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Abstract. A canonical formalism based on the geometrical approach to the calculus
of variations is given. The notion of multi-phase space is introduced which enables to
define whole the canonical structure (physical quantities, Poisson bracket, canonical fields)
without use of functional derivatives. All definitions are of pure geometrical (finite dimen-
sional) character.

The observable algebra ¢ (physical quantities algebra) obtained here is much smaller
then the algebra of all (sufficiently smooth) functionals on the space of states, derived from
the standard infinite-dimensional formulation. As it is known, the latter is much too large
for purposes of quantization. As the examples prove, our algebra ¢ could be an adequate
start-point for quantization.

For simplifying the language the notion of observable-valued distribution is introduced.
Many concrete physical examples are given. E.g. it is shown that some problems connected
with gauge in electrodynamics are automatically solved n this approach. The introduced
language allows to obtain the Noether theorem in a most natural way.

1. Introduction

The present state of quantization of non-linear fields theories (cf. [1])
may lead to the conclusion that there may be more deep differences
between linear and non-linear theories that one may infer from the usual
canonical formalism, based on the following analogy with classical
mechanics:

Mechanics Field theory

Time Time

Finite dimensional space Infinite dimensional space

of all possible positions at given time of states of a field at given time

This formalism, initially using notions not too precise from the
mathematical viewpoint (e.g. multiplication of functional derivatives)
has now acquired a fine mathematical formulation (theory of infinite
dimensional symplectic spaces — cf. [11] and [12]). It leads to very rich
observable algebra (algebra of physical quantities), Poisson bracket,
canonical fields etc. Linear theories are not distinguished in this formalism.
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Yet another formulation of canonical formalism is possible. It arises
from the geometrical approach to the calculus of variations (as presented
in the excellent paper by Dedecker [6]). Here another analogy with
mechanics is used:

Mechanics Field theory

Time as 1-dimensional parameter 4-dimensional space-time as the space of
parameters

Finite dimensional space of positions Finite dimensional space of field strengths and

and momenta at given time its derivatives in given point of space-time

That this approach could be physically relevant it was already noticed
several years ago ([15]) but there were serious difficulties in further
development of the theory which leads to highly-dimensional spaces.
It seems more difficult to work in 77 dimensions (as Dedecker’s theory
for vector-field theory requires) than in infinite-dimensional space.

Recently very adequate for field theories simplifications of the
Dedecker’s formulation have been done (these results will be published
elsewhere). Using them a beautiful geometrical structure of field theories
has been discovered.

In the present paper we leave aside the connection between
Lagrangean and Hamiltonian formalism (i.e. the Dedecker’s theory) and
we present the theory in its “canonical” form.

Our construction leads at last to a triplet (7, ¢, %) where:

1° o is (already infinite dimensional) space of states (whose elements
are global solutions of field equations).

2° ¢ is a Lie algebra of observables (physical quantities), i.e. an
algebra of very special functionals on 4. It is composed of such func-
tionals which are integrals of some differential forms. This restriction of
“admissible functionals™ is not arbitrary — it results from the language
we use (the accepted here definition of observable is very natural one).
Curious as might seem a very natural functional characteristic of our
observable algebra has been found ([10]): it is the algebra of local
Sfunctionals on # (of some degree of smoothness).

3° % is a special vector field subalgebra on . Its elements are,
in some way, generated by observables.

The advantages of such approach seem to be as follows:

[. Our observable algebra is very small in comparison with the
usual algebra of all smooth functionals on . In quantization, as it is
known, only few observables can be quantized directly. So the question
arises: “which Lie subalgebra of observables can be directly represented
in Hilbert space?” (cf. [4]). Our formulation answers this question in a
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surprisingly simple way. E.g. for the Klein-Gordon theory the only
observables are: generators of Poincaré group, field-strength and its
time-derivative (smeared with an arbitrary test-function). There are no
other observables.

2. The only algebraic structure of our observable algebra is a Lie
structure given by Poisson bracket. There is no commutative algebra
structure (there is no sense multiplying observables). So there is no
question of “good order of operators” during quantization.

3. There are no difficulties with the gauge in electrodynamics. Only
electric and magnetic fields (smeared with test functions) are observables
(cf. [3]). Potentials are not observables (see Chapter 8).

4. The most interesting result of this theory is at the same time its
greatest drawback now: in non-linear theories there are no local ob-
servables. The only observables are the global ones (ie. energy,
momentum, electric charge etc. — see Appendix).

Thus there seem to be two ways out:

1. Either the solution suggested by [10] (introduction of higher-
order currents) will enable construction of satisfactory algebra of local
observables for non-linear theories (which may prove to be of considerable
importance for comprehension of non-linear quantization)

2. or such satisfactory construction is not to be obtained at all. This
may be connected with impossibility of quantization in non-linear cases.

As yet the solution of this problem has not been known to the author.

The question of equal-time Poisson bracket has already been satis-
factorily solved by Gawedzki in an ingenious paper [8].

The author is much indebted to Dr. W. Tulczyjew (who first used the
notion “multiphase-space™) and Prof. Dr. 1. Birula-Biatynicki for very
fruitful discussions.

Many problems touched here were studied in the collaboration with Dr. K. Gawegdzki.
for which I thank him very much.

Special thanks arc due to Prof. Dr. K. Maurin for his encouragements and active
mterest in this work.

2. Homogeneous Formalism in the Classical Mechanics

Homogeneous formalism, based on geometrical concepts of Cartan,
was used already in twenties. We shall present it in a most useful version,
showing these elements which look similar in the field theory (cf. [ 15, 16]).

Let W be a full (i.e. containing time-coordinate) configuration space
of mechanical system. Take any coordinate chart (t,x%), i=1,...,k,
where ¢ denotes time and x' are any coordinates numbering all possible
positions of our system (e.g. for the theory of single point-like particle
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k=3 and W is simply space-time). Denote by
T*(W)= | THW)

weW
the co-tangent bundle over W (composed of all co-tangent spaces
T.¥(W),at all points w € W). Every element of T*(W) can be written in the

form )
Edt— Zp,dx

thus we can take in T*(W) the coordinate chart (¢, X', E, p;). There are
canonical differential forms in the space T*(W):

wlt,x',E,p)=Edt — X p,dx'
do(t,x',E,p)=dE A dt — T dp; A dx'
Take in T*(W) the submanifold 2 given by the equality E = H(t, X', p,),
where H is a smooth function of its arguments. If H is Hamiltonian of
our system then & will be called the full phase space of it. 2 is (2k + 1)-

dimensional and can be parametrized by (¢, x', p;).
Take the cut-off of the 2-form dw to the space £:

vi=do|P=dH(t, X', p) Adt— Zdp; Andx

= 2(6 dx' ndt+ —— od d i/\dt—dp,»/\dxi).
ox' op;

Of course dy = d*w|% =0. The form y is degenerated. It can be shown
that singular curves of y (i.e. such curves whose tangent vector is every-
where singular vector for y) are exactly solutions of the dynamical
problem with the Hamiltonian H:

Let Q be such a curve (for shortening the language such curves will be
called states). Take any parametrization of Q:

- (t(1), Xi(x), pi(7)).

