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Abstraet. We give an integral representation for tempered distributions which
have more general support properties in x space, than those usually assumed in
the derivation of the Dyson formula.

The existence of such an integral representation is shown to be equivalent to
that of a suitable extension of an analytic function: namely, given an analytic
function on a section £2 of a domain of holomorphy Q’ extend it to 2 imposing on
it some growth conditions.

L2 space methods of L. HORMANDER are used to solve this problem of extension.
In order to apply these Hilbert space techniques, it was necessary to prove two
important theorems on the growth of analytic function.

From the physical point of view the formula we obtained is an integral represen-
tation for the commutator of two quasi local fields.

Introduction

Let us consider the Fourier transform of the commutator of two
operators in the Haag Araki theory:

f(p)=fei<f”x> <Ql[A(%),B(~%)]1Q>d4x. 0)

In the above formula, 4 and B are local observables contained respec-
tively in the von Neuman algebras R (%) and R(Zy).

A@)=U(x) AU(—x)

B(x) = U(x) BU(—x)

U(x) = et Ps2) |
P is the energy momentum operator [4], the scalar product (p, ) means
DoTo — D1y — Pay — P3s, and 0 is the vacuum state.

The tempered distribution f has the following properties:

a) its support is contained outside a region # which is roughly
bounded by two spacelike surface (for a precise description look at
Refs. [0, 1, 2] and especially pages 323—325 of Ref. [5]).

b) According to the causality condition, its Fourier transform
vanishes on the set!:

{x€R4
P Let Sand 7 be sets in Ry, then § + 7' = {x € R jx =s + ;8¢ 8,t¢ T};
for any x, y € R,

z~ymeans (z— y)® = (¥ — ¥o)® — (T1 — ¥1)® — (¥ — ¥2)? — (3 — ¥2)2 < 0.

%+@A~~%+,@B}.
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Conditions a) and b) are close to those encountered in the Jost-Lehman-
Dyson representation [1, 2]. On the latter case, indeed, condition a) does
not change and condition b) simplifies (one asks for the nullity outside
the light cone).

Our purpose is to extend the Jost-Lehman-Dyson representation to
tempered distributions which have properties similar to a) and b).

First we modify slightly condition b). Since 4 and B are local
observables #Bp— % 4 is a bound set in R,.

Define? then Wi, f) = {x ¢ Ryjz € VynVi} for a>p
D, ) ={x c RylecVy UV} for a>f
o, fER, and Ko= U W(p, o) [5]

0,06 K
p>a

Then, the boundedness of K implies the boundedness of K and if z is
space-like relative to K it is also space-like relative to K. Therefore we
can take K = K without altering the causality condition.

K being bounded, there always exists &, § € R,, & > f§, such that K
is contained in W («, §) and consequently condition b) implies that the
support of the Fourier transform is contained in D(«, ). However we
will replace D(x, f) by D(«, —«) = D(a) with « = («, 0, 0, 0). Such a
domain can be obtained by a suitable change® of coordinates in x-space.

Secondly, because of technical reasons (Bros’ theorem) we have to
restrict condition a). The region % has to be symmetrical with respect
to a hyperplane p, = C*. Henceforth from a given % region we will build
the largest Zg (% region symmetric with respect to p, = C?) region con-
tained in Z%. Notice that we can always take p, = 0 by a suitable trans-
Jation in p space which does not change the z-space support properties.

Under these assumptions, we shall prove the following:

Main Theorem. Tempered distributions satisfying the conditions

a’) the support vs contained outside a region R,

b’) the support of the Fourier transform is contained in D(x) can be
written :

fey= [ F(z—t;t)dst (1
C ()
with -

i) Olo) = {tCR| ] =Y+ B+ 8B = a}; ¢ = (0, B).
il) F(x; t) belongs to #' (R, x Ry).
ili) F(x; t) 4s, for “fixed ¢, a solution of the usual Dyson’s problem
Fe, )= [A(x;0) px,0;t)do, o€R+
? o > fmeans (x — B)? > 0 and «, > f3,
Veo={eR|o<a} V= {2cRyfa>f}.

3 This change does not affect the region % whose border is described in terms
of invariants.
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p(, o; t) has compact support in t and is such that
[et®m px,o;t)d*z =0

if there exists p € Ag such that (p — u)? = o.
iv) supp,; F (x; t) C C(w).
Equality (1) has to be understood as follow:
Let p(z) € #(R,) then [3]

(p@), @) = {ply + 1, Fly: ) . (1)

Denote by & the map (x, t) — (z, £). Because of condition iv) we have
a mapping
¢ =qpe: Ry x Ry~ F(R).

Therefore there exists u(y, f) € ¥ (IR, x R;) which coincides with
@(y + t) on the support of F'; this gives a meaning to formula (1’).

Notice that iii) means the “‘support in z” of F(x; ) is contained
in D(0).

In order to prove the usual representation, we can use two kinds of
approaches. One method consists in using a differential equation [0, 1, 5],
an other one is related to the construction of an envelope of holomorphy [2].

It seems very difficult to use again the differential equations for more
general support conditions in a-space. On the other hand, we will show
that the validity of the integral representation (1) is still connected with
the resolution of a problem of functions of several complex variables.
More precisely, given an analytic function f on a linear section of a holo-
morphy domain we will have to find an extension of this function to the
whole space. This extension has, according to the support conditions
and the temperedness, to satisfy some bounds.

In order to solve this problem we will use the L? space methods
developed by L. HORMANDER [8], which will permit us to obtain existence
theorem for analytic functions, with growth conditions at the boundary,
in pseudoconvex domain.

