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B—B-T=H,+H, B, and H;- C=0, contrary to the lemma.

6. Conclusion. In conclusion attention is called to the desir-
ability of clearing up, in the general case, the possibilities for
the power of the class of all sets [[{(N) ] in a compact space for
any system 7', such as has already been done by Mazurkiewicz
and Alexandroff (see papers in Fundamenta Mathematicae,
vols. 19 and 20) in the special case of the dimensional com-
ponents. Also a more detailed study of the structure of continua
M of varying degrees of connectivity and local connectivity
with respect to the sets H(XNN), in particular in the case* con-
sidered in §5, would be highly desirable.
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1. Iniroduction. We shall consider generalized quaternion

algebras

Q= (17 1,],1]), ]zz —1]7 2= a j2=ﬁy
over the field R of all rational numbers. It is easily shown that,
by a trivial transformation on the basis of Q, we may take @ and
B to be integers without square factors.

Of great interest in the theory of algebras Q are the integral
sets of Q. L. E. Dickson] has called a set S of quantities of Q an
integral set if S satisfies the following postulates:

R: The quantities of .S have minimum equations with ordi-
nary whole number coefficients and leading coefficient unity.

C: Sis closed under addition, subtraction, and multiplication.

U: S contains 1, 7, j.

M: S is maximal.

* A further study of this case is made in the author’s paper Cyclic elements of
higher order, to appear in the American Journal of Mathematics, vol. 56 (1934).

1 Presented to the Society, June 19, 1933.

1 See Dickson’s Algebren und ihre Zahlentheorie, pp. 154—197, for his theory
as well as references to the work of Latimer and Darkow. See also Latimer’s
later paper, Transactions of this Society, vol. 32 (1930), pp. 832-846.
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Using the above definition for .S, Dickson considered the

integral sets for algebras Q with a= —1. By a further trans-
formation on the basis of algebras Q, Dickson showed, for his
case a= —1, that § could be taken to have no prime factors

p=4n-41. He then obtained the sets S. Latimer considered al-
gebras Q with a=f=1 (mod 2), and with a=2, =1 (mod 8)
and, after transformations on the basis of Q, obtained many sets
S for each algebra Q. Similar considerations were made by
Marguerite Darkow for the case a=8=2 (mod 4). These latter
results of Latimer and Darkow are very complicated and do not
complete the problem of finding an integral set for every gen-
eralized quaternion algebra.

The above division into special cases is certainly not desir-
able. Nor is it necessary. For it is obvious that at least an at-
tempt should be made to show that transformations carrying
all the cases into a canonical form are possible and it is this
canonical form which should be studied.

In the present paper such a canonical form is obtained. It is
shown that every rational generalized quaternion algebra is
equivalent to an algebra with a=7=1 (mod 4), where —7 is a
positive prime. The integer 8 =0 is also restricted. In particular
it is evident that integral sets S should contain the integers of
the field R(z) and hence 1, P=(1+41)/2, is a basis of such in-
tegers. Hence the postulate U is replaced here by

U’ S contains 1, P, j.

But then it is shown that there exist two* sets .S, S satisfying R,
C, U’, M, and the bases of these sets are explicitly determined.

2. Transformations on Algebras Q. Let R be the field of all
rational numbers and let Q be any normal simple algebra of de-
gree two over R. Then
(1) Q = Q(ayﬁ) = (1: i:j» 1’])7 ]'L = - i]! = «a, ]‘2 = 6;

where a0 and 80 are in R. Conversely, every algebra (1)
is normal simple.

* Essentially only one set, as we show here tha_t o=er+4u? and obtain a
corresponding set S. But then ¢ =er44(—g)? and S is obtained from S by re-
placing u by —u.
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If we have 7o=M\7, jo=(\+vi)j, then joo= —10j0, 2 =N,
ji=Wwr—ar?)B, and Q=(1, <y, jo, %0jo). Hence we have the
following lemma.

LeMmMA 1. If N\, u, v are rational numbers, then Q(c, B) =Q(vy, 6),
where y =Na, 6 = (u2—ar?)p.

Next let 2o =x17+ %27+ 317, so that
(2> i =y = f(xl, Xg, xs) = xfa + x22ﬁ - x32aﬂ.
Then I have proved* the following fact.

