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1. Introduction

In many semi-parametric models, ‘regular’ parameters can be estimated by (semi-parametric)
maximum likelihood estimators. The asymptotic theory for such estimators has been
developed for a number of models of practical interest, and is similar to the asymptotic
theory for maximum likelihood estimators in classical parametric models. In particular, the
maximum likelihood estimators are asymptotically normal, where the inverse of the ‘efficient
Fisher information matrix’ gives the asymptotic covariance matrix. The latter matrix is the
Fisher information matrix corrected for the presence of an infinite-dimensional nuisance
parameter. See, for example, Bickel et al. (1993) for an extensive review of information
bounds. See Gill (1989), Chang (1990), Gu and Zhang (1993), Qin (1993), van der Laan
(1993), Qin and Lawless (1994), van der Vaart (1994a; 1994b; 1994c; 1996), Murphy (1995),
Gill et al. (1995), Huang (1996), Parner (1998), Qin and Wong (1996) and Mammen and van
de Geer (1997) for results on the asymptotics of particular maximum likelihood estimators.

It is natural to use the asymptotic normality of the estimator in order to form confidence
intervals and test statistics. This requires an estimator of the standard error or equivalently
of the Fisher information matrix. In some specific cases the efficient Fisher information
matrix is of closed form. For example, under the assumption that the observation time is
independent of the covariates, Huang (1996) gives an explicit estimator of the asymptotic
variance in a proportional hazards model applied to current status data. Sometimes the
‘efficient score’ or ‘efficient influence function’ is explicit. Then since the efficient Fisher
information matrix is the covariance of the efficient score function, one may estimate the
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efficient score function and use the average over the sample of the squared estimated
efficient score function to estimate the asymptotic variance. A similar procedure may be
carried out if the efficient influence function is explicit. This is done in a mixture model by
Gaydos and Lindsay (1996) and also by Huang (1996) when the independence assumption
does not hold. In the latter case, the efficient score function is a function of the ratio of
conditional means. Huang uses nonparametric smoothing to estimate each of the conditional
means.

However, in general, the asymptotic covariance is not given by a closed formula, or even
as an expectation of a known function — see van der Laan (1993), van der Vaart (1994b;
1994c), Murphy (1995) and Huang and Wellner (1995) for some examples. One possible
option is to consider a discretized (for instance, at observed data points) version of the
efficient information matrix. Then, to calculate the asymptotic covariance matrix, one must
invert the matrix of high dimension. This is true, for instance, in the semi-parametric frailty
model considered by Murphy (1995), where estimators for the standard error of the
estimated frailty variance are found by inverting a matrix, which is of the same dimension
as the data. In some models, the special structure of the model leads to other estimators
(Parner 1996). In this paper, we consider a general method for the estimation of the
asymptotic covariance based on using the ‘observed profile information’. This is a natural
generalization of a commonly used estimation method in parametric models.

A popular estimator for the asymptotic covariance of a maximum likelihood estimator in
classical parametric models is the inverse of the ‘observed information matrix’. The latter
matrix is defined as

1< -
== /X, (1.1
i=1

and is equal to —(1/n) times the second derivative of the log-likelihood function, evaluated at
the maximum likelihood estimator. As is well known, this estimator is asymptotically
consistent for the inverse of the asymptotic variance under some regularity conditions. In
practice, one might replace the analytic derivative in (1.1) by a discretized derivative, which
can be computed directly from the likelihood function.

In a semi-parametric model the full parameter is partitioned into a parameter of interest
and an infinite-dimensional nuisance parameter. The observed information matrix for the
full parameter would be a linear operator, and its inverse may not exist in the models where
a part of the nuisance parameter is not estimable at /m-rate. Thus, estimating the
asymptotic covariance matrix of the maximum likelihood estimator of the parameter of
interest by inverting this linear operator appears impractical. Instead, we propose to replace
the likelihood function by the profile likelihood function, and use the ‘observed profile
information’.

More precisely, suppose that we observe a sample Xi, ..., X, from a distribution
depending on a parameter 1 = (6, i7), ranging over a set ¥ = © X H. The parameter of
interest is 0 € ® C R”. Given a ‘likelihood’ 1ik(8, )(x) for one observation x, define
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M,.(6) = sup%zn: log lik(6, n)(X}). (1.2)
n i=1

This is the profile likelihood function for estimating the parameter 6. The maximum
likelihood estimator @ is the maximum point of the map 6 — M, (6). As an estimator for the
asymptotic covariance matrix of 6 one could propose minus the inverse of the second
derivative of 8 — M, (0) evaluated at 6.

We can explain heuristically why this method might provide a consistent estimator of the
inverse of the asymptotic covariance matrix as follows. If 79 achieves the supremum in
(1.2), then the map 6 — (6, 7j9) ought to be an estimator of a least favourable submodel for
the estimation of 6 (see Severini and Wong 1992). By definition, differentiation of the
likelihood along the least favourable submodel (if the derivative exists) yields the efficient
score function for 6. The efficient information matrix is the covariance matrix of the
efficient score function, and, as usual, the expectation of minus the second derivative along
this submodel should yield the same matrix.

The observed profile information is already used as an estimator in practice. For a
simplistic example, consider estimation of the regression coefficient 6 in Cox’s proportional
hazards model (with right censoring). Relative to a convenient choice of the likelihood, the
estimator 7y of the cumulative baseline hazard function is an explicit function of the data
and 6, and the profile likelihood function can be computed explicitly. In fact, this is Cox’s
partial likelihood (see Cox 1975; Andersen et al. 1993, pp. 481-482). The usual estimator
of the inverse of the asymptotic variance, minus the second derivative of the partial
likelihood, is precisely the observed profile information.

Severini and Wong (1992) and Severini and Staniswalis (1994) consider a particular class
of semi-parametric models, and use a ‘generalized’ observed profile information to estimate
the covariance matrix of 6. Their estimator of the nuisance parameter for a fixed 6 is not a
maximum likelihood estimator, but a weighted maximum likelihood estimator. However,
considered as a function of 6, this estimator is an estimator of the least favourable
submodel and is differentiable in 0. As a result, the likelihood evaluated at 0 behaves as a
profile likelihood for 6.

It is not clear from the definition of the profile likelihood 6 — M, (8) that a second
derivative matrix exists. If it does, then it may not be easily computable in models in which
the estimator of the nuisance parameter is not explicit. To overcome these problems,
discretized versions of the observed profile information are proposed by Nielsen et al
(1992), Huang and Wellner (1995) and Murphy et al (1997). The main purpose of this
paper is to prove the asymptotic consistency of such aniscretized version. More precisely,
under suitable conditions, we show that, for every A, — 0 such that (/nh,)~' = Op(1),

M (0 + hy0,) — My(0) 1~
-2 hz) ( )—>le01), (1.3)

for every sequence of ‘directions’ v, LN v € R?, where 1 o is the efficient information matrix
for estimating 6, evaluated at the ‘true’ parameter o = (6o, 179). Note that as /, — 0 and for
fixed n we obtain minus the second derivative of 8 — M, (0) (if this exists) at § = 6, since
its first derivative at this point vanishes by the definition of 6. The result (1.3) establishes the
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consistency of most discretization schemes for calculating the second derivative matrix. For
instance, with e; the ith unit vector in R?,
M]n(é + hae; + hne/') - Mn(é + hae;) — Mn(é + hnej) + Mn(é) P~
— - 7 — ({o)i,;-

n

We check our conditions for a number of examples, using the theory of empirical
processes. We believe that the approach works also for most of the other examples of semi-
parametric likelihood estimators that have been treated in the literature so far. The proof is
based on ‘sandwiching’ the profile likelihood, using approximately least favourable
submodels. This is a similar device to that employed by Murphy and van der Vaart
(1997) on semi-parametric likelihood ratio statistics.

The definition of a semi-parametric likelihood estimator requires the definition of a
likelihood function for the model. In some models this is just a suitable version of the
density of the observations, as in classical parametric models. In other models we use an
empirical likelihood, which is a density (of the absolutely continuous part) with respect to
counting measure, even though counting measure may not dominate the model.
Combinations of these two extremes, as well as modifications, may be useful as well.
For the theory it is sufficient that the function of the parameter and the observation that is
designated to be ‘the likelihood’ satisfies certain regularity conditions. In the fourth
example, ‘the likelihood’ is actually a penalized likelihood.

The paper is organized as follows. In Section 2 we formulate and prove the main result.
One condition of the main theorem concerns a rate of convergence. In Section 3 we give
two general approaches to establish this type of rate of convergence. In Sections 4—7 we
verify the conditions for four non-trivial examples.

The symbols P, and G, are used for the empirical distribution and the empirical process
of the observations, respectively. Furthermore, we use operator notation for evaluating
expectations. Thus, for every measurable function f and probability measure P,

Py — %2 O IR %Zlcﬂxi) ~ R,

where P, is the true underlying measure of the observations. A distance function on the
nuisance parameter space, H, is denoted by d(7, ').

2. Main result

The maximum likelihood estimator for (6, #) is the parameter (é, 77) that maximizes the log-
likelihood (6, 7) — P, loglik(8, 1) defined in (1.2). The estimator & maximizes the profile
likelihood 6 — M,(6). We shall assume that this has already been shown to be
asymptotically normal, and that

V0, — ) = 1, G,/ o + op(1). @.1)

We refer to 7 o as the ‘efficient score function’, and to 1, as the ‘efficient Fisher information
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matrix’. This is assumed to be the covariance matrix of /O(X ) under P, and to be non-
singular.

