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Scale-invariant diffusions: transience and
non-polar points

RICHARD DANTE DEBLASSIE

Department of Mathematics, Texas A&M University, College Station, TX 77843, USA.
E-mail: deblass@math.tamu.edu

Consider a diffusion in R? (d = 2) whose generator has coefficients independent of the distance to the
origin. Then there is a parameter o so that the origin is almost surely hit when o<1 and almost
surely not hit when o > 1. Moreover, the process is transient to oo for o> 1. We identify a in terms
of the diffusion coefficients and a certain invariant measure. In some special two-dimensional cases we
explicitly compute the invariant measure and resolve the critical case a = 1. This work complements
and extends certain results of Pinsky (1995) and Williams (1985).
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1. Introduction

Bass and Pardoux (1987) study diffusions in RY (d = 2) corresponding to uniformly elliptic
operators of the form

1 0
3 ; ) G (1.1)

where a;;(x) = a;(x/|x|), x #0. Here ‘uniformly elliptic’ means (a;(x)) is a symmetric
matrix and, for some A >0,

d
MEP <Y ajEd; <5 8 xA0.Ee R
ij=1 A

One of their main results asserts that if the diffusion is uniquely determined up to the first
hitting time of the origin, then the process can be uniquely extended to a diffusion for all
times. The major difficulty they encounter arises from the intriguing possibility of the process
hitting 0 with positive probability. This is due (more or less) to the presence of a
discontinuity at 0 in the coefficients a;; (DeBlassie 1998). The authors provide an interesting
example in which the origin is hit almost surely. Under some regularity conditions on the a;;,
among other interesting results, Pinsky (1995) shows that diffusions governed by (1.1) either
almost surely hit 0 or almost surely do not hit 0. There is a parameter whose sign determines
this behaviour. Pinsky also discusses transience and recurrence. See Theorem 3.1 and the
subsequent remarks in Section 6.3 of that book.
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590 R. Dante DeBlassie

We take a different approach, reducing assumptions on the coefficients a; by assuming
uniqueness of the associated martingale problem, stopped upon hitting the origin. A
situation considered by Bass and Pardoux (piecewise constant coefficients) falls under our
assumptions, whereas Pinsky’s results do not apply.

The key property is Brownian-like scaling. We consider slightly more general uniformly
elliptic operators of the form

d

L= ;;ay(x)a o Z‘ |b(x) (1.2)

where, for each i, j =1, ..., d,
aj(x) = ay(x/|x)),  x#0, (1.3)
bi(x) = bi(x/|x[),  x#0, (1.4)

are bounded and measurable. Let D C S9! denote the set of discontinuities of @ and b
regarded as functions on the unit sphere S?~!. Let x4 denote normalized (u(S%~')=1)
surface measure for d = 3 and arc length for d = 2, on S9~!. We assume

u(D) = 0. (1.5)

Note that the drift is given the specified form so as to preserve the Brownian-like scaling.
Our final assumption is that the martingale problem for L is well posed up to the first hitting
time of 0. The precise meaning of this is given below in Section 2. Denote by X(7) the
corresponding diffusion.

Let (6, r) be polar coordinates in R?:r = r(x) = |x| and 6 = 6(x) is the point on S~!
corresponding to x/|x|, x # 0. By (1.2) and (1.3), L takes on the form

82 1 10— 1-
L= A4(0) 292+ (0)—+—a— 1+ﬁLz (1.6)
where
A0) = (a(x)x, x)/ 7, (1.7)
B(6) = [tra(x) + 2(x, b(x))/r]/[(a(x)x, x)/rz] —1 (1.8)

(in which (-, -) is the usual Euclidean inner product), and L;, L, are first- and second-order
differential operators, respectively, on C?(S¢!).

Below we will show that the diffusion on S9! corresponding to I, is uniquely
determined and has a unique invariant probability measure v (see Theorems 2.2 and 3.2).
Define

a= J B(6)v(dO). (1.9)

Sd—1

Theorem 1.1. Assume that the martingale problem for L is well posed up to the first hitting
time Ty of 0, and suppose (1.3)—(1.5) are in effect. Let Xy # 0.
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(1) If a>1 then X is transient to oo and almost surely does not hit 0.
(ii) If a <1 then on the set {9 = oo}, X; — 0 as t — oc.
(iil) If a <1 and inf zo[tr a(x) + 2x - b(x)/|x|]1>0 then 79 <oo almost surely.

Remarks. 1. If a <1 and supyy [tra(x) + 2x - b(x)/|x|] <O, then the conclusion of (iii)
holds. The proof is similar.

2. If b=0, then we are in the case Bass and Pardoux consider. By strict ellipticity,
inftra>0, and so the hypothesis about the infimum in (iii) holds automatically. Thus in
this case, the process either almost surely does not hit 0 (o> 1) or almost surely does hit 0
(a<1).

3. We are able to resolve the critical case @ =1 only in special circumstances. See
Section 5 below.

The greatest source of difficulty is evident from the form of L in (1.6): there is highly
non-trivial interaction between the radial and angular parts arising from the B(6) and L;
terms. Because of this, there is no skew product representation of the diffusion. With such a
representation, our results would be easy to derive.

The rest of our results are concerned with two-dimensional cases in which we are able to
identify a in explicit form and discuss the critical case a = 1. See Theorems 4.1 and 5.1
below.

