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Hurwitz' definition of commutative group employs two postu­
lates;* the reader will find it interesting to compare with that 
of the present paper. 
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1. Introduction. We consider the following problem. 

Find In numbers O ^ 0 i < 0 2 < * • • <S2n-i <#2n < 2TT such that 
for every trigonometric polynomial 

n-l 

(1) G(fi) = a» + 2 { « * c o s (» - k)d + Pk sin O - k)d) 

of order ^ n the equality 

(2) f TF(d)G(d)dd = L \ Ê G ( ö « - i ) - E G ( y } 

holds true, where F(0) is the given function 
00 

(3) F(6) = £ (Ak cos k6 + Bk sin k$), (s g (» - l ) /2 ) , 
/b=n—s 

awd L is 0 given positive number. 

Let 

^n(0) = X) {̂ fc cos £0 + £* sin W} , 
Jc—n—s 

/

2n 

Fn(d)dd, G*(d) = const. I l s i n 

7 c = l 

Then, integrating (2), we get 

* For references, see the first footnote to this paper. 
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ƒ * \pn{B) - — sgn G*(0)}G ' (0 )<» = 0, 

whence it follows that 

L c °° 
(5) — sgn G*{6) = — + #n(0) + X) (Mk cos £0 + iV* sin kd), 

2 2 fc-n+1 
where c is an arbitrary constant; it is clear that 

(6) | c\ = L. 

By the theorem of N. Achyeser and M. Kreinf a necessary 
and sufficient condition for the existence of a function deviating 
from zero by not more than L/2 and having the first members 
of the Fourier expansion 

c n 

h ^ l S £***> ck = ak+ ibky (k = 1, 2, • • • , n; z = eiB), 
2 &=i 

is that the form 
n n 

(7) ] £ J ) Yr-fctfA 

fo non-negative, where the y's are to be found as the coefficients 
of the expansion 

(8) e(Tic)K2L).e(*iIL)S= 7 _|_ 7 l 2 + . . . + 7n2n + . . . , 

where 
n 

S = Y,ckz\ 

and where y0 = 7 + 7 , 7-&=:7Jb (* = 1, 2, • • • , »). 
It is clear that in our case we have 

/• T = f *v Ï = p{vtc)f(2L)fs j 
l/n—k — ' rn—k — C bn—k j 

n — k L 

(9) (£ = 0, 1, • • • , . ) , 

7o = 2 cos — J 7i = 72 = • • • = yn~8-i = 0. 

t N. Achyeser and M. Krein, Über Fouriersche Reihen beschrankter sum-
mierbarer Funktionen und ein neuer Extremumprohlem (1 Teil), Transactions 
of the Kharkow Mathematical Society, vol. 9 (1934), pp. 18-19. 
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Setting 

(10) ie^lWxn-k = yn-k, xk = yk, (k = 0, 1, • • • , s), 

we may write our condition thus : 

( i i ) 

where we have put 

2L TTC 
cos \- A ^ 0, 

T IL 

X) Cr-hyuyr 

(12) A = {n — s ^ \ r — k\ ^ n). 

y*\ 

It is easy to find that A satisfies the inequality 

- 50 S A ^ ôo, 

where 5o is the greatest root of the equation 

(13) 

0 

U • U Cn—8 Cn—s-fl 

ô • • • 0 0 cn~s 

0 0 • 

Cn-s 0 • 

Cn—s-fl Cn—s 

• ô 

• 0 

• 0 

0 

ô 

0 

0 

0 

Ô 

Cn-1 Cn—8 0 0 

Cn-1 

Cn—s 

0 

0 

= 0. 

Therefore our form (7) will be non-negative if and only if 

(14) cos 
TTC TTÔQ 

~2L~~~2L 
L ^ 

TTÔQ 

Such are the necessary conditions for the existence of the quad­
rature formula (2) ; it is not difficult to see that they are suffi­
cient too. 

2. Roots of Trigonometric Polynomials. Thus we are to find 
the polynomial G*(0) of order ^n from the condition 
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sgn G*(6) = -f + T ^ É *-**"-* + %ÎLnkZk, (* - e»). 
L L k-O k=n+l 

Consider the polynomial 

(15) P(0, a) = <R,[qi(z)z«-i-+>] + \q(z)\2 cos a, (z = ew), 

where v-\-\ is the multiplicity of do and the polynomial q{z) of 
degree s — v is to be found from the condition 

(16) &o q(») 
z°-'q(l/z) 

= Cn-, + C„_,+i2 + • • • + CaZ' + 

( |«|^D. 
We have 

sgn P(0, a) 

= sgn < cos -
(n - 2s + v)B + 2Û + a (n - 2s + v)B + 2Û - a 

cos }. 
where t? = arg q(z), whence we find 

sgn P(6, a) = sgn 

1 + z"-'eia g(«) 1 
s-'ff(l/«) 

1 + zn-*e~ic «(«) 
2—'3(1/2) 

(17) = <R. 

