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Abstract. The behaviour of products of local fields for lightlike distances is investigated.
If a light cone expansion of A(x) A(y) exists, then already the four point function carries
the singularity arising in the expansion for (x — y)? —0. For a special class of field theories,
discussed by S. Schlieder and E. Seiler, it is shown that the light cone expansion is possible.

1. Introduction

The close connection between short-distance expansion (SDE) and
light cone expansion (LCE) has been pointed out by several authors
[1-3]. This suggests the idea to derive the LCE from the SDE just by
using Lorentz invariance, but so far only heuristic arguments have been
given. Using similar methods as Schlieder and Seiler [4] in a recent
paper on the SDE we prove

1. Ifa LCE of A(x) A(y) exists, then the leading light cone singularity
occurs already in the four point function.

* Notation. #(R") the Schwartz space of strongly decreasing testfunctions over IR”
A =scalar field operator, which fulfils the Wightman axioms [we freely write A(x), x € R*;
and A(g), g€ L(RY)].
LzeC*; x,p&nelR*;

€= 05 €I=(Cl,mC,-l,C,H,---C,,);
Vei={nln*>0, 1,20} ;

o= {{{{=C+in, neV.};
# = Hilbert space.
Q = vacuum state.

D= {perlo=( T Tam) . Ak dx+ fo) 2 S 2@,
JCDisthe lineark}:l;ll of the vectors

QAEDQ: A A . . AZ)Q: (2 =2 ety).
(With respect to the definition of operators with complex argument cf. [6]!)

Wolxss o Xn)i= Wy = Xps o, X, = X 1) = (2, Alxy) o AX,)Q).

By 6,(x?) we denote a sequence of functions (€ .#) which converges to J(x?) as ¢ —0.
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2. For a special class of Wightman fields, discussed by Schlieder
and Seiler, the LCE exists.

II.

Lemma. We assume the existence of a LCE in the following form:
There is a function r(&) such that C(f,g):= [r(&) A(x) A(x +&) f(x)
-g(&) dx d& exists as an operator valued distribution on D for f,ge &,
supp(g) CUR(LC) (where UR(LC):= {x|xeR*;|x*| <R?}) and which
allows the “restriction of C to the light cone,” that is

W, C(/:9)P)c:=lim(w. C(f,9-3)9)  (9-6,(8):=9(£)3,(6%) (1)
exists for all p, p € D.

Then from
lim [ AL+ & X, x4 O F(E) r(E) TN GE) f(x)g(8) 8,6
0(EHdxdx' dédE 2
=lim(C(£,96)2, C(£,9-6,9) =0
follows

. C(f.9)@)c=0, o, peD'. )
Proof. From (2) follows for pye®

v, C(/, 9)Q)rcl = lim(w, C(f, g 5,) Q)
s lim ] 1C(f,9-0,) Q1 =0.

Obviously C(f, g).c is a bilocal bilinear form, that is it commutes with
A(h) if supp(h) is spacelike to supp(f) and supp(f)+ supp(g). Since £
is a separating vector also for bilinear forms?, Eq. (3) follows.

The lemma can also be stated in a slightly different form: Under the
assumptions mentioned #(x,, ..., X,) is as singular as (r(x; —x,))" "
(r(x3—x4)) "1 if (x; — x,)* and (x3 — x4)* go to O simultaneously.

If instead of Eq. (2) we assume the existence of

w-im C(f, g9y =:C(f, g)cw; weD 4)

it follows that #,(x;,...,x,) for (x3—x,)>°—0 is as singular as
(r(x3—x,4))~". The proof is completely analogous to the proof of the
corresponding statement for (x;—x,)—0 (see Ref [4], Section 2,
Lemma 1).

! A similar statement is true if we consider C,=r,(£)(A(x) A(x + &) — W,(£)) and
WX + &, X, x,x + &) — W,(&') W, (&) instead of C and W,.