Let the parametrization be non-singular, i.e.
dr 0 { dxi ¢ dp, ¢ }
+0.

dr o T ar ox T ar o
Then one can easily compute:

H
X=y=—- za—Td L —ﬁdt dpi)
0x ap dt

i

dp; 0H . OH dx 0H dp;
o L LI PP o A
* dr( 2, “”dx) (Z ox de T oap, dr)dr
0H dr  dp, 0H dt  dX B
+Z<6’x’ Pr )d +E(ap, e dr>dp"_0‘ M)
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In order to satisfy this equality all coefficients in brackets must vanish.

o o Loodt L
But in this case the vanishing of the derivative s implies the vanishing
T

t . . . .
of X.So e =+ 0. Thus in order to simplify the equation of motion we
T

d
can take t=t. Now o 1 and the Eq. (1) reads:
[4

it
OH  dp =0, (ZH _ dx ~0, 2)
ox' dt op, dt

oH @_’_+ 0H dp,
oxt dt  dp, dt

3)

1
Ifeg. H= ——(Z p,p;) + V(x) then
2m

dx = ! it means that velocity is equal ! >
it~ m Di y q m pil-

The Egs. (2) are the canonical equations of Hamilton. The third one is the
consequence of them. It is the energy-equation: adding to both sides of (3)

°H .
the term —— we obtain

ot
dE L dH _0H
dt = dt ot
In relativistic mechanics, when we use the Minkowski’s metric tensor

. j - .
with the sygnature (+, —, —, —) we want to have v'= — p'and p'= —p,.

It is therefore much better to use the following notation:

3 3 3
w= Y pydx*=Edi+ Y pjdx'=Edi— Y pdx'
n=0 1=1 i=1
where p,=p®=E, x°=x,=1. In this notation canonical equations of
motion are
dx' oH dp, 0H

dt — op,  dt  ox

Taking e.g. as 2 the submanifold satisfying equation p*p,=m?, p,>0
(ie. po=H=]/m*+ Z p,p,) we obtain

dx' aH__ﬁ

i

__OH P dps

dt op, E E dt

=0.
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Such an approach is called “homogeneous” because there is no difference
between time and another coordinates. There is no “motion” in this
picture, but only singular curves. The whole “dynamics” is given by the
phase space # and 2-form 7.

Now we pass to physical quantities (observables). They are such
functions (i.e. differential O-forms) on the space £, which are constant on
states (singular curves of y). In this approach “position of a particle” is not
an observable, but “position at time ¢,” is. Take e.g. the theory of single
relativistic particle, as presented above. States are here straight lines:

i, P
t—-)(t,xO+ F(t_to),pj)

The observable “position at r,” now reads:
i

1 i p
Xpolt, X!, pj) = x' — f(t —to) -

The function p; is also an observable because in this case the momentum
is a constant of motion.
It can be shown that the function f on 2 is an observable if and only if

df =Xy
where X is a vector field. But we have immediately:
0=df =d(X =)= — (X Jdy—d(X )} = - Lxy,

i.e. the field X preserves y (the one-parameter group of diffeomorphisms
generated by X preserves y). Such fields are called canonical ones.
If we have two observables f and g:

df=X-y, dg=Y-y
then the Poisson bracket
{f.9}=%xg

is also an observable. This definition is completely equivalent to the
usual one. E.g. in the last example

0
dp;= ox’

0
] dp,= — .
7> Do 6t y

Thus

; o o (.
{pjs Xt} = W(Xio)= - (x‘ - p—(t— t0)> =9}

i a i)
(o Xl = =l = — 2.
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Let us do at last the following construction.

Denote by D° the distribution (in the geometrical meaning of this
word) of all singular for y subspaces tangent to 2. As we have seen D° is
here 1-dimensional and solutions of our mechanical problem are also
integral curves for D°. Thus we can pass to the quotient 2 =2/D°.
Elements of 2’ are curves in 2. Because every such a curve pierce the
subspace t = const at precise one point, there is one-to-one correspond-
ence between points of 2’ and points of the subspace t = const. It means,
that if we fix the time the system (x, p;) is a good coordinate chart in 2.
Because D° is singular for y, we can project y to the form y” on 2. This
last form is already non-degenerated (whole degeneration lies in D°).
In coordinate chart (x', p;), connected with the fixed time ¢, the form y’
can be written as

y=—2Xdp;, Adx.

3. General Scheme of Multi-phase Formalism. Gauge

Leaving aside the problem of concrete method of constructing the
phase space for concrete field equation (cf. examples in Chapter 4 and 8)
we shall formulate the “axiomatic” canonical theory, analogous to the
homogeneous formulation of mechanics. We take the following

Definition. By the n-phase space we mean the couple (%, y) where 2
is m-dimensional (m>n) countable at infinity, smooth manifold (by
smoothness we shall always mean that of C*-class); y is an (n+ 1)-
differential closed form (i.e. dy =0) in 2.

The form y defines the mapping

T,(P)>X, > X=X,y \ THP)

(by /\ T}(2) we mean the n-th exterior power of the cotangent space

T,5(2), i.e. the space of n-covectors at p) .

Every vector field X in & defines therefore the n-form X*. For
every pe? we distinguish the subspace of n-covectors obtained in
this way:

Ay=T (P =y, \THP).

Now we seek the maximal tangent subspaces anihilating ./,. The family
of all such subspaces at pe 2 will be denoted .«7,. So

(Ee o))=(a|E=0 forevery oe.,).
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Now submanifolds whose tangent spaces belong to .2/, are of interest.
For the field theory or mechanics such submanifolds will be actually
solutions of the motion equations. So they are states of the field or
mechanical system. The notion “state” is used here in the sense Einstein
applied it — state means the whole history of the system. In quantum
physics such a point of view corresponds to the Heisenberg picture.

The following definition seems to be natural:

Definition. By the state in the n-phase space (#,y) we mean any
maximal submanifold having property that every its tangent space
belongs to /. The set of all states of a given theory will be denoted
H(P,y) or simply .