For a fixed 0, denote by 7y a random element at which the supremum in the definition of
M, (0) is (nearly) achieved, and set 1y = (0, 7). Then (é, 773) is the maximum likelihood
estimator of (0, ).

Our assumptions all relate to the existence of approximately least favourable p-
dimensional submodels. We assume that, for each y = (6, ), there exists a map, which we
denote by ¢ — n,(y), from a fixed neighbourhood of 6 to the parameter set for 7, such that
the map ¢ — /(¢, y)(x) defined by

/(t, ) (x) = loglik(t, 7 ,(1))(x)

is twice continuously differentiable, for all x. We denote the derivatives by /i (t, Y)(x) and
/(t, Y)(x), respectively. The p-dimensional submodel with parameters (¢, 77,(1)) should pass
through v = (6, ) at t = 0:

ne(0,1m) =, every (0, ). (2.2)

The second important structural requirement that should lead to the construction of this
submodel is that it be least favourable at (6, 7¢) for estimating 6 in the sense that

/(6o, Po)(x) = /. (2.3)

More precisely, we need this equality together with some regularity conditions. Similar
conditions are used by Murphy and van der Vaart (1997) to prove~t111)e validity OPf the
likelihood ratio test. Assume that for any random sequences such that 6 — 6y and vy — o,

G,/ (0, 9) =G,/ + op(1), (2.4)
P,/ (0, 9) > I, 2.5)
Po/ (0, ) = —To(0 — 60) + 0p(]|6 — 6o + n~"/?). (2.6)

Here the assumption Ei 1o implicitly assumes a topology on the set of nuisance parameters
7. In appligait)ions of the following theorem this topology should be chosen such that #; — 19
for every 0 — 0.

Theorem ]g.l. Suppose that (2.1)—(2.2) and (2.4)—(2.6) are satisfied and that fyélr]o for
every 00— 0y Then (1.3) is valid for every random sequence h,— 0 such that

(vVnhy)™' = Op(1).
Proof. For 0 = 0 + h,v,, we have, by (2.2),
M,.(6) — M,.(8) = P, loglik(®, 75) — P, loglik(8, 7;)
= P, loglik(6, 75(15)) — P, log lik(6, 7,(15))

< P, log1ik(8, 75(15)) — P, loglik(0, 7,(15).
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Both the upper and the lower bound are differences P,/(6, ) — P,/ (0, ), with y = 5
and ¥ = v;, respectively. We apply a two-term Taylor expansion to these differences, leaving
Y fixed.

For the lower bound, we expand around 0 and obtain that this is equal to

ha0t P, A0, D) + 1R 0T P,/ (0, ¥y)vn

for 6 a convex combination of 6 and 0. The first term is zero because the map
t — P, loglik(z, t(’/’a)) is maximized at ¢ = 0, since wa = (0 1), whence 1]9(1/)9) 7, by
(2.2). The second term is — h2 (UTIOU,, + op(1)) by assumption (2.5).
For the upper bound, we expand around 6 and obtain that this is equal to
hot P,/ (O, Pg) — Lh20I P,/ (0, Y5)vs,

for 6 a convex combination of 6 and 0. The second term is zhz(UT[0Un+OP(1)) by
assumption (2.5). The first term is equal to

B N —
—= UG,/ (0,95) + hyvy Po/ (B, 1)

\/ﬁ
hn 7 a Y N el _
=7 WIo/n(0 — 60) + 0p(1)) — ha[0}10(0 — 60) + 0p([|0 — 6ol + n~ /)],
by (2.1) and (2.4), and (2.6), respectively. This reduces to —Ah>(v!Iov, + op(1)) by the
assumptions on /. O

Conditions (2.4) and (2.5) are regularity conditions on the least favourable submodel.
They can be verified using the theory of empirical processes. See, for example, Lemma 2.2
below. These conditions can be slightly relaxed. To obtain the best result in one of our
examples, we shall need to relax (2.4)—(2.5) to the conditions that for every 0—>90 and
60— 6y,

G/ (0, ) = Gu/o + 0p(1 + /][0 — 6y). (2.4
P,/ (0, )~ I, (2.5")

The theorem goes through under this latter pair of conditions.

Condition (2.6) is more involved. There are several reasons why it ought to be valid.
First, by its definition, 1)g maximizes the log-likelihood for a fixed value of the parameter
0. It should be close to the maximizer of the Kullback—Leibler information P loglik(y) for
a fixed parameter 6. As shown by Severini and Wong (1992), the latter maximizers should
yield a least favourable submodel 6 +— 19 for the estimation of 6. In other words, the score
function at 6, of the model 6 — lik(3g) should be close to the efficient score function /.
Thus, we may expect

Po/ (0, ) = (Py — P, )/ (B, 9p)

= —Py(0 — 00)" 70/ (0, 3) + 0p(||0 — 6.
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This would yield (2.6), because by our construction / (é, 1])9) approaches /. This is probably
the best intuitive justification of the condition. However, it is hard to make it precise. For
instance, it appears already hard to show that the path 6 — loglik(y)g) would be
differentiable.

The second intuitive justification of (2.6) is as follows. Since /(é, 1]}9) is constructed to
converge to /p, we may expect

Po/ (B, 9g) = (Po — Py, )/ (0, 1p)
=P — Pg)b)/o + 0p((|0 — 65])

= —Pol(0 — 60)" /o + Ao(715 — 10)1/ 0 + 0p(||0 — 6o

)

where /y and A4, are the derivatives of the log-likelihood with respect to 6 and 7,
respectively. Since the efficient score function /o is obtained by subtracting from the score
/o for 6 its projection onto the score space for the parameter # (the range of Ay), the factor
involving Ay (75 — 10) can be cancelled and the inner product of /o and /' yields the matrix
To.

The third approach is the least insightful one, but is the easiest one to implement in
some examples. We start by proving that Po/ (69, ¥3) = 0p(||0 — o] + n~'/?). This requires
special properties of the model and/or a rate of convergence on the nuisance parameter, or,
alternatively, an approach as in the preceding paragraphs. Then we may expect

Po/ (0, 95) = Po(/ (0, yp) — 7 (B0, P3)) + 0p(|0 — 66| + n~"/?)
= Po/ (00, P)(0 — 0p) + 0p(|0 — 60| + n~"/?)

= _]O(é - 00) + Op(”é — 9()“ + }’1_1/2).

Here the last step follows by the usual identity relating the second derivative of the log-
likelihood to the square of the first derivative, and is the population version of (2.5).

We summarize this last method, together with conditions to verify (2.4) and (2.5), in the
following lemma. See, for example, van der Vaart and Wellner (1996) for the definitions
and examples of Glivenko—Cantelli and Donsker classes. The lemma assumes implicitly
that exp Z/(¢, y)(x) is a probability density with respect to some dominating measure, up to
a factor that does not depend on ¢, in order to verify equation (2.8).

Lemma 2.2. Suppose that there exists a neighbourhood V of (6y, o) such that the class of
Sfunctions {/'(t, ¥): (¢, ¥) € V'} is Py-Donsker with square-integrable envelope function, and
such that the class of functions {/ (t, Y): (1, p) € V} is Po-Glivenko—Cantelli and is
bounded in Li(Py). Furthermore, suppose that the functions (t, ) — Z(t, ¥)(x) and
(L, yY) — /tt,~w)(x) are continuous at (0y, o) for Py-almost every X, and suppose that
(6o, Yo) = 7o. Then (2.4) and (2.5) are satisfied. Furthermore, if Yy — Yo, then (2.6) is
equivalent to

Po/ (60, Pp) = op(]|60 — O] + n~"/2). 2.7)
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Proof. Since /(t, Y) — /o as (t, ) — (6y, W¥y), and the functions / (¢, ¥) are dominated by
a square-integrable function, we have by dominated convergence

P70, %) — /P20

Together with the assumption that the functions /(t, 1)) belong to a Donsker class, this yields
(2.4). See, for example, Lemma 3.3.5 in van der Vaart and Wellner (1996).
Similarly, using the Glivenko—Cantelli assumption, we have

Po/ (0, 9) 2 Po/ (60, o),

P,/ (0, )= Po/ (6, o).

Since ¢ — exp /(t, ) is proportional to a smooth one-dimensional submodel, its derivatives
satisfy the usual identity

Po/ (60, o) = —Po/* (60, o) = —I. (2.8)

This completes the proof of (2.5). _ ~
For the proof of (2.6) we have, by Taylor’s theorem, for 6 a point between 6 and 6y,

Po/ (6, ) = Po/ (60, ¥5) + Po/ (6, 1p)(0 — 6y).

The expectation in the second term on the right converges in probability to — 7. O

3. Rates of convergence

The verification of (2.6) or (2.7) may require a rate of convergence of the ‘estimators’ #7;. In
this section we present two theorems that yield such a rate. Both theorems extend general
results on M-estimators to M-estimators with estimated nuisance parameters, and are also of
independent interest.