«GO 1 1 + z"-'eia 

2« 2 *-'tf(l/«) 
1 + — log — — 

7T TTl q\Z) 
1 + zn~*e-ia 

z°-»q(l/z) 

2a 4 sin a JL JL 
1 + ^ E cn-kz»-k + ^ E X*s*. 

7T 7 T 5 Q &=() fc-n+1 
On putting 

(18) 

we see that 

2a c 
(0 ^ a ^ TT) , 

sgnG*(0) - sgn P(0, a) = £ (M* cos £0 + tf* sin £0). 
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Hence it follows that almost everywhere in the interval (0, 2T) 

sgnG*(0) = sgnP(0, a ) , 

for we have 

ƒ• 2 i r 

[sgnG*(0) - sgn P(0, a)]G*(6)d6 = 0, 
o 

and the integrand is non-negative. Hence we have the following 
theorem. 

THEOREM 1. Being given the function 
00 

* W = Z U * cos kS + Bk sin k$\ , (s £ (n - l ) /2 ) , 

and the positive number L, we can find 2m^2n real numbers 
O ^ 0 i < 0 2 < • • • <02m<27r such that the quadrature formula 

ƒ• 2ir / m m \ 

F(6)G(e)df) = Ll £ G(0«_x) - E C W 
holds true for every trigonometric polynomial G(0) of order ^n; 
L must satisfy the inequality L^7rô0 /2 , where 50 is the greatest 
root of (13); cn-k = (Bn-k-iAn-k)/(n-k), (£=0 , 1, • • • , s); 
m = n — v, where i> + l is the multiplicity of S0; the numbers 
0i, 02, •• *, 02m are the roots of the trigonometric polynomial of 
order m 

G*(0) = P($, a) 

(19) 
= K[q*(z)z»-**+>] ± | q(z) \*(l - ( ^ j ) , 

where the polynomial q(z) of degree s — v is to be found from the 
expansion (16). 

3. Minima of Polynomials. Putting 

(20) i - ^ x , ( - l ^ X ^ l ) , 

we obtain the equality 

(21) f sgnG*(0)G(0)J0 = X f rG(d)de + — 
•Jo J o ôo 

4 7rX 
COS — ; 

2 
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which is valid for every trigonometric polynomial 

n-l 

G(fi) = an+ J^{ak cos (n - k)6 + pk sin (n - k)d) 

satisfying the condition 

(22) co(G) = E (akan-k + 0*6»-*) = 1, (* ^ (» - l ) /2 ) . 

Hence follows the inequality 

| G(0) \d6-\ I G(0)<» ^ — cos —; 
o Jo ôo 2 

where the equality holds true only for 

(230 G(6) = G*(0) = P(6, a), (X = 1 - 2 « / T ) . 

First put X = 0 ; then we get 

(24) \G(0)\dO>—-

Suppose now that G(0) is non-negative; then 

ƒ. 
2* 4 cos (TTX/2) 

G(0)d0 ^ 
'o ôo 1 — X 

Supposing that A—»1, we get finally 

(25) G(0)J0 ^ — ; 
J 0 Oo 

the equality is valid for the polynomial 

(250 G(6) = P(6, 0) = | q{z) |2 + %{q2{z)zn-*s+v\. 

We have thus proved the following theorem. 

THEOREM 2. For every trigonometric polynomial 

n-l 

G(6) = an+ X){a* cos (n - *)0 + 0* sin {n - &)0} 
fc=0 

satisfying the condition 
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«(G) = T,{akan-k + Pkbn-k) = 1 , M ( » - l)/2), 

/Ae inequality 

I G(0) I d» ^ — 
0 5o 

is valid ; /Ae polynomial for which this minimum is actually at­
tained is 

P(O,—) = %[qKz)zn~2s+v]. 

If the polynomial is bound to be non-negative, then the minimum 
will be 7r/2 times (26) and this minimum will be attained by 
the polynomial 

JP(0,O) =\q(z)\' + K[q\z)z^^]y 

where q_(z), ôo, and v have the same meaning as in Theorem 1. 
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