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1. Introduction and statements of theorems. Let 7': I#tl —Zntl
be a smooth? (C*) fixed point free involution on a smooth manifold,
2Z»+1 homeomorphic to the (z+1)-sphere, S*+1. We wish to consider
the following problem: does there exist an #-sphere, S*, smoothly
imbedded in Z»+! such that 7°.S»=.S"? If such an S» exists, we will
say that (T, Z*+1) desuspends to (T|S», S*) and that (T|S", S»)
suspends to (T, Z#t1). We claim (proofs are to appear later):

THEOREM 1. If n2 5 is odd, then (T, Z*+') desuspends to (T'|S», S*)
for some T-invartant S»C2Zm+!,

If n is even, there are obstructions to desuspending (7, Zn+1),
There is a bilinear form, B(x, v) defined on a certain subgroup of
He(M), where Znt1=4\UTA, A and T4 are compact submanifolds
of Z»+1 with smooth boundary, and 04 =0TA=4ANTA=M. If
n=2 (mod 4), then B is symmetric, and its signature, o(7, Z»+1)
is determined by (7, 2Z#+!). If n=0 (mod 4), then B is skew-sym-
metric. Furthermore, if #=4k, there is a map Yo: Hu(M; Z2)—2Z,
such that Yo(x+7vy) =¢o(x) +¢o(v) + Ba(x, y), where B,, defined on a
subgroup of Hy(M; Z,), corresponds to B, defined on a subgroup of
Hy.(M). The Arf invariant, ¢(T, =**+1), [1], [4], corresponding to ¥,
and B,, depends only on (T, 2»t1), Regarding these invariants, we
have

THEOREM 2. If n=2 (mod 4) and n>35, then (T, Z*t) can be
desuspended to (T| S, S*) if and only if o (T, Tv+1) =0.

THEOREM 3. If n=0 (mod 4) and n>4, then (T, Z+) can be desus-
pended to (T] S, S") if and only if ¢(T, Z»+1) =0.

At present, we have no example of (7, Z+!) for which either
c(T, 27120 for n=0 (mod 4), or ¢(T, Z»+1) %0 for n=2 (mod 4).
An interesting example to study in connection with the possibility of
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2 The results hold equally in the piecewise linear category with little change in the
proofs.
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a nonzero Arf invariant is the nonstandard involution of Hirsch and
Milnor on S% [3]. However, even if the Arf invariant is zero, our
methods do not give a desuspension of this involution to the 4-sphere,
because of the usual difficulties of finding a basis for Hy(M*) repre-
sented by imbedded spheres.

Regarding the uniqueness of the desuspension, we have

THEOREM 4. If n=4 is even, and (T, Z*+1) desuspends to (Tl Sos 53)
and to (T|S?, S7), then (T| Sz, St) and (T|S?, ST) are equivariantly
concordant in 2"t X 1.

We say that (T, S3) and (T3, S7) are concordant if there exists a
fixed point free involution T': S*XI—S*X I, where I= [0, 1], such
that T(S»X0)=.5"X0, and equivariant diffeomorphisms z4: (T, Sp)
—(T| $#X0, S*X0) and 41: (T3, SH—(T|S»X1, S»X1). If T:
—27+ is a smooth, fixed point free involution, then (7%, Sp) and
(T1, S7) are concordant in Z7+t1 XTI if they are concordant, and
(T, S"XI) is equivariantly imbedded in (TX1, Z#+1XI) with
S*X0C 21 X0, S*X1C 21 X1, If >4 is odd, the signature and
Arf invariant, which appeared as obstructions to desuspending
(T, Z*), now appear as obstructions to obtaining a concordance in
(T"X1, Zn+1X]) between two given desuspensions, (T[S{,‘, S3) and
(T| S?, S?). If S§! and S¥*~* are two invariant spheres in (T, =),
then o (T, =%, Sp*~1, St*™1), the signature of a certain bilinear form,
is defined. We then have

THEOREM 5. S~ and S are concordant in (T X1, T4 XI) if
and only if o(T, =%, S, S 1) =0. In particular, if 0=0, then
(T| S, S and (T| S, SEY) are equivariantly diffeomorphic.