In our first theorem, consider estimators 7j; such that

PnK@,%’h = 0,
for a collection of measurable functions x — xg,, 4(x) indexed by the parameter (0, 77) and an

arbitrary index & € 77. In examples, these functions often take the form Ag,h or
Agyh — PyyAgyh for a ‘score operator’ Ag,. Define

Wa(0, mh = Puxoy

W0, mh = Poy o ko,9,h-

(The index 2 is superfluous here, but makes the notation consistent with proofs of asymptotic
normality of the maximum likelihood estimators, and our examples.) We assume that the
maps h — W,5(0, n)h and h — W,(0, n)h are uniformly bounded, so that W,; and W, can
be viewed as maps from the parameter set @ X H into /*°(.%). The parameter set H for 7 is
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viewed as a subset of a Banach space L with norm 4. We impose the following regularity
conditions. For some 0 >0,

{konn: |0 — 6ol| <0, d(n, m0) <O, h € H} is Py, ,,-Donsker, 3.1
sup Poypo (K1 — Koppon)* — 0, 0 — 6, 1 — no. (3.2)
e

Theorem 3.1. Suppose that W,: @ X H C R? X L+ /°(H) is Fréchet-differentiable at
(B0, 70) with derivative W,: R? X lin H — /() such that the map W(0, -): lin H

— /() is invertible with an inverse that is contznuous on its range. Furthermore, assume
that (3.1) holds, that W,(0y, n9) = 0, that 0—>90 and that 71— 1n9. Then d(ij, 10) =
052 1116 — 6o)) and when (3.2) also holds,

(0, 71 — 10) = —(Waa — W2)(0o, 10) — Wa(0 — 6o, 0) + 0'5(1|0 — 60| + n~/?).

Proof. By the definition of 7y,
W28, 715) — W2(60, 10) = Wa(B, 15) = W,2(8, 715)

=~ (W2 — Wa)(0o, 10) + 0p(n~ /), (3.3)

by (3.1) and (3.2) — see, for example, Lemma 3.3.5 in van der Vaart and Wellner (1996). By
the differentiability of W,

W0 — 6o, 715, — 10) = Wa(B, 713) — Wa(Bo, 10) + 0'6(1|0 — 60|l + d (715, 10)),

= —(Wa — W2)(0, i15) + 0 (1|0 — 0ol + d(irg, m0)) (3.4

by the first line in (3.3). Since W, is linear, the left-hand side is equal to
W5(0, 71 — o) + W(0 — 6, 0). The first term on the right in (3.4) is of the order
Op(n~'/?) by (3.1). In view of the continuous invertibility of W,, it follows that d(i73, o) is
of the order Op(n~'/2 + || — 6p||), thus verifying the first assertion of the theorem. Reinsert
this on the right-hand side of the preceding display and use the second line of (3.3) to find
the second assertion. o

The preceding theorem is a variation on the theorem used by van der Vaart (1994b;
1994c) and Murphy (1995), among others, to prove the asymptotic normality of the
maximum likelihood estimator (6, 7). Actually, its conditions are implied by the conditions
imposed in these papers, so that, at least in these cases, the estimator 7; behaves well
whenever (49,,, 7,) behaves well and 6 behaves well. Of course, not using the maximum
likelihood estimator for 6 may cause the estimator #; for 7 to be inefficient.

In our second theorem, consider estimators #y contained in a set H, that, for a given 0,
satisfy

Ipnmf),f?e = an@,’?o

for given measurable functions x — mg,(x). This is valid, for example, for 7y equal to the
maximizer of the function  — P,my, over H,, if this set contains 7.
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Assume that the following conditions are satisfied for every 6 € ®,, every n € H, and
every 0>0. The symbols = and < mean greater than, or smaller than, up to a constant
that may depend on the true parameter or the model, but not on any other parameter values.

Po(mo,y — mog,) < —dg(n, o) + 10 — 64|, 3.5)

E* sup |G’n(m9,17 - m@,ﬂg)' < ¢n(6) (36)
0€0,.n€ H,,|0—60|| < 8.dg(n.10) <6

Here dé(n, 770) may be thought of as the square of a distance, but the following theorem is
true for arbitrary functions 7 +— dé(n, 1o). (Contrary to what the notation suggests, this
function may even take negative values. In the latter case, set dy(77, 170) = (dé(n, 7o) V 0)1/2)
In particular, it may be set equal to the infimum over 0 of minus the left-hand side of (3.5),
thus rendering this to be trivially satisfied. Usually dy does not depend on 6 but in this form
the following theorem is flexible enough to apply to penalized minimum contrast estimators,
where the smoothing parameter can be included in 6. See Section 7.

Theorem 3.2. Suppose that (3.6) is valid for functions ¢, such that O — ¢,(0)/0% is
decreasing for some a<<2 and sets ©, X H, such that P(0 € ©,, ij; € H,) — 1. Then
dy(115, 10) < O8O, + 10 — 6oll) for any sequence of positive numbers 0, such that

Pu(0,) < /10> for every n.
Proof. For each n € N, j € Z and M >0 define a set

Snjsr = {(0, 1) € Oy X Hy: 2710, < do(1, 170) < 20, |0 — o]l < 27" do(1, 10)}-
Then the intersection of the events 6 € ©,, #1; € H, and dj(f1, 170) = 21 (5, + [0 — 6o])) is
contained in the union of the events {(9 776) € S,jm} over j = M. By the definition of 7,
the variable supes,,,Pn(mg, — moy,) is non-negative on the event {(6, M) € Snjm}-
Conclude that, for every 6 >0,

P*(dy(irgs n0) = 2M(04 + 110 — o), 6 € ©,, 71 € H,)

<> P sup Py(mo, — moy,) = 0).
=M (OmESjnm

For every j involved in the sum, we have, for every (0, ) € S;,» and every sufficiently
large M,

Po(moy — moy,) = _d(za(ﬁ, 170) + 16 — 6ol

< —(1 - 27M)a%(y, o) = —277252.

Thus, using Markov’s inequality, we see that the series is bounded by
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S OPH( sup  [Gu(mo, — moy,)| = /0270 < Zw
=M (OMESjnm K " ! =M \/553122;‘
<) 2/%72

in view of the definition of d,, and the fact that ¢,(cd) < ¢“¢,(d) for every ¢>1 by the
assumption on ¢,. This expression converges to zero for every M = M, — oc. O

For dy = d not depending on 6 condition (3.5) is implied by the conditions

2

Po(me,ﬂo - m@o,ﬂo) = 7”0 - 00 ) (37)

Po(mo.y — Mg, p,) < —d*(1, 7o) (3-8

The two conditions are the natural requirement that the criterion function (0, 7) — Pymg,,
behaves quadratically (relative to a distance) around the point of maximum (6, 7). There is
more chance that this is true in a neighbourhood of (6, 7¢). Thus, it is useful to note that the
theorem remains true if the conditions (3.6), (3.7) and (3.8) hold only for (6, 77) in this
neighbourhood and every sufficiently small 6, provided that (0, #;) are known to be
consistent. We shall use this observation in our examples without much comment.

Condition (3.5) concerns the modulus of continuity of the empirical process and is more
technical. A simple method to verify this condition is given by the following lemma. Let
s be the set of all functions x — mg,(x) — mg,(x) with dg(y7, 79) <0 and [|6 — 6] <O
and write J(0, .Zs, L,(Py)) for its entropy-with-bracketing integral

d
J(O, My, Lry(Py)) = J V1 +logNp(e, #s, Ly(Py)) de.
0

Lemma 3.3. Suppose that the functions (x, 0, 17) — mg,(x) are uniformly bounded for (6, 1)
ranging over a neighbourhood of (09, o) and that

Po(mayy — moy,)* < g1, m0) + 10 = 6o (3.9)
Then condition (3.6) is satisfied for any functions ¢, such that
J(O, s, La(Po))
02\/n '

Consequently, in the conclusion of Theorem 3.2 we may use J(O, s, Ly(Py)) instead of
Pn(0).

Du(0) = J(O, Mo, LZ(PO))(I + (3.10)

Proof. The first assertion is an immediate consequence of Lemma 3.4.2 in van der Vaart and
Wellner (1996).

For the second assertion, let ¢, be equal to the right-hand side of (3.10), and note that
the equations ¢,(8) < \/nd* and J(O) < \/nd? are equivalent. 0
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4. Cox’s regression model for current status data

In current status data, n subjects are examined each at a random observation time and at this
time it is observed whether the survival time has occurred or not. The survival time, 7, is
assumed independent of the observation time, Y, given the covariate, Z. Suppose that the
hazard function of T given Z = z is given by Cox’s regression model: the hazard at time y is
e(’TZl( y). Then the cumulative hazard at time y of T given Z=z is of the form
e?# [ A(s) ds e??A(y). The unknown parameters are 6, a vector of regression coefficients, in
a known compact subset of R?, and A € A, the set of non-decreasing, cadlag functions from
the positive real line to [0, M], for a known M. We observe n i.i.d. copies of X = (Y, J, Z),
where d = 1 if T < Y and zero otherwise.
The density of X is given by

poa(X) = (1 —exp(—e? ZA(Y))°(exp(—e” ZAY) 2 f 1 4(Y, Z),

where 77 is the joint density of (Y, Z). Since we are interested in inference for (6, A) only,
we take the likelihood lik(6, A, X) equal to this expression, but with the term fY-4(Y, Z)
omitted.

We make the following assumptions. The observation times Y are in an interval [o, 7]
and possess a Lebesgue density which is continuous and positive on [0, t]. The true
parameter 6, is an interior point of the parameter set, and the true parameter A, satisfies
Ao(0—)>0 and Ay(r) <M, and is continuously differentiable on [0, 7]. The covariate
vector Z is bounded and E{cov(Z|Y)} > 0. Finally, we assume that the function %y given by
(4.1) has a version which is differentiable with a bounded derivative on [o, t].