LeMMA 2. If v =f(x1, %2, x3) Zx2a of (2) for rational xi, xs, x3,
then Q(a, B) =Q(y, 8), where in fact § = —af(xf —xfa).

If « is rational, then aa=pe~!, where p and € are relatively
prime integers. Then pe=£2, where £ and « are integers and
o has no square factors. If ay=£€71, then a =a?a and we call
ay the kernel of a.

By Lemma 2 any integer having the form x2a+x28—xfaf
for rational x;, xs, x3 may be chosen as a new a. Let ay, B0, Yo be
the kernels of «, 8, —af3, respectively, so that every value of the
form F(x, v, 2) =apx?+Bey?+v.2? for integral x, y, z is repre-
sented rationally by (2) and may be taken to replace a.

Evidently 7y, is the kernel of —aofy, so that not all three of
@y, Bo, Yo are even. Moreover, one of ay, 8o, Yo is negative. Either
ao=Fo=vo=3(mod 4), so that F(1, 1, 1)=9=1 (mod 4), or
one letter, say a, is even, and one, say b, satisfies the congruence
b=3 (mod 4), whence ¢-12+5b-12=2+3=1 (mod 4).

If «>0, then one of By and #,, say b, is negative, so that
p=a-+4ba?=a(l+4afB) <0, p=1(mod 4), and is a value of
f(x1, x2, x3). Hence we may take a <0, a=1 (mod 4).

Let us now apply Lemma 1 to replace a=adaq, 8=0828 by
their kernels g, 8o. This is evidently accomplished when we
have A=ay7, p=0:"", »=0. Hence take ap=1 (mod 4), a<0.

Let m be the greatest common divisor of ay, B0, so that
ag=aem, Bo=Lsm. Then ay, B2, m are relatively prime in pairs
since ap and (o have no square factors. It follows that «y is
prime to Bo(m —ae). Butif A\=1,u=1, y=7"'in Lemma 1, then

* See my paper in this Bulletin, vol. 37 (1933), pp. 257-258, for the results
implying Lemmas 1 and 2.
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Y=ag, 6 =(1—72asm)mPBs=P0/(m—as). We use Lemma 1 to re-
place B2(m—as) by its kernel and thus prove the following
theorem.

THEOREM 1. Every normal simple algebra of degree two over R
is equivalent to an algebra Q(a, B), where a and B are relatively
prime integers without square factors, a <0, a=1 (mod 4).

The quadratic form ¢ = —ax®—40y? has relatively prime
coefficients, positive leading coefficient, and discriminant
A= —16af. Evidently A is an integral square if and only if
—afB =1, —a=fB=1, which is impossible since —a=3 (mod 4).
By the Dirichlet Theorem,* ¢ represents infinitely many posi-
tive primes p. Since —af has only a finite number of prime
divisors, infinitely many positive primes p represented by ¢ are
prime to —af3. If 7= —p, then

T = ax® + 4By?, — ofx® = (28y)? (mod 7).

If x=0 (mod 7), then necessarily y=0 (mod 7), so that ax?+48y?
=7=0 (mod 7?), which is impossible. Hence x is prime to 7,
tx=1 (mod 7) for integral ¢, —af=(2Byt)? (mod 1), and
—of=4u?+er for integral u, e. By Lemma 2, with x;=x,
xe=7%,x3=0, we have § = —4afx? whose kernel is —af. Hence
the following theorem is established.

THEOREM 2. Every normal simple algebra of degree 2 over R is
equivalent to an algebra Q(t, o), where a_has no square factors and
is prime to T, —7 is a prime, and ¢ = 4u? + er when v < 0 and
7 =1 (mod 4), for integral u, .

3. The Removal of Certain Factors of o. It is well known that
the quadratic form

3 a? — 1y* — p3’, (r,0) =1,

is a zero form, for 7 prime to p, if and only if 7 is a quadratic
residue of p and p is a quadratic residue of 7.

Evidently 7 is a quadratic residue of 2. But 2 is a quadratic
residue of 7 if and only if 7=1 (mod 8). For if 7= —¢, ¢ a prime,
then

* See A. Meyer, Journal fiir Mathematik, vol. 103 (1888), pp. 98-116.
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@27 =@|H = (=18 =1 g£=9r2=1 (mod 16),
4) 4§ dn+1)2=8n+1=1(mod16), » = 0 (mod 2),
T = 8”1 + 1.