A special case is covered by some work in Williams (1985). She studies Brownian
motion with polar drift, where L takes the form

1 y(0) 0
2A+ 2r or’

with y(6) bounded and measurable. She shows
a= J y(0)du(0) +d — 1.
Sd—1

Moreover, when a = 1, the process almost surely does not hit 0 (starting away from 0) and is
finely recurrent. Here the facts that L, is absent and L, is more or less the Laplacian on S9!
are crucial to obtaining these results. Pinsky (1995) also resolves the critical case a =1
under further regularity hypotheses on the coefficients.

The paper is organized as follows. The proof of Theorem 1.1 is given in Section 2,
assuming the existence of a unique invariant probability measure for a time change of the
angular part of X. The proof of the latter is the content of Section 3. In the course of the
proof, we show (roughly speaking) that uniqueness of the stopped martingale problem for L
implies uniqueness of the martingale problem for the angular part, a result of independent
interest. In Section 4 we explicitly identify the invariant probability measure for d = 2 in
the case of piecewise smooth coefficients. Finally, in Section 5 we study the critical case
o =1 for piecewise constant coefficients in two dimensions.
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2. Proof of Theorem 1.1

Let Q; = C([0, 00), RY) and denote the coordinate process by X, Define
T i=0X:0=<s=<19),
T =0(Xs: 0 < s5<00),
70 = inf{t = 0: X, = 0}.

Given x € R?\{0}, a solution to the t-stopped martingale problem for L is a probability
measure P, on (Qy,.7) such that

Py(Xo=0)=1; (2.1)
for each f € C3(R?),
ATy
SX(t N 1)) — JO (L) (Xs)ds (2.2)
is a P,-martingale;
P.(X;,=0for t=19) = 1. 2.3)

We call X(-) under P, the process absorbed at 0, or simply the absorbed process. As stated
above, throughout this paper we assume P, is uniquely determined for each x # 0. Let Pg be
the law of X(-) under P, killed upon first hitting 0:

P (ﬁ{X(h) € Bz‘}) = P (ﬁ{X(h) € B;, 1y > ti}).

i=1

i=1

Then P° is uniquely determined.
By uniform ellipticity and a change of time, it is enough to prove the theorem for the
operator

L=A0)"L,

where A(x) = A(x/|x|) is from (1.7). We write P, and P for the L-analogues of P, and P,
respectively. Note that P is uniquely determined.

Lemma 2.1. Under P, with x # 0,

T0 t
J | X, 2ds := limJ | X,|~*ds = oo almost surely. (2.4)
0 7 Jo

Proof. Let 0: RY — R? ® R? satisfy 60* = a. Then under P, we can write, for <7,
t t
Xi=x+ J A(Xy) " ?o(X,)dBs +J AX) 7 [b(X,)/ | X|1ds, (2.5)
0 0

where B is a standard d-dimensional Brownian motion. By It6’s formula, for ¢ <7y,
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|X P = |x]? +jt2A(Xs)‘”2(Xs, a(Xs)st)+JtA(Xs)"[tr a(Xs)+2(X,, b(X,))/|X|1ds. (2.6)
0 0

Define
F(x) = {(f(x)x’ 02 x £ 0,

, x =0

and set, for t<ty,
B:= J;F(XS)(Xs, o(X,)dBy).
Then for ¢ <7 the quadratic variation of f is
)= [ FOC@Onx s =
Thus up to time 7y, B, is one-dimensional Brownian motion and (2.6) can be rewritten as
|X* = |x]* + J;2|Xs|dﬁs + J;A(Xs)l[tr a(X) + G(X,)]ds 2.7

for <7y, where G(x) = 2(x, b(x))/|x|, x # 0.
To analyse this, let x, be the square of a Bessel process with parameter A = sup, 4(x)!
[tra(x) + G(x)] < oc:

t
x = |x? +J 2+/x, V 0dBs + At
0

(See example 8.3 of Tkeda and Watanabe 1989, p. 237). Here we extend /3 to times ¢ = 7, in
the obvious way. Then by a comparison theorem (Theorem 1.1 of Ikeda and Watanabe 1989,
p. 437),

|X P < x, t<T19(X) as.

In particular, on the set {7o(X) = oo},

To(X) t
J |X,|?ds = lim J | X,| 2 ds
0 t170(X) J o

t
= limJ | X, % ds
tToo 0
t
= 1imJ x;'ds
tToo 0 ;
= OO,

(see DeBlassie 1988) as desired.
To handle the set {ro(X)<oo}, note that, by Itd’s formula and (2.7), for #<7o(X),
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l%wf:maW+Lﬂmrwm+waﬁm&Ymmag+am»—ﬂw. (2.8)

Then (see Theorem 7.2" of lkeda and Watanabe 1989, p. 91), on an extension of
(Qq, .7, P,), there is a one-dimensional Brownian motion f such that, for ¢ < zy(X),

mwnﬁz1%MP+BQQMu*dQ+[l&r%«&r%umxo+Gun}—ﬂm.(2%
0 0

Hence substituting 75 = inf{s = 0: |X,| = 6} for ¢, we have, on {7o(X) <oo},

s
2logd = log|X,|* = log|x|? —|—ﬁ<J 41X, ds)
0

+ Jré | X, 2 [A(X) Hira(X,) + G(X)} — 2]ds. (2.10)
0

If [ |X,|2ds < oo, then as 6 — 0 both

- [ [%
ﬂ(J 4|XS|_2ds> and
0

ré|Xs|72[A(Xs)7l{tr a(Xy) + G(Xy)} — 2]ds
0

converge a.s. On the other hand, logd — —oc as 6 — 0, giving a contradiction in (2.10).
Hence [;’|X |72 ds = 0o on {rg<oo}, as claimed. O

Now we use the polar coordinates (6, r) from Section 1. By Lemma 2.1, the function
t
N = J | X |2 ds, t <7
0

is continuous and increasing with a continuous increasing inverse
77 ' [0, 00) = [0, 7).
Hence the process
e =0xXa "), =0,

is well defined. The main properties of ® we need are contained in the next theorem. Its
proof is deferred to Section 3.