Under these assumptions the maximum likelihood estimator of (6, A) exists, 0 is
asymptotically efficient in the sense of (2.1) and ||A — Aql, = Op(n~'/3). Here ||-|| is the
Ly-norm on [0, t]. See Huang (1996) and Murphy and van der Vaart (1997).

In this model the score function for 6 takes the form

ZoA(x) = zA(NO(x; 0, A),
for the function Q(x; 6, A) given by
e’ FAW)

o(x; 0, A)=e"" 6 —(1-0)|.
Inserting a submodel 7 — A, such that h(y) = —0/0t,¢A(y) exists for every y into the
log-likelihood and differentiating at t = 0 we obtain a score function for A of the form

Aoah(x) = h(y)Q(x; 6, A). .1

For every non-decreasing, non-negative function / the submodel A; = A + th is well defined
if ¢ is positive and yields a (one-sided) derivative 4 at t = 0. Thus (4.1) gives a (one-sided)
score for A at least for all % of this type. The linear span of these functions contains /g%
for all bounded functions / of bounded variation. The efficient score function for 6 is defined
as /o=/9n — Aoaho for the vector of functions #hy minimizing the distance
PoallZon — Agah|?. In view of the similar structure of the scores for 6 and A, this is a
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weighted least-squares problem with weight function Q(x; 6, A). The solution at the true
parameters is given by the vector-valued function

Eg,a,(ZO*(X; 6g, Ao)|Y)
Egyn, (Q*(X; 6, Ao)|Y)

As the formula shows (and as follows from the nature of the minimization problem), the
vector of functions /4y(y) is unique only up to null sets for the distribution of Y. However, it is
an assumption that (under the true parameters) there exists a version of the conditional
expectation that is differentiable with bounded derivative.

Thus we define, for ¢ a vector in R?,

A0, A=A+ (0 — 1) p(A)(ho o Ay' o A)

ho(Y) = Ao(Y)hoo(Y) = Ao(Y)

4.2)

/(t, 0, A) = loglik(z, A,(6, A)).

Here ¢: [0, M]— [0,00) is a fixed function such that ¢(y)=y» on the interval
[Ao(0), Ag(z)], such that the function y — ¢(y)/y 1is Lipschitz and such that
¢(y) < c(y AN (M — y)) for a sufficiently large constant ¢ specified below (and depending
on (6, Ag) only). (By our assumption that [Ag(c), Ag(7)] C (0, M) such a function exists.)
The function A,(6, A) is essentially A plus a perturbation in the least favourable direction,
but its definition is somewhat complicated in order to ensure that A,(6, A) really defines a
cumulative hazard function within our parameter space, at least for ¢ that are sufficiently
close to 6. First, the construction using /gy o Ay S A, rather than A, (taken from Huang
1996) ensures that the perturbation that is added to A is absolutely continuous with respect to
A; otherwise A,(6, A) would not be a non-decreasing function. Second, the function ¢
‘truncates’ the values of the perturbed hazard function to [0, M].

A precise proof that A,(6, A) is a parameter is as follows. Since the function ¢ is
bounded and Lipschitz and, by assumption, /go o Ay ! is bounded and Lipschitz, so is their
product and hence, for u < v and |0 — 1| <&,

AL(B; A)©) — A6, A)u) = (A©) = Aw)(1 = ellphoo o Ag ' [[Lipsenit,)-
For sufficiently small ¢ the right-hand side is non-negative. Next, for |0 — ¢]| <e,
A0, A) < A+ ep(N)] hool| o

This is certainly bounded above by M (on [0, 7]) if ¢(y) < (M — y)/(¢|hoolls) for all
0 < y < M. Finally, A,(6, A) can be seen to be non-negative on [0, T] by the condition that
P(y) < cy.
It is proved below that
[Ag = Aol = 0p(16 = 6]l + n~'/%). 43)

Thus, we shall use the L,-norm on the nuisance parameter set.
Differentiating /(¢, 8, A) with respect to ¢ yields

P(AN))

Z(xt,0,A) = ST A6, M)

hoo © Ay o A [ A0, M)()Ox; 1, AlB, N)).
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For (t, 6, A) = (69, 6y, Ay) this reduces to /0 0, since Ag(t)<M by assumption, thus
verifying equation (2.3). Murphy and van der Vaart (1997) verify the conditions of Lemma
2.2 when 0 is a scalar; the verification for a vector 6 is similar.

All that remains for the application of Theorem 2.1 is a verification of equation (2.7).
Abbreviating /\ (-; 6y, 69, A) to 7 (A), we have

Po/ (80, 00, Ag) = (Po = Py 3 )/ (No) + (Po = Py s N/ (Ag) =/ (Ao). (44)

Since /(Ag) is the efficient score function for @ and hence is orthogonal to every A-score,
the first term on the right can be rewritten as

Po/ (No)(po = P, 4,)/ Po = 7 (B0, Ao)(Ag = Ap)l. (4.5)

Here the term in square brackets is exactly the linear approximation in Ay — Aé of the first.
Taking the Taylor expansion one term further shows that the term in square brackets is
bounded by a multiple of (Ao — 9)2 and hence (4.5) is bounded by a multiple of
Py(Ao — 9) which is negligible to the right order by (4.3). The second term in (4.4) can be
bounded similarly, since both A — pg A and A — 7 (6o, Oy, A) are umformly Lipschitz
functions. This verifies (2.7) with a op(n~2/3) remainder term, but with (65, Aj) in place
of 5 = (B, Ay). The difference of these two expressions can be seen to be op([|6 — 6||), and
(2.7) follows. (Note that P08/80/ (6y, 0, ny) evaluated at @ = 6y vanishes, by the usual
manipulations with (efficient) score functions.)

Finally, we prove (4.3). Since Ay maximizes the log-likelihood for fixed 6, and since
x — logx is concave,

0<P,log Podo _ P, <10g Podo _ log pH’A(’)
Po,Ay Pbo.Ao P6o.Ao

Po A, T Poo.A
0.Ag M log Po.A, .

< 2P, log >
P6y,A Poy.Ao

With this in mind, we may apply Theorem 3.2 with 7 = A and

log 20N it A=A,
Poy.A
oA = Po.A + Doy.A
2log ———" otherwise.
2 poy.n

This choice of mg s has the advantage over the more obvious choice log(po.a/po.a,) that the
functions mg are uniformly bounded, thus permitting the application of Lemma 3.3. (Note
that, by our assumptions, lik(8, A¢)(x) is bounded away from 0 and oo, uniformly in x and 6.)

Equation (3.8) holds for 6 in a neighbourhood of 6 and every A, with d equal to the
Ly-norm, by Lemma 8.5 of Murphy and van der Vaart (1997) and the well-known relation
Plog(q/p) < —h*(p, q), relating Kullback—Leibler divergence and squared Hellinger
distance — see, for example, the proof of Lemma 5.35 in van der Vaart (1998). A Taylor
series argument in 6 suffices to verify equation (3.7). To verify (3.6) we use Lemma 3.3.
Arguments as the proof of Lemma 3.1 of Huang (1996) and Lemma 8.4 of Murphy and van
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der Vaart (1997) show that J(8) < 6'/2. A Taylor series argument can be used to verify
(3.9). Thus, Theorem 3.2 shows that (4.3) is satisfied.

5. Proportional odds model for right-censored data

In the proportional odds model, the survival function is parameterized such that the ratios of
the odds of survival for subjects with different covariates are constant with time: the
conditional survival function Sz(u) of the event time, 7, given the covariates Z, satisfies

—logit(Sz(u)) = logn(u) + 276,

where logit(x) = log(x/(1 — x)). The unknown parameters are 6, a vector of regression
coefficients ranging over a known compact subset of R”, and #, a non-decreasing, cadlag
function from the positive real line to the positive real line, with 7(0) = 0. We observe 7 i.i.d.
copies of X = (Y, 9, Z), where Y = T A C is the minimum of 7 and a censoring time C
which, given a vector of covariates Z, are independent. The censoring indicator 0 is 1 if
T =< C and 0 otherwise.

For dn a density of # with respect to some dominating measure, the density of X is

0 1-0
B e ? (1 — Fe(y — |2) e 7!
Poy(x) = <(n(y) g oy +e_ZT0)dn<y>> (—n(y) +e_ﬂ,fc(ﬂz)) f2(2),

where F7 is the marginal distribution of Z, F is the conditional distribution of C given Z,
and lower-case letters denote the respective densities. This density is not suitable for use as a
likelihood. Instead, we use the empirical likelihood, which is obtained by replacing the
densities fz, dn and f by the point probabilities Fc{Y}, n{Y} and F;{Y}. Since we are
interested in inference about (6, 77) only, we drop the terms involving F¢ and F, and define
the likelihood to be

o 1-6
) _ eszﬂn{y} eszO
(@, ) = ((n(y) e T ) + ef@)) (n(y) T ez”’) '

Murphy et al. (1997) show that the maximum likelihood estimator of (0, 77) exists, is
consistent and is asymptotically normal and efficient under the following assumptions. First,
for a finite number 7, both P(C = 1) = P(C = 1) >0 and P(T > 1) > 0. Thus, the study ends
at a time 7 such that, on average, a positive fraction of individuals is still at risk. Second,
P(T < C|Z)>0 almost surely; so, for any possible covariate pattern, the chance of
observing a true event is positive. Finally, it is assumed that the support of Z is bounded,
that the true regression coefficient, 0y, belongs to the interior of the parameter space and
that the covariance matrix of Z is positive definite.

