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SOME MULTIPLICATION THEOREMS
FOR THE NORLUND MEAN

BY FLORENCE M. MEARS

Absolute summability for the series Z:=1“n by the Cesiro
mean and by the Riesz mean have been defined by Fekete* and
by Obrechkoff,t respectively. In each case, theorems for the
multiplication of series summed by these means have been
proved.] The purpose of this paper is to establish a definition
for absolute summability by the Nérlund mean, and to prove
three multiplication theorems for this mean. Theorem 1 in-
cludes Mertens’ theorem for convergent series and its extension
for the Cesaro mean. Theorem 2 includes Cesaro’s multiplica-
tion theorem. Theorem 3 includes the following theorem by M.
J. Belinfante for the Cesaro mean.

If 37w, is summable C, to U, and if Z:;lv,. is summable
C.to V, and bounded C,_y, (s=0,r=1), the product series Z:=1w,,
is summable C.ys to UV.§

For any given series ) ,_,%x, with terms real or complex, form
the sequence { Uy}, where Uy=2,_a. Let {a.} be a sequence
of positive numbers, and let 4, =) . _a,. The series D, uis
said to be summable to U’ by the Nérlund mean A4 if

n
Z An—k+1 Uy
. , . k=l
lim U, = lim
n— 0 ) An
. . o .
exists and is equal to U’ If X r_u{, where u,) = U, — U/_y, is

absolutely convergent, we shall say that Z:;luk is absolutely
summable 4. We shall assume that lim,..(a,/4,) =0; then 4 is
a regular method of summation.||

* Matematikai és Természettudoméanyi Ertesits, vol. 32 (1914), pp. 389-
425.

t Comptes Rendus, vol. 185 (1928), pp. 215-217.

1 For discussion and references, see Kogbetliantz, Mémorial des Sciences
Mathématiques, No. 51.

§ Koninklijke Akademie te Amsterdam, Verslag, vol. 32 (1923), pp. 177-
189.

9 Riesz, Proceedings of the London Mathematical Society, (2), vol. 22
(1923), p. 412.

|| Riesz, loc. cit.
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We shall consider also the series Y, i, and )., s, the
Cauchy product of series Y ; ,ux and ), _vi; we have the cor-
responding sequences { Vi} and {W,}.

We shall assume that we have also a regular Norlund mean,
B, defined by {b:}, a sequence of positive numbers. We shall
form the Norlund means, C, defined by {c.} = {2 ;_@sburs1},
and D, defined by {d.} = {3 A rbnsi1}-

THEOREM 1. If D o uy is summable A to U', and in addition,
absolutely summable A, and if 3, i is summable B to V', then
D Wi is summable C to U'V'.

Proor. We shall prove the theorem first with the assumption
that V' =0. Let

1 & 1
Ul = — U, —
Ankglak k41, B

1 n
W) =— 2 ciWnri;

n k=1

n
E Ichv——k+1 )
k=1

-] -] 0 . .
let D . ui, >, and D wy be the corresponding series;
then

w215 g 1w 1| 5 e
=1
n—k
+ Z[I uil | Z ViS 4+ AubiVa—isr ]},
k=2 l=1
where
n—Il+1
S = Awbn—i-trat D, Gpbu-ipia.
Bl
Hence =
|Wn I = {l uf l Va1
n l=1

+Z|:Iuk'lAk

k=2

+§[|uk’|

n—k+1
> baiip2V H

l=1

n—k n—I+1
Z E @pbu—i—pr2V1 l]}

=1 p=k+1

= Pl + 20|l | Qui] +'§[|ulzlknk].

k=2
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Since C includes B,*

¢)) lim P, = 0.

N—>0
For2<k=n,
n—k+1
Akl D ba—iirVa
an < 1:1
2 Aibu_r
=k
n—k+1
Ar| 2 baoirp2Vy
l=1 - = lVﬂ-,—’H-ll-
Ap D baii
=k
Therefore
n n
20|l | <2 Vi | | k|
k=2 k=2

v n
= 2| Vil | wd | + 2| Vil | [ i |,
k=2 k=v+1
where » may be chosen so that » and # —» become infinite with

n. Since limnm| Vi I =0, for any ¢, v and # may be chosen suffi-
ciently large so that