One can easily check that states are maximal submanifolds in &
having the following property:

vy=0

for every n-vector field v tangent to this submanifold.

In order to omit pathological cases we take the

Definition. The n-phase space (%, y) is called regular one if all dimen-
sions of all spaces belonging to .7, are equal for all p e 2. This common
dimension will be denoted dim .«/.

From now on we shall always assume the regularity of (%, y). Thus
dim Q = dim .« for every state Q € .

The canonical structure of (2, y) distinguishes the following distribu-
tion:

D% ={X,eT,(2): X,—7,=0}.

It will be called the primitive gauge of the theory. The primitive gauge
fields (i.e. fields belonging to this distribution) are precisely such fields
for which X*=0.

Observe that DI? C E for any E € .</,. Thus Df,’ is tangent to every state

passing by p.

Lemma 1. The primitive gauge distribution is involutive, i.e.if X, Y € D°
then [ X, Y]e D° (by[X, Y] we denote the Lie bracket of fields X and Y ).

Proof. [X,Y]y=(%yY)Ty=Ly(Y-y)— Y(ZLxy)
=0— Y (X dy—d(X ) (=171 =0".

Thus (locally) there exists an integral congruence of D°. If it exists globally
then we can pass to the quotient space 2’ = 2/D°.

1 We use the following interior product: {u, X ~a> = <{u A X, ). In this convention
the Lie derivative is: Pya=(—1)"{X ~doa—d(X ~ o)} if « is an m-form (cf. definition of
Lie derivative in [5] and [13]).
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In virtue of 7| D° = 0 the form 7 can be projected to the n-form )’ on 2"
We can thus construct a new n-phase space (', y') without any primitive
gauge (cf. [15] and [16]).

By full gauge of (£,y) we mean the distribution D given by the
formula

D,= [\ T,Q).

pef
QeH

Of course D°CD.

From the definition one can easily conclude that D is also involutive.
But we cannot pass to the quotient because y cannot, in general, be
uniquely projected on the quotient space. In this case we can rather take
any concrete gauge, i.e. any submanifold transversal to the gauge,
covering the whole quotient space (in the calculus of variations e.g.
classical theories of Caratheodory or Lepage can be obtained by taking
the concrete gauge in the full Dedecker’s space. This result will be
published elsewhere).

4. Examples of Multi-Phase Spaces

1. Phase Space (1-phase Space) in Mechanics — as in Chapter 2.

2. Mechanics with Additional Gauge. Take W,=W x R, where W
is taken as in Chapter 2.

Using the coordinates (t, X', ¢) we take

y=dEndt— Zdp; ndx"+dg nde
in the submanifold 2 C T*(W,) given by the conditions:

{E =H(t, x',p)

q=Q=const.

In local coordinates (t, X', ¢, p;) in 2 the space D, is now spanned by
0 0 0H 0 0H 0 .

vectors — and — + —— —— — —— ——. States are now 2-dimen-
oQ ot dp; ox ox' 0Op;

sional. The reduced phase space 2’ is equal to that of Example 1.
3. Scalar Field Theory. W = M x R with coordinates (x°, x!, x% x3, ¢),
n =4 (the coordinate ¢ will describe the strength of the field).

From now on we shall often use the Einstein’s summation-convention.
4

In the space /\ T*(W) there are following canonical forms:
wo=ndx° A Adx3 40 dxO A /\cj\(p/\-~/\dx3

m
do=dqpndx’ A ndx3+dy* Adx A - /\o}\(,o A Adx?
(by A we denote the y’th place). n
m
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4
As 2 C )\ T*(W) take the submanifold given by the formula

n=H(x" o,n"
and
y=dwl9’=dH/\dx°/\w/\dx3+d11”/\dx°/\“-/\c/l\qo/\---/\dx3
0H 0H ' @
=<%dqo+ o dn“)/\deA~-~/\dx3+d17“/\dx°/\-~-/\cf\(p/\--~/\dx3.

u

In similar way as in mechanics one can show that every state Q2 can be
parametrized by space-time coordinates x*:

(") = (3, (x"), " (x*)) .
The 4-vector tangent to Q is equal v= X, A X; A X, A X5, where

o  de @ g o

X,= .
Boxt * ox* d¢ = ox* on’

The equation of motion can be easily computed:

0H 0H 0H 0o oo 0H odn’
ey w_ i o u
v oo do+ an* dn do Ox* X ox* dn on® ox* dx
on* do oy’ do on'
o 9 L (6x” ax*  ax* ox’

)dx“:O

uFv

(to the last terme the Einstein’s convention is not applied). Hence

do J0H on* JH
s ST el ———=0 5
ox*  ont 0. ox*  0g ’ ©)

0H do¢ 0H on' dp oy’ op on'

dp ox* | ap o T gv(axv oxt X axv)zo‘ ©)

It can be shown that here also “energy equations” (6) are consequence of
“canonical equations” (5).

If we put e.g. H(x*, o, n*)= — 3 (1" + m*¢?), where n,=g,,1", g,
is Minkowski’s metric tensor in space-time, then Egs. (5) read:

dp on, 2
G e e ST
It is the theory of Klein-Gordon field:
(O+m*)e=0

where [ =0,0".
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4. Electrodynamics. We take W= T*(M) where M 1is space-time.
Taking any coordinate chart (x*) in M we have automatically the
coordinate chart (x*, 4,) in W:

A=A, dx"e T*(M).

The covector 4 plays role of the electromagnetic potential. The space W
plays role of the configuration space. As the phase space 2 we take the
4

submanifold in /\ T*(W) composed of all the 4-covectors of the form:
hdx® A Adx®+ R dXO A A c}\Au A Adx®
m

where the following “constraints” are imposed:
h=H(x" A, h*"); W= —h".
Take y=dw|P=dHAdxX" A Adx3+dh*"* AdXO A --- /\Cf\AuA-”/\dxa’

v

4
where o is canonical form in /\ T*(W).

The space 2 is 14-dimensional with coordinates (x*, 4,, h**) (only 6
coefficients of antisimetric tensor h*” are independent).

The canonical equations can be easily obtained (we leave out the

computation): o0H
auAv“‘ 8vAu= W N

0H
o, = .

v 0A,

. OH H . .
Denoting FI = fuvs g = j* we see that our equations are nothing

Aﬂ

but equations of general non-linear electrodynamics (cf. [ 2, 37). Specifying
the theory to the case of Maxwell electrodynamics with vanishing currents
we obtain:

1 0H .
H:Zhuvhuv; fnv:WZhw;Jﬂ:O
fuw=0,A,—0,A,

o, f*""=0.