Let p be the product of all the odd prime factors ¢ of ¢ such
that 7 is a quadratic residue of each such ¢q. Let po=2p if 7=1
(mod 8) and ¢ is even, while po=p if either ¢ is odd or 7#1
(mod 8). Then x%2—7y2—poz2=0 for integral x, vy, 2z not all zero.
For 7 is a quadratic residue of po, and py is a quadratic residue of
7 if and only if (p‘ 7)=1, since —7=t¢1is a prime.* But

(o] 1) = (&) = (= Dt 0) = (= WV (r|p) = (= 1)/ = 1,
(5) P llt____l_, f=e+p 1=p l‘t-l—l,
2 2 2 2 2
since (r|p) =1, t+1=—7+1=—1+1=0 (mod 4).

The integer 270, since x?—y2r is not a zero form when
—7>1,is a prime. Hence po=N?—»?r for rational \, v. Moreover
po=n? (mod 7), where 7 is prime to 7. Hence 9{=1(mod 7) for
integral {, so that, if ¢ =0¢po, then pooo=4u? (mod 7), so=4(uf)?
(mod 7). But Q(r,6)=Q(7, 6o) by Lemma 1 and the following
fact is proved.

TaEOREM 3. In Theorem 2 we may take T a quadratic non-
residue of every odd prime factor of o and o odd if T=1 (mod 8).

It is well known that Q(r, ¢) is a division algebra if and only if
the form
(6) x12 - T?C22 - 0'9632

is not a zero form. Evidently if (6) isa zero form, then ¢ >0. But
necessarily if (6) is a zero form, then 7 is a quadratic residue of
g. Since 7 is a quadratic non-residue of every odd prime factor
of ¢, then ¢ =1, 2. If ¢ =2, then (6) implies that 2 is a quadratic
residue of 7, so that 7=1 (mod 8), a contradiction of Theorem 3.
Hence o =1. Conversely, if =1, then (j—1)(j+1)=0and Q is
not a division algebra.

THEOREM 4. The algebras of Theorem 3 are all division alge-
bras except for o =1.

* For of course 7 is already a quadratic residue of po and (2|7) =1 in the
case where po is even; whence r=1 (mod 8).
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Consider now the congruence x%s+7y%r—322=0 (mod 4¢).
Then y27 —22=0 (mod 7). If ¢ is any odd prime factor of ¢ not
dividing v, then 7 is a quadratic residue of ¢, a contradiction.
But ¢ has no square factors so that o =0 or 20, where g is odd,
y=0 (mod () so that z=0 (mod ¢o). If o; is even, then 751
(mod 8), x?0+7v21—22=0 (mod 8). But y?r—32=0 (mod 2),
since ¢ is even. Hence y=z (mod 2) so that, since 7=1 (mod 4),
we shall have y?r —322=0 (mod 4), x?¢ =0 (mod 4), x=0 (mod 2),
x?0=0 (mod 8), and y?>r =32 (mod 8). If y is odd, then z is odd
and y?r —z?=7—1=0 (mod 8), which is a contradiction. Hence
y is even, y=2=0 (mod 2), and we have proved the following
result.

THEOREM 5. The integral congruence x%s +y*r —z2=0 (mod 4¢)
implies that y=2=0 (mod ¢).

4. On Domains of Integrity. Let D be a rational semi-simple
algebra of order #. A set S of quantities of D is called a domain
of integrity if it is closed under addition, subtraction, multipli-
cation. Assume also that the quantities of S satisfy integral
equations and that S contains the modulus 1 of D. Then if S
has order #, it is well known* that S has a basis

(7) Wi, W20y * * * , Wpo = 1

We may evidently write

Wi = Za”um, (l = 1. oty n),
=1
where the ;o are a basis of D, the a;; are rational, and
(8) Uno = 1.

Then the matrix 4 =||a;;| is non-singular and

(9) A = aY|Bijl| = « 1B,

where B is an integer matrix, « is an integer. If C=| || isan

integer matrix of determinant unity, the transformation
(10) wid = D Cijwio

evidently replaces the w;, by a new basis of S. But it is well

* See Dickson, Algebren und thre Zahlentheorie, p. 212.
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knownt that there exists such a matrix C such that
(11) CB = By = v

has elements below the diagonal all zero. Then

(12) Wl = a ' Doy = Dbithy.