Therefore we will first show that the support properties for f are
equivalent to the existence of an analytic function in the envelope of
holomorphy Q of a certain domain w.

From the general requirements of field theory, this analytic function
must possess in w some growth properties that we will extend in the
second part to 2. At this stage, however, we will be confronted with the
difficult question of how growth conditions at the boundary change for
an analytic function when we continue it to the enveloppe of holomorphy.

In the third part, the validity of formula (1) is then shown to be
equivalent to

1. the existence of a function F analytic in a domain which contains
£ as a linear section and which restricts to f on Q;
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2. the fulfillment by F of some growth conditions.
In the last part, we will apply HORMANDER’S technique to solve the
problem defined by 1. and 2.

1. The Domains @ and £ Associated with f and Growth Properties in o

The support of f is contained in a domain D (o) which is regular [3].
We can therefore decompose f in two tempered distributions f+ and f-
such that

Li=fo T
2. suppfFC{e € RyJa e VE, x>0},

supp[~C{e € Ryja €V,  a, <0}.

Consider now €. ® If Imp € V+, that is to say if p € 7', the restriction
of ¢ on T+ (in z) coincides with an element of . (1R,). The action
of f+ on e is well defined and the result depends analytically on p.

Therefore the Fourier-Laplace transforms f= (p) = (J* (), ¢! @2} are
analytic functions respectively in 7'+ and 7-. Note by b.v. f*(b.v. f7)
the tempered distribution boundary value of f*+(p) (f~(p)) when Imp
goes to zero from inside V+(V-). As a classical result in distribution
theory we have

bv.ff —bv. f-=FF

where by # f we means the Fourier transform of the tempered distribu-
tion f.

From the support condition for the Fourier transform one gets that
for any ¢ (p) € £ (R,), with supp ¢ (p) C #

<37f,(p>:0,

This result implies that for any such ¢

bov. fr, @) =<bv. f~, @) .

We are in position to apply the “Edge of the Wedge” theorem (5, 7],
which states that there exists a function f(p), analytic in the envelope
of holomorphy H(Z;,THT)=Q of w=% T+ T~ with Z an
arbitrary small neighborhood of # in C,, such that

fp)=1f(p, peTr
fp)=1wm, pcT-

and the boundary values of f(p) on the reals from the tubes 7'+ and 7'~
are respectively b.v. f+ and b.v. f-.
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We now propose to give the growth properties of f(p) in . Since
f = f+ — J- we only need to know the properties of the Laplace transform
of a tempered distribution which support is contained in the light cone.

We present here a result which is due to GrasEr [7].

Lemma. Let f+ be a tempered distribution with support in V+; then
there exists an integer N > 0 and a continuous function G with support in
V+ and of polynomial growth such that f = ¥ G.

Proof. Define

Fo(v) =g 0(x2) 0(x,)
~ 1 ~ .
Fo(x)= ST (@) Fo(x), (k=1,integer)

then for k = 1, in the sense of distributions,

0 Fle) = Fry ()
and
0 Fo(e) = Ag(x; 0), 1 dg(e; 0) = ().

Since [t is a tempered distribution over IR, with support in V+,
there exists an integer N’ and a constant (' >0, such that for any
p €L (R

1K )l < Cllg

Therefore f+ can be extended into a continuous linear functional on the
Banach space obtained by completion of & (IR,) according to the norm
| |5~ But Fy ,, is a function which has continuous derivatives of the
N’ first orders and [N +2Fy, = §(x).

Define

N -

G(x) = J* *FAT’+1(x) .

( is a continuous function of x and there exists a constant K y- depending
only of N’ and such that

[G()] = |t * Fyyq(@)] < C Ky (14 [a])oy+8

and fr= O¥+2@, q.ed.

The former demonstration was founded upon the fact that elements
of &' (R,) with supports in V+ form an algebra for the convolution
product. Distributions which have support contained in a set 4 (4 < 7+),
A being such that 4 + V+C 4, form an ideal of this algebra, therefore
supp GC A.

We now apply this result to f+(p).

fr(p) = <f+’ ei(p,w)> — <Tozf+5 ei(p,ac—u)>
— <Taf+,ei(p,w)> e~ipuw7 p€T+.
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7,f* is defined by
(o @) = It 1-ap) forany €&

(Tew ) (@) = @l — o).
Thus

supp T,frCA = {x € Ry|w € VH, ay > o} C V+.
Obviously 4 + V+c A and therefore
B = (Y52 [ 00 G a) di o
with supp G C 4.
From |G (x)| < C"(1 + ||=||)M follows
)] = 012 ] (1 [y e i cimoe

© Z,
= 2aC|(PP)N 2] [ dzy [ (1 + |x])M e~ 0P olImPI2 2 o pImpoce
o 0

and if we call d(p, T) or d the distance of p € T+ to the boundary of
T+ then

@) < 0@ (14 ) emmeie, pers,

In the same way we can prove that

@) < - @ (1) emre, e

and, from the theorem of the Edge of the Wedge, we get:

If(p)] < C 1@ (1 + %)Me“llmm , Pfw (2)

where the constants C, N and M are the suprema of those which appear
in the corresponding inequality f+ and f-.

We now want to extend this majorization to the envelope of holo-
morphy 2 = H(w).

II. Growth Properties of f in 2

We proceed in three stages. First we show that a function analytic
in w, bounded there by ¢#'™P! keeps the same bound in H (w). Then, by
a suitable procedure of regularization, we suppress the polynomial growth
at infinity in order to apply the result on the exponential bound.