5. Canonical Fields. Cauchy Surfaces

If the complete vector field X leaves the form y invariant:
Lyy=0 (7
then the group of difffomorphisms {G}},.x generated by X carries
singular subspaces of y (elements of .&/') without losing this property.
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It means that {G*} transform states onto states. So X induces a group of
transformations {%*} in #. If # has a differentiable structure (which
can be often defined by similar methods as in [7] or [9]) this group of
transformations defines in # the vector field Z.

Fields satisfying (7) will be called canonical fields. So we have shown

Proposition 1. Every complete canonical field in P generates a group
of transformations and possibly a vector field in .

Let X be any canonical gauge-field. The group {%¥} generated by X
is trivial (gauge fields are tangent to every state) so the correspondent
field & in # vanishes.

The following fact is true

Lemma 2. 1. If X,, X, are canonical then [ X, X,] is canonical, too.
2. If X is canonical and Y-canonical gauge field then [ X, Y is canonical
gauge field.

Proof. 1. Lix, xV =(Lx, Lx,— Lx, %x,)7=0.
1
2. [X,Y]= lir% " {(G)), Y — Y}, where (G]), is the tangent mapping
P

generated by (Gy). Because X is canonical field, then (GF), Y is also
tangent to every state i.e. is a gauge field. Thus [ X, Y] is also a gauge
field. It follows from 1. that it is canonical.

This result means that the space of canonical fields is a Lie algebra
and that canonical gauge fields form its ideal. So the quotient space

%' = canonical fields/canonical gauge fields

is a Lie algebra. If we have in # a differentiable structure then elements
of &' generate vector fields in #. Denote by Z the set of all thus obtained
vector fields in .

Theorem 1. The correspondence %'— % is an isomorphism of Lie
algebras

Proof. It is a homomorphism as a consequence of the fact that the
correspondence of canonical transformations G¥—%¥ is a homo-
morphism of groups. Now let X € 2" be in the kernel of this homo-
morphism. It means that for every representant X € X and every state Q
we have

GX(Q)=Q.

It means that X is a gauge field.

The elements of 2 will be called canonical fields in 5.

Very often we are interested in the minimal set of information which
enables to distinguish the concrete state Q € #. In mechanics it suffices



Finite-dimensional Canonical Formalism 111

to know one single point p € Q (the initial position and momentum). In the
field theories the field equations are, in general, of hyperbolic character
so Cauchy data determine the whole state. In our axiomatic formulation
we take the following

Definition. The submanifold C CZ is called the Cauchy surface for
(2,7) if CnQ is (n— 1)-dimensional for every Q€ # and determines
uniquely the state — i.e.

(2,NC=02,nO)=(Q,=Q,).

Example. In the field theory 2 is often a bundle over space-time M.
If XCM is a 3-dimensional space-like surface, then the reduction 2
of 2 to 2 is (for hyperbolic cases) a Cauchy surface.

Definition. The (n — 1)-dimensional submanifold ¢C# is called the
initial surface if there exists a unique state Q € # containing c(c C Q).

If C 1s Cauchy surface for (2, y) then obviously QN C is an initial
surface for any Qe .

We do not solve in this paper global problems, thus the needed global
properties of our space must be assumed. The most natural way of doing
it is to assume that there exists in 2 a suitably rich family € of initial
surfaces, which satisfies some axioms. Because these axioms will be used
only in several proofs, we shall formulate them in Chapter 11. Now we
take the following

Definition. Elements of ¢ will be called “admissible initial surfaces”
(a.1.s.).

Examples. 1. For good hyperbolic field theory the family

€ ={QnPs: Qe A, X isspace-like surface}

satisfies axioms of Chapter 11.
2. In mechanics the set of all points of 2 (0-dimensional submanifolds)
also satisfies those axioms.

6. Local Observables. Poisson Bracket
If X is a canonical field then
(=)' Zxy=d(X-y)=0.
It means that (locally) there exists a (n — 1) form « for which
do=X-7y.

We take the following
Definition. We say that the field X is generated by a local observable
if there exists (globally) the (n — 1)-form o which satisfies conditions:
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a) the cut-off of « to every a.is. ce € (i.e. a|c) has compact support.
b) du=X —1v.
Let o be as in the above definition. For every a.i.s. c€ % put

{e,ay=[a.

The following is true

Theorem 2. The value of {(c,a) does not depend on the particular
choice of ¢C Q.

Thus we can denote for ¢C Q:

(Q,0,)=<c0).
Definition. The functional
H 230Q-2,0,>

will be called a local observable (represented by the form «). The set
of all local observables will be denoted (0y(#, y) or simply @,.

We shall also use the following notation: O, = & (the class of all forms
giving the same functional).

Theorem 2 results, practically, from the field equations:

d(a|Q)=da|Q=(X-7)|Q2=0.

It means that every local observable is given by the conservated vector
current o|Q (for detailed proof see Chapter 11).

Remarks. I o represents a local observable then

1. for any (n — 2) form / for which supp(4|c) is compact for any a.is.
the form « + d/4 represents the same observable because {c,dA> =0.

2. If§isany (n — 1)-form vanishing on every a.i.s. (i.e. §|c =0 for c € )
then o+ J represents the same observable.

For illustrate the Remark 2 take 0 =(Y A X)—y where Y is a gauge
field and X — any vector field in 2. If u is any (n1— 1) vector tangent to
some a.is. at the point p € 2, then u A Y, is an n-vector tangent to a state
passing by p. Then

Qu (Y, n X)) =y, =Cun Y, X,—y,>=0.

The following fundamental fact is true:

Theorem 3. If X, and X, are generated by the sume observable O, € O,
then they belong to the same class modulo gauge fields. It means that an
observable generates a unique element of &', i.e. a unique canonical field
on # (for the proof see Chapter 11).
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If 0,,0,€ 0, are local observables generating canonical fields X;
and if o; are their representants, we put

o, 000 = ,,%”Xlo(2=(-— l)n—l {X; “doy, —d(X, —a,)}

(8)

=(= "X A X))y + (= 1) (X ).
The form {o,, o,} has obviously compact support on every a.is.
Moreover we have following

Lemma 3. d{o,,0,}=[X, X;]-7.

Proof. d{oy, 05} =d(Ly, 0y) = Ly (doy) = Lx (X, )= [X;, X5] -y
+ X, () =X, Xo] -y,

The field [X,, X,] is also canonical. Thus {«;,®,} represents an
observable {a,,a,} € O,. This observable does not depend on particular
choice of o, and «,: if we take another representants so only the second
terme of (8) will change. It follows from Remark 1 that {a,,,} do not
change. The observable {a, «,}" is also independent on particular choice
of fields generated by observables O;. It can be concluded from Theorem 3
and Remark 2: if we add to X; gauge fields Y; the only result will be
adding to {a;, o,} terms vanishing on every a.is.

