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1. Almost orthogonal series. Let us consider an infinite sequence 
{<t>n(x)}} n — 1, 2, • • • , of complex-valued functions of the real vari­
able x, of class L2(a, 6), normalized so that Jh

a\<t>n{x) \ 2dx~ 1 for all n. 
Assume further that the sequence satisfies the following condition 

(1) Z | a w | 2 < oo, 
m,n 

where amn=fl<j>m<l>ndx (m^n; n, m = l, 2, • • • ), amw = 0, m = n. 
We wish to show that under the above conditions we have a Bessel 

inequality and an analogue of the Riesz-Fisher theorem. 

THEOREM 1 (BESSEL'S INEQUALITY). Under the above conditions, let 
f(x) be a real-valued function belonging to L\a^ &), and bn^flffadx, then 

1 •/ a L \ m,n / J 

ZIM2 = ƒ ƒ[£****]<**. 
We have 

Using Schwartz's inequality, this becomes 
11/2 n f rb "11/2 r r»6r w i r n _ -l "11 

E l ^ l 2 ^ ! J \f\2dx\ \j I E M J I E»***J^J 
r /•& "]l/2r n n,n "Il 

^ I i/N* £IM2+ s »Mi 
L •/ a J L 1 1,1,MI -I 
r /»& 11/2 r n 

- [ £ | 7 H [?1M2 

/ n,n \ 1/2 / n,n \ 1/2-11/2 

+ {ZI»»I»I».I«} {si««I2} ] 
r /•& -11/2 r n -11/2 

* [ / . 'H [ci»*''] .1/2-11/2 
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Hence, simplifying, 

±1 h\* * ( J* i /|«x) [i + ( z i ««l»)1"], 
and since this is true for all n, the result is obtained. 

THEOREM 2 (ANALOGUE OF RIESZ-FISHER). Under the above condi­
tions, #2a° l M 2 < °°, ^ ^ earfs/s a function f(x)QL2 (a, b) such that 

ç | »* - ƒ/**** f * ( c i J*i2) ( 231 <̂ i2)> 
<wd therefore lim,,-*, (bn—flf!j)ndx)=:0. 

Let s« =]C?J*0*» then 

° 
= I Z) M*; Z) £*** <fo 

•/ a L n+1 J L n-fl J 
n+1 J L. n-fl 

m 

n+1 n+l&kj&m 

,1 /2 

n+1 \ n+1 
EIM2 + ( i : iM2IW (Elo-I1) 
n+l \ n+1 / \ m,n / 

^iu*i2(i+(Ei^ni2Y/2) 
n+l \ \ m,n / / 

(using Schwartz's inequality). Hence, since X X < °°> s* converges in 
mean to a function ƒ(x) C.L2(a, 6), that is, 

lim I | f(x) - $»(*) |2da; = 0. 

We have, k<nt 

ƒ * — /*^— /** — 

/iMff = J* — I sn0A.<f # + 1 (s« - f)4>hdx% 

ƒ |*-/| |**|<**s(J* |/~^n|2^Y2(J |*b|«*) 

a h \ l / 2 

| |/-*»N*) . 



19441 ALMOST ORTHOGONAL SERIES 519 

ƒ• 6 n 

Sn<j>kdx = ]T) bjdhU 

ƒ• 6 1 n 

Sn<t>kdx ^ 2 3 I M** | 
a I 1 

( n \ l / 2 / « \ 

El»/I») ( g W ) Hence, 

/

6 _ | / n X1^2 / n X1 '2 

/M* hg( EIMO (EU*,!2) 

/M* a^ZIM*} (̂ EU*I2J • 

Let n—> oo, this becomes 

Squaring both sides, and summing over &, 

»* - ƒ ƒ**** f̂  ( è I h I2) ( EI **/11), 

which is the result in question. 

2. An *'almost" moment problem. Let us consider the sequence of 
functions {eM/(b—a)112}, the Xn being real and distinct, over a finite 
interval (a, b). Then we have the following theorem. 

THEOREM 3. If ]C**il/(X*—X02< °°, and ]£n|&n|2< oo, there ex­
ists a function f (t)C.L*(a, 6), weft /fta£ 

i « -
( * - * ) 

1 /•* 
—— I f(t)e-*ntdt < oo. 

We have 

IX' eiKlte-iKhtdt 
| X* — Xi | ' 

k9*l. 

Therefore, in view of the hypothesis, this is a corollary of Theorem 2. 
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