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Introduction. The manifolds defined by E. Brieskorn in [1] have been 
much studied and used in recent years. We present here the calculation of 
various invariants of these manifolds. Actually, we study a more general 
class, manifolds K defined as neighborhood boundaries of isolated 
singularities of complete intersections of Brieskorn varieties subject to 
the condition that ^admits a natural type of 51-action. This class contains 
the manifolds studied by H. Hamm [5] as a proper subset. 

The results described here are from the author's University of Wisconsin 
Ph.D. thesis, written with the invaluable guidance of Professor Peter 
Orlik. Details, proofs, and further results will appear elsewhere. 

DEFINITION. Let 

n-fra 

Mzl> z2> • • • ? zn+m) = 2* aO'Z/3> l = *> 2, * * ' , m, 
3=1 

be a collection of complex polynomials. Let ^ be the variety in Cn+m 

associated with f and let V=Ç\r[=i V^ Let ^=l .c .m.(a a , • • • , aifn+m), 

We suppose 
(i) F is a complete intersection of the Vv 

(ii) V has an isolated singularity at the origin, 
(iii) qiô is independent of i (let q^qi0). 

Let ^=Kn5 , 2<w + m)-1c:Cw + m . The C*-action on F given by 

t o (Zl9 • • , Zn+J = (fiZi, • • • , tqn+mZn+m) 

restricts to an action of S1 on K. Let K* be the orbit space, K*=KlS1= 
V—{0)IC* . K is called a generalized Brieskorn manifold. 

In [5] Hamm considered similar objects. He required that the exponents 
ai5 be independent of /, a more restrictive condition than (iii) above. [4] 
shows that K is an («—2)-connected {In—l)-manifold which bounds 
a paralleHzable manifold. Thus K is essentially classified (as a smooth 
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manifold) by //^(AT), a linking pairing on the torsion subgroup of 
Hn-i(K)> a nd a signature or Arf invariant (as n is even or odd). (See [3], 
[10], and [11].) 

Properties of K*. We generalize some results of W. D. Neumann [7]. 

THEOREM 1. K* is a manifold if and only if there exist positive integers 
^ 1 > * ' * s ^ m > ^1> J ̂ n+ra» Sl> * * " » sn+m SUCh that 

(0 (t^t^Uj^k; 
(ii) (si9ts)=\9allj\ 

(iii) g.c.d.^, • • • , «̂  )=1 /or a// (m+\)-element subsets {j\, • • • , 
y'm+i} <ƒ{!>• • * ,«+w}; 

(iv) aiJ=(citilsi)Lc.m.(sl9 • • , sn+m),for all i and f 

It turns out that f,=g.c.d.(ft, • • • , fa, • • • , ?w+m). 
By a slight generalization, of the construction of Brieskorn and 

Van de Ven [2], K* has a (possibly singular) complex structure. 

THEOREM 2. K* is a manifold if and only if this complex structure is 
nonsingular. 

THEOREM 3. K* (but not K) is independent of the t^ 

Hence we assume that t~ 1 when we work with K*. 
Next we turn to index invariants of K*. First we prove a general result. 

Let A" be a compact complex manifold and let 

G = zni{^) e • • • © znk(pk) 
act effectively on X so that 

(i) the fixed point set Yt of (1, • • • , f}i9 • • • , 1) e G has complex 
codimension 1, 

(ii) the various Y/s intersect transversely, and 
(iii) the fixed point set of (1, • • • , # j , • • • , # ; , • • • , 1), #<*1 , 

7=1, • •• ,s, is y ^ r v n i V 
Let sign, #, and e denote signature, arithmetic genus, and euler charac­

teristic respectively. 

THEOREM 4. 

s i 8 n W G ) = sign(n<1 + y-)"' + < 1 - r - > , ' r l 
' \ i i (i + y,)"* - (i - Y()

ni v 

"'""-'(Ûi-o'-isr)' 
ffl = ,(flf + ^ F i 
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This theorem is to be interpreted as in Hirzebruch [6]. The proof uses 
some of the techniques of that paper. 

We apply Theorem 4 and similar results to compute the index invariants 
of K*. We find a manifold X and a finite group G so that XjG^K*. For 
this X and G it is easy to compute the index invariants of monomials in the 
Yi9 and thus we can compute the invariants of K*. 

Here is an example. Let D=d1d2 • • • dm, ô==?i?2 * * ' qn+m- Let rs be 
the coefficient of xs in YlZi(\—dtx+dfx2 ),and l e t / = { l , • • •, n+m}, 

Jk=Ui> ' ' ' >jk)cJ> 

THEOREM 5. 