Thus {a,,a,} depends only of O; and O,. We shall denote

{og, 0,3 =1{0;,0,}.

Definition. The observable {0,,0,} will be called the Poisson
bracket of O; and O,.
From Lemma 3 we have an immediate

Corollary. If O, generates X, and O, generates X, then {0,,0,}
generates [ X, X,].

To collect the above facts we write:

{01»02}:(»gxlo‘z)"':(—l)w1 (X A X5) =y} (9)

We could say that {O,, O,} gives the change of an observable O, when we
move on trajectories (in ) generated by O, .

The set ¢, has obviously linear structure. The Poisson bracket is
bilinear mapping. Moreover the following is true:

Proposition 2. The space (0, { }) is a Lie algebra, i.e.:
1. {0,,0,} = —{0,,0,}
2. {0,.{0,.05}} + {0,,{05,0,}} +{05,{0,,0,}} =0 ( zero observable).

Proof. 1. is obvious from the expression (—1)"~"' {(X; A X;) 7}
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2 {oys oy o) {og, o, g 1+ g, {ong, o0}
= {oy, {og o3} ) — {0, {og, o} ) — o, oo, s}
={Lx, Lx,03} —{Lx, Lx, %3} —{Lx, x0%3)
={[(Zx, Zx,— Lx,%x) — Lix,.xa]03} =0.

The mapping 0> 0,—%,, € Z, where %, is canonical field in #
generated by the observable O,, is a homomorphism of Lie algebras.
It follows immediately from Lemma 3:

X(O],OZ}: [Xo‘a on]-

It is worth noticing that the kernel of this mapping is composed of
constant observables:

Theorem 4. If %, € % is equal zero then there exists a number: a€ R
such that

{2,0,>=a
for every Q e A (proof in Chapter 11).

7. Current Algebra. Noether Theorem

In theories of Lagrangean origine y is always an exterior derivative
of the Lagrangean density w (cf. [6]): y = dw. Vector field X which leaves
Lagrangean invariant (¥yw =0) is called the symmetry field. In this
language the Noether theorem reads:

Theorem (Noether). Every symmetry field generates on every state the
conservated current.

Proof. Take o= X —w. Then for any state Q2 we have:
do=dX - 0)=(-1)""Lyo+Xddo=X-7y.

Thus da|Q=(X-y)Q=0.

If « had compact support on every a.i.s. then the formula do= X -y
could be read: X is generated by local observable. But generally it is not
true. Such forms represent “global observables” like energy, momentum,
electric charge etc.

Definition. By “current” or “global observable” we mean the func-
tional (¢, X —w), where X is a symmetry field. Such a functional is, in
general, well defined only on a subspace of 5# and not on the whole space
(cf. Chapter 8). The space of all currents will be denoted #.

The same construction can be made for symmetry fields and global
observables as in the precedent chapter for canonical fields and local
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observables. Note, for instance, that symmetry fields are canonical. They
form a Lie algebra:

glxx,lew = ((gJXngz - gxlgxz)w:()'

For two currents represented by forms o, f and generated by symmetry
fields X,. X, we put

{o, By = Lx b= Lx (X - 0)=[X,. Xy] H 0+ Xy (L, )
=[X,, Xsl-o

It means that ¢ is a Lie algebra homomorphic with the algebra of
symmetry fields.

Our definition of a current bases on the fact that we have chosen
a concrete primitive form w for y. It is an additional structure in our
phase space (2, y) and enables us to take a concrete representant X — o
instead of a whole class of forms.

When X is a symmetry field and O, € ¢, a local observable, then #y o
has compact support on every a.is., for any representant o of O,. It
enables us to define full algebra of observables

O=70

putting {8, 0,} = {¥ya} € O, where ff € ¢ is generated by X. ¢ and O,
are subalgebras of ¢ and ¢, is even its ideal.

8. Examples of Observables. Observable-valued Distributions

1. In mechanics (n=1) observables are 0-forms, i.e. functions. The
condition do|Q =0 means that they are constant on whole states. They
are therefore constant of motion.

~

o

Let us study the condition for y
0

being the symmetry field:
F,o= —d(-a——’p dx“)+ j——‘(dp A dx*)

-5 o " ot .

opo
ot

= —dpo— dt+dp,=0.

A

It means that -607 is a symmetry field if and only if the Hamiltonian does

not depend on time.
2. Take the Klein-Gordon theory:

o= =30 +m*@*)dx A AdxP+ 5 dx" A Ade A - Adx?,

u

v = —(nudn"—i-mzqod(p)/\dxo/\~-~/\dx3+d17"/\dx°/\---/\c}\(p/\~--/\dx3.

7



116 J. Kijowski:

It is easy to compute (cf. Appendix) that the Lie algebra of Poincaré
group is an algebra of symmetry fields of our theory. So the current
algebra is 10-dimensional. For instance the energy E generated by the

d
field a0 is represented by the 3-form:
1
—— o= 7(;7u17”+m2(p2)dx1 Adx* Andx?

3
i 1 e e 3
+ anx A /\c;"\qo/\ Adx® .
Take as a Cauchy surface the reduction of 2 to the space-like surface 2
. . . . . 0
given by equation x° = const. Using the canonical equations 5, = 6—3(5“—
we obtain for any state Qe #:

1 30
(QEy= | a:j{—(n#n“jhmz(pz)—k Z11'11,-}dx1/\dxz/\dx3

2nC 22 i=1

(S () e

2 \u=0 OX”

We see that it is well defined (finite) only for states sufficiently rapidly
vanishing at infinity.

. 0 . .
In the case of wave-equation (m = 0) also —— is a symmetry field. The
op

correspondent current is:

-~

ﬁz_c__la): Z(—l)"n“dxo/\... .../\dx3’
de A

n

(Qp>=[n"dx' ndx* ndx’= | f@o d*x .
T 0%

Now we pass to local observables. Let f: M — R be any solution of
Klein-Gordon equation: ([J 4+ m?) f = 0. Take the field

0 .0
Xf—:&uf. AL +f A
on cQ

It is a canonical field:

X,—y=(=n, - *)dx" A AdxX>+0"f-dxO A - Ac/i\(p/\-~~ A dx3
n
—n12f-<p-dx0/\~~/\dx3—(—1)“f-d17“/\dx°/\~~~A~~-/\dx3

12
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and one can easily obtain d(X,—'y)=0. Take the 3-form
ap=E(=1(p-0"f = f-n)dx" A-r o AdxX.