1. Functions Bounded Exponentially in a Domain of Jost-Lehman-Dyson

We just state the theorem, the demonstration of which is found
in Appendix I.
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Theorem I (Bros). Let f(p) be an analytic function in H(#; T+, T-)
satisfying the tnequality
fp)] <Cel™?,  pcow
then it satisfies in H (X ; T+, T-)

lf(p)] < C exItrl.

2. Elimination of the Polynomial Growth
In inequality (2), we can replace p* by (p — p')? — m?, by changing
the constant C if necessary. According to the conditions [5] imposed to
the region Z, there always exists a pair (p’, m) such that [(p — p’)2 — m?]—?
is an analytic function of pin Z v T+ U T-.
We then define

g9(p) = f(p) [(p — p)? — m*]~¥
g (p) is analytic in £ v T+ U T'- and satisfis

lg(p)| < C e*tmPl (1 n %)M.

We now want to get an estimate of the growth of g (p)in H(%; T+, 1)
after suppression of (1 + 1/d)M.

3. Regularization and Deregularization Procedure

The term 1/d comes from the fact that f(q) is not a C*-function on
the boundary of the domain of holomorphy. We can suppress this
behaviour by smearing with test functions the boundary values of f(p).

1
Let y(r) belong to CF° (R+), with suppy € [0,1] and [ 7y () dr = 1.
0

Then x,(r) = % (rla), @ > 0 satisfies [ 7 y,(r) dr = a®.
Forq € €, o € Rdenote by D(g; p) the polydise {p € C,||p — ¢| < o}
If D(g, @) Cw, from the analyticity of f(p) in w we get for r;, < a,
t=0,1,2,3

f0) = @a)=t [ [(py+ 1o, ..., ps+15€%)db,...d0,
= (@)/27)8 [ f(Po+ o€, . . ., Py + 15 €%%) 2a(ro) - - - yalry)
crodrodly ... rydrydb,
if then we set

St =gy (=0,...,9)
S 3
fp) = (a)/2a)8 [ f(p— & - i) [T (Vi + &7) A&; ;-
j=
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Let us define now T'ga(p) by

+ Jar—n? 3 -
Toa(p) = [ -+ - .ffw—aquﬁ+3w@. (3)
L

)

For every a > 0, this formula defines 75z (p) as an analytic function of
pin %, T+ U T-, where

R, = {q €2£|C(q, a) C A}
with

Clg,a)={p € Ryllp —q| <a}.

But e@a U T T~ is not a domain of holomorphy, therefore 7'gs (p)
can be analytically continued in to the envelope of holomorphy
HR, 0T+ uT)of Z, T+ T

When Imp goes to zero in the tubes 7'+ and 7', the convolution (3)
defines T'gg (p) as a € function. It is the regularization of the tempered
distributions f+ and f~ by the C* function ¢% = JT 7,()/n? + &), being

j

fixed and |7,;| £ a.

We now introduce F,(p)

Fo(p)=a()2m)ys[ - j Tog(p—in) dng, - . ., A1y @)

F,(p) is analytic in* [H (é’a uT+yuT-)], and f(p)=F,(p) in
(H(%, v T+ U T,

We show in Appendix II that for domains of the Jost-Lehman-Dyson
type, #Z being suffisantly “regular”, there exists for a given ¢(e > 0),
small enough, an integer » independent of ¢ such that

(H(% T T amCH(®#, 0T+ UT)CR, a<e. (5)

In the following we will go to the limit @ = 0 in the different majoriza-
tions we will obtain. Therefore it is necessary that lim H (,%NQ, v T+vuT-)
a—>0

=H (@ v T+ v T-). This equality means that “taking the envelope of
holomorphy” commutes in this case with taking the inductive limit or
lim #(D,) = H (lim D,). This result is obtained with the help of relation
(5). In fact we have H,C H,(D)C H(D) and the domains H, (here
H =H,=[H (‘%7 W T+ U T-)]4m) form an increasing sequence approxi-
mating H (D) from the inside. Therefore according to a well-known result
in (Fuks [9]), 1~1£_>n H, = H(D) and the result, we need, follows.

* Let K be an open set in C,, [K], means [K],= {¢ K D(q,a)C K}.
Obviously [K],C K.
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In Appendix IIT we show that T'eg (p) is bounded by M exmpljgm
in Z, v T+ v T-, therefore, according to Theorem I, it has the same
bound in H (%, U T+ U T-), a being a fixed constant.

We extend this bound to F,(p), with the help of (4):

Fu(p) = M(@)~ta= s exlme=01p ¢ [H (G, U T+ U T)],  (6)
and 0 = (0, 0, 0,) such that |0,| < a.

We now remove the a-dependence. Choose ¢ small enough so that
results of Appendix IT can be applied. For any p € H (j v T+yuT-)
there are two possible cases.

a) d>n+ nm
d is the distance d(p, [H(,g? CUT+UT-)) = d(p, 9H) and 9* = ¢. Then
according to the result of Appendix II we can find a number a, such
that (Fig. 1).