Theorem 2.2. The process © has a unique invariant probability measure v on S4~! and the
following ergodic result holds:

lim 1Jt £(©y)ds = J £(6)1(d0) as.
gd-1

t—oo 0

for any bounded measurable function f: ST — R.
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Now we complete the proof of Theorem 1.1.

Since G(x), A(x), and tr a(x) depend only on x/|x|, x # 0, writing G(6) and A(6)'tr a(6)
for @ € S?! should cause no confusion. By (2.9) and the definition of ©,

~ ATy AT
ngmazzkgxﬁ+ﬂ(J 4XA2®>+] X, 2 [AX,) H{ira(X,) + G(X,)} — 2]ds
0 0

- ATy
= log|x* + B J 41X, "% ds
0

INTs
+ L X 2[4(©07,)H{tr a(@(1y)) + G(O(7,))} — 2]ds

~ ATy (tAT5)
— loglxP + 3 <L 41X, ds> + JZ [A(©,) {ira(®y) + G(Oy)} — 2]ds.
@2.11)

On the set {19 = 00}, 75 — 00 as 0 — 0, so (2.11) becomes
a (1)
log|X,|* = log|x|* + ﬂ(J 41X, ds) + J [4(©®,) H{tra(®,) + G(©,)} — 2]ds.
0 0

Since 7; — oo on {79 = 0o} as t — oo,

B(4n,) .
Nt

0

;J%M&)WM@Q+Q&H—MMHJ

tJo

] AO) " {tr a(0) + G(0)}v(d6) — 2

Sd
=a—1 (by (1.7)(1.9))

by Theorem 2.2. Hence (recall we never consider a = 1)

|2

tlim log|X,|* = log|x|* + oo - sign(a — 1), on {79 = co}. (2.12)

First assume a>1. By (2.12),
tlim | X, = o0 on {79 = co}. (2.13)

On the set {19 <oo}, let # — oo in (2.11) to obtain

/[
log 6% = log| Xy, |* = log|x|* +ﬁ(J 41X, ds)
0

(s)
+ r [A(@S)_] {tr a(Qy) + G(@s)} — 2]ds. (2.14)
0
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Since 7(ts) — 1(To) = oo (by Lemma 2.1) as 6 — 0,

pn(s)

0
n(ts)

(Ts)
77(;) JZ [4(©,) " {tra(®,) + G(©,)} —2]ds — a — 1

on {79 <oc} as & — 0. Thus if P, (19 <oo)>0, then by (2.14)

—00 = lim log| Xy, |* = log|x|” + lim(a — 1)y(zs) = o0

with positive probability. Hence P.(ty < oo) = 0, and combined with (2.13), we obtain part
(1) of Theorem 1.1.

Next assume o < 1. Part (ii) of Theorem 1.1 is an immediate consequence of (2.12). As
for part (iii), by (2.12)

lim |[X;? =0  on {7y = 0o}. (2.15)

t—00
We use this to show Py(ty <oo) = 1, giving the desired conclusion. With

¢ = inf A@x)tr a(x) + G(x)],

consider the squared Bessel process y, with parameter c;:

t
Y= |)C|2 + J 24/vs VOdBs + cyt.
0

By (2.7) and the comparison theorem cited above,
Y < |X,|2 a.s.

Hence by (2.15), y, — 0 on {7o(X) = oo} as t — oo. Then if Pty = 00)>0, y, — 0 as
t — oo with positive probability. But by hypothesis, ¢; >0 so y, is either recurrent or
transient to oo. This contradiction forces P (ty = 0o) = 0, or equivalently P, (7o <oo) = 1,
as claimed.

3. Unique invariant probability measure for ©® and proof of
Theorem 2.2

We show that the time-changed angular part ® of X is the unique solution to a martingale
problem. This is a non-trivial consequence of our uniqueness assumption on X. The difficulty
is due to the lack of a skew product representation: the radial and angular parts can interact
in a complicated manner. Once uniqueness of © is established, we will prove Theorem 2.2
with the aid of the following theorem. It is a compilation of results taken from Chapter I,
Sections 1.2 and 4.1, in Skorokhod (1989).

Theorem 3.1. Suppose K is a compact metric space and X is a continuous homogeneous



Scale-invariant diffusions 597

Markov process with Feller transition probability function P(t, x, A); that is, for each
J € C(K),

10 = | S0P ) € ),
K
Suppose for some probability measure wt(dy) with support dense in K, for some q >0,

o0
J e "P(t, x, -)dt
0

is absolutely continuous with respect to 7 for each x € K. Then X has a unique invariant
probability measure v absolutely continuous with respect to 7 and

10 -
lim —J f(X)ds = J f(x)v(dx) a.s.
=0t Jo K
for all bounded measurable f on K.