®=>

The reader can check that do, = X, 7.

If f has spatially-bounded support, then so does «,. In this case o,
represents a local observable which we shall denote O,. Integrating over
the surface ¢ = const we obtain

Q.05 = .f( af a¢ )ds

((fC.0)da"
Py

WP o 77 5y

(the last expression being valid for any space-like surface 2). Taking in
particular f satisfying the following Cauchy conditions:

flz=0 2
X

A
o

2=y

we define the observable:

(QO0EZ, 0. 9= [0 pdx. (10)
X

Taking /1= —, f}{ | £ =0 we define
;

Q.02 1o 1

(11)

z

The above observables can be called “the value of ¢ at the time x°,
smeared with test function ™ and “the value of 5, at the time x°, smeared
with y”. If the functions 1, y are very close to Dirac delta: é(x — x,) then
the value of (10) and (11) is very close to ¢(x°, x,) and 1,(x°, x,,). Thus
similarly as in quantum field theory only “smeared” fields are observables.
To simplify the notation we can introduce the observable-valued
distributions: 0 D) -0,

o :2(2)—0.
(2(2)= C¥ (X) with the usual topology) setting:

[ 0(x) p(x) Px:= () =0(Z, 9, ).
[ 110(x) 7(x) d*x:=1fio(2) = O(Z.10. 1) -
The Poisson bracket of our observables can be easily computed:

(07,0 =((X; A X) =3 = S(= 1) (g-0f — f-d"g)dxO Ao oo mdx?,

(Q.{0,.0}> = [ g, [ do*.
z

=>
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In particular:

{0(Z,0,9,), 0(Z, 0, p3)} =0={0(2, 19, 11), O(Z, 10, 12)} »
{02, 0. ), 0(Z o, )} = [y -y dx.
z

If we strip these formulae of test functions vy, y we obtain at last:

{(b(xov x)? (AP(XC” y)} = 0 = {ﬁO(xO’ x)a ﬁO(XO’ Y)} s
{(AP(XO’ x)v ’?0(-’(0’ .V)} = (3(x - .V) .

3. The electrodynamics with potentials is not a hyperbolic theory.
But if we replace Cauchy-surfaces by space-like surfaces we can define
observables in the same manner as in Chapter 6 and 7. Take e.g. Maxwell
electrodynamics with vanishing electric current:

=5 Ly df* AdX A AdXP A AAXO A A (/l\A” A AdxE
Let g, be any solution of canonical equations: 0“(d,g,—¢C,g,)=0.
Denote h,,=0,9,—0,9,. Take the vector field

Y

X =g, —— ,
o= 9oa, ofe

One can easily check that X, is canonical field. The corresponding
observable can be represented by

ay= T (=1 (A, —g, f*)dx" A - LA dx?.
For X given by equality t=const take g;|Z= —d¥-p; hy;|Z=0. We
obtain the observable:

(QOEE y)y=[f"pdx=[E ypdx,
z z
i.e. the kth component of electric field (E¥) smeared with the function 1.
Taking ¢;|2 =0, g,|2-arbitrary we obtain the integral

gAuh“o dx. (12)
One might suppose that it is value of potential, smeared with h*°. But
functions h*° are not arbitrary. They satisfy Maxwell equations which
read:
20

e, 0= —— h°=0.
. z:ZI axl
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It means that the vector field (4'°) on X is a rotation:
B0 = 2678, ,

If the functions y, have compact supports then integrating by parts we
transform the integral (12) onto the following expression:

2 (e 0 A dPx = =2 [ 7% 5,(0,4) d*x
z z
= [y fd’x= 3B dx,
z z
where B* is kth component of magnetic vector. Taking y,=df -y we

obtain the observables:

(Q,0(Z, B, )>= [B” 1 dx.
z

The Poisson bracket can be easily obtained:
{og, 050 = Z(W"* - G, — 1" g,) (= 1) dxO A -+ A dx?.
where v
Ijluv = augv - 6vg~u .

Using this formula and taking h'°|Z =26f - €70,y = 2¢"70;1,9;| 2 =0,
h°|X=0,3,|>= -0 yp we have

(Q{0(Z, B, ), O(Z, EX, )}y = — [&"(0;0) v dx . (13)
z

Using observable valued distributions E¥(x), BP(x) we can write (13) as:
{BP(x°, x), E(x°, y)} = —e”0,8(x — y).
In the same manner we obtain
(B, x), BI(x°, y)} = 0= {B'(x", x), B/(x", y)} .

It is complete set of equal-time Poisson brackets for field strengths

(cf. [2]).

9. Dual Cauchy’s Problem. Difficulties in non-linear Theories

Let C be a Cauchy surface in #. The Cauchy’s problem consists in
finding the state Q when we know CnQ.

Now let be given an (n— 1)-differential form o on C. For any state
Qe # we can define the quantity

Qoay:= | a.

2nC
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We obtain in this manner a functional on the space #. The problem
arises: “for which forms « this functional coincides with an observable?”.
The problem of finding such an observable when we know o can be
called the dual Cauchy’s problem.

In non linear theories the dual Cauchy’s problem is very often,
unfortunately, unsolvable because local observables do not exist. As it
will be shown in the Appendix (for the theory of self-interacting scalar
field (] +m?) ¢ = A¢") only symmetry fields are canonical ones. So the
observable algebra consists only of global observables. Similar situation
we meet in another non-linear theories. It may lead to the following
conclusions:

1. Either the solution suggested by [10] (the introduction of higher-
order currents) will be satisfactory — in this case very useful suggestions
about quantization of non-linear theories can be obtained

2. or there is no satisfactory solution. It can be closely connected
with difficulties of non-linear quantization.

In any case it seems that the further investigations of canonical
structure of classical theories can give a deep insight into problems of
quantization.

10. Concluding Remarks

If we leave aside the geometrical beauty, an explicit relativistic
invariance (there is no necessity of distinguishing the space-like surface
for the definition of Poisson brackets) and other such advantages, our
theory can be treated as a method of obtaining, for a given classical
theory, the startpoint for quantizing it, namely the triplet (¢, O, Z).
Similar triplet is obtained in usual, infinite-dimensional formulations
(cf. the beautiful theory of Segal [14]). The difference between those
formulations and the present one is that our algebras ¢ and & are much
less. Here observables are not arbitrary functionals on # but very
special ones, which are integrals of very special differential forms.