The maximum likelihood estimator of #, 7, is a non-decreasing step function with
support points at the observed event time. Consistency of 7 is relative to the supremum

norm ||7le = sup epo.n/n(»)|.
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In order to define an approximately least favourable submodel, we calculate the score
functions for € and 5. The score function for 0 is given by

—ZT0 —ZTo

e oe
lon(x)=—z[1-— — .
o() ( ny)+e 0 ny—)+ CZT6>

The score operator for # in the direction of 4 (an arbitrary bounded function) is

¥ y-
J hdny 6J hdn
0 0

n(y)+e 0 p(y—)+e 0’

This score operator is a linear operator from L(77) to Ly(Py,). Let Ag‘,ﬂ denote its adjoint.
After some calculation we obtain

Ab.yh(x) = 0h(y) —

A;,nAﬁ,qh(u) = h(u)Pﬁ,q|: I{y = M} T 6I{y> M} :|

n(y)+e=0  ply—)+e=?
y y—
I{y?u}J hdn 6I{y>u}J hdn
0 0
W) te 707 T () e )

£, Hy=u} OH{y>u} _.Tp
Ao 00 = Pou K(ﬁ(y) e 0 ) 1 ezT")2> © Z} '

(These equations are most easily established in this form by differentiating the two identities
Po/ g, =0 and PyAg, 7 = 0 with respect to 17 under the expectation Py, or by calculating
the variance of the score function as in Murphy ef al. 1997.) The first equation gives the
information operator for the nuisance parameter  when 6 is known. This is shown to be
continuously invertible on the space of functions of bounded variation on [0, 7] in Lemma 4.3
of Murphy et al. (1997). Thus, we can define

_ * —1 %
ho = (A90,770A60"/0) Ago»ﬂo/eﬂ"lﬂ’

— Poy

b}

dn (6, ) = (1 + (0 — 1) ho)dn,
/(t, 0, n) = loglik(¢, ,(60, n)).

Then (2.3) holds, with the efficient score function for estimation of 6 given by

Z0(x) = 7 g,y (x) = Agy g o ().

See equation (4.12) of Murphy et al. (1997) for a verification of (2.1) with the above /o and
I, the variance of /0 0-

B 1I)Jet 7o be the maximi%er of the log-likelihood for a fixed 6. We must verify that if
6 — 6o, then [j17; — 170]lc — 0. To do this, restrict attention to a subsequence of n for which
the convergence of 6 is almost sure. Then a similar proof to the proof of Theorem 2.2 in
Murphy et al. (1997) can be employed. Replace 7, 6 and 6 in their equations by 7, 6 and
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0, respectively. This proof implies that ||, — 7]~ converges almost surely to zero along
the subsequence. Since for any sequence of n such a subsequence can be found, we have
convergence in probability.

Next, we employ Lemma 2.2 to verify (2.4) and (2.5). The function /s given by

: h
76, 0, M) = 7 10 (¥) = Ary 0. (1 @ _0();))T ho(y)) ().

The set of all functions of the type x — /(z, 0, 5)(x) and x — /(¢, 6, )(x), with ¢ and 6
varying in a compact set in R? and # varying in the set of non-negative non-decreasing
functions with 7(t) < 2#,(7), is Donsker and uniformly bounded. This can be seen by noting
that the above functions can be written as a Lipschitz function of members of uniformly
bounded Donsker classes and next employing Theorem 2.20.6 in van der Vaart and Wellner
(1996). Note that foy hd(n (6, 1) — 1) is uniformly bounded by a constant times the product
of the variation of A and |56, 7) — 7ollc. As a result, the maps (1, 6, n) — (¢, 6, 7)(x)
and (¢, 0, n) — Z(t, 6, n)(x) are continuous at (8, Oy, o) relative to the uniform topology
on 7. Thus, an application of Lemma 2.2 serves to verify (2.4) and (2.5).

To verify (2.6) in Theorem 2.1, we first derive a rate of convergence for the profile
estimators #y via Theorem 3.1. Define .77 to be the set of all functions 4: [0, 7] — [0, 1]
that are of variation bounded by 1. Define

Wnl(ey 7]) = Pn/ﬂ,n;
W (0, 77)h = P,,Ag,nh, he 7.
Then W,(0, ) € R? X /(7). Since #y maximizes the likelihood for fixed 6, we have that
Wwa(0, 79) = 0.
The expectation of W, is given by
W0, n) = Po/ 0.
Wz(@, ﬂ)h = P()Ag’n/’l.
It is implicit in the proof Theorem 2.2 of Murphy et al (1997) that the map

W:RP Xlin H — RP X /(%) is differentiable at (6o, 170) with continuously invertible
derivative W given by

Wi W12>(9—90)
0— 06y, n— — K . ,
( - 11 = 10) (WZI Wi n— "o

where
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W1(0 = 60) = —Po/ 0y ., (0 — 60,

Wia(y — o) = —JA;;,%/M dey - m0),

WZI(G - (90)11 = _PO(AQ()J?() h)/go,m,(e - 00))

W — mo)h = —JAzmAam hd(y — o).

Consequently, the #5(0, 7 — 1) in Theorem 3.1 is given by W (17 — 1), and [[7; — 70|~ is
of the order [|6 — || + n~ /%
The left-hand side of (2.6) is equal to

Py/(0, 0, 113) = W1(0, 713) — W0, 13)ho

= W11(0 — 6y) + Wiaipg — 170) — W21 (0 — 60) — War(i1y — Mo)ho

+ 0p([|0 — 60|l + 1775 — 10/l o),

= —10(6 — 6p) + 0p(0 — 60|l + Ili75 — 70]l0)»
by the definitions of W and hg. This verifies (2.6).

6. Logistic regression with a missing covariate

The following model is considered by Roeder et al. (1996), who use the profile likelihood to
set a confidence interval in a study of the effect of cholesterol on heart disease. The model is
expressed in terms of a basic random vector (D, W, Z), whose distribution is described in the
following way (our parametrization is slightly different from that of Roeder ef al): D is a
logistic regression on exp Z with intercept y and slope . W is a linear regression on Z with
intercept ay and slope «;, and an N(0, 62) error. Given Z, the variables D and W are
independent. Z has a completely unspecified distribution #. The unknown parameters are
0 = (B, ay, ai, y, 0) ranging over © C R* X (0, oo) and the distribution n of the regression
variable with support contained in a known, compact interval Z C R. The likelihood for the
vector (D, W, Z) takes the form py(d, w|z)dn(z), with ¢ denoting the standard normal
density,

d _ 1 T exp(—y =) 'L (w—ag—aiz
po(d, wlz) = (1 Fexp(—y — ﬁez)) (1 +exp(—y — ﬁez)> E(p (f)

and dx denoting the density of # with respect to a dominating measure.

Roeder et al. (1996) and Murphy and van der Vaart (1996) consider both a prospective
and retrospective (or case—control) model. In the prospective model we observe two
independent random samples of sizes nc and ng from the distributions of (D, W, Z) and
(D, W), respectively. (The indexes C and R are for ‘complete’ and ‘reduced’, respectively.)
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In the terminology of Roeder ef al. (1996), the covariate Z in a full observation (D, W, Z)
is a ‘golden standard’, but, in view of the costs of measurement, for a selection of
observations only the ‘surrogate covariate’ W is available. In their example W is the natural
logarithm of total cholesterol, Z is the natural logarithm of LDL cholesterol, and we are
interested in heart disease D = 1.

We shall consider the situation that the number of complete and reduced observations are
of comparable magnitude. More precisely, the proof applies to the situation that the fraction
nc/nr is bounded away from 0 and co. For simplicity of notation, we shall henceforth
assume that nc = ng. Then the observations can be paired and the observations in the
prospective model can be summarized as n i.i.d. copies of X = (Y¢, Zc, Yr) from the
density

x = (yc, zc, JR) — Pe(J’c|ZC)d77(ZC)JP6(J’R|Z)d77(2) =: po(yclzc)dn(zc) po(yr 1)

Here we denote the complete sample components by Yc = (D¢, W¢) and Z¢ and the reduced
sample components by Yr = (Dgr, Wg). In the complete sample part of the likelihood we use
an empirical likelihood with #{z}, the measure of the point {z},

lik(8, 1)(x) = p@()’c|ZC)77{ZC}JPH(J’R|Z)d77(Z)-

We shall concentrate on the regression coefficient, 3, considering both the remaining
coordinates of 6 and # as nuisance parameters. (Thus, the parameter 6 in the general results
should be replaced by f throughout this section.) Note that the assumption of a known
support means that in the maximum likelihood estimation, # is constrained to have support
contained in £ . Assuming that Fj is non-degenerate, Murphy and van der Vaart (1996)
show that the maximum likelihood estimator (6, 77) is asymptotically normal. Consistency of
17 is relative to the weak topology. Here we shall verify that the conditions of Theorem 2.1
are satisfied, so that the asymptotic variance of the sequence \/n( — 5) can be consistently
estimated by minus the inverse of the curvature of the profile likelihood function. Since
only the prospective model falls under the i.i.d. set-up of this paper, we shall concentrate on
this model. However, since the profile likelihoods of the prospective and retrospective
models are algebraically identical, the result can be extended to the retrospective model, as
is shown for the maximum likelihood estimator in Murphy and van der Vaart (1996).