082

_/\/\ AH( Ry ur+ur-]],

~ TN

/
o[ R T+ ur]  1n],
Fig. 1

a<e,
d <a-+ atlv,
p € H (% T T,
From a'/* < 5 we get
d(p, 0H) < a*n(1 + ar—1/n) < gl/n(1 4 yrl) = 011]/7» alin

and ¢ being small enough, €, < 2 and d» < 2a.
Therefore, from (6)

|[F.(p)] £ M (m)~42m+id-nim+d oz |Imp—0|
or since a < ¢, there exists M’ independent of @ such that
|F.(p)| < M’ d—ntm+9) gxlmpl @)

b) d>n+ 9
One can choose any a < 5™ = ¢ and according to (5),

D(p, ") CH (&, w T+ U T,

therefore p € [H (ﬁa v Tt v T-)], and the majorization (7) is valid with
a constant M" independent of p for d(p, 0H) > + "
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Finally for any p in [H (‘%7,, v T+ v T-)], we have:

1
Pap) = M(1+7)
with M independent of ¢.
We deduce from this result that

If(p)) = M (1 1 _})"(MH)

since we have a bound which is independent of @, it is possible to pass
to the limit and

nim +4) pa |Im p;

elmel for 9 C[H(R, v T+ uT)], (8)

fo) = M (14 5) " el o peR@UTIUTY. ()

In collecting the various results we get

Theorem II. Let f(p) be an analyiic function of p in G T+ T-
fullfilling the inequality

f(p)] < € exttmel|(p?)|¥ (1 + %)
then, for 2 sufficiently regular, it fullfils in H(Z U T+ U T-)
@) < € et ) (14 ) ©)

M’ being a constant which depends only of M and of the regularity of Z.

M

III. Conditions of Validity of Formula (1)

We now give a set of properties for the Fourier transform of F equi-
valent to the validity of formula (1). Our main tool will be the Paley-
Wiener-Schwartz-Hoérmander [6] theorem which connects growth prop-
erties to support conditions.

Theorem. Let K be a convex compact subset of R™. Let H be the support-
ing function of K. Let  be a distribution with support in K. Then its Fourier
Laplace transform obeys the following tnequality:

o ()] = CA+[p¥etm®,  peC,

where N 1is the order of | and H (p) = sup,¢x(p, z).

Conversely every entire function analytic in C" satisfying () s the
Fourier-Laplace transform of a distribution with support in K.

Suppose now the validity of formula (1), the support in “z” of F (z, t)
being contained in D(0), we can decompose F (z, ) in F*(z, ) [3,5]
such that the support in “a” of F*(x, t) [resp. F—(z, )] is in V+
(resp. V-), the support in “4” remaining unchanged, and:

Fa,t)y=Fr@; t) — F-(x;¢).

For p belonging to T+ (or T-) the action of e (@ ¢~i(&8 on f+(x, &)
[or - (x, t)]is well defined and the result depends analytically on p and s.
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Hence, we define the analytic (entire in s) functions
Ft(p,s) = (F+(x, 1), @0 @0y p T+,
F-(p,s) = (F~(z, 1), et @0 g=¥&% - p -
According to condition iii) of the main theorem for any ¢(p) € ¥ (R,)
with supp ¢ C Z and for any s € C,, one has:
(bv. F¥(p, s), @(p)) = (b-v. F=(p, 8), p(p))

therefore we can apply the Edge of the Wedge theorem for functions
depending analytically on s, and consequently there exists a function
F(p, s) analytic in 2 x C, whose restrictions on 7'+ and 7'~ are respec-
tively F'+(p, s) and F—(p, s).

Now, from formula (1) we get

F(p,s)s—p=1/(p), pE€LQ. (10)
According to the Paley-Wiener theorem conditions iv) implies:
|[F (p, s)] < O(p) (1 + [[s])T exImsl (11)

for (p, 8) €02 x C,.
This inequality restricted to s = p gives

If @) < C(p) (1 + |p])Le*™Pl  for pcQ.

This result is consistent with the growth properties, we directly found
for f (since |p? = |p|?) if C(p) is polynomial in p.

We have to remark that the conditions imposed on F(x; t) in the
main theorem do not in any case imply the unicity of the formula. In
particular the orders (relative to « or ¥, or both) are not specified for the
distribution F.

Different types of growth can be proposed, which are compatible
with (9) and (11). For instance5

@) [F(p,s)[<C (1 + %)M (L+ |2+ [s]2)4 exltmsl |
1\
B) [F(p,s)<C (1 + 7) (L+ [py]2 + | 8|24 exmsl |

) |F(p,s)| <C (1 + %)M, (1 + |p]2 + [|p — s|2)4 exltmsl

the exponents 4 are chosen in such a way they are compatible with (9).
Therefore from formula (1) we get the existence of a function of p
and s, F (p, s), analytic in £ x C,, whose restriction to s = p is f(p) and
which satisfies «), () or y) with suitable exponents.
Conversely, if we know F (p, s) satisfying the former properties, one
can prove that there exists between f(z) and F (z, ) [reconstructed from

8 In these inequalities d means either the distance to (j £2 in €, or the distance
to § (2 X €;)in ¢, since they are equal.
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F(p, s)] a relation of type (1). The important step, in this proof, is to
recover the support in “¢”” by the help of the Paley-Wiener theorem.
This proves:
Theorem III. A sufficient condition for the validity of the main theorem
for an f as in Theorem I1 is the existence of a function F (p, 8) analytic in
02 x C, and such that:

1) F(P, s)|s=p = f(P) »
1\M ,
) [F(p,s)| =0 (1 +—d—) (1 4 [p|2 + [[s|2)4 exltms!

A being such that A = N.
We have stated this theorem with the choice of a «-type growth
condition. We shall henceforth confine ourselves to this growth condition.

IV. Existence Theorem for F (p, s)

At this stage we will use the technique of L. HorMANDER following
essentially the article: “L? estimates and existence theorems for the 9
operator’ [8].