But now re-arrange the wu;, so that #;=u,_;o and similarly
w; =w,’_;. Then

(13) Wi = D ait,
i=1

with rational a;;. In particular
(14) w1 = a11° 1, ((111 in R),

satisfies an integral equation so that ay; is integral. But unity is
in S so that, since each w; contains one more basal unit than
w;—1, we evidently must have unity an integral multiple of w;.
Hence an = 1.

THEOREM 6. If D is a rational semi-simple algebra of order n
and S is a domain of integrity of the nth order in D such that the
quantities of S satisfy integral equations and the modulus u, =1
of A isin S, then S has a basis

(15) w; = Z(li;;u]', (wl = 1, [29] in R),
=1

for i=1, .- m.
In particular let .S contain the basal quantities of D. Then

n

(16) wi=  miwi, (i=1,---,m),
j=1

with integer 7;;. Since the #; are linearly independent in R, and

w, contains u,, but no other w;, (¢ <%), contains u#,, we evidently

have 7:, =0, (:<u). Similarly ,;=0, (j=2+1, - - - , ), so that

=1
wi= D miw; + niwi.

i~1

1 Ibid., p. 221.
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Again applying the linear independence of the #; to coefficients
of the u;, we have

(17) 1 = AiMNiiy
so that we have proved the following theorem.

THEOREM 7. If .S contains the basal quantities of A and if (15)
holds we have

1
(18) Qi = —

(£ 27
where the a;; are integral.*

Let us consider now a generalized quaternion algebra
(19) Q¢ =(@1,4,7, 1), Ji= —1j, it =7, Jr =g,

with integer 7 and o. Then if S is a domain of integrity of Q
which contains the quantities 1, 7, 7, and hence %7, and which is
such that the quantities of S satisfy integral equations, then
S has a basis

w; = 1, w3

B1 + B2t + Bsj,
(20)

wy = oy + agi, wy = v1 + Yol + vs7 + vais,

with rational «;, B;, v:. Every quantity

satisfies
(22) w? — 280 + N(x) = 0,

where x satisfies an integral equation only for integer
(23) 251, N(x) = 612 - 6221' _ 6320' + 6427'0'.

Hence 2a;, 2B, 271, are rational integers. Also iwy=oce7+ait

* Notice that in fact

=1
w; = aii“(u; — Zajwj)
J=1

which may simplify the determination of w; after the w;are determined. This
fact is not used here.
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satisfies an integral equation (22), so that 2«7 is integral.
Similarly 28,7, 2830, 2va7, 2730, 27407 are integers. But o, 33, Y4
are the reciprocals of integers by Theorem 6. Hence we have
proved the following theorem.

THEOREM 8. Let Q be a generalized quaternion algebra (19) over
R and let S be a domain of integrity of Q containing 1, 1, j, ij, and
with all its quantities satisfying integral equations. Then S has a
basis

w1=1, w2=——+—i, w3 =

- § § $ 1
1 2 . 3 ., ..
w4—7+2_7'1+20']+§'4 v

where the £;, 1, {; are integers, and
(25) 27 =0 (mod &), 20 =0 (modns), 207 =0 (mod¢y).

5. Two Integral Sets of Q. We shall consider generalized qua-
ternion division algebras Q over R. Our algebras are therefore
algebras of Theorem 4 with ¢5%1. Consider the quantities

14 R R R

(26) vy =1, 9= — v3 = J, vy = —— 5

Since T=4n-+1, s =4u%+ er, we have

27) =0, v =v+n v&=e+ u

so that the quantities (26) satisfy integral equations.
We study the set S of linear combinations

(28) > v
=1

with integer ;. Evidently S satisfies U’, since S contains 1,
P =u,, j. Also S is closed under addition and subtraction. It is
evident that, since the basal quantities (26) of .S satisfy integral
equations, S will satisfy postulates R and C if and only if S is
closed under multiplication. In order to prove this closure we
need only prove that S contains
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(29) Vals,  Usls,  Vals,  Vil2,  UsV4,  Vals.

