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For a d-variate measure a convex, compact set in R?*! its lift zonoid, is constructed. This yields an
embedding of the class of d-variate measures having finite absolute first moments into the space of
convex, compact sets in RY*!. The embedding is continuous, positive homogeneous and additive and
has useful applications to the analysis and comparison of random vectors. The left zonoid is related to
random convex sets and to the convex hull of a multivariate random sample. For an arbitrary sampling
distribution, bounds are derived on the expected volume of the random convex hull. The set inclusion of
lift zonoids defines an ordering of random vectors that reflects their variability. The ordering is
investigated in detail and, as an application, inequalities for random determinants are given.
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1. Introduction

To analyse and compare random vectors, we propose a new geometric approach. For any d-
variate measure, a convex set in R¢*!, its lift zonoid, is constructed. This yields an embedding
of the space of measures on R that have finite absolute first moments into the space of convex,
compact sets in R*!. The embedding is continuous, positive homogeneous and additive;
continuous with respect to weak bounded convergence of measures and the Hausdorff distance
of sets, and additive with respect to the usual sum of measures and the Minkowski sum of sets.
In this way, the distribution of a random vector is represented by its lift zonoid.

The lift zonoid representation proves to be very useful. Here we develop two streams of
applications. First, the lift zonoid is related to random convex sets and to the convex hull of
a multivariate random sample. Second, the set inclusion of lift zonoids defines an ordering
of random vectors that reflects their variability.

Recent interest in zonoids has arisen from some surprising connections between convex
geometry, analysis (positive definite forms, Radon transforms, vector measures), and
stochastic geometry (stochastic processes). A recent survey is Goodey and Weil (1993). The
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zonoid of a multivariate probability measure (or random vector) has been investigated by
Rickert (1967), Schneider (1967) and others.

A random convex set is a random variable in the space of non-empty, convex, compact
subsets of R?. It has a set-valued expectation (e.g., Weil and Wieacker 1993). In particular,
if X is a d-variate random vector, then the random segment [0, X] that extends from the
origin to the random point X is a random convex set in R?. We show that its expectation
equals the zonoid of the distribution of X. The lift zonoid of X comes out to be the
expectation of the random segment

1
o (+)

in R?*!. It contains the origin and is symmetric around the point

()

where u denotes the expectation vector of X. In contrast to the zonoid, the lift zonoid of a
measure does determine the underlying measure in a unique way and, therefore, yields a
useful embedding.

The convex hull of independent and identically distributed random points has been
studied by many authors, beginning with Rényi and Sulanke (1963; 1964) and Efron (1965).
By means of the lift zonoid approach we derive upper and lower bounds on the expected
volume of the random convex hull. The bounds are based on the volume of the lift zonoid
of the sampling distribution. They apply to any distribution that has finite expectation.

The problem of comparing random vectors with respect to their variability is common to
many parts of applied probability and statistics, among them estimation problems and the
comparison of experiments (Torgersen 1991). We introduce the lift zonoid ordering among
probability distributions (or random vectors), characterize it in many respects and show that
it is a variability ordering weaker than dilation. The lift zonoid ordering is easy to handle
and allows the derivation of interesting probability inequalities.

In Section 2 we investigate the zonoid of a finite measure in R. Section 3 presents the
definition and theory of the lift zonoid. Consider the space of convex compacts in RY*!,
endowed with the Minkowski sum and the Hausdorff distance. We demonstrate that any
measure that has finite absolute first moments is, by its lift zonoid, mapped into this space
and that the mapping is injective, positive linear, and continuous, hence a homoeomorphic
embedding. Given two measures, the inclusion of their lift zonoids is characterized by
conditions on the univariate projections of these measures. A new metric among measures is
proposed. In Section 4 we derive bounds on the expected volume of a random convex hull,
i.e., the convex hull of a d-variate random sample, for a general sampling distribution. To
this end, we introduce the notion of a random lift zonotope and show that, up to a known
constant, its expected volume equals the volume of the lift zonoid. The result is used to
provide upper and lower bounds for the expected volume of the random convex hull in
terms of the volume of the lift zonoid. Section 5 contains a comprehensive investigation of
the ordering among random vectors that is induced by the inclusion of lift zonoids. The
ordering between two random vectors is characterized by expectation inequalities and shown



Lift zonoids 379

to be equivalent to the dilation ordering of all univariate projections of the two vectors.
Thus the lift zonoid order is an ordering of variability, and weaker than the multivariate
dilation order. The lift zonoid order is continuous. It is preserved under probability mixtures
and convex convolutions and under arbitrary affine transformations. In particular, the lift
zonoid order between two random vectors implies the same order between all their
marginals. A reverse result is true under stochastic independence. Further, we show that
every probability distribution, in the weak sense, can be approximated by empirical
distributions that are below it and by absolutely continuous distributions that are above it (in
the lift zonoid order). As a final application, inequalities for the expectation of random
determinants are derived.

We conclude this section with some notation. A point x in Euclidean space R* is a
column, xT denotes the transpose of x, and (x, y) the usual inner product. Ri is the subset
of points in R¥ that have non-negative components, and S¥~! the unit sphere. .#* denotes
the Borel sets in R¥, 0 is the origin, [0, x] = {y: y=a-x, a € [0, 1]} the segment from
the origin to x, K(e) the e-ball around the origin. For two sets C and D, C® D =
{x+y:x€C, ye D} is their Minkowski sum, and O(C, D) =inf{c: C C D& K(c),
D C C® K(¢), € >0} is their Hausdorff distance. For random variables, =¢ means equality
in distribution.

