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METRIC SPACES WITH GEODESIC RICCI CURVES. I
JACK LEVINE

1. Introduction. The problem of determining all Riemannian
spaces of three dimensions admitting geodesic Ricci curves has been
solved by G. Ricci* and P. Walberert using, however, different meth-
ods. Although they obtained all such V3, the complete explicit de-
termination of all such V, for #>3 does not seem possible because
of the increased number and complexity of the differential equations
which arise.

In this paper the following two problems related to the above prob-
lem will be considered.

In the first problem we suppose given a set of linearly independent
vectors} N;; and wish to determine necessary and sufficient condi-
tions on the N4, in order that a set of scalars 6,(320) exist which will
define a metric space V, with a metric determined by

(1 gii = > e,
h

where

(2) i:nl = oax:;I,

and e; (= * 1) are arbitrary; and such that the congruences of curves
defined by the A} will be geodesics in the V, thus determined. (The
vectors Ny| define the same congruences as do the \i|, and these con-
gruences form an orthogonal ennuple in the V,.)

In the second problem we assume that these conditions on the )\f,l
have been determined and that the # congruences defined by a set
of N} are geodesics in the V, determined by

gi = 3 el
h

we then find necessary and sufficient conditions that, with respect
to the metric (1), the congruences be geodesic Ricci curves.

* G. Ricci, Sulle varieta a tre dimensioni dotate die terne principali di congruenze
geodetiche, Rendiconti della Reale Accademia dei Lincet, (5), vol. 27 (1918), pp. 21-28,
75-87.

t P. Walberer, Riemannsche Raume mit geoditischen Riccikurven, Hamburger
Abhandlungen, vol. 10 (1934), pp. 152-168.

1 All indices take the values 1, 2, - « - , # unless otherwise noted.
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The method of Walberer is followed, and we obtain generalizations
to n dimensions of his conditions for 3 dimensions.*

2. Geodesic congruences. In this section we solve the first of the
two problems stated in the introduction.

An orthogonal ennuple of unit vectors, \;|, of a V, will determine
geodesic congruences if f

)] Yiaa = 0, @ not summed,
where
L)
Yirk = Niji, iNe Nk

are the Ricci coefficients of rotation.}
The congruences are determined from the equations
dxt  da? dxm

4 —_—— i —— == e e e =
@ TN, w

and are defined by the A% to within a scalar factor, that is, the N,
given by (2) will define the same congruences as will the N;|. If then
we wish to determine our conditions on the A which make these
congruences geodesics with respect to (1) we form equations (3) with
N, replaced by X\, given by (2). The resulting equations in 6, as
unknowns must have solutions and this requirement leads to the de-
sired conditions on the \;.

We begin by replacing (3) by more suitable equations. If the op-
erators A, are defined by

i 0
A, = )\a| -
dx®

their integrability conditions take the form§

(Aay Ap) = Ay — ApA, = Z ei(Viab — Viva)Ai.

13

We write this in the form

k
(Aq, Ap) = caply,
* New conditions are also obtained which do not appear for #n=3.
t L. P. Eisenhart, Riemannian Gepmeiry, p. 100. References to this book will be
in the form RG.
1 RG, pp. 97-98.
§ RG, p. 99.
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so that
k k
cij = ex(Yrii — Viii) = — Cjin
These equations can be solved to give
1 i i k
©®) Yijr = 3(eicir + ejcni + excji).

In terms of the ¢’s the conditions (3) for geodesics become

(6) cij,- = 0, j notsummed.
We also remark, for later use, that the Jacobi identities
Ay (Aj AR) + (A4, (Ak, A9)) + (Ax, (A5, 49) =0

are equivalent to the conditions

) Aicz'k + Ajcii + Akcﬁj = — (C};kcfih + C,I:ici'h + C?jcllch) .
Writing
As = 0aAq,
we have

— _ *—
(A, Ap) = Capli,

from which we obtain

®) Gij = %th k1,7,
P
) Gii = Oi(ci; = was), i # g,
where
ui = log 6, Mij = Ajpi.