2 The proof is similar as in Ref. [4], Appendix 1.
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II1.

We intend now to prove the LCE of A(x) A(y) under the conditions
on the four-point function which are formulated in Ref. [4]. We are
going to use the following theorem which has been proved in Ref. [4]:

We assume

(A) A function r({) exists with the following properties:

a) ris holomorphicin 7, ;

b) (0 =r(=D);

¢) ris invariant under the (homogeneous) Lorentz group;

d) W,((, 5, 5)r(C3) has (a locally unique) analytic continuation to
the points ({;,{,)et?, {5eUzx(0) where Ug(0):= {& | €] <R} is in-
dependent of {;,(,;

e) there exists an integer N >0 such that for each compact subset
KcCV,, EeUg(0), r//]/r?e K, r fulfils the following inequality

rE+iml=m*)™"Cx  O<n*<1)

(Ck 1s a constant depending on K).

Then F;(£):= W,(£)-r({;) has a unique analytic continuation to the
points {;=0, £ €14~ ?. Furthermore F; is holomorphic for ¢;e Ug.(0),
fe rﬁ'j‘zg where R’ >0 is independent of & 3.

Remark. In general it is impossible to find a complex neighborhood B
of 0 independent of £, such that F; is holomorphic in =2 x B, as can
be seen from the free mass zero field:

() Wal) =3 W)
_, {3 N {
;3 G+ +0)? G+ G+
is holomorphic for {; e R*; {,,{;€ 1, ; but for every {, e t_ there are
{5, {31, such that rWW, is singular.
Now we prove the following

Theorem. Under the assumptions (A)

Clx, §):=r(0) Alx) A(x+&)

defines a bilocal operator with the following properties:

a) C(f,9)= [ C(x, ) f(x) g(&) dx d¢ is for f,ge &, supp(g) CUR(LC)
defined on D and C(f, g) D lies in the domain of definition of A, the closure
of A*.

b) [C(f,9), A1 =0 if supp(h) is spacelike to supp(f)o(supp(f)
+ supp(g)). That means C is a “bilocal” operator.

3 Ref. 4, Section 3, Lemma 3.
4 A4 exists, because the adjoint of A is densely defined.



256 J. Kiihn and E. Seiler

¢) For fixed o, weJ the matrix element (v, C(x, &) @) is holomorphic
for xeR*, & € Uy (LC), where R' >0 is suitably chosen.

Remark. The last statement is not true for ¢ in a neighborhood of the
complex light cone as can be seen again from the free mass zero field:
We choose in the example considered above

(=i(—1,1,0,0); (=(=i(1,0,0,0)e7, .
Proof of the Theorem. a) We define C(f,g) on v
pi=[A(x)) - Ax)Qh(x)dx; (he S(R*")

as follows:

pui= [ Alxy +iny) ... Alx,+in,) Q2 h(x) dx
meVin —meVes (=1,...n—1),
Py = § ACc+iy) ACc+E+iy+in) - r(& +in) y, f(x) g(&) dx d&
By —n—yeViin,—meVe; (=1...,n—1).

Obviously y,, ¢, , ,€D.
For y,n,n—0 ¢, , converges strongly:

” Py oy — (Py,ﬂ,uuz = (<Py,r1;a’ (py,ma) + ((py’,ﬂ’,u” ‘p.v’,n’,u')
- (q)y’,rt’,a" va,n,n) - (q’y,mw (py'.n',tz')—'O
W .m0, n,0'—0)

since each term converges to the same limit, which exists because of
assumption e) according to Appendix 2 of Ref. [4].
We then define

Clf.9w:= slim g, ,.

Now ¢, ,,€D and A(f) o, , fi €S converge strongly for y,n,1—0
(this can be seen in the same way as the convergence of ¢, , ). Hence 4
is defined on CD.

b) The “bilocality” of C is a trivial consequence of the locality of A
and the fact that the Wightman distributions can be multiplied by r.

¢) The properties a) and b) are true without assumption e). This
assumption, however, is essential if one wants to restrict £ to the light
cone. In the theorem of Ref. [4] it is proved that F; is holomorphic for
&;€Ug(0),£ €122, If we now choose a &; e Uy (LC) we can find a real
Lorentz transformation A such that A& € Ug.(0), since the Lorentz group
acts transitively on the hyperboloids ¢7 =const. But F; is Lorentz in-
variant, hence it is holomorphic in g (LC) x 172,
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If now @, w e J, (v, C(x, &) ) is a finite linear combination of Wight-
man functions, multiplied by r(£). Therefore we can easily construct a
real neighborhood Ug(LC) such that (y, C(x, £)¢) is holomorphic in
R* x Ug (LC).

Acknowledgements. We thank K. Baumann and S. Schlieder for useful discussions.
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