2. The zonoid of a measure

Let .7 be the class of non-negative measures F on (R?, .%?) that have finite positive total
mass a(F) = [RredF(x)>0, and let .7 C .7 be the class of probability measures. F is
called absolutely continuous (discrete) if it possesses a density with respect to Lebesgue
(counting) measure on R?. Let %, (7 ) be the subclass of measures (probability measures)
F for which [ [x| dF(x) is finite. The zonoid of a measure is defined as follows.

Definition 2.1. Let F € .7/ be given. For a measurable function g: R? — [0, 1], consider the
point C(F, g) = (le B Zd)T € Rd;

0= (] etare))

The set
Z(F) = {&F, g): g: RY — [0, 1] measurable}
is called the zonoid of F.

Let us recall several properties of zonoids. A compact zonoid is a limit, in the Hausdorff
sense of sums of line segments. The sum of two zonoids is a zonoid. The linear image of a
zonoid is a zonoid. In particular, a projection of a zonoid is a zonoid.

Zonoids of measures have the following properties.



380 G. Koshevoy and K. Mosler

Proposition 2.1. Let F € 7.

(i) The zonoid of F is convex and contains 0.
(i) If F € %y, the zonoid is compact and symmetric around %u(F ).

Further, Z(F') is the convex hull of the range of the vector measure 75, given by t7(A4) =
[axdF(x), 4 € #?. If F is absolutely continuous then Z(F) equals the range of 7p,
according to Lyapunov’s theorem (Lindenstrauss 1966). For the derivation of these properties,
the reader is referred to Bolker (1969); see also Schneider and Weil (1983).

Given a convex, compact set K C R?, the support function h(K,-): R — R of K is
defined by

WK, p) =max {(x, p): x € K}, p R

The function A(K, -) is continuous, convex and homogeneous of degree 1. A(K, -) = 0 if and
only if 0 € K. For two convex, compact sets K and R we have W(K ® R, -) = h(K, -) +
h(R, "), (K, ) < h(R, ), if and only if K C R, and, in particular, A(K, -) = A(R, -) if and
only if K = R. For these and other properties of support functions, see Eggleston (1958). The
following theorem shows what the support function of the zonoid of a measure looks like.

Theorem 2.1. For F € .7, the support function of Z(F) is given by

WZ(F), p) = J (x, pydF(x) = JW max {0, (x, p)} dF(x). 2.1

{x:(x, p)=0}

Proof. For every measurable function g: RY — [0, 1] and every p € R? we obtain
gx)(x, p) < hp(x)(x, p),

where /i, denotes the indicator function of the set {x: (x, p) = 0}. Therefore

GF 2. ) = | e p)AF = | By p)dF)

— (&(F. hy). p) = j (x, p) dF()

{x: (x. p)=0}
= J max {0, (x, p)} dF(x).
R

2.2)
Because {(F, hp) € Z(F), (2.1) follows. O

With this theorem we demonstrate that the zonoid of a probability measure is the
expectation of a random segment. Recall the definition of a random convex set and its
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expectation. A random convex set C is a Borel measurable map from a probability space
(Q, .7, P) to the space of non-empty, compact, convex subsets of RY. The expectation of a
random convex set C is the set E(C) given implicitly by

WE(C), p) = E(W(C, p)), peR’ (23)

This set-valued expectation has appeared in different settings; see, for example, Weil and
Wieacker (1993). If the norm of C has finite expected value then E(C) is a compact set.

Proposition 2.2. Let F € .7y and X be a random vector distributed as F Then Z(F)=
E([0, X]).

Proof. Because Z(F) and E([0, X)] are compact sets, they are equal if and only if they have
the same support functions. According to (2.1), we have A(Z(F), p) = [« max {0,
(x, p)} dF(x). On the other hand, A([0, X], p) = max {0, (X, p)}, hence

h(E([0, X]), p) = E(h([0, X], p)) = JRJ max {0, (x, p)} dF(x) = h(Z(F), p), (2.4)

and we are done. U
Another consequence of Theorem 2.1 is the following:

Corollary 2.1. Let F G € .#y. Then Z(F) = Z(G) if and only if

xdF(x) = J xdG(x) 2.5)

J{x: (x, p)=0} {x:(x, p)=0}

for every p € RY.

From Corollary 2.1 it follows that the zonoids of different measures may be the same.
For example, if d =1, the measures F and G have the same zonoid if and only if
[ xdF(x) = [°xdG(x) and [°_xdF(x)= [’ xdG(x). We give an example of two
probability measures in R? that have finite support.

Example 2.1. Let F, G € .7, and assume that F has support xj, ..., x, and assigns
probability ¢; to x;, i=1,...,n, and G has support y, ..., y, with probabilities
71, ..., Fm. Assume further that

qix; = Z riyj. (2.6)
{xi[32>0:x;=2 p} {3134>0: =2 p}

Equation (2.6) means that, for every p, the ray through p contributes the same amount to the
expectation of F as to the expectation of G. It follows then that

dF - iy
J{x: (x, p);()}x (X) Z Z qiX,

t {xp:M>0:x=A1}
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where the first sum extends over all ¢ in the set {#: t € S N {# (¢, p) = 0}. Therefore
(2.6) and Corollary 2.1 imply that Z(F) = Z(G).

3. The lift zonoid of a measure

We introduce the notion of the /ift zonoid of a measure in .7 .

Definition 3.1. Let F € 7. For a measurable function g: RY — [0, 1], consider the point

i (45) o

where
aFoo= [ ewdre,  ar9 =] soxdre,

The set
Z(F) = {z(F, g): g: RY — [0, 1] measurable}
is called the lift zonoid of F

The definition has the following geometric meaning. We add the coordinate x;, and
embed R? as the hyperplane Hyr) = {x € R xp = a(F)} in R*!. The given d-variate
measure F € ./ is embedded as a measure on this hyperplane. The resulting measure ¥ on
RY*! is called the lifted measure, and the lift zonoid of F equals the zonoid of this.
Formally

Z(F)= Z(F),  F(B)= F(m(BN Hur)), 3.1)

where 7y is the projection on the last d coordinates. From Definition 3.1 it immediately
follows that Z(F) = mo(Z(F)), the projection of the lift zonoid on the last d coordinates is
the zonoid. For F €.7 the lift zonoid is the expectation of the random segment

o ()]

where X is a random vector distributed by F.