We start by introducing a least favourable submodel. The score function for 0, /¢, is
the sum of the score functions for 6 for the conditional density pg(yc|zc) and the mixture

density pg(yr|n), given by

J/o<yk|z>pe(mz>dn(z)

: 0 ;
Zo(yclzc) = 96 log po(yczc), 7o) = po(r|M)

Furthermore, the score operator for # in the direction % (a bounded function satisfying
[hdy = 0) is
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Jh(Z)po(yRIZ)dn(Z)

po(yr|1m)

The operator By,: Ly(17) — Ly(pe(-|n)) is the score operator for the mixture part of the
model. A version of the Hilbert space adjoint B:;)n of this operator is given by

Ao yh(x) = h(zc) + Boyh(yr) = h(zc) +

B}, g(2) = Jg(yk)pe(yRIZ)dﬂ(yR)-

The efficient information matrix for & when # is unknown is given by

7 ; /T ; A
Iy = PO/HO,WEO,% + PO/QO/GO PO(A90 770([ + Bﬁo r/oBao 770) Bf)o r/0/90 770)/60 Mo

As in the proportional odds model, the least favourable direction, A4, for the estimation of
0 in the presence of the unknown z is given by (AB0 o A6m0)” 1A90 no? 6omes however,
it is easily shown that Ago o G0 = B@0 ”0/ 0o, aNd Aeo noden =1+ Beo 1o Béo.o- The latter
is the information operator for 7 when 0 is known; in Section 8 of Murphy and van der Vaart
(1996) it is shown that this operator is continuously invertible on the space of Lipschitz
continuous functions. Additionally partition 6 into 6 = (8, 6,), where 0, = (ag, a1, ¥, 02),
and partition 1, for 0 into four submatrices accordingly. Then,

ai =1, —Ip1a(lo22) ™),
ho = (I + Bgo,noBao,Wu)71B;O,no/(?o,no’
dn (6, 1) = (1 + (B — Dag(ho — 1ho))dy,

0,6, 1) = 0+ (1 — P)ao,

where nh = [hdy and nohy = 0. In their Section 5, Murphy and van der Vaart (1996) show
that the function 4y is bounded. Thus n,(6, 1) has a positive density with respect to # for
every sufficiently small |5 — #| and hence defines an element of the parameter set for 7. Now
we use the least favourable path

t = (040, M2, 146, 1)

in the parameter space for the nuisance parameter (6, 7). This leads to
/(t, 8, n) = loglik(0,(0, ), (6, n7)). This submodel is least favourable at (6, 77¢) in that

(2.3) is satisfied in the form
9 /(t, 00, 10) = ay/
at|l’:ﬁ0/ > 0’7]0 - 0/07

where

/O(X) = /790()/C‘ZC) + /90,770())1{) - A@o,’?ohO(yR)'

The function / is the efficient influence function for the parameter 6 in the presence of the
nuisance parameter 7, while the function ao/ o is the efficient score function for § in the
presence of the nuisance parameter (6,, 77), both evaluated at (6, 779). See Section 7 of
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Murphy and van der Vaart (1996). For the present purpose, the relevant information is that
(2.1) is satisfied for the maximum likelihood estimator ﬁ substituted for 6, / equal to ag T/
and [() equal to aol()a() = 1011 — ]() 12]022[021

Let (92 B> 11p) be the profile likelihood estimator for (6, 7) when 8 is given so that
0/; = (0, 92 B)- Tl}l)e profile likelihood estimator (9 17 ) can be shown to be consistent
for (6y, 19) as B — By, by the same proof as used for the full maximum likelihood estimator
in Murphy and van der Vaart (1996). (Replace 3, by ﬁ ﬁ by ﬁ and (6>, 77) by (62 P 7]/;)) It
now suffices to verify the conditions of Lemma 2.2. By direct calculation, and with the
abbreviations 0; = 6,(0, ) and 5, = 75,0, n),

: ho —1m.h
A1, 0.1) = ag/o,(yc|z0) + g/ ., (%) — %“Wc+w—hﬂ%immy”)

The class of functions / (7, 6, #), with ¢ varying in a neighbourhood of 8 and (6, #) varying
in a neighbourhood of (6y, 770), is shown to be Donsker in Section 4 of Murphy and van der
Vaart (1996). That the class of second derivatives, x — Z(¢, 8, n7)(x), is Glivenko—Cantelli
follows by similar, but simpler, arguments.

To verify condition (2.6), we apply Theorem 3.1 to study the profile estimators 7g. Let
F be the set of measurable functions h: £ — [0, 1] that are uniformly Lipschitz. Let
W, = (W, W) be the element of R® X /**(7) given by

Wi (0, 1) = P/ o(yclzc) + 040,
Wui(0, mh = PyAgh(x, z) — PoyAgyh.
The maximum likelihood estimators (@, 77) are zeros of the maps W,
W, ) = 0.
Similarly the profile maximum likelihood estimator, (éﬁ, 71p), satisfies

W1 2(0p, 1) = 0, W (s, 1) = 0.

We shall identify each probability measure # on Z with an element of /°°(7) through
nh = [hdy. Then W, can be viewed as a map from the space R X /(. 7) into itself with
domain the product of ® and the set of probability measures in /°°(%) under the given
identification. The expectation of W, under the true distribution, Py = Py, ,, is the element
W = (W, W,) of R> X /®() given by

Wi(0, 1) = Po(/ o(vc|zc) + 7 9,(0R)),

(6.1)
W2(0, ﬂ)h = P()Ag,nh — Pg,nAg’ﬂh.

With this choice of centring function, we have W (6, 179) = 0.

Conditions (3.1) and (3.2) are verified in Section 4 of Murphy and van der Vaart (1996).
Furthermore, by Lemma 5.1 in the same paper, the map W is differentiable at (6y, 779), with
continuously invertible derivative
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Wll W 12 0 — 90)
60— 6y, n— — . . s 6.2
( 0, 71— 710) (Wzl sz)(n—ﬂo (62)

where
W11(0 = 60) = —(Po g /ipys + Po 607 J(O — 6p),
Wis(y — o) = —jB;;,m/em a0 — o),

W1 (6 — Oo)h = — Py Ag,n, /g, (6 — 6o),

2t = 0 = = [+ By B dr = o),
The above, combined with consistency of the profile maximum likelihood estimator, implies

that ||éﬁ — 6| + ”’7/3 — 10|l is of the order |8 — Bo| + n~/% by Theorem 3.1.
The left-hand side of (2.6) is equal to

Po/ (B, 8. 71) = ag(W1(B, i) — W6 75)ho)
= ay(W1(65 — 60, 71 — 10) — W28 — 60, 715 — 110)ho)
+ 0”(”9[? = 0ol + 73 — n0ll5),

= —ay1o(6 — 60) + 0p(1l6; — 6ol + Iz — moll)

= —(Toa1 — Toa2IghyToa)B = Po) + 0r(1l65 — 60|l + it — m0ll 7).

by the definitions of W, ho and ao. This verifies (2.6), because 70,11 — 70,1276}270,21 is the
efficient information for estimating 8 in the presence of the nuisance parameter (6,, 7).

7. Semi-parametric penalized logistic regression

In this model the observations are 7 i.i.d. copies of X = (Y, W, Z) for a 0—1 variable Y such
that
P(Y =1|W, Z) = F(OW + n(2)),

where F(u) =e"/(1 +¢") is the logistic distribution. Both W and Z are assumed to have
bounded support, which we take to be a subset of [0, 1]>. The unknown parameters are the
scalar 0, and 5, a function in the Sobolev class of functions on [0, 1] whose (k£ — 1)th
derivative exists and is absolutely continuous with J(1) < oo, where

1
P = J (M) dz.
0
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Here, k = 1 is a fixed integer and ' is the jth derivative of # with respect to z. Mammen
and van de Geer (1997) study the estimators for 6 and # obtained by maximizing the
penalized log-likelihood, given by

Py log po,, — 272 (n),
where 1 is a ‘smoothing parameter’ and
Poy(x) = F(Ow + ()" (1 = F(Ow + n(2)' " f "4 (w, 2).

The smoothing parameter may depend on the data and hence can, for instance, be chosen by
cross-validation. The estimator 7 of 7 is a weighted sum of a finite number of basis functions
determined by {Zj, ..., Z,} (O’Sullivan et al. 1986).

For the purpose of (first-order efficient) inference concerning 6, there is considerable
freedom in the choice of the smoothing parameter. Following Mammen and van de Geer
(1997), we assume that

22 =op(n?) and A7 = Op(n*/CFD), (7.1)

To ensure the identifiability of the parameters we assume that Eq var(W|Z) is positive, and
that the support of Z (the smallest closed set with mass 1) contains at least k distinct points
in [0, 1]. Finally, we assume that the function Ay given by (7.2) has a version with
J(ho) < oo.

Under the above assumptions, the arguments of Mammen and van de Geer (1997) can
be refined to prove that | —noll, = Op(A), where ||al, = Ega®(Z), and that 6 is
asymptotically efficient in the sense of (2.1).