Henceforth we will use the following terminology. Given a manifold M and a differential
operator & on Cy°(M), we say a probability measure 7” on C([0, co), M) (equipped with
the Borel o-algebra and filtration generated by the coordinate process) solves the t-stopped
martingale problem for &, starting from m € M, if T is a stopping time, P(wo = m) = 1
and, for each f € Cy° (M),

AT
fann - [ @ nwos
0
is a #-martingale. If T = oo, we say & solves the &-martingale problem.
In the polar coordinates (6, r), where r = |x| and 6(x) is the point on S?~! corresponding
to x/|x|,
10> 11 0 10~ 1 -
L=|-=+-—[4(6)"! —1l=—+-=—L +=1L A
28r2+2r[ O {ra(6) + G6)} ]6r+r8r 1—’—}’2 P 3-1)
where L; and L, are from (1.6), 4 from (1.7) and G from the line after (2.7). The following
theorem gives a characterization of ©.

Theorem 3.2. For each x # 0, the law of © under P° on C([0, 00), S?°") is the unique
solution to the Ly-martingale problem starting from x/|x|. In particular, © is a Markov
process.

Proof. We only consider d = 3. The two-dimensional case is much simpler and we leave the
details to the reader. The Markov property is a consequence of uniqueness (see Theorem 4.2
of Ethier and Kurtz 1986, p. 184). To prove existence of a unique solution to the L,-
martingale problem starting from x/|x|, we use the coordinates on S?~! induced by
stereographic projection. The advantage is that only two charts are needed to cover S?~': the
projections from two distinct points on S?~!. The projection W from the north pole is given
by
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X1 Xd—1

W(x) = R L x=0, .. x) R x| =1, x5 # 1. (3.2)
l—xd l—xd

The inverse mapping is

_ 2y, 2ya1 P -1 -1
W (s ) = , , ER. (33
" Ya-1) <|y|2+1 GE+1° DR+ y (3.3)

Our polar coordinates take on the (local) form (y, r), where
r=xl,  y=%/|x), x#0. (34)
Note that the inverse mapping is
x=r¥Pl(y), r>0. (3.5)
Let L be L expressed in the coordinates (y, r):
18 1 d—1 2 = 2 d—1

- 17, 0 1 0 ~ 0
by — 4 — il G hi(v)—
= 392 T b5+ 15:1 a1d(¥) 35—~ ayor 2 |2 2 an(y) Dy 1521 1) an

b-u

(3.6)
where, for k, [=1,...,d — 1,

I ¢

bily) =455 Zayu) G T (0 Ve / [(ayx, )/ |+
ij=

bu) = {3 a0~ 222 b b/ | /Ko,

a(y) = aa(y) = (a(x)x, Vy)/[(a(x)x, x)/|x*]
an(y) = an(y) = |x(ax)Vyr, Vy)/[(ax)x, x)/|x]*]

are locally bounded and independent of r, since a(x), b(x), *Vy; and r*(8?y;/0x;0x;) depend
only on x/|x|. Hence in (y, ) coordinates, the operator L, in (3.1) takes the form

d—1 2 d—1

1 )
= an(y)mg——5— bi(y)5—- 3.7
247, M D0, Z 70y

Consider any x # 0. It is no loss to assume x/|x| is not the north pole (otherwise, use
stereographic projection from the south pole). To prove existence and uniqueness of a
solution to the L,-martingale problem starting from x/|x|, we first prove local existence and
uniqueness. Then we show explosion does not occur, and the proof will be complete. We
now verify @ is uniformly positive definite. For r = |x| # 0 and y = W(x/|x|),
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d-1 d-1 2 2
(a(x)Vyx, Vy)yyr = Z <a(x)V%, V%)
=1 =1

£ 5ol (D] ()

—f%m[a |Hai b } <|y2=§y%>

ij=1
2
v : o
=] VT (by uniform ellipticity of a).
But
2 _ .2
2 =X  r+xg
o Zyl Z(xd — 12 (r—xg)? r—=xg
and so

d 2
0 r+xy4
V 22:
PR = Y (o )

i=1

d 4
=) 10— vl
; r2(r — xg)*

4

4 2.2 2.2
=—[r" —2x5r" "+ r°x
rz(r—xd)“[ d ]

_ 2 292
TR [7* —x3]
_A(r + xa)
S (r—x)
4y
S (r—x)?
Using (3.5) and (3.3),

|y|2 -1 2r
P P+

r—Xg=17r—
and so

Iyl Iyl2
VIyPP ==y + 17
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Thus

A
2 Y @)V Vv = 5 [y
I=1

QU
—_

>

In particular, for some constant 2>0

d—1

Z au(yor = Ay, ye R,
k,I=1

and & is uniformly positive definite. Hence a solution to the L,-martingale problem exists
locally. More precisely, given any bounded open set G C RY~1, if 74 is the first exit time
from G, then the 7s-stopped martingale problem for L, has a solution.

Local uniqueness for the Ly-martingale problem. Let G C R?~! be a bounded open set. We
show that the 7s-stopped martingale problem for L, has a unique solution. The values of &
and b off G are immaterial, so it is no loss to assume b=0and a=1I off G.

Suppose i’y is a solution to the 7g-stopped martingale problem for L, starting from
y = W(x/|x|). We will construct processes R, and Y, such that the law of ¥, is P, and a
time change of RW~!(Y,) furnishes a process X, whose law solves the L-martingale
problem stopped upon exiting the cone # = {rW~!(y): r>0, y € G}. Writing 7, for this
time, we see Ty < To. By our basic assumption, the 7o-stopped martingale problem for L
has a unique solution, so the law of X, must be the unique solution to the 7, -stopped
martingale problem for L. Then Py is uniquely determined, provided the time change is
reasonable. Now for the details.