Another important special case arises if F has finite support in R¢. The lift zonoid in this
case is a convex polytope which is called the [lift zonotope of F.

Let 4 = (ay) be a matrix in R"*(¢*D with non-negative first column. The first column is
indexed with zero. Let F, € .7, be a measure that gives mass a; to the point
a; = (a1, ..., aiq), i=1, ..., n. Then the lift zonotope of F, is

Z(Fy) = {(xo, 0T ERM xg = glian, x =Y _ gliain-a;, 0 < g(i) <1 for all i}.
i=1 i=1
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A zonotope is a sum of line segments. In particular,

Z(Fp) = an-[0,(1,a)'] & ... & am - [0, (1, a)'].
The following lemma shows the shape of the lift zonoid in the case d = 1.
Lemma 3.1. Let d =1, F € . %,.

(i) Then Z(F) is the convex hull of the following points in R?: the origin, the point
(a(F), u(F))', and all points

T
J dF(x), J xdF(x) | , yEeR, 3.2)
]—00.y] ]—00.y]
and
T
J dF(x), J xdF(x) | , yveR. 3.3)
[y, ool [y, 4ol
(i) Equivalently, Z(F) is the convex hull of
t T
<t~a(F), J F—l(s)ds> , 0<r=<1, (3.4)
0
and
T
(z-a(F), J F—l(s)ds) , 0<r=<1, (3.5)
11

where F~'(s) = inf {x € R: F(x) = s} is the usual inverse distribution function of F.

The proof of Lemma 3.1 follows from Theorem 2.1, and is left to the reader. Observe
that the origin and the point (a(F), u(F))" can be represented as the above integrals (3.2)
and (3.3) with y = +oo and y = —oo, respectively: (0, 0) = ([ dF(x), [ zxdF(x)) and
(@(F), t(F)) = (] 1-oosoef AF), [ oo pocix AF()):

Theorem 3.1. (i) The lift zonoid of F € .7/ is convex and contains 0 € R4
(i) If F € #,, the lift zonoid is compact and symmetric around

()

2\ u(F)

(iii) If the support of F is in RY, then Z(F) is contained in the (d + 1)-dimensional
ipp

rectangle between 0 and
,u(l) '

These properties of the lift zonoid follow immediately from Proposition 2.1, Next we
show that the lift zonoid is positive linear and continuous.
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Theorem 3.2. Let F, F| and F, € %, >0. Then
Z(BF) = BZ(F),  Z(F\+ F) = Z(F) ® Z(F»). (3.6)

Proof. Positive homogeneity, Z(8F) = SZ(F), is immediate from Definition 2.1. To prove
additivity, we recall that the support function of the Minkowski sum, Z(F) & Z(F), is equal
to the sum of support functions of Z(F)) and Z(F,). Thus, we obtain

WZ(Fy) ® Z(F2), p) = W(Z(F\), p) + h(Z(F>), p)

u»wﬁw+] (5, p) dF2(x)

J {x: (x, p)=0} {x: (x,p)=0}

:J (5, )AL + Fo(0)) = W(Z(Ey + F), p)
{x:(x, p)=0}

= WZ(F\ + ), p).

Here we have used Theorem 2.1 and the fact that the adding and lifting of measures can be
interchanged, hence Z(F| + F,) = Z(F) + F,). From the equality of support functions we
conclude the equality of sets, hence (3.6). O

Theorem 3.3. Let F € My, and let (F,)nen be a bounded sequence in 7. Then Z(F,,)
converges to Z(F) in the Hausdorff distance if and only if (F,),en converges weakly to F

Proof. 1If the sequence F, converges weakly to F and F, < G, G € %, then it is easy to
check that O(Z(F,), Z(F)) — 0, where ¢ is the Hausdorff distance (Bolker 1969).

To prove the reverse, we observe that the convergence of zonoids Z(F,) to Z(F) in the
Hausdorff metric implies uniform convergence of the support functions. That is, the
integrals [ gsmax {0, po + (p, x)} dF,(x) converge, for (po, p) €S? uniformly to
[ gemax {0, po + (p, x)} dF(x). Then the derivatives in direction p converge (the derivative
in a direction is a uniform limit),

dF,(x) — J dF(x), 3.7)

J{X:Po+<1%x}>0} {x: po+(p,x)=0}

and this holds for every (py, p) € R4
Given a probability measure F €.7 and some p € R, we define

Fy(t) = J dF(x), teR.
{xeR9: (x, p)<t)
If F is the distribution of a random vector X, then F, is the distribution of the random
variable (X, p).
Without loss of generality we assume that the above F, and F are probability measures,
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since the convergence of zonoids Z(F,) to Z(F) implies that lim a(F,) = a(F). Now let F,
be the probability distribution of X, and F the probability distribution of X. For every
p € S9!, (3.7) yields weak convergence (F,), — F,. By the Lévy continuity theorem (e.g.,
Laha and Rohatgi 1979), (F,), — F, implies convergence of the characteristic functions,
E(exp (it(X,, p)) — E(exp (it{X, p)), t€R. At t=1 we obtain E(exp(i({X,, p))
— E(exp (i(X,, p)), for all p € R? Again by the Lévy theorem we conclude weak
convergence F, — F. O

Remark 3.1. In contrast to the zonoid, we prove at the end of this section, the lift zonoid
uniquely determines the underlying measure. Hence the lift zonoid provides an embedding of
the set of measures . #, into the space of convex compact sets in R?*!. The embedding is
positive linear and, with respect to the weak bounded convergence of measures and the
Hausdorff distance of compacts, a homoeomorphism.

