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In this announcement, we outline a version of Haefliger and
Poenaru’s Immersion Theorem [2] for topological manifolds. We
then use our theorem to do surgery on topological manifolds, and
obtain results such as the following: Let M* be a closed, almost paral-
lelizable topological manifold (that is, the tangent bundle of M —p is
trivial, » © M) which has the homotopy type of a finite complex. Then
by a sequence of surgeries, M can be reduced to an [#/2—1] con-
nected almost parallelizable manifold.

In order to state the Immersion Theorem we give the following
definitions: Let M, M’ and Q be topological manifolds, M a compact
locally flat submanifold of the open manifold M’, with dim M’
=dim Q.

Write Imy. (M, Q) for the semisimplicial complex of M’ immersions
of M in Q; a simplex of Imy. (M, Q) is an immersion f: AX U—AXQ
commuting with the projections on the standard simplex A, where U
is a neighborhood of M in M’. Two such are identified if they agree on
A X (a neighborhood of M in M’).

Write R(T M’ | M, TQ) for the semisimplicial complex of represen-
tation germs of the tangent bundle of M’ restricted to M in the tan-
gent bundle of Q; a simplex of R(TM’| M, TQ) is a microbundle map
® of AXTU in AXTQ which commutes with projections on A, U a
neighborhood of M in M’, such that the map of AXTU in AXUXQ
given by (¢, », #')— (¢, u, #®(¢, », 4')) is an immersion on a neighbor-
hood of A X (the diagonal of M). Two such representations define the
same representation germ if they agree on a neighborhood of A X (the
diagonal of M.

Observe that if f is a simplex of Imuy. (M, Q), the map df defined as
follows, is a simplex of R(TM’I M, TQ):df(t, u, w')=(©, fou, feu')
where %, '€ U, f(t, ) = (t, fiu). We now state the Immersion Theo-
rem. Suppose M has a handlebody decomposition with all handles of
index <dim Q. Then the map d: Imu. (M, Q)—»R(TM’I M, TQ) is a
homotopy equivalence. R. Lashof has shown [6] that the hypothesis

1 The author was partially supported by NSF grant GP-8971.
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that M has a handlebody decomposition can be removed, in case
dim M <dim M’.
We first prove the following

NEIGHBORHOOD #7-ISOTOPY EXTENSION THEOREM.? Let Ef be eu-
clidean g-space, X a closed subset of E?, UC V neighborhoods of X in Eq.
Let F: UXI*—VeXI* be an n-isotopy, that is, an embedding which
commutes with projections on I*. Then there is an ambient n-isotopy
H: VeXIr— Ve X I fixed outside a compact set with H(Fex, t) = F(x, t)
for x€ U’, an open neighborhood of X contained in U.

Proor. For clarity, we give the argument for n=1. Applying the
lemma below starting at any level s€I in either direction we obtain
k, and U, so that (replacing Fy by F,) the theorem holds for x&E U,
and ¢ in an interval about s. We then use the compactness of the unit
interval to construct the required isotopy H. Using an induction, this
argument is generalized to prove the Neighborhood #-Isotopy Exten-
sion Theorem.

LeEMMA. There is an ¢>0 and a level preserving homeomorphism
ho: VX [0, ] VX0, €] fixed outside a compact set with ho(Fyx, t)
=F(x, t) for x€U,, 0=t=<e, U, an open neighborhood of X con-
tained in U.

ProOF OF THE LEMMA. Using the arguments in [4] we obtain the
following

Sublemma. Let h: A* X E——A*X E+¢ be a homeomorphism which
is the identity on a neighborhood of dA*X E<%. Then if & is close to
the identity, there is a homeomorphism g: A* X E¢—*—A¢ X E+* which
is the identity on a neighborhood of dA¢ X E«—% and outside a compact
set such that g=# on a neighborhood of A¢X0. Further, the map
h—g is continuous in the compact-open topology.

Now let K be a finite complex, K* the i-skeleton of K, with UDK
DX. We will construct a sequence of level preserving homeomor-
phisms %* such that k2*F(x, t) = (Fex, t) for x in a neighborhood of
K, te o, €].

Assume k%! has been defined and let A be an i-simplex of K¥, 12 0.
We may assume F, is the identity, so 2%~1F is the identity on a neigh-
borhood of dA. Let AXE+* be contained in a neighborhood of A;
from the arguments in [5] we obtain an isotopy: AXE+¢X [0, €]
—AXE*X [0, ¢] which agrees with %*~1F on a neighborhood of
[AXx0UdA X Ee+]X [0, €].

