consider next the terms

AR)=[—a*+(a**)+108Z pry — 108 Z ymro]V(R)). (3.6.17)

(The a**-term may be absent.) The change in a*, a**, or log(Z ,,/Z ,~) going from
Uy, L to p,, L' is bounded as before. Thus the change in Y A(R,) is bounded by

PS(Y)*(8e™ 4 SLII+ O(A™ 21|y — .
This completes the proof of Proposition 3.6.3. [

Theorem 3.6.4. Suppose A <1<1. The equation L= "(L) has a solution in the space
of vacuum functionals that vanish on clusters with no phase boundaries. Let L,
denote the solution obtained by successive iteration of L=0 at the parameter set [L.

Th _
e Ly, — L, SO 215y — ol (3.6.18)
Proof. We verify the bound
A, (L) = A (I S e L= Ll + 0~ 21)uy — ), (3.6.19)

where A, , ./, are the mappings corresponding to parameter sets u, u,. We
assume L,L’' vanish on clusters with no phase boundaries — this property is
preserved by the mappings. Proposition 3.6.3 contains the required bound on the
difference between A, (L)NY,)=L,(Y,) and A4, (L)(Y,)=L,(Y,) as long as
L, —LISIIL—=L'||| for all k=<n—1. Assume by induction that |||L,—L;|l|
SWL—L'||| for all k=n—2. (For small n this is trivial because then L,=L and

L,=L") Then

MLy 1 =Lyl

’ Ln— Yn— _L:l— n— ’
= ﬁg{u{a)zn_l{lllL—Llll,' l (;)_1)3 1(a-s) |||L,,_2—L,,_2|||}
(-l (3.6.20)

The second term in the supremum is bounded by Proposition 3.6.3, using the
induction hypothesis. This proves (3.6.19).

Proposition 3.4.1 implies that [||A"(0)[|<O(A™?1?). Therefore, the Lipschitz
condition (3.6.19) implies that the mappings .4, have fixed points L, satisfying
the bound (3.6.18). This completes the proof. [

3.7. The Phase Diagram

This section is devoted to analyzing the phase diagram of our model. We expect to
find (’i) hypersurfaces of codimension k — 1 in parameter space on which a?=0 for

kq’s. On such hypersurfaces, we will be able to construct k distinct states. The
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diagram is constructed by showing that the mapping u—a*(F L) > @ (Fp) can be
inverted and is in fact Lipschitz continuous in both directions. (The image of the
map is a neighborhood of the origin in the boundary of the positive octant in R".)

To invert the map u—{a?}, choose a, ...,al, with iEIlf a3=0 and such that

{(ad —al)/1*},+ is in the neighborhood of the origin spanned by {e%(u)},. for
[ul=C™1/2. We wish to find a parameter set u such that a¥(F, )—a¥(F, )=a§ —aj.

Rewrite this equation as

24(p) + el () = (af — ad)/1?, (3.7.1)
where
2(p)=1"*(—1ogZ () +logZ Aa(,u)—-S(F%u)-I-S(Fi“))— E%+EL 672
- m2. m?:  m?—m? o
‘1=Eq___ q=‘1__q_1 _q q ‘1'
el 1—-El=¢ . ogm‘% + o

Lemma 3.7.1. Suppose A<1<l. Then

125(0) — 250 S 2420ty — ). (3.73)
Proof. Equation (3.6.8) and Theorem 3.6.4 imply that

Is(F, ) —s(FL, )| S e ¥4 200 2|y — gl +AV2\y — g
S3AM2 g — ). (3.7.4)

Propositions 2.5.5 and 2.5.2 bound the change in

I7%10gZ 4o+ E&L,=1"2logg, (49
by [72A1/2¢°4 <121/2 and similarly for g. This completes the proof. [1
Theorem 3.7.2. Suppose A<1<1. Let a} satisfy irqlf al =0 and suppose (a? — al)/I*

lies in the neighborhood of the origin spanned by e(u) for |u|<C~ /2. Suppose
further that E%(uo)— E3(uo) =(al —al)/I>. Then there exists a parameter set p, such
that a’(F,, )= af. Moreover, |u,— ol < O(A>?) and

1o, = B0 SO(A172) suplaf —a3l, (3.7.5)
la%(F 1, ) — a¥(F 1, )| SO~ 21, — i, (3.7.6)
Proof. Define

0 0 m:  m: mi-m?2
(W)==——(E1—Fl)= —(e1— —Zlog—2% 4], 3.7.7
Dql(ﬂ) au; (Ew Ew) aﬂz (e 877: Og m; + 8TC ) ( )
The matrix index g does not take the value g. By condition (v), Sect. 2.1, the

Oet
W
terms in (3.7.7) are O(1), so 4D (u) has the same property, for A small enough. Let
D;'D,;=¢;; Then the matrix D is O(A~2) and D~ ' is O(4?).

Given some u, define Ti, the next approximation to the coexistence point, by

(i)' = ' = Dy (u)((1) + e) — (a§ — aB)/1P) . (3.78)

eigenvalues of A2 are in some interval [C~ !, C]. The u-derivatives of the other
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Convergence of this iteration depends on a Lipschitz condition. Let
wi=(1—1t)p; +tp,. Then

. T ]
(o) — (Thy ) = g de - L= D (s () — (af — ad)/1*)]

Log
=Dy, (g )(2(y) — 2%(py)) — h; di 2 Dy, 1(#;)} Zq(/‘z)’

< sup
t

.0 _ _
D3 (s Do 0~ D e~ =)
+ ZDigl(.ul) +2Al/2fﬂl —#zl

q

+ sup 2% )l (3.7.9)

_( 0 _
D! (a_u—" D, ,-) (W5 — 1D}

. 0
The term ill—t y; canceled with Dy, 1(#‘)8_1?6?”(#’)" All three terms in the last line have

one more D~ ! than D, yielding a factor O(A2). (Condition (vi) bounds second

0
derivatives of e%(u, A=1) and m2(w), so that WD,"JéO(I)A'Z.)

Suppose that |u; —pel, |, —pl are O(A%?). Then |ed(u)—(a§—ad)/I?|
<O0(1'?) and the first term is less than O(A>?)|u; —u,|, as is the second. Since
s(F%, ) and I72108(Z 4q(ity)e"B*) are O(11?), we have |2%(u,)| < O(A*'?) and thus

[(Tiay)' = (T S O(A%) 1y — s - (3.7.10)

Start the iteration at u=pu,. (We can always find u, by the implicit function
theorem.) Then

(T =y — Dy (10)z% (1) =ty + 0(2°'?).

Applying (3.7.10), we see that successive iterations never leave the range
1= po + O0(2%?). The Lipschitz condition now implies the existence of a fixed point
u, such that Tu, = p, and |, — pol <O(A>?). This in turn implies that z%(u)+ e%(w)
=(a} —al)/I?, and therefore a’(F, )=ad.

It is clear from (3.7.8) that

(T(a)w)' — (T(a)u| S O(A217?) sup |a} —djl, (3.7.11)

which implies the corresponding bound on the solutions, (3.7.5). The bound (3.7.6)
follows from (3.6.8) and Theorem 3.6.4, as in the proof of Lemma 3.7.1. This
completes the proof. [

Theorem 3.5.1 now yields the bound

Z(VY9)
Z(Vo)

<2Vl (3.7.12)

whenever u=pu, with a%°=0.
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