The zonoid of a measure has properties analogous to those shown for the lift zonoid in
Theorems 3.1 and 3.2. Also the zonoid Z(F) is continuous on F. Since the underlying
measure of a zonoid is not unique, the reverse direction of Theorem 3.3 fails. However, for
even measures on the sphere the result holds; see Goodey and Weil (1993, p. 1301).

The inclusion of lift zonoids yields a useful ordering of measures; see Section 5 below.
We characterize the ordering by the following theorem.

Theorem 3.4. Let E G € .%,. Then Z(F)C Z(G) if and only if Z(F,) C Z(G,) for all
pER?

Proof. In view of (3.1) and Theorem 2.1, the support function of the lift zonoid is

h(Z(F), (po. p)) = h(Z(F), (po, p)) = max {0, xopo + (x, p)}dF(xo, x)

Rd+1

= | max{0, py+ (x, p)} dF(x)
R4

= | max {0, po+ 1} dF, (). (3.8)
R
Therefore, Z(F) C Z(G) if and only if h(Z(F), -) < h(Z(G), -) if and only if
J max {0, po + 1)} dF (1) < J max {0, po + )} dG () (3.9
R R

for all ppeR, pe RY. As in (3.8), the support function of Z(F p) is given by
h(Z(Fp) (90, q1)) = meax {0, g0 + tql}de(t) and similarly that of Z(G,). Therefore,
(3.9) is equivalent to A(Z(Fp), (po, 1) < h(Z(Gp) (po, 1)). Because support functions are
homogeneous this is equivalent to h(Z(F ) ) S h(Z(Gp) ) for all p € RY, hence to
Z(Fp) C Z(Gp) for all p € R9. O
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Remark 3.2. The lift zonoid Z(F p) 1s, in fact, a two-dimensional projection of Z(F). For
some fixed p € R let pr, be the projection of R?*! onto the two-dimensioned projection
plane that is spanned by the points (1, 0, ..., 0) and (0, p). Now, for py € R, consider the
extreme point z € Z(F) in the direction (po, p). Its projection by prp equals

J dF(x), J (p, x)dF(x) | = J dF (1), J tdF (1) .
{po+(p,x)=0} { po+(p,x)=0} {po+t=0} {po+t=0}

The latter is an extreme point of Z(F ») and has the form (3.2) or (3.3) or equals (0, 0) or
(a(Fp), u(Fp)). For every po, the point (po, p) belongs to the projection plane. Therefore
projections of other points of the lift zonoid belong to the convex hull of projections of such
extreme points. According to Lemma 3.1 we obtain the result.

Theorem 3.5. Every measure F € ./ is uniquely determined by its lift zonoid.

Proof. First, let F, G € .7 . Let X, Y be random vectors that are distributed according to F
and G, respectively. Assume Z(F) = Z(G). From Theorem 3.4 and Lemma 3.1 it follows that
for every p € RY

J;Fpl(s) ds = J(:Gpl(s) ds, tefo, 1],

therefore F ;](t) = G;l(t) for all . We conclude that F, = G, i.e., (X, p) is distributed
like (Y, p), for every p € RY. The Cramér—Wold theorem (e.g. Mardia et al. 1979) then
yields that X and Y have the same distribution; hence the proposition for probability
distributions.

Now, let F, G € .#. Then Z(F) = Z(G) implies that a(F) = a(G) and Z{(1/a(F))F}
= Z{(1/a(G))G}. Because (1/a(F)F and (1/a(G))G €. 7o, we get (1/a(F)F =
(1/a(G))G by the above, and therefore F = G. U

Corollary 3.1. For every F € .72 its lift zonoid is uniquely determined by the two-
dimensional projections pr,(Z(F)), p € S,

Proof. This follows from Theorems 3.5, 3.4 and Remark 3.2. Ol

Our approach also yields a new metric among measures that is based on the Hausdorff
distance.

Corollary 3.2. Let d: #y X %y — R, be a function of the form
d(Fy, F2) = 8(Z(F), Z(Fy),  F, Fy €, (3.10)

where 0 is the Hausdorff distance. Then d is a metric in /.
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Proof. From Theorem 3.5 we see that d(Fy, ;) = 0 if and only if F| = F,. Symmetry and
the triangle inequality follow from the same properties of the Hausdorff distance. O

By the embedding property, the lift zonoid can be used in place of the measure. In fact,
from a given lift zonoid, Z, we can reconstruct the measure via the inversion of the Radon
transform (Helgason 1980):

Ph(Z, (po, p))
o}

is the Radon transform of a measure at the point (py, p). In what follows we illustrate several
applications.

4. Expected volume of a random convex hull

We will exhibit a relation between the convex hull of a random sample in d-space and the lift
zonoid of the probability measure from which they are sampled.

Beginning with the work of Rényi and Sulanke (1963; 1964) and Efron (1965), the
convex hull of random points has been studied. Here we provide bounds on the expected
volume in terms of the volume of the lift zonoid of the sampling distribution. The only
restriction we impose is that the distribution has a finite expectation of the norm.

Definition 4.1. Random lift zonotope. Let X1, ..., X, be n independent random points in
RY, each having the probability distribution F € 7. The random lift zonotope of
X\, ..., X, is the random zonotope in R defined by

N 1

Z(X1, ..., Xn) =0, [O’Z(I’Xi)]' 4.1)

The following theorem shows that the expected volume of the random lift zonotope equals,
up to a constant, the volume of the lift zonoid of the random vector.

