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»-ALGEBRAS OF EXPONENT p*

BY NATHAN JACOBSON T

A. A. Albert and O. Teichmiiller have recently investigated
the structure of p-algebras, that is, normal simple algebras of
degree p¢ and characteristic .1 In particular they showed that
a necessary and sufficient condition that such an algebra have
exponent p is that it be similar to an algebra A having a maxi-
mal subfield C=F(cy, ¢2, - - -, €m), Where ¢ =v;€eF, the under-
lying field. The latter algebra is cyclic. It is the purpose of this
note to apply some results of my paper Abstract derivation and
Lie algebras§ to obtain a new generation of A. For m=1 this
generation is more symmetric than the cyclic generation. We
obtain a condition that 4 be a matrix algebra in terms of the
new generation, and when m=1 we have as a consequence a
reciprocity law for fields of characteristic .

Let A be a normal simple algebra of degree p™ (order p?™)
over a field F of characteristic p and suppose 4 contains the
maximal subfield C=F(cy, ¢3, - * +, €m), ¢ =7v;€F. Let D be an
arbitrary derivation of C over F, that is, a mapping x—xD of C
into itself such that

(x# + 9)D = xD + 9D, (xa)D = (xD)e,
(x9)D = («D)y + «(yD), acl.

It is known that D may be chosen so that the only elements 2
such that 2D =0 are those of F,| and for a D of this type I have
shown that

1) (D" + D" s 4+ oo + Dry) =0,  1F,

* Presented to the Society, April 10, 1937.
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or
2@ 4 2" D o e =0
for all xeC, but no equation of the form
80 4 Dby 4 o b+ b, =0,  beC,

can hold if 7 <p™.* I have shown also that any derivation in a
simple subalgebra of a normal simple algebra may be extended
to an inner derivation in the latter. Thus there exists an ele-
ment d in 4 such that [x, d]=xd —dx=xD for all xeC.

We note that

) wdk = db + Ciadt1a! + -+ -+ 5B,

where the coefficients are those of the binomial theorem, and
hence xd? =d?x+x@. It follows from (1) that (d#"4d*" ',
+ -+ - 4dr.) commutes with every x, and since C is a maximal
subfield of 4, (@*"+d*""'r1+ - - - +drn) =ceC. Deriving with
respect to d (taking commutators), we have [¢, d]=0, and so
c=0eF and

3) " 4+ d"" e 4 - dr = 6.
We assert that C and d generate the whole of A. Suppose
@) ar+d+---+0b =0, beC,

is an equation of least degree having coefficients in C and satis-
fied by d. If xeC by (2)
atwy +d %+ - - + % =0,

where, if we use the C,; notation for binomial coefficients,

#1 = Cp 19/, wg = Cpot” + Cr110'b1, - - -,
@ = & 4 20V 4 -+ 2.

Since (4) has minimum degree, x;=x,= - - - =x,=0. But by (1)
x,=0 is impossible for all x unless = p™. It follows that r=p™
and 1, d, - - -, d*"! are (right) independent over C. Thus C
and d generate an algebra of order p™ over C and hence p?™ over
F, and so C and d generate all of A. The field C, the derivation

*J, p. 218.
t7J, p. 214,
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D, and the equation (3) give a complete description of 4.
Let V(x) for xeC be the function

Vpn(%) + Von(@)r1 + - - - + Vi(a)7m,
where
Voi(x) = a# 4 (ar=D)pi™t b (x@*=D)pi2 4 ... b gD,

I have shown that V(x)eF, and that it has properties analogous
to the norm in cyclic fields.* Now suppose 6 = V(xo). If d1=d —x,,
then [x, d;] =D for all x, and since

dlpf = (d — xo)pj = dpj - Vpi(xO):
we have
" + d" T+ dire = 0,

and so A= F,», the algebra of all p™-rowed square matrices with
elements in F.{

Conversely suppose that A=~ F,». Then there exists in 4 a
field (2~ Cand an element d; such that [%, d1] =xD where x—"
in the isomorphism between C and ¢ and

dv" 4+ d" ' 4 -+ dirm = 0.

This isomorphism between Cand C may be extended to an auto-
morphism in 4.1 Hence there exists an element d; corresponding
to dy such that [x, d;]=xD and

d?" + d" 4 - - -+ dirw = 0.

We observe that d —d; commutes with all the elements of C, and
hence dy=d —x,, x¢eC. It follows as before that § = 1 (x,).

THEOREM. A mnecessary and sufficient condition that A Dbe
™ Fym is that =V (xo), xo€C.

We now consider the special case where m=1, C=F(c),
c?=+. Let D be the derivation such that cD=1. It is easily
seen that D?=0 and hence 4 is generated by ¢ and d such that

* See J, p. 224.

t The symbol & denotes isomorphism. For the above equations and result
see J, p. 223.

1 M. Deuring, 4lgebren, 1935, p. 42.
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[¢, d]=1 and d»= 6. Thus 4 has the basis dic’ (i, j=0,1, - -,
p—1) such that

5) P =1, ar =3, cd — dc = 1.

The condition that A~F, is §= V(x,), xeeF(c). Here V(x)=xr
+x@Y and so if x=§+ck+ - - - +cPlE,y, then

(6) V(x) = (§® — £p1) + vE2? + - -« + P71,

If ¢ is not a p-th power, (5) is essentially symmetric in ¢ and d.
We define the derivation d—dE= —1in F(d). Since E”=0, the
condition that 4 &~ F, is that

v =V(y0) = yE"' + yo*, yeeF(d).
But if
y=mno+dn+ -+ d I,
then
V() = (e — np—1) + 0ne? + - - - + 6771,y

Thus we have the following reciprocity theorem for arbitrary
fields of characteristic p.

THEOREM. If v and & are not p-th powers in F, then (£o° —£p—1)
&8P+ - - HyPIER_ =0 is solvable for £ieF if and only if
(Me? = np—1) +0n2 4 - - - + 067" In2_, =+ is solvable for n;eF.
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