Our purpose is to show that the second derivative of the profile penalized log-likelihood
yields a consistent estimator of minus the inverse of the asymptotic variance of 6. To do
this, we follow the general scheme of the paper, with the log-likelihood equal to the
penalized log-likelihood

log lik(6, 17)(x) = log pg,(x) — A2J(1).

Assumption (7.1) ensures that even though this function depends on n and possibly on the
observations through A, the arguments are unaffected, in the sense that Theorem 2.1 and its
proof go through with minor notational adaptations.

The score function for 6 takes the form

Zoq(X) = (v = F(Ow + 5(2)w.

As in the previous examples, for 4 a function with J(%) < oo, we may differentiate the log-
likelihood (the true one, with A = 0) along the submodel %, =5 + th at ¢t = 0 to obtain a
score function for 7, given by

Agyh(x) = (y — F(Ow + n(2)))h(2).
The efficient score function is given by
70 = Lo0 — Aoy ho = (v — F(Bow + 10(2)))(w — ho(2)).

Here hy minimizes the distance Py(/g,,, — Ao,y h0)*, and is given by
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Eo[Wf (6o W + 10(2))| Z = ]

EoLf (B)W +no(2)Z = 2]

(Note that F(1 — F) = f, the derivative of F) Thus, we define as least favourable submodel
10, 1) =1+ (6 — Dho,

/(t, 0, n) = loglik(z, 5(6, n)).

Differentiation of /(¢, 6y, 170) with respect to ¢ and evaluation at ¢ = 6 and A=0 yields the
efficient score function /.

Let 779 be the maximizer of the penalized log-likelihood for a fixed 6 and the same
stochastic smoothing parameter A as the one used to arrive at the estimator (0 7). Recall
that 1y = (0, 7jp). In Lemmas 7.1-7.4 we prove that

AJ (1) + ity — ol A 1lla = Op(Z + (|6 — 6. (7.3)

We shall verli)fy (2.4)—(2.5") and (2.6), where we take Eiwo to mean 5100, and
177 — 10| A 1], — 0. We have

(1, )) = (v = F(tw+1(2) + (6 — Dho(2))(w — ho(2))

ho(2) = (7.2)

1
4 212] 07+ (0 — Dh) P ()P () dz,
0

At ) = —f(tw+ () + (0 — ho(@)w — ho(2))* — 227 (hy).

The penalty terms do not play a role in the verification of (2.4")—(2.5") and (2.6), since
A? = op(n~'/?) by assumption and

22J(i15) = Op(A2 + 116 — 6o)).

Therefore, without loss of generality we may set 2 =0 for this part of the argument. If
(6, ) — (6o, Yo), then, in view of the continuity of F and f, /\ (0, ) converges a.e. to /0
and / (9 ¥ )(x) converges a.e. to —f(Bpw + 170(2))(w — ho(2))?, at least along subsequences.
By the dominated convergence theorem, —Py/ (6, y) converges to the efficient information

Iy = Pof(Bow + no(2))(w — ho(2))".

Thus, for (2.4)—(2.5) it certainly suffices to show that the classes of functions /(t, ) and
/(t, ), respectively, with (¢, 1) ranging over a neighbourhood of (6y, 1), are Py-Donsker
and Py-Glivenko—Cantelli with square-integrable and integrable envelope functions,
respectively. If /4, in (1.3) is chosen such that 4, = Op(4), we have that J(73) = Op(1) by
(7.3). Since it suffices to prove (2.4)—(2.5) for y of the form vy = (6, 715) with
|6 — 6y| < 1|0+ h, — 0|, we may then assume a priori that J /(77) = Op(1). Under the
condition that J(#) is uniformly bounded, the classes of functions /i (t, ¥) and / ( t, ) can be
seen to be Donsker and Glivenko—Cantelli by entropy calculations as in Lemma 7.2, and the
uniform entropy central limit theorem and uniform entropy Glivenko—Cantelli theorem,
respectively — see, for example, Theorems 2.5.2 and 2.4.3 in van der Vaart and Wellner
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(1996). Without the condition that 4, = OP(;I), we must refine the argument and can verify
(2.4")—(2.5") rather than (2.4)—(2.5). This is done in Lemma 7.5 below.

In order to verify (2.6) we follow the second intuitive justification given in Section 2. We
may still assume that 1 =0. By the formula for /, with gy(w, z) = Ow + 75(z) and
go(w, z) = Bow + 170(2),

Po/ (0, Pp) = Po(y — F(&;))(w — ho(2))
= Py(F(go) — F(&)(w — ho(2)).

By Taylor’s formula,

|F(g) — F(go) — f(go)(g — g0)| < f'llclg — gol*

The function f(go) "' (F(g0) — F(g) — f(g0)(0 — Oy)w) is uniformly bounded. Consequently,
for a sufficiently large constant M,

|F(g) — F(g0) — /(g0)(0 — Oo)w — f(g0)17 — mol| < Ilf "l (0 — 60> + 17 — mo[*), (7.4)

where [17] is 1 truncated to the interval [—M, M]. Since the left-hand side is bounded, the
right-hand side can be truncated at a sufficiently large constant and inequality (7.4) will still
hold. Since Pyf(go)a(z)(w — ho(z)) is zero for every a,

Po/ (0, ¥5) = — Po(F(g) — F(g0) — (200 — O0)w + [itg — nolas])(w — ho(2))

— (0 — 00) Pof (go)w(w — ho(2)).

The first term on the right is bounded by a multiple of |6 — 6| + Po[(715 — 170)* A 1]. This is
negligible to the desired order by (7.3). The second term is equal to —(6 — 6)I.

We finish this section with a careful proof of the rate of convergence (7.3). For a
function g of (y, w, z) let ||g|l. denote the square of Pyg?(Y, W, Z). This norm does not
depend on the parameters (6, #) and can be taken as fixed in the following.

Lemma 7.1. Let (7.1) hold and assume that Pyvar(W|Z) is~positivel'). Furthermore, suppose
that the support of Z contains at least k distinct points. If |6 — 6y| — 0, then

a5, = Povnsllz + 2T (1) = Op(Z + 6 = Oo)).

This implies (7.3).~Ift~9~— 6y = Op(j.), then this also implies that J(ij3) = Op(1), and next that
175 — 10l = Op(Z. 4 |6 — 6o]).

Proof. We apply Theorem 3.2, where we let the 60 of this theorem include the smoothing
parameter A, and where

Doy + Po

L ELO 20 p) — P
Poo

me ., = log

Within this context we write 7y rather than #y. By the concavity of the logarithmic function
and the definition of 7,
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D6,

Pumo iz, = 3Palog =% —122(J* (g ,) — J*(10)) = 0 = Pumg .,

0,170
In view of (7.1), we may restrict (6, A) a priori to the set ®, = {|0 — 6y| <&, A = A} for a
small £ >0 and for A a sufficiently large multiple of n~ /%D Suppose that it can be shown
that |75l = Op(J(i5;) +1). Then we may also restrict 7 to the set H,=
{7: |nllss =< CJ(3) + C} for a large constant C. (Strictly speaking, we must let ik/(““)
and C tend to infinity, but there is no loss of generality in giving the proof for a fixed but
arbitrary large constant only.)

The function pg, ,,(x)/f"*?(w, z) is bounded away from zero and infinity uniformly in x.
Therefore, by continuity pg,,(x)/f", Z(w, z) is bounded away from zero and infinity,
uniformly in x and 6 varying over a neighbourhood of 6y. This implies that mgg,(x) is
uniformly bounded in 6, » and x. Since G,mg,, = G,mgy,, this shows that Lemma 3.3
can be applied to verify (3.6).

By the well-known inequality relating Kullback—Leibler divergence and Hellinger
distance (see, for example, the proof of Lemma 5.35 in van der Vaart 1998),

Po(me sy — majy,) = Po(may — meyay,) — Po(mey, — Mayin,)

< = (Poys Poyny) — A7) + 116 — 6|° + 22

2
< —lpoyy — Povll; = 2277 (1) + 10 — Op* + A2,

since pg, 5,/ f "% is bounded away from zero. This suggests the choice of

2
d,00, 10) = | Po.y — Povnollz + 4277 ()

and the Euclidean norm for (6, A). Since the derivative of the function p — log(p + po) is
bounded, uniformly in py that are bounded away from zero,
2
Po(mogy — may0n0)° =< | Posy — Pawarollz + 10 — O
If (0,4) € ©, and dg (17, 7o) <9, then ||pay — pa,ylla <O and J(7)<0/A, and hence
7]« = 6/4 by our working assumption that # € H,. By a result of Birman and Solomjak
(1967),

i\
log Ve, 1 ) = M. e = 011, oy = (2)
The class of functions w — w@ for 6 varying over a compact has polynomial bracketing
numbers. Since the transformation (60, 17) — mgy, is Lipschitz and essentially monotone, it
follows that

Lo/ "
IOgN[](é‘, {me,o,ﬂ: (09 j‘) € G)na ne Hna dﬂ,ﬂ.(’]a 770) = 6}5 LZ(PO)) < < .

Thus, by Lemma 3.3 condition (3.6) is satisfied with ¢, and J = J,, related as in Lemma 3.3
and
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5 1/2k
J,,((3)$<1+;L) Ol 1/2k,

By Theorem 3.2 we obtain that
dj 3552 M0) = Op(A + |0 — O] + (nd)/ ")/ + 0Dy = Op(A + 16 — o).