Theorem 4.1. Let X1, ..., X, be independent random vectors each of which is distributed as
F Then

n—=1---(n—4d
nd

EVol(Z(Xy, ..., X,) = Vol (Z(F)). 4.2)

Proof. Let My be a d X d matrix whose columns are independent and identically distributed
as F. Due to Proposition 2.2 and Vitale (1991a), we have that Vol (Z(X)) = (d!)"'E|det My]|.
The lift zonoid of X is the zonoid of the random vector X = (1, X ) in RY*! that has 1 for
sure as its first component. Thus the volume of the lift zonoid of X equals

. 1
Vol (Z(F)) = mm det M g |. 4.3)
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Given points xi, ..., x, in R?! a zonotope @10, x;] is a convex polyhedron, whose
volume equals (see Shephard 1974)

> [det(xiysoes X))l (4.4)
1<ii<.<ign<n
In view of (4.4), we have

Vol(Z(X1, ..., X)) = >

1<i|<..<igi1<n

1 1

det (—(1,)(,»1),...,—(l,X,»dH))’. (4.5)
n n

Therefore, with respect to (4.3) and (4.5), we obtain

EVol(Z(Xy, ..., X,) = > E

1<i|<..<ig<n

1 1
det (;(1, Xl‘]), ey ;(1, Xid+1))‘

1 . 1 n .
= —rr(d + 1) ST Vol(Z(F) =+ 1)!( >V01(Z(F))

1<i1<.. <igs1<n d+1
- dn—i
= Vol(Z(F))g —,
(4.6)
and the proof is complete. Ol
Let xi, ..., x, be points in R4, and consider the zonotope

Z, = {O,I(I,xl)] G...08 {O,I(l,xn)}
n n

We want to establish inequalities between the volume of Z, and the volume of the convex
hull, C, = conv {xi, ..., x,}. While Z, is a set in R¥*!, C, is one in RY. In what follows,
the volumes are defined with respect to these dimensions. We first provide a lower bound for
the volume of C,,.

Theorem 4.2.
Vol (C,) = 2%d + 1) Vol (Z,,). 4.7)

Proof. Consider the hyperplanes H, = {x € R"!|xg = a} and the half-spaces H<, =
{xeR™|xp<a} and Heq={xeRxy=a}. Let S,=2Z,NHy, Then
C, = n-my(S,), where my is the projection on the last d coordinates. Therefore the d-
variate volume of S, equals

Vol (S,) = % Vol (C,). (4.8)
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It is easy to check that for any a < 1/n,
1
n-S,,:n-(Z,,ﬂHl/,,):a-(Z,,ﬂHa). (4.9)

Therefore, Z, C Cone(S,), where Cone(S) = {As|A € Ry, s € S} for S C R¥. Because Z, is
centrally symmetric around %(1, u),
Vol(Z,) < 2-Vol(Cone(S,) N H<j2)- (4.10)

Further, Cone(S,) N H</; is a pyramid in R9*! that has base Cone(S,) N H; 2 and height
1/2. As the d-variate volume of the base amounts to (7/2)¢, we obtain

Vol (Cone(S,) N Hzy ) = dLH . % <;) * Vol (S,). @.11)
In view of (4.8), (4.10), (4.11) we have
Vol(Z,) < <f> 1 (l>dVol(c,,) (4.12)
2 d+1 \n
as required. O

A reverse bound is established in the following theorem.

Theorem 4.3. Let n =d + 1. Then

nd+1(d+1)
Vol (C,) < —————— Vol (Z,). 4.13
olC) = @ —2a YOI (& (4.13)
Proof. First, note that (4.13) can be written
1 /(n—2 1
Vol(Z,) = — 2 Vol (C,). 4.14
ol(Zn) nd<n +(d+l)n> ol(Cy) (4.14)

Consider the partition of Z, that consists of the two pyramids S, = Z, N H</p, S, =
Zy N H=(y—1)/» and the convex body B, = Z, N H<(,—1)/» N H=1/,- The pyramids have the
same volumes of bases, n=¢ Vol (C,), and the same heights 1/n. So, their volumes sum to

2
nd(d+ 1)n
The body B, is convex and has centrally, around the point %(1, u), symmetric bases, S, and

Sy, and height (n — 2)/n. Therefore, due to Schwartz symmetrization (Bonnesen and Fenchel
1934),

Vol(C,).

_2 2
Vol (B,) = 2= vol(S,) = 2
n

1
7 VOI (Ci‘l)’
n

which yields the proof. O



390 G. Koshevoy and K. Mosler
As a consequence of the above three theorems we have the following.

Theorem 4.4, Let X1, ..., X, be random vectors independent and identically distributed as
En=d+ 1. Then

—d [ d
(g) (H(n - i)) (d + 1) Vol (Z(F)) < EVol (conv{X1, ..., X,})
i1

d+1 d )
= n(cg:—l))—nw <H(” - ”) Vol(Z(F). (4.15)
i=1

5. Lift zonoids and variability of random vectors

We propose a new ordering between random vectors in R¢ that is weaker than dilation and
has nice geometric properties. Our idea is to replace a probability distribution on R? by its
lift zonoid and to consider the order between random vectors that is induced by the inclusion
of their lift zonoids.

5.1. The lift zonoid order

The zonoid order <; between measures F and G € .7 is defined by
F <7 Gif Z(F) C Z(G). (5.1

Corollary 2.1 and Example 2.1 have shown that there exist many probability measures that
are equivalent with respect to the zonoid order. The following definition avoids this
drawback.

Definition 5.1. For E G € 7, we introduce the lift zonoid order <z,
F <.7 Gif Z(F) C Z(G).