The conditions (6) for geodesics in the barred quantities are ¢, =0,
(j not summed), and from (9) these conditions become

(10) wip = A = i, i # g

These equations in the 0, as unknowns must have solutions* and
their integrability conditions give us our conditions on the N,.
Forming the integrability conditions for (10), we obtain

* Of course, we do not assume c::,. =0, (¢ not summed), as this condition need only
be satisfied by ;;.
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k k h . .
(Qiy Apr = Ascki — Djcki = CijAnr, k# i, 7,
or
k k k h k . .
(11) CijAk/J,k = Aick,' - A]’C]“' — CijCkh, k # 1, 75 k not summed.

If in (7) we put =k (without summing), and transpose appropriate
terms, we obtain

k k h k k h k& h k
Aicki bt Ajck,; — CiiCkp = Akc,-f + CikCin + CriCihy k not summed.
Substitution from this equation into (11) gives

k k h k h & . e
(12) CifArpr = Awcij + CirCin + CriCin, k # 1, j; k not summed.

The equations (12) are the desired integrability conditions of (10).

If cf,=0, (k=1, j), for every k, equations (12) are satisfied identi-
cally. We thus assume that for each k there is at least one cf;0.
We can then write (12) in the form*

1 ® Bk hok ..
(13) Appur = — (Bxciz + cincin + Cricin) k4,7,
ii
and equations (13) are to hold for all 4, j such that cf; 0.

Since the left member of (13) is independent of 7, j, so must be the
right member, that is, we must have

1 k bk bk 1 k Eok bk A

(14)  — (Axcii + cincin + cricin) = - (Arcas + CorCan + Cracon) = H .

i Cad

Equations (14) are to hold for all 4, j, a, b such that

chi # 0, s # 0, B i 7, a,b.

We now consider (13) and (10) combined, and form their integra-
bility conditions. The only new conditions are obtained from
(Ay, Ap)ur, these conditions reducing to

k

(15) B = AH" — Arery — v + el = 0, Bl
If for given k, 1, j, (k#1, ), ct; =0, equations (12) reduce to
k h k h &k
(16) Hi; = cixein + cricin = 0,
which must be satisfied for all such &, %, j.

* If for any given k, c';i =0, for all 7 and j, the corresponding equation is identically
zero and may be dropped.
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Under (8), (9), we find that the various H’s transform in the fol-
lowing manner:
—k k —k k
H =0(H — pm), H (i) avy = 0kH (ij) (av)
Hkl = erlHkl, Ff, = 01'0ij;.
The quantities HY;;) s are the result of transposing the right member
of (14) to the left, giving Ht:jyas =0.

The quantities H*! are the generalizations to # dimensions of the
corresponding quantities for =23 given by Walberer. The other H’s
do not appear for #=23.

We can state the following theorem:

Given a set of independent vectors N, |, necessary and sufficient condi-
tions that a set of scalars 0, should exist such that the vectors No; =0,
determine an orthogonal ennuple of geodesic congruences in the metric
space defined by

(17) g = e,
h
are
(@) 7" =, ks,
k . .
(b) H(ij)(ab) = 0’ k # 1,7, @, b;
© HY =0, ki, .

Conditions (a) are used for all indices k for which H* is defined. Con-
ditions (b) are used only for indices i, j, a, b, (#k), such that c;=0,
&, =0. Conditions (c) are used only for indices k, i, j such that cf;=0,
(k#1, 7).

It is to be noted that if ¢;# =0, (7 not summed), these integrability
conditions are satisfied identically (as is to be expected). In this case
H*=0, as is seen from (7) on putting £=/. Then (a) and (b) follow,
and (c) follows from the Jacobi identities (7).

From the definitions of the H’s it is seen that the conditions (a),
(b), (c) are independent of the e;.

3. Geodesic Ricci curves. We consider now the second of the two
problems stated in the introduction. We suppose given a set of N,
satisfying conditions (a), (b), (c) of section 2. Then there exists a set
of the 6, such that ¢;=0, (¢ not summed), and thus we obtain the
-)\_f,| of (2). We now drop the bars and suppose given a set of N’s such
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that ¢;;=0, (¢ not summed), and wish to find a set of scalars 6, (0)
such that N;| =0,\., will determine the geodesic Ricci curves of a V,
defined by (1).