? Robert Edwards has proved this result independently.
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The Sublemma then provides homeomorphisms g} with gi=Eki—1F,
on a neighborhood of AXO0\UJJAXE+$ and fixed outside AXEes,
Putting together the isotopies so obtained from each of the i-sim-
plexes of K*in turn we obtain the inverse of the required isotopy k°.
This completes the inductive step and the proof of the lemma.

We now prove a covering homotopy property for spaces of immer-
sions. Let 4’C A4 be compact subsets of E¢ To simplify notation in
what follows, we write Im(4, Q) and R(TA4, TQ) for Imge«(4, Q) and
R(TEs| A, TQ) respectively. Note that if F:AXU—AXQ or F:A
XTU—AXTQis asimplex of Im(4, Q) or R(TA4, TQ), U a neighbor-
hood of 4, then the restriction pF of Fto AX U’ or AXTU’ is a sim-
plex of Im(4’, Q) or R(TA’, TQ), U’ a neighborhood of 4’.

THEOREM 1. The restriction map Im(A4, Q)—Im(A4’, Q) is a fibration,
if A=D¥X D" * A’'=9D*X D *, k<dim Q.

This means the following: Let F:IXI*XU'—IXI*X(Q and
F{: I"X U—I"XQ be level preserving immersions, with F(0, ¢, %)
= F{ (¢, ). Then there is a level preserving immersion F': IXI*X U
—IXI;Q with F'(0, t, u) = Fy(t, u) such that FF'=F on IXI*XU",
U" a neighborhood of 4’ contained in U’.

ProoF oF THEOREM 1. Let U{ be a neighborhood of 4’ in E? whose
closure is compact and contained in U’. Since F is an immersion we
can find €>0 and a level preserving embedding p: [0, ] XI*X U{
—)[0, e]XI"X U’ so that Fop,=F, for 05t<e¢, where we write
F(t, t',u)=(, F,(t',u)).

Applying this result in either direction at any level ¢ we obtain
Ui, I,=[t—e(t), t+e()] and pt such that U/ CU’, pt: L XI"X U/
—I,XItU' is an isotopy and F;p.=F,, s€I,.

By the n-Isotopy Theorem there is a neighborhood U,’ of A’ con-
tained in U;_, and an isotopy H*: I, XI*X U;_,—I,XI*X U;_, fixed
outside a compact set with Hipi(t', u) =pi(t', u), € U,’, U;_; pre-
scribed. As in [2], if <dim Q we may reduce to the case in which
this compact set lies inside pg_ (I* X U;_,).

Since I is compact we can write 0=# <5<t <1< - -+ <1<k
=1 so that [s;_;, 5:]C(t:i—e(t:), ti+e(t:)) for all i. Suppose induc-
tively that a level presei ving immersion F’: [0, s;—1] X I*X U— [0, ;1]
XI*XQ has been defined with F/ (¢, u)=F¥, u) for u€U,_,, a
neighborhood of 4’ in U’.

Extend F’ over [0, s;] XI»X U as follows.

-1 _¢;

Fil,u) = F HHE Y P ({,w), w€ U,
Fi(l ,u) =F._ (', u), wEU—Uiy si1 <155,
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Note that for % in a neighborhood of dU’ in U’, H; =1 so that this
extension is a well-defined immersion. A calculation shows that if
uC U! =U,_NU, F{ (¢, u)=F(t, u). This completes the inductive
step; Theorem 1 is proved by starting the induction with F{.

Let D*X D»*C E¢; we identify dD* X D»—*+! with a neighborhood
of dD* X D»* in D*X D~*, Let U, U’ be neighborhoods of D* X Dn—*
and dD* X D»—*k+1 respectively in E¢, and let ¢ be the U’ germ of an
immersion f of U in Q.

Write Imgy(D*XD»*, Q) for the semisimplicial complex of E¢
immersions of D* X D** in Q whose dD* X D»*+! germ is equal to ¢.
Similarly, let Ry(T'(D* X D»*), TQ) be the semisimplicial complex of
representation germs of 7U in 7'Q whose restriction to U’ is d¢.

Now by an argument formally identical to that in [2], Theorem 1
implies

LeEMMA 1. The map d: Imy(D* XD *, Q)—R4(T(D*XD**), TQ)
is @ homotopy equivalence if k <dim Q.