It follows immediately from this definition and Theorem 3.1(ii) that F <;z; G implies
a(F) =< o(G) and u(F) =< u(G). <z is a partial order (reflexive, transitive and anti-
symmetric) on ..

Let .2 be the set of all random variables that have values in R? and finite expectations,
and, given X, Y € 2", write Fx, Fy € .7, for their distributions. By defining

X<LZ Y if FX <LZ Fy,

we obtain a preorder (reflexive and transitive) on .27. This induces a partial order on the
factor space .2y /=4. In view of Proposition 2.2 the preorder between X and ¥, X <, Y, can
be interpreted in the way that the ‘set-valued expectation’ of X is ‘smaller’ than that of Y,
E([0, (1, X)]) C E([0, (1, Y)]). The lift zonoid order ranks random vectors by their
variability.
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In the remainder of this paper we investigate the properties of <;; on . and on .2
We start with a well-known theorem and the definition of the dilation order. See Mosler and
Scarsini (1991), Shaked and Shanthikumar (1994).

Theorem 5.1. Let X, Y € 2. The following three conditions are equivalent.

(i) E[p(X)] < E[@(Y)] for all convex ¢: R? — R for which the expectations exist.
(i) E[X] =E[Y], and E[¢(X)] < E[¢(Y)] for all increasing convex ¢: R? — R for
which the expectations exist.
(iil) Y=q X+ U with some U for which E[U|X] = 0.

If one, and hence all, conditions of Theorem 5.1 are satisfied, Y is called a dilation of X,
X <gy Y. For the lift zonoid order we state the following characterization theorem. A
function ¢: R? — R is called convex-linear if ¢ = 0o [ with some linear /: RY — R and
some convex 6: R — R.

Theorem 5.2. The following five conditions are equivalent.

(1) X <z Y.
(i) E[¢(X)] < E[¢(Y)] holds for every convex-linear function ¢ for which both
expectations exist.
(iii) For all p € R?, (X, p) <17 (Y, p).
(iv) For all p € R?, (Y, p) = 4(X, p) + U, where U, is a random vector in R? and
E[U,[{X, p)] = 0. , ,
(V) For all p€R? and all 1 €[0,1], [ F,'(s)ds = [] G, (s)ds.

Corollary S1. X<z Y=X=<,,7.

As every convex-linear function is convex, the corollary is obvious from Theorems 5.1(i)
and 5.2(ii).

If d>1, the reverse implication, X <;; ¥ = X <y Y, does not hold in general
(Koshevoy 1995). But there are cases under which the two orders coincide. See Koshevoy
(1995) and Corollary 5.3 below.

Proof of Theorem 5.2. By Theorem 3.4, X <;; Y if and only if Z(F,) C Z(G,) for all
p€R? F, and G, are the distributions of (X, p) and (Y, p), respectively. Hence (i) <
(iii).

From Lemma 3.1(ii) it follows that, for d =1 and H € .7, the border of Z(H) consists
of the two curves

t T 1 T
<t,JH1(s)ds> (rJ Hl(s)ds> , 0<r=<1.
0 1—1¢
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Therefore (X, p) <,z (Y, p) if and only if

JtFpl(s) ds = JtGpl(s) ds Vrelo,1] (5.2)
0 0

E[(X, p)] — LF;I(S) ds < E[(Y, p)] — LG;(S) ds  vrelo, 1]. (5.3)

This shows that (iii) implies (5.2) for all p, hence (v). On the other hand, for every p € RY,
we see from (5.2) that E[(X, p)] <E[(Y, p)]. The same holds for —p. Therefore
E[{(X, p)] = E[(Y, p)] for all p. It follows that (5.2) for all p implies (5.3) for all p, and
therefore (v) implies (iii).

Because the expectations are equal, (v) means that, for all p, G, is a dilation of F,. The
equivalences (v) < (iv) and (v) < (ii) then follow from Theorem 5.1.

Let I: RY — R be linear and 6: R — R be convex. Then ¢ = § o [ is a convex function
RY — R. O

The dilation order is positive homogeneous, i.e., X <y Y implies that a X <y aY for every
a >0, and the same holds for the lift zonoid order. More general, both the dilation order and
the lift zonoid order are preserved under affine transformations.

Proposition 5.1. Let A be a k X d matrix, and 3 € R*. Then

(1) X <q Y= AX+0 <q AY + 5.

Proof. The proposition is a consequence of Theorem 5.2(ii) and Theorem 5.1(1). O

In particular, if two random vectors are lift zonoid ordered then all their marginals are
ordered as well. It follows from Theorem 3.3 that the lift zonoid order is continuous in the
following sense.

Theorem 5.3. Let F G € .7, and consider a sequence (G,),en bounded in .7y that
converges weakly to G. Then

(1) F<i;,GVneN=F=<;;G.
(11) G, <1z FVI’[EN=>G<LZ F.

5.2. The lift zonoid of a marginal distribution

We show that the lift zonoid of a marginal distribution is the proper projection of the lift
zonoid. From this again it is seen that the lift zonoid ordering of two random vectors implies
the same for all their marginals. Under stochastic independence a reverse result is proved.

Now, for x € R? and J C {1, 2, ..., d}, let x; denote the vector of components x;, i € J,
and x_; the vector of components x;, i ¢ J. If F is the distribution of a random vector X in
R, F’ denotes the marginal distribution of X .
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Theorem 5.4. Let F € .701 J C {1&2’ ..., d}, and denotes pr;: (xo, x) — (X9, X;) for every
(x0, x) € R, Then prj(Z(F)) = Z(F").