First we need a function ¢ plurisubharmonic in 2 such that

[lfPRe?dVg <+

with d V, the Lebesgue measure on Q.
From the estimate (9)

—2¢|Imp| d \2M
f If p)[ _,_  F [p[ae ( 1+ d) dVo

is finite. We have added an extrapower n to (1 + ||p|?) in order to insure
the convergence at infinity (if m = dim¢ 2,4n = m + ¢ (¢ > 0)).
This inequality implies that f(p) € L% o) (¢, 2)¢ with

1
@(p) =20 Imp| + 2.M’ sup (—— logd + log (1 + ), log _1: 7])

(12)

+ 2(N + n) log (1 + [p[*) ,

7 being an arbitrary strictly positive number.
We have replaced — 1og~l%d—by sup (— logd + log(1 + 7), log - L+ 77)

in order that plurisubharmonic functions appear. We show in Appendlx
IV that ¢(p) is plurisubharmonic.

We will show that there exists F (p, s) analytic in Q x C, and which
belongs to L2(@(p, s), 2 x C,) with:

1
7(p, s) = 2« [Ims| + 2 M’ sup (— logd + log (1 + n), log : ’7) .
+ Alog (1 + [p|* + [s[® -
s f¢ L(p o (@, Q) means f is a differential form of type (p,g) and ¢ being
a function locally bounded from above, measurable in 2, [|f(p)|> e~?d Vg exists.
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The coefficient 4 will be specified later. We show in Appendix IV that
@ is plurisubbharmonic and that its lower bound of plurisubharmonicity
is given by eX with:
2 =C"—2log(1 + |p|*+ [s]? -
We can consequently apply Theorem 2.5.1 of Ref. [8] modified for our
purpose.
Theorem IV. Let @ be a plurisubharmonic function in 2 x C; and ¢

be a plurisubharmonic function in Q, 2 being a pseudoconvex open set in
C,, such that

|7(p.8) — @p)| = C for [p—s[=1, pecl, scC;. (14)
Then for any function w analytic in Q such that

[ JuPfe?do < + oo
2

do where is the Lebesgue measure on Q, there exists an analytic function U
m Q2 x C, such that U = uin £ and
JURe?(L+|pl* + |s|®)~*dV = K [ |[ufevdo
2XC, 2
K being independent of u.

The difference between this theorem and that stated by HorMANDER
lies in the fact that relation (14) is different and (2 is not the whole space.
We sketch here a demonstration of Theorem IV.

1°) Extension of f(p) to Fy(p, s;) analytic in 2 x C,.

Let

Fi(p, s1) = [(p) %P1 — 81) — (D1 — 81) »(, &)

with
7 (P — 81) €CF° (RT)
such that
x(pl—sl)=x<lp1—sll)={1 P ol = 12
0 |pr—sf>1.

To prove the existence of F, (p, s,) we have to prove the existence of p.
From the analyticity of F, it follows that

0F, =X d5, -2 F,=0
% azk
where z is a point in 2 x C,, ie.

a_Flzf(p)gX"(%_Sl)a-’/):O

which can be rewritten

There exists such a g since, when |p; — ;| < 1/2, 9y = 0. Thus, g is
a differential form of type (0, 1) satisfying dg = 0. We show now, that
17 Commun.math, Phys., Vol.11
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there exists a form y of type (0, 0) in 2 x C, such that oy = g. We need
the following theorem (HOrRMANDER, Ref. [8], Theorem 2.2.1°).
Theorem V. Let Q' be a pseudo-convex open set of C,, let ¢ be a pluri-
subharmonic function on Q' and ex, y € C(£2'), the lowest bound of pluri-
subharmonicity of . Then for any g ¢ L%, , (2',10c)? ¢ > 0 and such that

Bg=0 [lgPe 0 0dVy, <+
o
one can find a form y € L2 ,_1(2', @) such that
dpy=9 qflylPerdV = [[gPeenady.
Q K

In our case we choose ¢ and @ given by (12) and (13), with 4 = 2(N + =),
then they satisfy relation (14) (see Appendix IV).
Define
(I’(P, 81) = (77.(2% S) Sg=Da

3 =Ps

Now let us estimate [ [g]2e™ % d Vg, ¢,

2xXC,
[ lPermdV=[ [ gfemdV
2xCy Q2 |p—sfl<1
= f f lg|? e (=P -0 gV
2 ”p1_31”<1

Swe2e)?[|fPe?dV <+ o
I

with ¢;, the upper bound of l—%} in the unit disc. This result shows that
g €L 1) (2 x C,, ;) with ¢, strictly plurisubharmonic.
By choosing
=1 — 1
with
% =0 — 2log(L +[p[* + [s,]%)

we can apply Theorem V and, from it, we get the existence of y(p, s;)
€ L% o) (2 x C,, ;) such that oy = g.