Such reduction of the space of observables enables us to formulate
the theory without functional derivatives (which lead to well known
difficulties). Furthermore such reduction is very convenient in quantiza-
tion when, as it is known, only some subalgebra of usually obtained
observable algebra is represented directly in Hilbert space. The question
“which subalgebra is such a base of quantization” does not exist in our
formulation: In Klein-Gordon theory ¢ contains the Poincaré-group
generators and smeared fields only. In electrodynamics — Poincaré-
group generators and smeared electric and magnetic fields only (no
potentials!). It seems that our algebra is itself an adequate observable
algebra for quantization.
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Algebra @ has moreover a very nice property that it has no commu-
tative structure (in standard formulations observables, as functionals,
can be multiplied. In our theory such multiplication has, in general, no
sense). So there are no difficulties with a “good order of operators”
during quantization.

It is worth noticing that observables are represented by classes of
differential forms and are not forms themselves. Thus the whole informa-
tion included in the observable is its value on states: <@, O). This point
of view is implied by the mathematical structure of the theory: the Poisson
bracket for forms {o, f} has not the demanded properties (cf. Proposi-
tion 2). So there is no difference between “canonical” and “symmetric”
energy-momentum tensor (as long as it does not enter-into dynamics,
as in General Relativity). Only energy, momentum, electric charge etc.
are observables and not their densities.

11. €-axiomatics. Proofs

We take the following system of axioms which must be satisfied by
our family ¢ of a.is.:

1. For every pe 2 and Q passing by p there exists ce € such that
pecCQ.

2. If (n — 1)-dimensional submanifold ¢ C £ has the property that for
any p e c there exists a ¢,€ % such that cnc, is a neighbourhood of p
(in ¢) then ce %.

3. If ¢;,c, €% and K;C¢; are compact sets, then there exists ce €
such that K, C[c; —(cncy)], K,Clene,) and that [c; —(cney)] is
relatively compact in c;.

4. If ¢y, c, lie in the same state Q then there exists such a ce®
satisfying (3) which lie also in Q.

5. Eachtwo ¢y, ¢; € € can be joined by a 1-parameter smooth curve ¢,,
te[0,1] in the sense of [10], i.e. there exists such a complete vector
field X that Gf(co)=c;, ,=G¥(cp) e @.

6. If ¢y, ¢, lie in the same state €, than the curve ¢, can be taken in a
manner that every ¢, lies also in Q.

7. Take any ce ¥ and Qe s containing ¢. For any vector field X
tangent to Q and having compact support there exists ¢ >0 such that
GX(c)e ¥ for |t <e.

8. Forevery ce ¥, pec, Y, e T,(#) and a neighbourhood 4C 2 of p
there exist the vector field Y equal Y, at p, whose compact support is
contained in A and ¢ >0, such that G:’J’(c)e% for |t| <e.

It is worth noticing that e.g. the set of all initial surfaces in the field
theory does not satisfy the axiom (2).
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Before proofs of Theorems 2 and 4 let us note the following fact:

Lemma 4. Let the (n— 1)-form o have the property that o|c has
compact support for any c€ €. Then for any c,,c, € € there exists such
CEF that [c,—(cnc,)] is relatively compact and:

supp (x| ¢) = supp(a|c,) C(cnc,y),
supp(x|cy) Cley —(cney)].

Proof. Take K,=supp(a|cy), K,=supp(x|c,). Using the third
axiom we can take the a.i.s. d! € %, such that

supp(a|c;) C(d' ney),
supp (| c¢;) C[¢; — (d* nc,)]-relatively compact .

If supp(o| c,) # supp (o] d*) we can take any compact (in ¢, ) neighbourhood
of [¢;—(d*nc,)] as K} and any compact neighbourhood (in ¢,) of
c,nd' as K}. There exist d> €% such that

Kic(d®nc,); KicC[c,—(d*nc,)]-relatively compact .

Now we take any compact neighbourhood (in c,) of d* N ¢, as K? and any
compact neighbourhood (in ¢,) of [¢, —(d*Nc,)] as K3. There exists
d® € € such that

Kic(d*nc,); Kic[c, —(d*nc,)]-relatively compact .

Using this method we can construct the sequence d*, d?, ... of a.i.s. and
K{ ¢, K5 7c, as s> o0:

supp alcy,

¢
Ay

Observe that there exists a number N such that for odd s> N

supp (ec|d°) = supp (@] ;) -
It is so because if the contrary is true then we can build the submanifold

b= b*
k=1
where b= {[d* — (d*nc))] — (@ ey} u(dnd*~Yu(dnd* ) for k>1
and b' =[d* —(d' nc))Ju(dt nd?).
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It can be easily shown that b satisfies axiom 2. Thus be € and o|b
has non-compact support which contradicts our assertion. So taking
any odd s > N we have c=d".

Observe that if ¢, ¢, lie in the same state € than d* can be taken in Q
(axiom 4). Thus c lies also in Q.

Proof of Theorem 2: If c(,c,CQ then take ce Q as in Lemma 4.
Because {c,,ay=<c,ay we have {c,,0)—<c,,a)={<c;,0y—<c o).
Using the axiom 6 we can take the field X joining ¢, with c¢. The family
¢;=G¥() (co=c) “sweeps” the n-dimensional (possibly degenerated)
compact volume V C Q whose border is:

0V=c —c.
{er,ay =L,y =0V, ay=<V,douy=0

because da|Q =0 for any state Q.

Thus

Proof of Theorem 4: The observable O generates the gauge field:
do=X -y, X CD. Take any ¢,,c, €% and ce ¥ as in Lemma 4. Using
the same arguments as in precedent proof we find

<C1,OC> - <C2,OC> = <C1,(X>~ <Cv O(>—_— <a Va O(>= <V’ dO(>

for some n-dimensional (possibly degenerated) compact volume V
“swept” by the family (c,) of a.i.s. But every n-vector tangent to V' can be
written as u=u,_; A Y, where u,_, is tangent to some a.i.s. ¢,. Thus

Quydoay = oy A Y, Xy) = —Cuoy AXY 95 =0

because u,_, A X is tangent to some state Q.

Proof of Theorem 3: 1t suffices to prove that the zero-observable
generates only gauge-fields. Let da= X —y and {c,a) =0 for any ce ¥.
Suppose that there exists a point pe & such that X, ¢ D,. It means that
there exists a state Q passing by p, such that X, is not tangent to Q.
Using the axiom 7 we see that the family of all (n — 1)-vectors tangent to
all a.is. passing by p and lying in the same state 2 form a total set in
n—1
/\ T,(©). Thus if we suppose v—-(X,~y,)=0 for all (n—1)-vectors v
tangent to all a.i.s. lying in Q and passing by p, then the same is true for all

n—1
ve /\ T,(£2). It would mean that T,(Q)® {t - X,} is a singular space for y
(i.e. belongs to #/;). From the regularity condition for (2, y) we derive:
X, € T,(2) which contradicts our assumption. Hence there exist an a.is.

c € € passing by p and its tangent (n— 1)-vector v (at p) for which
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v—(X,~'y,)#0. Take such Y, that
0+ (Y 02 (X, 9,0 = Y A0, X =y

_ (14)
=(_ 1)n ! <U,(Yp A Xp)_lvP> .