Proof. Extreme points of X(F”) are of the form

J dF’(x)), J xydF7(x)) |. (5.4)
{xs:po+(x;,ps)=0} {xs: po+{xs, ) =0}

Consider the projection of an extreme point of Z(F) in direction (po, py, 0_,):

pry J dF(x), J xdF(x)
{x:po+(x, ps)=0} {x:po+(x, ps)=0}

= pry J dF’(x”), J xdF7(x")
{x/: po+(x7, ps) =0} {x/: po+-(x7. ps) =0}

= J dF7(xy), J xydFY(xy) . (5.5)
{xs: po+{xs, ps) =0} {xs1 po+{xs, ps) =0}

The projectionAs of other points of Z(F) belong to the convex hull of points (5.5), yielding

pro(Z(F)) = Z(F). (.

Theorem 5.4 says that the lift zonoid of a marginal distribution F’ is equal to the
projection of the lift zonoid of F. This implies that the lift zonoid order between two
distributions implies the lift zonoid order between all their marginals. The reverse is not
true, but the following theorem holds.

Theorem 5.5. For E G € %y and J C {1, ..., d},
Z(F'-FYc 26’ -Gy Z(F') c Z(G’) and Z(F~') c Z(G™).

Proof. The ‘only if” part follows from Theorem 5.4. To prove the reverse, we consider the
support function of Z(F” - F~/). For given (py, p) € R?,

WZ(F’ - F~7), (po, p)) = (po+ (x, p))dF(x,)dF 7/ (x_,)
Jx: pot(x, p)=0}

o0

- J Y(s, F)dF~/(x_,)| ds
{x_si po+(x_y, p-s)=s}

—00

= | Yo+ e ps)s FDAE ), (5.6)
where we have introduced

Y(s, F/) = (s + (ps, x7))dF 7 (x)).

{xs:s+(ps,x;)=0}
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Note that s — (s, F/) is a convex function, and x_; — (po + (x_y, p_s), F/) is a

convex-linear function. Therefore, from Z(F~”) C Z(G~”), Theorems 5.2(ii) and 5.6 we
obtain

WZF?-F) (o p) = | (po + (g pes) FHAF ™ (6))

I

Rijw(l?o + (x_s, p-y), F/)dG/(x_))

o0

= J Y(s, F/YdG™/(x_))| ds. (5.7)
{x_sipo+(x_y,p-s)=s}

—00

Further, Z(F’) C Z(G’) with Theorem 5.2(ii) yields (s, F’) < (s, G’) for all s.
Therefore the right-hand side of (5.7) is bounded by

I

We conclude A(Z(F’ - F~), )< W(Z(G’ - G~7), "), hence Z(F’-F~'yc Z(G’ - G~/). O

j (s, GG (x_p)| ds = W(Z(G” - G, (po. p)).
{xsipo+(xy,poy)=s}

Corollary 5.2. Let X, Y, U, V € .2"y. Assume that X and Y are independent, U and V are
independent, X <;; U, Y <z V. Then, for every a € [0, 1],

aX +(1—a)¥ <pz aU+(1 —a)V. (5.8)

Proof. Consider the random vectors (XT, YT)T and (UT, ¥'™)T in R??. From the assumptions
of Corollary 5.2 and Theorem 5.5 it follows that X", YT <2 (UT, YO, Let I; denote
the d X d unit matrix, O; denote the d X d =zero matrix, and 4 = a(lys, Oy) +
(1 —=a)O0y, 1;). Then AX', Y)Y = aX+ (1 —a)Y and AU, V'Y =aU+(1-a)V.
Proposition 5.1(ii) yields the assertion. U

The next corollary says that, for vectors of stochastically independent components, the
lift zonoid order is equivalent to the dilation order.

Corollary 5.3. Let E G €.7,, F(x) =[], F/(x)., G(x)=[IL,G(x). and let X =
(X1, ..., X" be distributed according to F Y = (Y1, ..., YT according to G. Then

X<L2Y<=>XJ<L2YJ', Vj<:>X<di1Y.

Proof. By repeated application of Theorem 5.5, F <;, G if and only if F/ <;, G/ for all j.
For univariate probability distributions, dilation and lift zonoid order coincide. Again, under
the stochastic independence assumption, dilation of all univariate marginals is equivalent to Y’
being a dilation of X. O
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5.3. Probability mixtures and convex convolutions

Next, we show that the ordering <, is preserved under mixtures of probability distributions.

Theorem 5.6. Let Fy, F>, G|, G, H € 7. For every a € [0, 1], the following statements
hold:

Q) If Fi <z Gy and F, <pz Gy, then aF, + (1 —a)F;, <;7 aG; + (1 — a)G,.
(11) [f‘Fl <;z H and F, <;7; H, then aF, —|—(1 —a)Fz <,z H.
(i) If H <;7 Gy and H <17 Gy, then H <;7 aG + (1 — a)G,.

Proof. Obv10usly, (i1) and (iii) follow from (i). By assumption in (i), we have Z(F)) C Z(Gy)
and Z(Fz) - Z(Gz) From Theorem 3.2 it follows that for every F, Fh € .7,

Z(aF, + (1 — a)F>) = aZ(F)) & (1 — a) Z(F,). (5.9)

Then Z(aF, + (1 — a)F>) C Z(aG + (1 — @)G,) holds, and we conclude (i). O

The next proposition is about convex convolutions, i.e., convex combinations of
independent random vectors.

Theorem 5.7. Let X, Y, W € .27, a € [0, 1], and assume that X and Y are independent.
Denote by V the a-mixture, with Fy = aFyx + (1 — a)Fy, and by U the a-convolution,
U=aX+ (1 —a)Y, of X and Y. Then the following statements hold:

G) U<y, V.
) f X <z Wand Y <;z W then U <;; W.
(111) IfW<L2X and W <;7 Y then W <;; U.