Now suppose Sp¥*! and Si¥*! are invariant spheres in (T, Z4+2),
Then ¢(T, Z4+2, S5+ S*1) an Arf invariant, is defined.

THEOREM 6. St and S{**! are concordant in (T X1, Z4+2XT) if
and only if c(T, 2%+, Sgr+!, SP+1) =0,

CoroLLARY. If n=1 (mod 4), there are at most two invariant n
spheres in Z™L, up to equivariant diffeomorphism.

It is planned to present detailed proofs later. We will, however,
indicate briefly some of the ideas involved.

2. Characteristic submanifolds. Let T': Z»H—3n+ be a fixed point
free smooth involution. A characteristic submanifold M»C 2n+! is
an z-manifold smoothly imbedded in 2»+! such that 2*+1=4\UT4
with ANTA = M*. We have a commutative square
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2n+1 —_— SN
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where N is large, P¥ is a real projective N-space, and f classifies the
principal Z,-bundle =+ 53#+1/T. By making f transverse-regular
[5] on P¥-1 z=1f~1PN-1 will be a characteristic submanifold. It is
easy to see that all characteristic submanifolds arise in this way. Any
two characteristic submanifolds are equivariantly cobordant in
(T'X1, 2Z»+t1XI). (The definition is analogous to that of concordance
in 21X 1) It is this fact that makes the signature and Arf invari-
ant independent of the choice of characteristic submanifold.

3. The signature and Arf invariant. Let M be a characteristic sub-
manifold in 27+1, Then 2#+1=4\UTA with ANTA = M. We have the
Mayer-Vietoris sequence

S Hya ()~ H, (0 P () @ B (T Ay H (57— - -

If n=2k, k>0, and p =k, this becomes

0— mr) 25 g4y © H(TA) — 0
and so H(M?*)=ker 124®ker ips, and T ker i4=ker irs. Since
M2 C Z2k+1 M is orientable, and a bilinear form B(x, y)=x-T+y
is defined, for x and y in ker 74. Since T preserves orientation in
32%+1 it reverses orientation in M?, and the bilinear form B is
symmetric (skew-symmetric) when the intersection form x-y is
is skew-symmetric (symmetric). Therefore, given (7, Z»+1) and
a characteristic submanifold M*, if #=2 (mod 4), the signature
of the form B(x, ¥) is determined, and turns out to be independ-
ent of the choice of characteristic submanifold. The reason for
considering the signature of B is the following. If xEker 14 CH(M?*),
and M?% is (k—1)-connected, (which we achieve by exchanging
handles between 4 and T'A) then x is represented by an imbedded
S*C M?*, which bounds a cell D¥1CA. (This statement may be false
for k=3, [2], but a different argument applies in this case.) Supposing
M? is totally geodesic near D¥+., we take a tubular neighborhood N
of D¥+1 replace 4 by A —N, and replace TA by TA\UN. This will
reduce the rank of H,(M). However, (4 —N)N\(TAUN)= M’ is no
longer T-invariant. We may obtain an invariant M’ if we replace 4
by (4 —N)\UTN, and replace T4 by (TTA\UN) — T'N. However, to do
this we need S*MT'S*=¢. It is to accomplish this that we need ¢=0
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when % is odd and ¢=0 when k is even. The distinction between the
two cases arises since if S* and 7°S* intersect transversally in M?%* at
a point p with intersection number 1, then they intersect at T'p with
intersection number (—1)#+1,

The cohomology operation, ¥(x), used to define the Arf invariant,
merely serves to count, mod 2, the number of pairs (¢, T¢) of points
in SPMTS?, where S? represents the Poincaré dual of x, and the inter-
section is transverse.
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