For some (d — 1)-dimensional Brownian motion W on (Qy_1,.7, Py), if Y 1is the
coordinate process on Q,_;, then for ¢ < 74,

t t
Yi=y+ J a'2(Y)d W + J (b1, ..., ba-1)*(¥5)ds,
0 0
where @'/2 is the positive definite symmetric square root of . Since @ = I and b = 0 off G,
this equation makes sense for all # = 0. R
In the coordinates (y, r), the matrix of coefficients for the second-order part of r?L
(from (3.6)) can be written as
Liay) rF*(»)
2\ rF(y) r?

where F is a 1 X (d — 1) matrix and * denotes transpose. As in Lemma 4.2 of Bass and
Pardoux (1987), there is a d X d matrix 0 of the form

a0
o0 1= ( FE(y) rC(y)>

such that
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66’** H I"F>|< .
“\rF )

in fact, E= Fa "2, C=+1— EE*>0. )
Let W4(t) be a one-dimensional Brownian motion independent of . Then since
EE* 4 C? = 1, the quadratic variation of

7= | B+ [ conamis
0 0
is
(B, By, =t

Thus .7, is one-dimensional Brownian motion. Setting

t

R, = rexp{,%’, + J

ba(Yy)ds — t/2}, = |xl, (3.8)
0

by 1t6’s formula R, satisfies
t t
R=r+ J R, A% + J Rba(Ys)ds.
0 0

Hence for f1 € CO(RY™Y) and f> € C((0, o0)), setting f(v, r) = f1(¥)f2(r), by 1td’s
formula

F(¥ R) — JO[(rZZ)f](Ys, R)ds (3.9)

is a martingale. Define

t
¢t:JR§ds
0

and observe that ¢: [0, co) — [0, ¢p(c0)) is strictly increasing and continuous. Therefore ¢
has a continuous strictly increasing inverse ¢, ': [0, ¢(c0)) — [0, 00). Set

(71‘, Et) = (Y(gbz_])s R(¢[_l))> t< ¢(OO),
Yt = thrl(yt), t < (00).
Since G C RY! is bounded, it is not hard to see 7g < oo almost surely and hence

#(T6) < @(00) as. (3.10)
With f as above, for 6 >0,
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ingG@e)
ST (N @(T6)), R(t A p(T6))) — . (LA)(Xs, Ry)ds

iINp(TG)

=f(Y, Bog (1 A p(ig)) — . (LN)(Yy1, Ry1)ds

) ¢\ (inpG6)
=f(Y,R)o¢p (1 Np(Tc)) — . [(r*L)f1(Yu, R,)du

is a martingale, by (3.9), optional stopping and dominated convergence. Hence (Y(t A p(T6)),
R(t A p(T))) solves the ¢(7s)-stopped martingale problem for L. Since L is L expressed in
the coordinates (y, 7), we see that for each & >0, the law of X, solves the ¢(7s)-stopped
martingale problem for L. By (3.8) R(-) does not hit 0 in finite time and consequently
R(-) = |X(-)| does not hit 0 before ¢(cc). Then by (3.10) and our basic assumption of
uniqueness for the 7o-stopped martingale problem for L, the law of X(+ A ¢(75)) is uniquely
determined. Also, for << ¢(o00), the inverse of ¢ is

t
_ —-2
;' = LRM du,

and it follows that the law of X(¢(-) A ¢(T5)) = X(¢(- A T)) is uniquely determined. Hence
the law of

Y(- A7) = Y(p(- N T) (.11

is uniquely determined, as claimed.

Non-explosion. We have shown a solution to the L,-martingale problem exists uniquely up to
an explosion time. Note that explosion in finite time for this solution corresponds to a
solution to the L,-martingale problem hitting the north pole in finite time. Hence the L,-
martingale problem has a unique solution up to the first hitting time y; of the north pole. By
repeating the preceding proof using stereographic projection from the south pole, we can
extend the solution uniquely to the first time 7, after y; the south pole is hit. Repeating this,
we obtain a unique solution up to the explosion time y,, = sup, y,, where

yan = inf{t>y,,_1: hit south pole},
Yant1 = inf{t> y,,: hit north pole }.

Stated another way, the y..-stopped martingale problem for L, has a unique solution. Write
Oy for this solution.

To see that explosion does not occur (that is, y.,—00) proceed as follows. By uniqueness,
the family {Qy: 6 € S9!} possesses the strong Markov property. Denote

ynp = inf{t = 0: @, = north pole},
ysp = inf{t = 0: w, = south pole},

where w; is the coordinate process. By the support theorem, for 7 >0,
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One(ysp <T)<1.
Hence, for 0 € S9~! and T >0, by the strong Markov property
O9(Yoo <T) =< Qo(y2n<T)
= 0o(y2n1 <T, 72, <T)
< Oo(Y2n-1 <T)One(ysp <T)

< Ogp(Y2n—2 <T)Onp(ysp <T)

< Op(y2 < T)Onp(ysp <T)""'
< One(ysp <T)"".
Letting n — oo yields
Oo(Yoo <T) = 0.
Since 7 >0 was arbitrary, we have
Op(yo0 <00) =0,

as desired. This completes the proof of Theorem 3.2. O

We will need the next lemma to prove Feller continuity. Its proof uses the notation from
the proof of the last theorem.