There exists consequently, an analytic function F(p, s;) in 2 x C,,
which restricts to f(p) on the hyperplane s; = p, and satisfies

R0 e (U ol )5 AV < o,
xX €y

2°) We can make again the same construction with, now, F,(p, s)
as initial function. Step by step we arrive to F(p, s). Therefore we can
state the

7 L2(L, loc) is the space of functions square integrable on any compact subset
of Q.
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Theorem. Let f(p) be an analytic function in 2, domain of holomorphy
in C,, satisfying

@) = Cetmel 0 g (1), pe@
then there exists a function F (p, 8) analytic in Q x C, such that
1) |F(p, $)ls = p = [ (D),
2) [1F(p, s)]? 7@ (L + |p|® + [[s[)=2dV < + oo
with F(p,s) = 2a[Tms| + 2 M’ sup|(—logd + log(1 + 7), log

+ 2 + m) log (1 + o] + s]).
From inequality 2) we can deduce a majorization for F in 2 x C,.
From the positivity of the integrand it follows that

Cf |[F (p, $)2e @O0 + [p]* + [s[)~2dV < + o

1+n)
7

almost everywhere in p.
By Caucuy’s integral formula this implies that

F(p,s)| e+ 7@ (L+ [p[? + |s[?)-2

is bounded for almost every P. But the continuity of F' and the semi-
continuity of @ implies this for every p. Therefore we have

Theorem V'. Let f(p) be an analytic function in Q2 domain of holo-
morphy wn C, and satisfying

1\ M
f@) = Cetmr 4 g (14 ), peg
then there exists a function F (p, 8) analytic in Q x C, such that

1) (P, 8)ls—p =1 (), N :
) |F (s < 0 (1) gl s

¢ being any positive number.
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Appendix I

In a preliminary version of this work, we needed a theorem of Bros
concerning functions bounded by e*™%l in a domain of JosT-LEHMAN-
DysoxN. We give here a proof for functions bounded by e*H™P! which is
very close to the Bros’ one.

17
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Theorem (Bros). Let f (k) be a function analytic in 2 = H(R; T+, T-)8
which satisfies
fk) <Ce*¥ k=p+ig kcRUT+HUT-. (1)
Then it satisfies in £2
)] = Cexial. @)
Define F(w, k) = [C e=?* — f(k)]~* with w = « + v, C being the posi-
tive constant of inequality (1). F(k, w) is analytic at any point (w, k)
such that f (k) is analytic and € e~** — f (k) different from zero. From the
hypothesis, this last condition is fulfilled if
keRZuTruTl—,
lemiv] = e*l2l or v = «|q]|.
Thus ¥ (w, k) is analytie, in particular, in a neighborhood of the union
of the following three regions:
the tube T+ = {(w, k) |v > «|q|, ¢ €V*}
the tube T~ = {(w, k) |v > «|q|, g€V}
the real region %, = {(w, k)[v =0, ¢=0, k=pecx} .

Oonsequently F(w, k) is analytic in the envelope of holomorphy of
Q? v T+ U T-, where .@ is the intersection of a complex neighborhood
of %, (in C;) with the convex envelope 7' of T+ U T'-. We are going to
show that the envelope of holomorphy of 2, U T v T'- is:
T {(w, k)|kc0}.
First, we restrict ourselves to the case where the k-space is 2-dimen-
sional, and prove the following lemma.
Lemma. We consider in the space C, of wariables w = u -+ iv,
L=§&+ 270 Ly = &y + 11, the tubes
T = {(w, &, L) v > o[y = mof, >0, 5y>0},
1= = {(w, &, ) v > a | — maf, 70 <0, 75, <0}
and the region
R = {(W, i Cz)[” =1 =Ny =0(, &) 6%}
where % s bounded with space-like curves and h-convex in the space (&, &;).
Let T be the convex envelope of T'+ \J T'~ and Q' the domain of Dyson
associated to A" and to the tubes
{0 L) > 0,9, >0} and {({y, &) [m < 0,7, < 0} -

Then, the enveloppe of holomorphy of T'+ \u T'~\u X' is the intersection of
1" with {(w, &, 8a)| (&1, £o) €2}

8 We remember that Z is h-convex, which means that every branch of admis-
sible hyperboloid (in Dysox’s meaning) cuts Z# along a connected arc. Under these
conditions Z coincides with the set of all the real points of £2.
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Proof. T" is the union of 7"+, 7"~ and the tubes
Ty = {w, &, &) [v = ot |y — maf, 11 > 0,775 < 0},
Ty = {(w, &y Ca)[v > o |1y — mafs 1y < 0,75 > 0}
T, can be looked at as the convex envelope of the union of the edge

A= (=0, 17>0 v=clp —nl) of T+,
and the face
D = (gy = 0,1 >0, 0= oy, — 1) of T'—.
Consider, then, 4 as belonging to the boundary of the tube
O = {(w, &y, L) [me > 0,7, > 0,0 = v — a(y — 1) <0}
and @ as belonging to the boundary of the opposite tube. We are lead

to calculate the envelope of holomorphy of @ v — @ U 2’ and to restrict
it to the tube 7, (cf. Lemma 4, Ref. [10]).

This envelope of holomorphy is easily obtained by looking at #’ as
a union of cubes

{ag < & <by, ay <& <by, —c<u =u— ol —E&)<0}.

Since € can be taken arbitrarily large, independently of a;, a,, b;, by,
each of those contributions lead to a domain of holomorphy which is the
product of the complex plane of the variable w’ = «" 4 4" by the domain
of Dyson of the space ({;, (,) relative to the region {a; <& <10,
ay < &, < by} we consider. By taking the union over all the squares of
this type contained in %', we get, as it is well known, the domain of
Dyson (. Thus, the envelope of holomorphy of O U — @ U Z is
{(w, &, T) (&, &) € £2'} and its restriction to T, belongs to the envelope
of holomorphy of 7"+ v T"— v 78

The above results together with similar ones for 7', complete the
proof of the lemma.

Now, let us return to the four dimensional case.

Let (w, k) belong to T N {(w, k) |k € 2}. We want to show that this
point belongs to the envelope of holomorphy of T+ U T U Z,.