Take a vector field Y which satisfies axiom 8 and ¢, = G/ (c). Thus (cf. [6]):

% ooy =[Y—du={c,(Y AX)-p). (15)
t=0 c

For sufficiently small support of the field Y it follows from (14) and the
mean-value theorem that (15) is not equal zero. It means that O, is not
constant which contradicts our assumption.

Appendix: Calculation of Canonical Fields in Scalar Field Theory

For simplicity of computation take the Scalar Field Theory in
2-dimensional space-time (the identical result can be obtained for
4 dimensions):

(O+m)e=41¢"

0=10,0"=(0,)* —(9,)*>, u=0, 1. In coordinates (x*, ¢, #*) the canonical
forms w and y are:

wz{——é(nun“—i—mz(pz)-i- ﬁi(p”“}dxo/\dxl
+1%do Andx* +nt dx° Ado
y=dw=—n,dn* Adx° Adx' + Q(¢)do A dx° A dx*
+dn° Ade Adx* +dnt Adx° Ado,

where Q(¢) = 19" — m? ¢. Take any vector field

Bt

— AH
X=4 ox* o ot

We shall solve the equation for canonical fields: d(X —y) = 0. We obtain:

dX~y)=fidx° ndx* Ado+ f,dx° Adx? Adn® + f3dx° Adx* Adnt
+ fodX° Ado Adn®+ f5dX° Ado Adnt + fodx Ado Adn°
+ frdx* Ado ndn' + f3 dx° Adn® Adn* + fo dx* Adn® Adn?
+ fiodo Adn® Adn' =0
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where:

0B Fle 00
— . Hr | - Iz =
fi=0 (a,,A + a@) Mgy —WC B

0B oCc*
fa= “ﬂo(auA”)"'Q*a??‘o_ "f'aoB_’?uW -G,

JB acH
f3=_’71(ayAﬂ)+Q—aF +axB"7luW_C1
oAt oAl e
f4——'70W—Q5—”o”‘aoA + an°
0A! 0A! oC! 0B
f5=—’71“a‘;0“-Qa—nf+avo+ o +%
94° 34 . 9C® OB
f6_ rlO aq) +Q 6770 ..alA - ano _%
24° 0A° . aC°
fr= MG, + Q5T -0, 4%~ P
0A! 0A! 0B
f8= Mo 811’ — M ar’O + 6770
0A° 0A° 0B
o= m o0 —Mo ont + o
0A! 0A°
f1o=”6—711—7’70--

Let us introduce the following notation:
P(x*, )=, A" =1 A°+ 1, AT =n° A" —n* A4
oP 0A° 0A!

: = 4] 0 S Sl
(@) an° A"+ an° 1 an°
. oP L, 04! o 0A°

(i1) it =—A" -y (3111 +7 -

Using equations f;,=0and f; =0 we have

004° __ ,0A' _o4a' 0B
8r1° =-n a’,ll =-m 6110 ano
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Putting it in (i) we have:

P 0A° :
. (04T 0P OB 8 p oo

A% = -
o e T T T o

In similar way we obtain from (ii): A* =

— P).Denoting F:= B—P

we have:
0
(iii) A,=— on*
Now we try to express all variables by terms of F:
P=y,A"= 4 F
- ’1,4 - _n”@—n“ 5
i B=F+P=F—np* F.
(iv) + " a
aco 1
If we take —- an —— from equality fs =0and ——- an —— from f, =0 and put them
into equality f, =0 we obtain
0B 0A° 0A° 0B
B
0A* (3A1 oF
—’71(’10 0 +Q o + 004 ) a0F+’706

F oF
+Q(W +Ao>:aoF+ 5;’5"710.
In similar way we can compute C,. Finally
oF
Cu = (3,, F+ 7]# %
If we substract equations fs=0 and f,=0 then using equality f;,=0
we obtain

0A* ocH 0B 0*F 0

0: —_— A“—— — —_— = — H
o0 O on* 0o oo 0 on* F
0 oF 0*F 0B i oF
- MF-2— g 2" =2 (gAY —2——
on* 3o " ontae de de 1. 4) de
_2QB_:~46_F

e oo
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Hence i F =0 and further
dp

04" 0B _oC"
o é‘q) dp
C,=0,F.

Moreover

0A*
From equations f, =0, f5s=0, fs =0,and f, =0 we thus obtain ar =0
u

A . .. .
o are there unique terms containing the variable ¢. It
n

because Q -
2
means that WF =0, so F is linear in variables #*:
F(X", o, ") = —n, A*(x") + D(x") = D(x") = P(x", ).

If we compare it with the definition of F we see that D = B. Thus

(v) F=—-n,A"+B
where 4 and B depend only on x*. Now equation f; =0 reads
aQ
-0,A*—OF+B——=0.
Q-0,A4"—=0OF+ 20

0
But Q and % are polynomials of the variable ¢ of different degrees.

Hence
(vi) 0,A"=0
(vii) OF—-B—— 20 =0.
¢

Putting (v) into equality f5=0 or f6—0 we obtain 9,4°—d, A =0.
Combining it with (vi) we have d,4°=0, 0, A' =0. Thus

A%=f(x")  A'=g(x°).

Putting (v) into equality f,=0 or f;=0 we get d,A4'—0d,A°=0.
It means that f and g must be linear functions of their arguments and:
AN =f(xYY=ax'+b, A(xO)=g(x")=ax"+c,

F= —nolax* +b)—n,(ax’+)+B,
Co=00F=—an +0yB, C,=0,F=—an,+0,B,
C'=an'+0°B, C'=an’+0'B
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Putting B = 0 we obtain 3-dimensional algebra of Poincaré group (b and ¢
give translations and a-Lorentz rotation).
Now let us turn to Eq. (vii). Because of equality (] A =0 it reads:

B+ B(m?—Aing" 1)=0.
For the linear case (4 =0) we obtain ((]+m?)B=0and fora=b=c=0
we have 5 5

—B___ I
X=B o +¥B5 o

For non-linear case (1+0) B=0 and the only canonical fields are
Poincaré fields.
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