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In what follows, C will be a compact Hausdorff space, and % will
be a uniformly closed separating algebra of continuous complex-
valued functions on C. That is, sums, products, and complex multiples
of elements of 9 are in ¥, uniform limits of elements of Y are in ¥,
and for distinct points x and y in C there exists f in % with f(x) =f(y).
Silov (see [1]) has shown that there exists a smallest closed subset
B of C, called the Silov boundary of %, such that for each f in % there

exists x in B with |f(x)| =]/, where ||f]| =max {|f(y)|: yEC}. The
following theorem generalizes this result, in case C is metric.

THEOREM 1. Let C be a compact metric space, and let A be a uniformly
closed separating algebra of continuous complex-valued functions on C.
Then there exists a smallest subset M of C, called the minimal boundary
of N, such that for each f in U there exists x in M with | f(x)| =||f||. The
set M is equal to the set Mo which is defined as follows:

Mo={x:2€C, 3finNwith | f(x)| > |f)| for all y # x in C}.

The closure of M is the Silov boundary of .

The question of the topological structure of M is answered by the
following theorem.

THEOREM 2. Let p be the metric on C. For each positive integer n, let
Un={x:0 € C, afin Awith|f]| <1,
| /()| > 3/4, and | f(y)| < 1/4 for p(x, y) = w1},
Then NU,= M.

Since it is easy to see that U, is open, it follows that M is a G;j.

It is known that every bounded linear functional ¢ on 9 can be
represented by a complex-valued Borel measure u with ||u/| =||¢|| on
the Silov boundary B of U. It is conjectured that u can be taken to be
a measure on the minimal bounary of 9. The following theorem con-
stitutes an important case of this conjecture.

THEOREM 3. Let x be a point of C which is not in the minimal bound-
ary M of . Let A contain the constant functions. Then there exists a

non-negative Borel measure y on B— {x} of norm 1 such that f(x)
= [fdu for all f in .
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As an application of these concepts, we have the following theorem.

THEOREM 4. Let C be a compact subset of the complex plane without
interior. Let A be the algebra of all continuous functions on C which are
uniform limits of rational funciions with poles in —C. Let M be the
minimal boundary of N. Let B be the set of all continuous real functions
on C which are uniform limits of the real parts of rational functions with
poles in — C. Let N be the set

{a:2€C, If inBwith | fx)| > |7(9)]| for all y # xin C}.

Then M =N and the following conditions are equivalent:
(1) A consists of all continuous funciions on C,
(ii) B consists of all continuous real functions on C,
(iiil) M=C,
(iiii) C— M has measure 0.

Theorem 4 gives a necessary and sufficient condition on a compact
subset C of the complex plane that every continuous function on C
be uniformly approximable by rational functions. Mergelyan [2] has
given sufficient conditions.

Added in proof. The conjecture preceding Theorem 3 has been
proved.
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