Lemma 3.3. Let U be an open subset of S?~! whose closure does not contain the north pole
and set Ty =inf{t=0: w,¢& U}. If Q solves the L-martingale problem starting from
0 € U then

TU

EQU I(w; € D)dt} =0, (3.12)
0

where D is the set of discontinuities of a and b regarded as functions on S~

Proof. Let y =W(0) and G =W(U). If Q is the solution to the 7g-stopped martingale
problem for L,, then (3.12) is equivalent to

EO Umz(w, € W(D))d:t| = 0. (3.13)

0

Since U does not contain the north pole, G is a bounded open set in R?~!, so by a theorem
of Krylov (1971), there exists N >0 independent of y such that for any Borel function g,
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| ric 1/(d-1)
EQU g(w»dr} < NUG@(x)ld—‘dx}

0

In particular, by (1.5) the (d — 1)-dimensional Lebesgue measure of W(D) is zero, so (3.13)
is immediate. O

The next step is to verify the Feller property.
Lemma 3.4. The process © is Feller; that is, for each f € C(S?"') and t>0,

x/|x| € ST = ER[£(0))]

is continuous.

Proof. Let  x,, x € R/\{0} with x,/|x,| — x/|x|. It is no loss to assume x,
X € RN\{0,...,0,a): a=0}. Let O and O, denote the laws on C([0, c0), S ') of ©
under P9 and P, respectively. Thus we need to prove

O, — v0 as n — oo.

Since S?~! is compact, we can argue much like the proof of Theorem 1.4.6 in Stroock
and Varadhan (1979) to show {Q,: n = 1} is precompact. (Note that we replace ‘translates
of f’ in their hypothesis 1.4.3 by ‘rotations of f’.) Let ¢/ be any limit point and suppose
Ou, — ». Once we show ¢ = @, it follows that any subsequence of {(Q,} contains a
subsubsequence converging to Q. Then O, — «Q, as desired.

From the proof of the Theorem 3.2, it is enough to show ¢ solves the ty-stopped
martingale problem for L,, where U is an open subset of S9~! whose closure does not
contain the north pole. Let x(w, f) = w, be the coordinate mapping on C([0, co), S*~!) and
set ./, = o(x(s): s < ). Consider any /' € C>®("") that is constant in a neighbourhood of
the north pole. Recalling that D is the set of discontinuities of a and b regarded as
functions on S~! and that the surface measure of D is 0 (see (1.5)), we see that

- j (Lof)@,)ds
0

is continuous on the set

t
g = {a): J I(ws € D)ds = O}.
0
(Here the superscript ¢ stands for complement.) If
a(Z) =0, (3.14)

then by the continuous mapping theorem, for each bounded continuous .7 -measurable
function ® on C([0, o), S7~!) and ¢ = s,
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B¢ Hf(w,) - L(sz)(a)u)du}q)} ~ Jim Hf(w» -] (sz>(wu)du}<1>]

0

lim E%n Hf(ws) - js(szXw,/)du}cD]
k—oo 0

_E¢ Hf(ws) - L@f)(wu)du}cb] .

Thus f(a),)—fot(fzf)(a)u)du is a (J-martingale and so ¢ solves the Ty-stopped L,-
martingale problem, as desired.
To verify (3.14), note that it is enough to show

E“ U I(w,; € D)dt} =0,
0

where U is any open subset of S9~! whose closure does not contain the north pole. It is a
simple matter to show that the function

Ty
w— J I(w, € D)dt
0

is lower semicontinuous and hence

Ty Ty
E¢ U I(w, € D)dt] < lim E9 U I(w, € D)dt}
0 k—o0 0

= O,
by Lemma 3.3. O

Now we verify the absolute continuity hypothesis in Theorem 3.1.
Lemma 3.5. For x # 0 and ¢ >0,

J e PO, € dt
0

is absolutely continuous with respect to the normalized surface measure u on S~

Proof. Tt is no loss to assume x/|x| is not the north pole. Then for any Borel set 4 C S?~!, in
the notation of the proof of Theorem 3.2,

PUO, € A)=Py(Y, e W),  y=W/l).
If u(A4) = 0 then the (d — 1)-dimensional Lebesgue measure of W(4) is 0. Hence by Krylov’s

theorem cited above,

J I(Y; € W(A))ds = 0 as. P,.
0
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Then

0= J e 'P,(Y, € W(A))dt
0

= J e PO, € A)dt
0

as desired. |

By Theorem 3.2 and Lemmas 3.4-3.5, the hypotheses of Theorem 3.1 hold for
K =89! and X = ©. Then Theorem 3.1 immediately yields Theorem 2.2.

4. The invariant measure for d = 2

Let d =2 and suppose b; =0, i = 1, 2. Assume a is piecewise smooth on S': that is, for
some 0=00<60, <---< 0,=2m a|g 9 has a smooth extension to [6;_i, 6],

i=1,..., n. Writing L in polar coordinates x = re'?,
1 P ey P e d 1[ > a}}
L=-{e—+— 2yl — e — 4.1
2{618r2+r808r+r8r+r2 ©2562 " % 0] | @1
where
e = W = ay1 c0s°0 + 2ay, cos Osin O + ay, sin®6
x
ey = ay; sin®0 — 2ay, cos Osin 0 + ay, cos’H
e3 = —2ay1 cosBsin O + 2ay, cos @sin 6 + 2(cos29 — sin20)a12.
Then

_ 1 |:62 82 e3 a:| (42)

" 20e10607 e 00

It is easy to show that the invariant probability measure v from Theorem 2.2 is absolutely
continuous with respect to arc length df on S'. Thus for some p(6),

w(d0) = p(6)do. (4.3)

The main result of this section is the explicit identification of p(6). Define

h(u) = exp{Ju — e3(9)/e2(¢9)d0}. (4.4)

0

Theorem 4.1. The invariant density p(0) is given by
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Be1(0)h(6)/ex(0), if h2m) =1
— 0 27
PO =\ Be,(0)1(0)/ex(6) L Ry~ du +%L h(u)ldu], if h2m) £ 1
4.5)
where 6 ¢ {6, ..., 0,} and B is chosen so Jgﬂ p(6)do = 1.