Since k € Q, there exists a doubly inadmissible hyperbola which con-
tains k; more, since the region & is assumed to be symetrical with respect
to the plane &, = 0, this hyperbola % can always be chosen in such a way
that its plane is parallel to the k, axis (the reader is referred to the
geometrical description of the domains of Dyson [1, 2]). Let us cut, then,
the figure by the three dimensional complex plane generated by the plane
of this hyperbola and the ky-axis. In this section of the five dimensional
space, one can consider the section 7"+, T'~, #’ of, respectively, the
regions T+, T'—, Z;; by applying the lemma, one finds that the envelope
of holomorphy of 7"+ 7"~ U is TN {(w, k)| k € 2'}. The point
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(w, k), we considered up to now, is by construction in £, it remains for
us to show that it is in 7". If so, the point (w, k) belongs to the envelope
of holomorphy of 7"+ v T'- v %' and therefore “a fortiori” to the
THuT-v .%71 ones.

Knowing that by hypothesis (w, k) € T', one draws from (v, ¢) the line
parallel to the g, axis; one shows easily (Fig. 2) that it meets 7+ and 7'~
at two points (v, ¢*) and (v, ¢~) such that ¢ is on the segment [g¢t, ¢~].
Now, it is clear that the points (w, p + i¢*) and (w, p + ¢q~) belong
respectively to the tubes 7"+ and 7"~ (since by construction, these tubes
are in a plane parallel to the k, axis).

!_q.l =v/e

Therefore we have proved that the function
F(w, k) = [Ce i — f(k)]

is analytic for k € Q2 and (w, k) € T'.
This last condition can be written

v> alg|. 3)
Thus for k € 2, condition (3) implies:
|C et — [f(k)] = C'e” — [f(k)] + 0

or

fk) < Cesldl VECQ.

Remark. From the demonstration of the auxilliary lemma, it was
obvious that the inequality is true in a 2-dimensional space, without any
restriction to symmetrical region. This restriction appears, however,
unavoidable in the four dimensional case.
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Appendix II

H(Z; T+, T-) = Q and its “Translated” Parts

1. Two Dimensional Case

Distance of the points (real or complex) on one hyperbola from a point
on another one.

We assume that the centers of the hyperbolae are on the line x; = 0
and that the asymptotic directions make an angle of 45° with the x axis
(Fig. 3).

Fig. 3
Define
Hy=aF— 22 —m?, Hy=ad— (x—u)?—n?.
Let us take a point P = P (xy, ) on S, and try to have an estimate of
the distance d(P, P’') between P and P’ € J#,. More precisely, we want
the best possible majorization of infpc 4, d(P, P').
Let (a,b) be the coordinates of P. Since one tries to majorize
infp ¢ 4, d(P, P’) one can take for P’ = P’(J/b? +u2, b+ u).
Thus
Finally
(/b2 + m? — /b2 + 022 < (m — n)?
consequently
d?(P, P') < u?+ (m — n)?,
hence
inf d2(P, 5#,) < u?+ (m — n)?.
For complex points, we have

I e
! ZoYo = XY
H Q{xg—?/%—(x—u)“rzﬁ:nz
? Tolfo =Y (@ — u) .

(The y’s are used for the imaginary parts.)
Let P be the point (zq=a, x = b, y, = ¢, y = d). The a, b, ¢, d obey
a? — ¢ — b2+ d? = m? and ac = bd.
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A parametrization of points of 5#, is given by:

xy = n ch @ cosl Yo = enshpsind X
z — u = enshecosl 1y =mnchesinf @
Therefore one can set:
Yo=¢, x—u=>b
thus
B yPr=nt Rt P=a R - m= A2
and
a® - d? == m? - ¢* + b2 = A2,
Define
a=Acoso, w54 cosy,
d=Asing., y =4 siny,
but
o€ = yYb
therefore
c/b = ylrg = dja =tgo=1tgy or o=y

and

(P, Py = (@ — apf + (b — )+ (e — yo) + (d — y)?

= cos?g (A — A" + u? -+ sin?c (4 — 4')?
=u+ (4 — A')?

but

(A— 42 = (]/7/@2 + e+ b — ]/m2 + ¢? +sz)2 < (m—n)?.
Thus

inf d%(P, 3y) = u?4- (m — n)?

which shows that this formula is valid for real or complex points.

2. Four Dimenstonal Case

The boundary of £ is given by the set of all the real or complex points
obtained by cutting the hyperboloids bi-tangent to # (in our case Z,
being symmetrical, the vertical of points of contact is parallel to the
xo-axis) with planes going through the points of contact. The boundary
is therefore the union of all the hyperbolas cut on the hyperboloids by
planes revolving around the vertical of points of contact [11].

We know that if Z'C# then ' C£. We have assumed that the
boundary of Z is made with space like surfaces, such that & is h-convex.
Z being symmetrical, if follows that the only cusp-like points (of order ¢)?
of 0 are in the plane z, = 0.

® We say that a point of a manifold is of order ¢ if every section, going through
this point, by a 2-plane parallel to the x, axis is a curve which has a contact of
order at least ¢ with its tangents at this point.
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We are going to show that each point of the boundary of
H (@a v I+ v T-) is within a distance, from the complementary of ©Q,
less than “@” raised to a specific power, and conversely.

First, let us go back for a moment to the two dimensional case. Let
% and €’ be two curves which are mutually tangential at a point of orderg.
We suppose that in a neighborhood of this point they are smooth curves.
We call Z the region inside of the “angle’ of contact (Fig. 4). Let #,
be the retracted region obtained with balls of radius @ (o is less than some
¢ connected to the size of the neighborhood).