Theorem 5.7(ii) implies that, if a set of independent random vectors is <;z-smaller than a
given random vector, then every convex combination of such vectors is smaller than the given
vector, too. (iii) implies the same for a set of independent vectors that are <;z-greater than a
given vector.

Proof. Let Fx, Fy, Fy, Fy and Fy be the distributions of X, ¥, U, V and W, respectively.
Show that, for 0 < a < 1, the inclusion

Z(Fy) C aZ(Fx) & (1 — a)Z(Fy) (5.10)

holds. Let z € Z(Fy). Then, with some g: R? — [0, 1],
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gu)(1, u)" dFy(u)

.
|

ijg(ax + (1 —a)y), ax+ (1 — a)y)" dFy(x)dFy(»)
::“J‘ {J g(ax‘%(l—-a)yXI,xifdﬁxxxﬂ dFy(y)
Re [JR4

r-af || serra-apiTanm|ane.

The inner integral of the first summand in (5.11) is an element of Z(Fy) for every .
Integration over y again yields an element of Z(F v) because Z(Fy) is convex. Therefore the
first summand in (5.11) equals az* with some z* € Z(F 'v). Similarly, the second summand
amounts to (1 — a)z**, where z** € Z(Fy). We conclude (5.10). Therefore, Z(Fy) C
Z(Fy), which proves part (i) of the theorem.

From the assumptions of part (ii) and Theorem 5.6(ii) we conclude that Fy = aFyx +
(1 —a)Fy <z Fw, hence with (i), U <;z V, it follows that U <;; W.

Part (iii) is a consequence of Corollary 5.2 U

5.4. Monotone approximation of distributions

The following theorem shows that, in the lift zonoid order, every probability distribution can
be approximated from below by empirical distributions and from above by absolutely
continuous distributions.

Theorem 5.8. Given F € .7, there exists a sequence {F,} of empirical distributions and a
sequence {F"} of absolutely continuous distributions such that both converge weakly to F
and

Fn <7z F <z F".

Proof. We show that there exist such sequences with F, <g F <g F”"; then the theorem
follows from Corollary 5.1.

Let F €.7y. F is decomposed, FF = D+ C, into a discrete measure D € .#, and an
atomless measure C € 7. First, we approximate C, in weak convergence from below, by a
sequence {C,} of discrete measures such that C is a dilation of C, for each n. We do this
as follows. Let S, = {x: Z‘{:lx,» < n}, n €N, and .¥",,, be a partition of the simplex S,

j
into simplices of diameter less than m~!, m € N. Define the measure

[ sdC(x) if y=[sxdC(x), S €.7 ym,

Cnm({y}) = IRd\Sn dC()C) if y= IR”\S,,XdC(x)a
0 otherwise.
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Then C,, is dlscrete and C,, <ai C for all n and m. Further, C,, - veak C. We conclude that
D, =D+ Cy,, iy F and D, <y F for all n.

Now, a discrete distribution G with support yi, ..., y, and probabilities pi, ..., p, can
be approximated by a sequence of empirical distributions E, such that G is a dilation of E,
for every r. For this we employ empirical distributions whose support includes the support
of G and, in addition, a vector z. For every r, the probability of y; under E, is chosen to be
kyi/r, k;€{0,1,...,r}, such that k,/r=< p; (k;+1)/r>p; and the remaining
probability at z equal to Y (rp; — k:)yi/ > (pi¥ — k). Then, obviously, G is a dilation of
E,. This proves the existence of a sequence {E, .} of empirical distributions such that
E,. = D, and E, <g D, for all n and r, and therefore, by the above, F, := E,, Wﬁ F
and F, <g F for all n.

With respect to the approximation from above, we proceed as follows. For x € R?, and
n €N, let T} be the multivariate normal distribution with expectation x and covariance

matrix n~'7,, where I, is the d X d unit matrix. Then, for every x, T ¢ is a dilation of the

probability measure concentrated at x. The probability measure F”, F"(B)=
J"W T7(B)dF(x), as a mixture, is a dllatlon of F; see Phelps (1966, ch. 13). Further F"
is absolutely continuous. Because F hEEF, the proof is complete. O

In the case d =1, a given nontrivial F' €.7 can also be approximated the other way
round, viz. by a sequence of absolutely continuous distributions from below and a sequence
of discrete distributions from above. This holds because any convex centrally symmetric set
in R? is a zonoid, which in higher dimensions is not true. The problem whether F can be
approximated in the lift zonoid order from above by empirical distributions is related to the
problem of approximating a zonoid by zonotopes on the basis of finitely many support
values. This problem is non-trivial and, to our knowledge, unsolved; see Goodey and Weil
(1993, p. 1321).

5.5. An application to random determinants

Like the dilation order, the lift zonoid order may be used to generate many probability
inequalities. Here we present an application to random determinants. Let X be a random
vector in R?. Then, by (4.3), the volume of the lift zonoid of X equals
(1/(d+ DYHE|det M 5|, where My is a (d+1) X (d+ 1) matrix whose columns are
independent and identically distributed copies of (1, X). From the definition of the lift
zonoid order we know that X <;, Y implies Z(X) C Z(Y), hence

X <z Y implies E|det M | < E|det M |.

The zonoids of X and Y are projections of the corresponding lift zonoids on their last d
coordinates. Therefore the same inequality follows from the zonoid volumes

X <z Y implies E|det M x| < E|det My|. (5.12)
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By this the comparison results of Vitale (1991a; 1991b) can be strengthened. For example, let
Yand Y’ be random vectors with E[Y'|Y] = 0. Then

E|det My| < E|det My, y|. (5.13)

This follows from our Theorem 5.2(vi) and (5.12). It extends Theorem 5.2 in Vitale (1991b).
Further, Vitale’s Theorem 5.5 is an immediate consequence of our Theorem 5.7(ii).
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