Proof. Let Eg denote expectation for the process ©, starting at 6 corresponding to L, on S'.
Then for smooth enough functions f defined on S!,

Eof(©,) — £(0) = Ef;L(sz)(@s)ds.

Integrating with respect to v = pdf,

27T
0= tL (Lo X0 p(6)do.

27 82f 8f>
J; (62555 29) P40 =0

Since the coefficients of e;L, are in C®(0;_, 0;), p € C=(0,_1, 0;). Integrating by parts
twice yields, for f € C*,

Then writing p = p/ey,

Z [{(pezf )O07) — (peaf N0} — {[pes + (Pe2)'1/(07) — [Pes + (pe2)'1/(07 )}

i=1

0;
+] e+ (e 7o)

By choosing f appropriately, we end up with

(pex)" +(pe3) =0 on (61, 0,),i=1,...,n, (4.6)
(Pes + (pe2))(0;) = (pes + (pe2) )07, i=1,....,n—1, (4.7)
(Pes + (Pe2) )(05) = (Pes + (pe2)')(0,), (4.8)
(pe2)(0;) = (pe)0)),  i=1,...,n—1, (4.9)
(Pe2)(0y) = (pex)(®,).- (4.10)

Hence by (4.6) on (0,_1, 6;), i=1, ..., n for some B; and C;,

(Pex)(0) = h(O) Jh(u) ldu+ B,
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where h(u) is from (4.4). By (4.7) and (4.8)

C=CG=-=0C,,

so that
0
(pex)(0) = h(0)| C, Jo h(u)"'du + B on (0,1, 6;).

Using (4.9),

Bi=By=---=B8B,.
By (4.10),

2
Bi = h(2m) ClJO h(uw) 'du+ B, |,

giving

27
Bi[l — h2m)] = Cy h(2n)J0 h(u)~du.

Hence if A(2w) = 1 then we must have C; = 0 and so
(pe2)(0) = h(6)B,

which is equivalent to the first part of (4.5).
If h(2m) # 1, then

_ 10519 N
B] = C] 1= h(ZJ'E) JO ]’l(l/l) du,
and so
6 h(ZJ‘E) 27
~ _ -1 -1
(pex)(0) = Ci(0) “0 -+ 28 |,
giving the second part of (4.5). U]

5. The critical case a = 1

In this section we consider a special two-dimensional case. Our main result is the following
theorem.

Theorem 5.1. Let d =2, b; =0 for i = 1, 2 and suppose a is piecewise constant on S'. If
a=1 and Xo#0, then X does not hit {0} almost surely. Moreover, X hits every
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neighbourhood of {0} in finite time almost surely.

Proof. We use the notation from Section 4. In particular, ¢ is constant on each of the

intervals (0;_1, 0;), i=1, ..., n. Since tra = e; + e,
O:a—lzj ate q0-2
sl €1
- J [9 - 1} pdo.
st|él
Since p = p/es, this becomes
OZJ (6‘2—@1)]3(16. (51)
S
We need the next result, whose proof is deferred to the end of the section. U

Theorem 5.2. The condition (5.1) implies the existence of a function u € C'(S') such that for
i=1,...,n,

ue Ci(0:i1, 0)

Lyu = —5 on (0;_1, 0,).

Set
f(r, 0) =Inr+ u9).
Then for 6 € (6;_1, 0;) and r>0, by (4.1) and (4.2),

Zf:eilLf

1 — 1 -
|:€2 61:| +—2L2u
r

:ﬁ (4]
=0.

Since u € C3(0;—1, 0;) N C'(S'), there is an approximating family of functions f, € C3(R?)
such that £, and its first-order partials converge uniformly on {x € R?: ¢ <|x| < M} to fand
its first-order partials, respectively. Moreover, the second-order partials of f,, are uniformly
bounded on {x € R?: &£ <|x| < M}, and converge pointwise to the corresponding partials of f
on (&, M) X (6,1, 0;). Applying the martingale property of P, to each f,, using optional
stopping, and then letting n — oo, we obtain that

SX(ENT NTpr))

is a P,-martingale. The exceptional set where the second-order partials of ffail to exist is of
no consequence because Py a.s. X spends zero Lebesgue time there (Krylov 1971).



610 R. Dante DeBlassie

Thus, using E, to denote expectation with respect to P,
Exf(XtAn/\‘L’M) = f(),
and letting ¢ — oo,
Eof (Xeony) = f().
Expanding,
(Ine)Py(te <Tp) + (In M)P(Te > Tys) + Brte( X, 00,,) = In 7 + u(6).
Consequently,
Pur.<ty)=[Inr+u®) —InM — E,u(X,,r,,)]/[Ine — In M].
First fix M and let € — 0 to get
Pty <ty) =0, 0<|x|<M, (5.2)
since u is bounded. Next, fix ¢ and let M — oo to get
Pt <o0) =1, e<|x|.

