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1. Introduction. In [1] Higman and Neumann answered a question of
N. Ito whether free products of groups necessarily have maximal
subgroups by showing that the Frattini subgroup of any free product of
groups is trivial. From this it follows that free products of groups always
have maximal subgroups. In the same paper Higman and Neumann
raised the questions whether generalized free products of groups
necessarily have maximal subgroups and whether the Frattini subgroup
of a generalized free product is always contained in the amalgamated
subgroup. No substantial result in the way of answering these questions
had been obtained until Whittemore [5] showed that if G=(A4 * B)y is
the generalized free product of 4 and B amalgamating H and if there exists
x € G such that HNH®=1 then the Frattini subgroup ®(G) of G is trivial.
Using this result Whittemore, in the same paper, showed that the Frattini
subgroup of the generalized free products of finitely many free groups
amalgamating a cyclic subgroup is trivial. This result was improved by
Tang [4]: If G=(A * B)y, where 4 and B are free and H is finitely gener-
ated such that at least one of [4:H] and [B: H] is infinite then ®(G)=1.
In the same paper it was also shown that if G=(4 * B)y and ®(G)NH=1
then ®(G)=1. We can now greatly improve this result.

2. Main Theorem. Notations and terminology will be the same as in

[4].

THEOREM 1. Let G=(4 * B)y. If G contains a nontrivial normal sub-
group N such that NNH=1 then ®(G) is contained in the maximal G-
normal subgroup contained in H.
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Proor. (Sketch). We can assume H to be G-normal free. Thus
[4:H] and [B: H] cannot both be 2. Suppose NN®(G)5#1. As in [4, p. 64]
there exists ¢ € NN®(G) of the form c=ba, - + - b,a;, where a, € A\H and
b; € B\H. Clearly c2#1. Consider X= (4°, B). If ¢ € X then

€)) ¢ = byc%a,¢%b, * - - ¢%a,c%,

where 7 is chosen to be as small as possible and b,, b, can possibly be 1.
If ¢cla,c € H then a;, € H whence [a;,c] € HNN=1. In the same way
cb,c7t € H implies [b;, c]=1. Both cases are impossible because of the
minimal choice of . It follows that (1) cannot hold as the lengths of the
two sides of (1) cannot be equal. Thus ¢ ¢ X whence ¢ ¢ ®(G). Therefore
NN®(G)=1 which implies [N, ®(G)]=1. But this is impossible unless
®(G)< H since at least one of [4:H] and [B: H] is greater than 2. Hence
®(G)=1. The theorem follows immediately.

COROLLARY 2. Let U=(A, B; H) be an amalgam amalgamating the
subgroup H. If there exists an embedding of W into a group P=(A, B) such
that ANB=H and P is not isomorphic to G=(A * B)y then ®(G) is
contained in the maximal G-normal subgroup contained in H.

Since most amalgams amalgamating one subgroup have more than
one embedding, Corollary 2 shows that a large class of generalized free
products amalgamating one subgroup has maximal subgroups and more
specifically their Frattini subgroups are contained in the amalgamated
subgroups.

3. Some applications of Theorem 1. In [4] it was shown that if G=
(4 * B)y where 4 and B are finitely generated torsion-free nilpotent
groups and H is closed in both 4 and B then ®(G) is contained in the
maximal G-normal subgroup contained in H. Applying Theorem 1 we
can extend this result to the following:

THEOREM 3. Let G=(A » B)y where A and B aré finitely generated
nilpotent groups. Then ®(G) is contained in the maximal G-normal subgroup
contained in H.

Exploiting Theorem 1 in the direction as indicated by Corollary 2 and
making use of permutational products as introduced by B. H. Neumann
[2] we can prove the following results:

THEOREM 4. Let G=(A4 * B)y where A and B each satisfy a nontrivial
identical relation and H is infinite cyclic. If A and B each possess a non-
trivial abelian normal subgroup then ®(G) is contained in the maximal G-
normal subgroup contained in H.
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THEOREM 5. Let G=(A % B)y. If A and B are locally solvable and H is
infinite cyclic then ®(G) is contained in the maximal G-normal subgroup
contained in H.

Applying Corollary 2 and making use of known results on embedding
of amalgams as given by Corollary 6.5 and Theorems 6.6, 8.4 in [3] we
obtain:

THEOREM 6. Let G=(A * B)y. If A and B have finite exponents and H
is central in one of them then ®(G) is contained in the maximal G-normal
subgroup contained in H.

THEOREM 7. Let G=(A * B)y. If A is periodic and B is of finite exponent
and H is central in A then ®(G) is contained in the maximal G-normal
subgroup contained in H.

THEOREM 8. Let G=(A * B)y. If A and B are locally finite and H is
central and of countable index in one of them then ®(G) is contained in the
maximal G-normal subgroup contained in H.

The proofs of the above results will appear elsewhere.

REMARK. Although the results are stated in terms of generalized free
products of two groups, they can be extended to generalized free products
of more than two groups with a single amalgamated subgroup.
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