An orthogonal ennuple of unit vectors, N;|, of a V, will define the n
Ricci congruences of the 7, if

(18) Rihap\i) = 0, a#b,

where R;; are the components of the Ricci tensor.*
From

h_1 ik
(19) Yipgr = Rhi;’k)\ll)\pl)\;l)\rl = AYipg — BgYipr

+ E €m ['Ylpm('YMqr - 'Ymrq) + YmltrYmpq — 'leq'Ympr],
‘m

and
Rij = g"*Ruijn,
we obtain as conditions equivalent to (18),

(20) Z €sYabea = 0, b # c.

If we assume (3) satisfied (condition for geodesics), conditions (20)
reduce to

(21) Z ea(Aa'Yabc + em’Yabm'Ymca) = O, b #=c.

a,m

If in (7) we put I=Fk, and sum, and use (6), we obtain

(22) Awei; = 0.

If now we substitute from (5) in (21) and make use of (6) and (22)
we eventually reduce (21) to the form
Z ea(ebAach + ecAaCZb)
23) ° o m o .
( ) = E €alm [eaemcbmcca + C:mccm - %ebeccb«;mcam], b # c.
We must impose conditions (23) and (6) in the ¢ to obtain geodesic
Ricci curves.
From (10) we now have

(24) pij = B =0, i

* RG, pp. 110, 114.
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Hence,
(As, Ak = Dipr; — Ajitri = 0 = iy = cf,-Ak/uk, k#1,7,
or
k o
(25) cijprrs = 0, k # 4, j; k not summed.

The Jacobi conditions in the ¢ add no new conditions on the 0,, for
from (7) in the ¢ we get (24) and (25) again.

We now form (23) in the ¢ and thus get the remaining conditions
on the . We find on forming (23) in the ¢ and then substituting from
(8) and (9) that the resulting conditions can be written in the form

2 2b 2 ¢ 2 b 2 c
E eaaa[(eboccac + ecobcab)ﬂaa + efelacac + ecobAacab]
e 222
22a m obocam a a 22 b c
= D €ulm| CalmBi0:Comboa + —5— ComCem — S€€HabmCamt
aPm atmVUpVcCbmlca 02 bmClem 26b€VaUmbamlam |

a,m

(26)
b#c.

The conditions on the 0; are given by (24), (25), and (26). We shall
solve the simplest case here, that is, the one in which all the ¢’s are
zero but one, which we may assume to be cj;. (If all the ¢’s are zero,
the space is flat.)

From (25) we see u11=0, which together with (24) gives

0 = ky = const.

The only conditions obtained from (26) are

@7 pas + Asd =0,
(28) pe2 + A2d =0,
where

6;3 = qa, 4 = log a.
Since now

(A, &) = cijs,
we have
(Ai, A]’) = 0, i,j ?5 2

Hence the operators A;, (45%£2), define an abelian group,* and by a
change of coordinate system, we have the canonical form

* L. P. Eisenhart, Continuous Groups of Transformations, p. 49.
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a

29 A= —
(29) dxt ’

) s 0 a
(30) A2=a(x,x)—xz—|—5;;:
and

da

¢ =——":

dx?

Equations (24), (29), (30) now show that
Mi = :ui(xi); or 0; = el(xl),

i 2,

and then from (27) and (28) we obtain 924 /0x29x%=0. This gives

B’ c’
a = B(x)C(x%), ud = ——> pd = ——> a= — BD, D = |Cdx?,
B C
or
ko k3

02 = E} 03 = E .
Then ¢3; =k (=const.), and the A,, by means of the coordinate trans-
formation

xl B D ) dux? .
a't = —, x’2=f—dx2, #=— ali= | —, 1> 3,
k1 ko k3 6t

can be reduced to the canonical form (by dropping primes)

9 ,

A; = - ) 15 2,

dx?
_ i) l¢]
Ay = — kad—F+ — -
B dx?

From (17) we have
g“ = eiaiiy (7':] #= 1) 2)7 gll =6 + 62(kx3)2) g12 = - ke2x3) g22 = éq,

from which the g;; are easily obtained.
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