Combined with (5.2), Theorem 5.1 follows.

Proof of Theorem 5.2. We assume a is constant on each of the intervals (6;_i, 6,),
i=1,...,n Then e3 = —ej on (0;_1, 6;) and (4.6)—(4.8) become

(p'ex)’ =0 on (0,1, 0), i=1,...,n,
(P'e2)(0;) = (p'ex)(6)), i=1,...,n-1
(P'e2)(0y) = (P'e2)(0,,).
In particular, p’e; is constant on S', say
p'exd) =p. (5.3)
Define
H(0) = pe; (5.4)

and observe that, by (4.9) and (4.10), H is continuous, and that, by (4.5), infg H >0.
Moreover, since p € C®(0;_y, 0;), so is H.
We wish to consider the differential operator

Msu=(Hu') — fu' —ou

for 0 € R. To make sense of this, define

My (u, ) = J [Hu'v' + (Bu’ + ou)v]do, u, v e whsh. (5.5)
Sl
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For g € L*(S'), a weakly differentiable function u is a weak or generalized solution of
Myu= g on S' if, for all v € C'(Sh),

My (u, V) = —J guvdf. (5.6)
St
Let M* denote the formal adjoint of M,, defined by

M¥u= (Hu' + Bu) —ou.

We use //d;k to denote the corresponding bilinear form:
Mk (u, U) = J [(Hu' + Bu)v’ + ouv]do, u, v e WhHsh).
Sl

Clearly
M, V) = Mo (v, u). (5.7)

We interpret the equation //&ju = g in the weak sense analogous to M u = g described
above. We can argue much like the proof of Theorem 8.6 in Gilbarg and Trudinger (1983), to
end up with the following consequence of the Fredholm alternative in Hilbert space. (I

Theorem 5.3. There exists a discrete countable set >, C R such that if 0 ¢ Y, the problems
Msu = g, M ju =g

have unique solutions in W'(S") for arbitrary g € L*(S'). If o € Y., then the subspaces of
solutions of the homogeneous problems

Msu=20, M :,ku =0
are of positive, finite dimension and the problem My,u = g is solvable if and only if
J gvdfd =0 (5.8)
Sl

for all v e W'2(SY) satisfying M v = 0.
Notice, for v € C'(S'), that

Mg, v) = J pv'do =0,
Sl

since 3 is constant and v is continuous. Hence
*
Myl =0,
and we see that 0 € >_.

Lemma 5.4. Any v € W'(S") satisfying Maku = 0 must be constant.

Proof. Since H € C®(0;_1, 0;), v € C®(0;_,, 0;) for i = 1, ..., n. Hence for ¢ € C!(S"),
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n 0;
0= 75, )= J (HV' + Bu)p’ dO
i=1 Y01

n 0;
= [([Hv' + Bolp)©;) — ((HV' + Bolp)O] ) J (HV' + Bv)'o dal .
i=1

0i—
By choosing ¢ appropriately, we have
(Hv' +pv) =0 on (0,1, 0)) (5.9
and
{ (Hv' + Bu)(0;) = (HV' + Bv)0;), i=1,...,n—1
(HU' + Bu)(0y) = (HV' + o)(©,).
The latter implies Hv' + Bv is continuous on S!. Hence by (5.9) there is some constant C;
such that
Hv' + pv = C.
If B =0, then for some constant C,,

6
v(0) = L CiHw) 'du+ Cs.

But v is continuous on S' so we must have v(07) = v(2n~), and this forces C; = 0 since
H >0. Thus v is constant.
On the other hand, if § # 0, then for some constant C,

0
v(6) = %—l— C, exp{—J ﬁH(u)ldu}.
0

Continuity of v on S' forces C, = 0 and once again v is constant.
In any case, we have shown v is constant, and the proof of Lemma 5.4 is complete. O

Let us apply these results to prove Theorem 5.2. Let

€ — €]
€ '

J He d6) = J pes (— - el) o
N sl (&)

- —J (e2 — e)pdd
Sl

Then

=0, by (5.1).

Hence by Lemma 5.4 and the last part of Theorem 5.3, we have u € W'?(S!) such that
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Moyu = Hg.
Thus, for all v € C!(S"),

0= J [Hu'v' + pu'v]dO + J Hgv do
st st

n 0;
= Z [(Hu’u)(@i) — (Hu'U)(Hltl) — J [(Hu') — pu’ — Hglvdl|. (5.10)
i=1

0i1

Since g and H are in C*(0;_1, 0,), so is u. By choosing v appropriately (5.10) yields

(Hu') — pu’' — Hg =0 on (6;_1, 6;) (5.11)
and
(Hu')O7) = (H)OF), i=1,...,n—1,
| e ~ vy G122
Then (5.11) becomes
0= (pestt’) — ples’ — pe (— 2 el)
e
= plexu’) + plez — en).
In particular,
(eu')" = —(e2 — e1). (5.13)

Since e3 = —ej on (0,_1, 6;), by (4.2) and (5.13)

_ 1 —
Lou = —~ (62 el) on (6,1, 6,).
2 €]

Since H >0 is continuous, (5.12) forces u’ to be continuous.
To finish the proof, we still need to show that u” is bounded on (6;_;, 6;). For this,
notice that, on (6;_1, 6;),

H' = (pey)' = p'es + pés
=p+per/e

which is bounded. Hence by (5.11), the boundedness of g and ', and inf H > 0, we have that
u" is bounded on (6;_1, 6;), as claimed. o
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