This is the first assertion of the lemma. The other assertions follow by Lemma 7.4.

To show that [77;;[lc = Op(J(ip5;) + 1) we apply Theorem 3.2 in a crude manner, with a
different maximal inequality. We still assume that (0, 1) € ©,, but drop the assumption that
n € H,. By Lemma 7.2, and a maximal inequality due to Kim and Pollard (1990) (see
Theorem 2.14.1 of van der Vaart and Wellner 1996), condition (3.6) is satisfied for

5 1/2k
Jn(5)<(1+/1—> .

In view of Theorem 3.2, this means that dé,i(%,i’ 70) = Op(0,) for any &, | 0 such

that 0, = (n¥2,)""/@*=D_ In particular, d;;(#;;, 70) 0. The result then follows from
Lemma 7.3(i). o

Lemma 7.2.
L+ M 1/k
Sgp log N(Sa {P@,r/: 0 c Ra J(’?) = M}a LZ(Q)) S <T) .

Proof. The functions pg, are transformations of the functions F(Ow + 7(z)) (and the 0-1
variable y). It suffices to give the same bound for the entropy of the latter collection of
functions.

For every n with J(5) <oo, there exists a polynomial 7 of degree at most k£ — 1 such
that || — 7]l < J(7). (By the Cauchy—Schwarz inequality |7*~D(z) —5%=D(0)| < J(7)
for every z. Next integrate this £ — 1 times.) For a fixed function 7, let .77, be the set of all
functions F(Ow + p(z) + n(z)) with 0 ranging over R and p ranging over the set of all
polynomials of degree at most k — 1. Then our set of functions is the union of all .7, with
7 ranging over the set H of all functions with J(57) < M and |5]l. < M.

By Birman and Solomjak (1967) the ||-||..-entropy of the class H is of the order (1/e)'/%.

Each class .7, is Vapnik—Chervonenkis of index at most k + 3 and uniformly bounded.
(See, for example, Lemmas 2.6.15 and 2.6.18(viii) of van der Vaart and Wellner 1996.)
Thus its covering numbers are polynomial.

We can construct a net over Uy, by first choosing an e-net over the set H, and next,
for every 7 in the net, choosing an e-net over .7 ,. The total number of functions will be
bounded as in the lemma, and will constitute an &'-net over the functions of interest, for &’
a fixed multiple of e. O

Lemma 7.3. (i) For every sufficiently small 6 >0 there exists a constant C depending only on
Py such that |n|e < C(J(17) + 1) whenever |0 — 6y| <06 and || po,; — Pooy, 2 < O-
(ii) For any n we have |l < J(n) + Il
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Proof. (1) By assumption there exist disjoint intervals [a;, b;] such that Fz(b;) — Fz(a;)>0
for each i =1, ..., k. If || poy — Poosyoll2 <O, then, for every 0<a<b<1,

b
J J(F(Hw +1(2)) — F(Bow + 110(2)))* Fyy| 2(dw|2) F2(dz) < 6°.

a

Therefore, there exist z; € (a;, b;] for which
[ — O -+ ot P wiza ) ~ Ftan) <7

for each i = 1, ..., k. Next for each z; there exists a w; which satisfies
62

P
(F(Ow; +n(z) — F(Oowi +10(2))" = Fz(bi) — Fz(ai)

Since F(Oyw; + no(z;)) is bounded away from zero and one, this implies that, for sufficiently
small 6 >0, the numbers F(Ow; + 5(z;)) are bounded away from zero and one as well,
whence the numbers Ow; + 7(z;) are uniformly bounded by a constant that depends on  and
(6, Mo) only. Since ||@ — Gy|| < 9, this in turn implies that |5(z;)| < K for some constant K.

For every » there exists a polynomial 7 of degree smaller than k£ — 1 such that
7 —7llc < J(n). See the proof of Lemma 7.2. It follows that the numbers |7(z;)| are
bounded by K5+ J(n). If 7(z2) = > a7 =(1, z, ..., zF=1) . a, then

< LVK(Ks + J (7)),

lall <

1 Zk 7‘?(Zl’c)

I ‘H H (z1)
ok
where L can be chosen to correspond to the worst possible choice of the points z; € (a;, b;].
Consequently, |77l < |la| =< Ks + J(17), and ||5]|s is bounded similarly.
(i) Since |7 — 7lloc < J(17), we have ||77]l < J(i7) + ||5|l.. By the non-singularity of the
matrix Pygp¢p’, for ¢ = (1, z, ..., zF°1), this implies that ||a|| < J(1) + ||n]2, whence [|7]|-
is bounded similarly. O

Lemma 7.4. (i) ||poy — Poynll2 = (10 = 60| A1+ [[[l7 —mo| A1) A L.
(ii) There exists a constant C depending on M only such that, whenever J(n) <M,

1P = Povapoll2 = C(10 — 6] + l17 — 10[l2) A 1.

Proof. (i) If pe,; — po,y, in L, then 6 — 6y and % — 7y in measure, whence
7 =m0l A 1] — 0. Thus it suffices to prove the inequality for small values of |6 — 6|

and |7 — 0| A 1|2.
By a Taylor expansion (cf. equation (7.4)), uniformly in (w, z),

|F(Ow + n(2)) — F(Bow + 10(2)) — f(g0)[(0 — Oo)w + [ — 101 a1
< (16— 6>+ ln — o) A 1.

Conclude that
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Po(F(Ow +1(2)) — F(Bow + 10(2)))*
= (Po((0 = Bo)w + 17 = molan)* = OO — o] A 1)* = O(Polip = mol* A 1)

= |6 — 6o + Polng — mol3, — 0(10 — 6o A1) — o(Po|n — 10> A 1),

by the assumption Py var(W|Z)> 0. Inequality (i) follows.

(ii) If poy — Pooy, in Ly and J(17) = O(1), then, by Lemma 7.3 |n]« = O(1). Hence the
conclusion in the first paragraph of the proof of (i) can be strengthened to 6 — 6, and
|7 — noll — 0. The proof proceeds along the same lines, substituting || — 0[], for

17 = 10| A 12 o

Lemma 7.5. Under (7.1) we have for every random sequence 0L 6y and AR 6o,

G/ (6, Pg) — /0) = 0p(1 + V/n|6 — 6y)),

(P, — Po)/ (0, 95) 0.

Proof. In view of (7.1) there is no loss of generality in assuming that /. is bounded below by
a multiple of A, = n=*/@%*D and bounded above by en'/* for an arbitrary &>0. By
combining Lemmas 7.3(i) and 7.1, |75/l is bounded in probability by a multiple of
J(73) + 1, which by equation (7.3) is bounded by a multiple of 1+ |0 — 6|/4,. Furthermore,
by Taylor series arguments as used for the proof of (7.4),

.~ ~ 2 ~

70, 0;)— 7/ 0 — 60| + Polit; — o> A 1 | B

PO ( 5 1/)02 0 =< | 0| + 0‘]76 770| =< OP<+/12> _ Op(Sznil/Z)‘
1+ /n|6 — 6y (1 +v/nl6 — 6|)* n

Define .77, as the class of functions

|60 — 6

o) <1

> 0 s Nllee =S 1+ J(), 160 — 6] <6
N {f S Lz(P())I P0f2 = 82}’2_1/2}.

Then it follows that on a set of probability arbitrarily close to 1 we can bound
Gu(7 (0, %) — 7 0)/(1 +/n|0 — 6o]) by |G, ]| 7,

We now apply the maximal inequality Lemma 3.4.2 in van der Vaart and Wellner (1996)
to |G,|l~,. Since (8, 6, 17) depends on (6, 77) in a Lipschitz and essentially monotone
manner,



410 S.A. Murphy and A.W. van der Vaart

log Npy(e, 7, La(Po))

_ 9 — 6| _
< 10gN[]< {m J(n) = I [7lle =1+ J(’?)}, Lz(P0)>

—Hol
gs

_ (1 +<mn>l)” ‘
- :

by Birman and Solomjak (1967), since

J il __J 1
1+ /n|6 — 6 1+ /n|6 — 6 Vi,

Therefore, the relevant entropy integral is equal to

en—1/4 N\ 1/2k
J (1 + (V1) 1) de < (en 407120 (1 4 (/)™ 2%,
0

&

By Lemma 3.4.2 in van der Vaart and Wellner (1996), we conclude that E*||G,]||~, — 0. This
concludes the proof of the first assertion, which is the verification of (2.4").

To prove the second assertion, we need a Glivenko—Cantelli theorem for classes of
functions that change with n. A suitable extension of the uniform entropy Glivenko—
Cantelli theorem is as follows. If .77, are suitably measurable classes of functions with
uniformly iI})tegrable envelope functions and logN(e, .7 ,, Li(P,)) = o5(n), then
[P, — Pol|=, =0 for every &£>0. The proof of Theorem 2.4.3 in van der Vaart and
Wellner (1996) applies with minor notational changes. We apply this theorem to the set .7,
of functions /(t, 6, 7) with ¢ and 6, ranging over a neighbourhood of 6, and A,J(1)
bounded by a constant. By arguments as in Lemma 7.2,

-1
suplog N(e, 7. Li(©) < (1 th )

Thus the present classes .7, certainly satisfy the entropy condition. Moreover they are
uniformly bounded. Since the functions / (9 0, 15) are contained in .7, with probability
tending to 1, the second assertion of the lemma follows. O
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