LEMMA 2. The map d:Im(@D*+* X D*—*, Q)—R(T (0D*+1 X D»*), TQ)
1is a homotopy equivalence if k <dim Q.

Now let M, M’ and Q be topological manifolds, M a compact
locally flat submanifold of the open manifold M’, with dim M’
=dim Q. Suppose M has a handlebody decomposition with all han-
dles of index <dim Q.

THE IMMERSION THEOREM. Themap d: Imy:(M,Q)—R(TM'| M, TQ)
15 a homotopy equivalence.

ProoF. We argue by induction on the number of handles of M.
Suppose M = M\JD*X D»* My"\D* X D»~* =93 Dk X D—*+1, Since M
is locally flat in M’, Dk X D»* is contained in a coordinate neighbor-
hood in M’; thus by Theorem 1, the map Ima (M, Q)—Ima (Mo, Q)
induced by restriction, is a fibration. The proof now proceeds by an
argument formally identical to that in [2].

We now use the Immersion Theorem to do surgery on topological
manifolds (see [5]). Let M* be a topological manifold, TM the tan-
gent microbundle of M and fo: S»~M a continuous map.

LEMMA 3. If 2p <n and the induced bundle f; T M is trivial, there is
an embedding f: S? X D*—?— M which represents the homotopy class of f,.

PrROOF. Let w:S?XR"?—S? be the natural projection. Then
(for)*TM is trivial, thus the standard trivialization of T'(S? X R*~?)
induces a representation of TR”ISP in TM(S?XR*~?C R"). By the
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Immersion Theorem, there is a regular homotopy class of E» immer-
sions of .S in M corresponding to this representation. The result be-
low shows that such a regular homotopy class contains an embedding,
if 2p <nm. The proof of Lemma 3 is completed by noting that an E»
embedding of S? in M restricts to an embedding of S?XD»? in M.

Using Cernavskil’'s Theorem [1] and General Position arguments
we can show the following

THEOREM. Let M™ be a topological manifold and K a p-complex in
Er, with 2p <n. Then any regular homotopy class of E* immersions of
K in M contains an immersion f:U—M with f l K an embedding.

Note that f is then an embedding on a neighborhood of K.

THEOREM 2. Let M™ be an almost parallelizable topological manifold.
Let \Ew, M, with 2p <n. Then N can be represented by an embedding
f: S XD r—M such that the manifold x(M, f) obtained from M by
surgery 1is also almost parallelizable.

Proor oF THEOREM 2. Let ® be a trivialization of 7(M —x). As in
Lemma 3, we can find an embedding f: S? X R"~?—M —x such that
the trivialization of the restriction of TM to f(S? X R*?) induced by
df from the standard trivialization of T(S?XR"~?) is homotopic to
®|f(S? X R*?).

Now x(M, f) = M —f(S? X D*?)\UDr+1 X S*~7—1 where (0, 0')ES»
X Sn—»—1 is identified with f(6, 6’). Let

X =87 X (R® — Dv») U Drt1 X 1 X Do,

where 1 X D*~?=1C3(D1X D»~#—1) = S*—7-1, Now the standard trivial-
ization of T(S? X R"?) restricted to S"X(R"‘P—f)"“’) extends to a
trivialization of T/, identifying (S?X1)X D*~#»~1C S» X D1 X D71
C RP+1X R*7=1 with dD?+1 X (1 X D—7-1),

By the Covering Homotopy Theorem [8], this implies &| M
—f(S?X D*?) extends to a trivialization of T(M —f(S?X D*)Ux’),
where (0, #6") ES? X (R*—?— Dn—?)Cyx’ is identified with f(6,t0"), t=1.
However, M —f(S*X D"*)Uyx' =x(M, f)—D"=~x(M, f)—y, yED".
Thus T(x(M, f) —x\Uy) is trivial. We may suppose x\Uy is contained
in a coordinate neighborhood Y R®, thus T (x(M, f) —¢(0)) is trivial.

Using the surgery techniques of [3] we have applied Theorem 2
together with the Immersion Theorem to show the following

THEOREM 3. Let M*+! be a closed almost parallelizable topological
manifold, which has the homotopy type of a finite complex. Then M 1s
triangulable as a piecewise linear manifold.
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R. Lashof has generalized this result in [6], thus we omit the proof.
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