Fig. 4

Locally £ is given by |y| <2?and ¥ =y — a?y = 0. Then

2ax? 2a
= = = —_— == Y =
%(t {xy y]?/: 0 X x+q ]//1+q2x2q Yy I,/l T qzxzq} .
The point of retrogression of the “translated” curves is given by ¥ = 0

X = (2a)l/4.
Thus we have
d(A, #,) = allt.

Let us now return to the four dimensional case. Let p be a singular
point on the boundary of . We assume that there cxists an ¢ such that
at least one of the sections of Z, by 2-planes passing through p, is regular
everywhere else in a circle of radius 2¢, centered at p. That condition
insures us that there is no nearby singularities in any directions. This is
obviously the case when Z is symmetrical, since singularities are only
in the x, == 0 plane.

Consider then a section of 0% (the boundary of #) by a 2-plane
7 parallel to the xg-axis and look at the neighborhood of a regular
point 4. The hyperbola &, is a boundary hyperbola tangent in 4 to
0. Its center is on the line , == 0. We call « the other axis in the 2-plane
7. It is easy to see that if #, = 23 — (x — u) — m? (Fig. 5), then there
exists in the same plane a hyperbola tangent to the section of 4%, and
of equation 2 — (x — w')2 — m’2 with v — ' € 0(a) and m — m’ € O(a).

The distance is therefore majorized by a?. We can convince ourselves
of the uniformity of this majorization, that is to say, for any regular
point of 0%, there exists a constant Cyp such that d?(4,0%,) < Cgpa®
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Consider now in the plane zy; = 0 the case of a singular point of order
n. In one of the 2-planes, the extreme hyperbolae degenerate into cones

Fig. 5

of vertices 4 and B. We thus get,
d?(4,0%,) < Cgpa®m, d*(B,0R) < Cya?
therefore
H(Ry; T, T7) D [H(Z; T+, T7))um
since any point of the boundary of H (#; T+, 1) is at most at a distance
of order al/* from the boundary of H(%,; T+, T-).

Appendix III
Majorization of T (p) in %, T+ U T~
+Jfar s
Ty =/ [ (o—8& 200+ 8 dE
S i=0

and
1

[rya(r)dr =a?.
0
From the results we have obtained for f(p) in the tubes
|Toz (p)] < M e*I™P1{ g4,
with m depending of N (see formula 2) and %, v T+ v T—

3
2 Ay, ., DZ:‘”L'"“’_]YOX(?')
=

Gt iyt it = m

l¢tlm = sup
&—Reqe[— Vaz—nz, Va’— 7]
where D?’ + o+ gtands for

(o) ()" (&)

& — Reg;

a J

If we set

then

o 1 0
& a o
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but the derivatives of y are bounded since y is a C* function, therefore

HXa(Vn% + E) as /Ca 7]7
1]

and terms of | ¢%||,, are of the form
(l/a)io-!—“- +is Qo+ 4

1 c oy T .
Hence || ¢f],, < Oy, Which is the majorization required.

Appendix IV
Plurisubharmonicity of @ and @

We recall that ¢ is plurisubharmonic in 2 (an open set in C,) if in
the sense of distribution theory the quadratic form

Zttkaz, ®(2)

is positive definite for any z in 2 and any ¢ = (4, ..., £,) in C,. It will
be strictly plurisubharmonic if there exsits a positive funetion ¢ (z) € C'(2)
such that

azk

- _
g ta‘tkm @) — C(z)iZ 722

is positive definite for any z in 2 and any ¢t in C,.

Since ¢ and @ are the sum of three different types of terms, we have
to check that each of those terms are plurisubharmonic.

1. 2and 2 x C, being domain of holomorphy — logd, = — logd gy ¢,
is a plurisubharmonic function. A supremum of plurisubharmonic func-

tions being subharmonic, sup (~ logd + log(1 + ), log L+7 ) is pluri-
subharmonic.

2. log(1 + |s|2 + ||»]?) or log(1 + |p|?) are strictly plurisubharmonic
functions.

After some elementary calculation one gets:

5 s og L+ 91 + 181 2 i o 2= @ 9)-

3. |Ims| or |Imp)| are strictly plurisubharmonic functions..
One obtainS'

5 g5 lTms| 7, = 6(Tms]) e (112 ~ ¢ . Tm &)

lIms]

([Tms])) .

Terms in ¢ and " are positive on any positive test-function and
[¢]2 — ||¢. Im |2 = 0 (Im§ is for a vector of direction Im s and of norm 1).

The denominator in |Ims| is non singular since integrable in a three
dimensional space. The last term vanishes identically.
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Therefore ¢ and @ are strictly plurisubharmonic and if we define
%(2) by ¢(z) = ex®
Xp(2) = 10g2(N + n) — 2log(1 + [p[?) ,
%3 (2) = log A — 2log(1 + [|p[* + [s]?) -
Now we show that
P, s) —@p)| =C for |[p—s|=1 pe scC,.
We give a bound for the three kind of terms previously considered
1°) 4 = [Imp| - [Ims]

_ |Imp[? — [Ims]? ]%‘([Impflz - lIm84‘|2)]

| —

= | Mmp| + Ims| | | [Imp| + [Ims| |
=2 (%Mmm - lImsA)) 4.

2°) B = [log(1 + |[pl* + [s]*) — log(1 + |p[*)

Lo 1dlalr
2 ST+ s = 1t B=log?

3°) Since the distance in £ is equal to the distance in 2 x C,, the
difference vanishes.
Therefore there exists a constant C'(> 0) such that

|@(p,s) - pp)| <C.
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