^-â[l(rw.--^r-^jn^-»))] 
+ LeU"**- • " • «*> " "ÏX* — -I-))]}-
(For this formula the atj must be normalized so that the f/s are 1.) 

The homology of K and K*. The 51-action has no fixed points on K, 
so the orbit map TT.K-^K* has a rational Gysin sequence. From this we 
obtain 

THEOREM 6. Let /c=rank(#w_1(A:; Z)). 

(Q9 a even, 0 < a < In - 2) ( 0 \ ? = « - 1) 

(i) Hq(K*;Q)^r q , q~ e r \ ; 
(0, otherwise J (0, otherwise ) 

(ii) AC= ( - l ) » - i ( ^ ( A : * ) - W ) . 

Thus Theorems 5 and 6 describe the rational homology of K and i£*. 
We conclude with an algorithm for computing the torsion of H*(K) 

and H*(K*). It is a generalization for Orlik's conjecture for the homology 
torsion of Brieskorn manifolds [8]. 

A = {ai0) is an m X (n+ra)-matrix. Let A(jl9*'- ,j8) be the m Xs matrix 
consisting of columns j l 9 • • • ,js of A. Let K(jl9' • • ,ys)={z eA"|z,=0for 
j t {J\,J ' • ,ƒ.}}• Let /c(^)=/c(^)= rank(j9U(*)), and K ^ O ' I , • • • ,ys))= 
rsink(Hs_m_1(K(jl9 • • • ,ys))). Let K of the empty matrix be 1. Put 

1, if n + m — s is odd, 

0, if « + m — .? is even; 

1, if 0 < 5* + 1 — m ^q and q + m — s is odd, 

0, otherwise. 

^n+m—s 
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Letc(0)=g.c.d.(fl11, • • • , altn+m) and for J8={jl9 • • • ,js} with/x<- • • < ; , 
define 

, . .v g.cd.(q11? • • • , âXi • • • , âljs, • • •, alin+m) 

where / = { / l 5 • • • , it} and ix<- • «</ t. Except for c(0) the 0(7*!, • • • 9js) 
are independent of the row of A used to compute them. (Here we used 
the first row.) We redefine c ( 0 ) by 

m 
c ( 0 ) = E I g.c.d.(aa, • • •, a,,w+m) • f i c(h> - ' > *'*)• 

i=l t<m 
Let 

M J l > ' * * > J s ) = en+m-sK\Jl* ' ' ' 9 Js)> 

kq\Jl> ' ' ' 9 Js) == en+m-s,qK\Jl9 ' ' ' 9 7s)> 

dô = I l C0'l, * ' • , Js)> ^ = E I CUX9 * ' * , J,), 

r = max{fe(A, . . . 9j8)}9 and rq = m a x ^ A , • • • Js)}. 

Let T o r ( ^ ) = Z . 0 - • -0Zd and Tor„(,4)=Zdi 0« • -0Zd and for any 
1 r 1» rff> 

finitely generated abelian group G, let Tor(G) denote the torsion subgroup. 

THEOREM 7. (i) T or (H^K))^ or (A); 
(TorQ(A)9 q£n-2; 

(ii) Tor(HQ(K*))ç^ 
(09 otherwise. 

For m = l (i.e. K Brieskorn), (i) was conjectured by Orlik. 
SKETCH OF PROOF. We use induction on n. For n=\ the result is 

trivial. For w=2 it follows from [9], so we assume the result for dim(K)< 
In—1 with ri>2. Let Z(p) denote the integers localized at some prime 
ideal (/?). First suppose that all ^ = 1 . Since ri=g.c.d.(y1, • • •, qj9 • • •, <7W+W), 
Lp={zeK\(p9 \S]\)>1} is a submanifold of codimension at least 4. Let 
L^>LV have codimension equal to 4. (L=i^*n{z4i=z i2=0}). Let TV be a 
closed ^-invariant tubular neighborhood of L, and let M=(K—N)~~, 
with TT:M->M* the orbit map. 7r has a Gysin sequence over Z(p) and M* 
satisfies Poincaré duality over Z(p). We use these facts to show that there 
are isomorphisms of /^-torsion Hn_z{L)^Hn{dM)<^HJ<M)^Hn_1(M*)^ 
Hn_1{M)^:Hn_1(K). By comparing the results of the algorithm for Hn_z(L) 
(known by inductive hypothesis) and Hn_1{K) we find that the p-torsion of 
Hn_x(K) is given by the algorithm. Finally we relax the assumption that 
t~\. If/? divides tj9 we note that K is a frfold branched cover of K\ 
where K' has ^ = 1 . By comparing the difference of the torsion of K 
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with the (known) torsion of K' we complete the induction step for (i). 
For (ii) we use similar ideas. 
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