ALMOST ORTHOGONAL SERIES
RICHARD BELLMAN

1. Almost orthogonal series. Let us consider an infinite sequence
{pa(x)}, m=1, 2, - - -, of complex-valued functions of the real vari-
able «, of class L(a, b), normalized so that [2|¢.(x)|2dx=1 for all n.
Assume further that the sequence satisfies the following condition

(1) Z'amnl2<°°,

where amn=J2Pndadx (msZn;n, m=1,2, -+ ), Gua=0, m=n.
We wish to show that under the above conditions we have a Bessel
inequality and an analogue of the Riesz-Fisher theorem.

THEOREM 1 (BESSEL’S INEQUALITY). Under the above cond‘itions, let
f(x) be a real-valued function belongingto L*(a, b), and b,= [2f¢.dx, then

il b = f:lfl"dx[l + ( = a,,,,,|2)”2].

We have .
2| bl =f f[ Z5k$k]dx.
1 a 1

Using Schwartz's inequality, this becomes
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Hence, simplifying,

s ([ 1) [ (210

and since this is true for all », the result is obtained.

THEOREM 2 (ANALOGUE OF RiEsz-FisHER). Under the above condi-
tions, if Z{"I bnl 2< o, there exists a function f(x) CL2(a, b) such that

£ o5 (Bl (5100,

and therefore limy. (bn—J2fpadx)=0.
Let s,=2 bips, then

b
| Sm — $n|%x

LRl

= ZI b;,l’ + Z bibiaia

n+l n+13k,ISm

< Slul+ (Sl aklnk) (Slomk)”

n+1 nt1 m,n

< Zmll bk|2(1 + ( EI a,,.,,lz)m)

n+1

(using Schwartz's inequality). Hence, since 2 b2 < », s, converges in
mean to a function f(x) CL?%(a, b), that is,

lim ' |f(x) — sq(%) I’dx = 0.

We have, k<n,

5 5 5 _
by — f fakdx = by — f Snakdx +f (sn - f)¢kdx9

j;b oo =71l 9u] da 5 (fb |f - s,.l’dx)m(f: ld’klzdx)ln
= (j;b |7 - s,.lzdx)m,
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b _ n
by — f sabrda = 3 bjar,
a

Je=l
b —
b — f sepuda

= 2| bl
1

(B ($10)"

Je==1
b _ n 1/2 n 1/2
]bk"‘f Jordx é(zlbilz) (ZI%:’P)
a 1
Let n— 0, this becomes

el
b 1/2
+(f |f——s,.|2dx) .
b _ 0 1/2 [ 1/2
b= [ soaz| s (S1ok) (Slaul)
a 1
Squaring both sides, and summing over &,
b 2 )
2| b -f foudx | = <E| bil2> ( 2| akil’)»
k a 1 k.1

gl
which is the result in question.

Hence,

2. An ‘“‘almost” moment problem. Let us consider the sequence of
functions {e™t/(b—a)¥/2}, the \, being real and distinct, over a finite
interval (@, b). Then we have the following theorem.

THEOREM 3. If X pail/Ar—N))2< 0, and Z,.Ib,.|2< o, there ex-
ists @ function f(t) CL*(a, b), such that

>

n

1 b 2
b, — mf f(t)e""‘"'dt' < o,

b
| f e tg—iNkt s
a

Therefore, in view of the hypothesis, this is a corollary of Theorem 2.

We have

k=1
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