(2) S [Que| ud | ] <.
k=2
For 2<k=n-—1, we have
n—2

> @nei1Bi| V1|

=1

Rnk é C,,
12 "2 Gppr1Bp| Vy
- [_ zan_mB,] > _;L”_I_L_l
Cn =1 =1 K
Z @n_111B,
=1
=2 g 1By |V,
< Z ann_‘_jl pl » I - V;'_z,
>t > Gn11Bi
=1

* Norlund, Lunds Universitet, Arsskrift, (2), vol. 16 (1919), No. 3.
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where V,_, is the (n —2)th term of the sequence obtained when
{| V4 ]} is summed by the matrix transformation ¢,,, where

On—p+3Bp

n
Z an—14+3B;

=1

tnp

for p=n, and ¢,,=0 for p>n.
This transformation is regular, since 4 is regular; it follows
that limp.. Va—s=0, and that for any ¢, we may find » suffi-

ciently large so that
(3) R"k < €.

From (1), (2), (3), and the fact that 3, , | u# | converges, it
follows that lim,,ml w,. I =0. This proves the theorem for
V'=0.

If V’'>0, we consider the sequence { VeV’ } ; this sequence
is summed by B to 0. Hence the Cauchy product of Z:;lu,, by
[o— V142", . is summed by C to 0; that is,

> ckUnpsr
lm| W, — v 2L |=o.
n— o Cn
Since C includes 4,
. Z CkUn—tt1
'}LIE b= U’
Cn

therefore lim,. ., W, =U'V".

THEOREM 2. If D v ui is summable A to U’, and if 3, vk
is summable B to V', then Y ;. 1wy is summable D to U'V".

Proor. We have

12 <
W, = — AWp—ty1 = Z gnk Uk Viri1,
k=1

n k=1

where g, =ArBn—_ry1/D, for k=n, and g, =0 for k>n.
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Since A and B are regular, this method of summation is regu-
lar and limy,.wgn,n—r+1=0; it follows that*

n
lim > guxUL Vi = UV,
N0 L1

which completes the proof.
For the proof of Theorem 3 we require the following lemma.

LemMA. If {X,} and {[D ¢ _Biyn-rs1]/Bn} converge to X and
Y, respectively, and if {[D_1_biVn—rs1]/bn} is bounded, then

n—k+1
n Z bzyn—k-l+2
lim ) 3 e Xy ————( = XV,
n—w k=1 bn-—k+1

provided that (a) lim,..a.xs=0; (b) Z:=1|a,.k] <M for all =,
where M is a positive constant; (c) T includes T, where T’ and T
are triangular matrix transformations defined by tni=an n_rs1 and
tnk = bk/Bn

ProoF. Let
n—k+1

Z blyn—k—t+2

=1 ,
= Yn—k+1,

brrer1
and let @niyd—ii1=Cni. Let Z, =D y_caeX s From (a), (b), and
(c), it follows that lim, ... =0, D ;| car| <M’, where M’ is a
positive constant, and limn»wzzzlcnk= Y. Choose p such that
for a given €>0, le—XI <e/(2M') when k>p. For E=p,
| Xx—X| <L. Then

n D n
Zn—XEan = ZlcnkHXk—‘Xl‘l' Z]CukHX’c"X|
k=1 k=1 k=p+1
» €
_<_L n 7 nk | ¢
< L3 ol +

Choose N > p, and such that | c,,k| <e/(2pL) for n>N. Then for
n>N, | Z,—X D ;_icar| <€, which proves the lemma.

* Dale, American Journal of Mathematics, vol. 47 (1925), p. 82.
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THEOREM 3. If X p uy is summable A to U’ and Yy vi sum-
mable B to V', and if
bavi 4+ - -+ 4 biv,
bn
then D ;. wy is summable C to U'V'.

<M,

ProoF. Consider the triangular matrix definition

Akbn—k+1
Albn+ core +Anb1

This definition satisfies the three conditions of the lemma, for

Ank =

Arbn_pi1 < Arbn_ii1 < bp_ri1

4) - - - ;

> Abnipa > Abpipa > bt

=1 e =k

n

(5) 2| ane| = 15

E=1
(6) A'=C'B,
where 4/, B, and C’ are triangular matrix definitions with

’ ’ bk ’ an-k+1Bk
Ank = Qpon—k+1, bnk = Cnk = _”_—'_——
" > Abpipa
I=1

The definition C’ is regular. The theorem follows immediately
from this lemma.
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