In particular .S contains
(30) j=ws, i=2v—1, ij=2r04— 2ui— 7.
We compute

Ji+D _ (-

(3 1 ) V3Vy = 2 2

= (1 — 7)2)1)3 = U3 — U3,

which is in S if and only if 43 is in S. But

1+19) . .
(32) Va3 = = 704 — ui — 2nj
isin S. Also
i2uj + o) + o1 o — 4u? . o
V403 = —————:2”v4+- 1«—,U,]+““
27 2
N+ o
= 2uvy — pvs + —
(33) M4 MT3

Il

1 .
2u'1)4—,u'v3+2ne+e< -; 1>

Il

2(u? + ne) + eve — pvs + 2uv4
is in S, while
(34) V3Va + V403 = 0,

so that vv¢is in S.
It remains to prove vyv4 and v42, in S. Now

14+ i+ idj+7j 2pr42i+ 204 0+ Dij

35) vevy =
(35) vz 2 4r
Since
ij 2ut + 75
36 — =gy - —
(36) 2T ! 21 ’

we have
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T+1v +27’j+2ui+2ur—- (r + 1)Qui + 7j)
2 4r
37 1—7)j 4 2ur(1 — 1
(37) (2 + 1)v4+T( 7)j + 2ur(1 — 1)
4r
= (2” + 1)2)4 — NV3 + uve — u

in S. Finally

VVy =

2ur 4+ 2ui + (1 — 7)ij
47
4pi + 275 + 245
4 77
4r

Vol + Vals = Vgl4
(38)

=u = u+ v4
is in S, so that vw; is in S. We have therefore proved that S
satisfies properties R, C, U’.

Since ¢ =4u%+er, we have also 0 =4(—u)2+ €7, so that our
above argument by which we proved that S has properties R,
C, U’ also proves that the set S with basis

(= 2t )+

(39) Vi = Ui, (/L = 1) 23 3)) Va
27

also has properties R, C, U’. Moreover S and S are actually
distinct. For otherwise y, is in .S, vs+y,—j =771 is in S, whence
—77%7= —07"! is an integer, contrary to our hypothesis that
6#0 (mod 7).

We shall now prove that every set T which satisfies R, C, U’
is either in S or in S and hence each of S and S is maximal. We
will then have proved S and S the only sets satisfying R, C,
U, M.

Let then T satisfy R, C, U’. Since T is a domain of integrity,
it has a basis (24). Hence w;=11isin S, S. Also w; is an integer
of the algebraic field R(4) and hence, as is well known,* is an
integral linear combination of 1, 5. Hence wq is in S, S.

We next write

i 1
(40) wg = n + 77_2-7_ +—17, 2¢ = 0 (modn3).
2 2 13

* Dickson, loc. cit., p. 149.
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But then
N2 — M7 | 1 .
wi = wy — MUy = ———— 1+ —
2 n3

isin T, since T has property C. Hence without loss of generality
we may take n; =0 in (40).

The quantity w; must have an integral minimum equation.
This equation evidently is

so that
n2ng + 4o = 0 (mod 4m?).

Then 407=0 (mod 752). Since o7 has no square factor, we have
4=0 (mod 7;?), n3=+1, +2. But then #¢ =0 (mod 7), so that

1
N2 = 77, wyg = —+—].
2 n3
Compute
144 <ni 1 T Nt Y iy
vy = |\ —— )\ —+—j)=—+—+—+—
e (2)2 n3]) 44

which must have integral minimum equation (22). Hence 77/2
is an integer, so that n=27¢ iseven, ws— 7 =737 isin 7 and
has integral minimum equation w?=g¢7;"2. Since ¢ has no square
factor, we have 73 =+ 1, and wzy=1n¢i+jisin S, S as desired.

We finally consider the quantity ws. By the above transfor-
mation on w3 we may take {;=0in (21) and write

(41) UL Y
27' 20’ ?4
where 267 =0 (mod {,). Then 207 ={,{s and
(#2) wy = _f_g'l/_ gi {51 ,
27 20 207
so that
(43) wd =§zz+§‘_§f_§5207___.(220'+§'32‘r—§’52

472 402 4¢%72 407

must be integral.
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By Theorem S we have {3 =x30,{s=x50,and {? + (x#7—x2) =0
(mod 47), which is equivalent to

(44) ¢ — xPo=0(mod7), &+ wdr — %2 =0 (mod 4).
Also

§'21: x3j xs’L]
Wy = — B
27 2 27

)

so that, since vo=1-+14/2isin T, so is

o $o,  wst a5 xsT A w5

Vowg = — + —1 + + .
Ty T 4 P PR

Since then v,we must have integral minimum equation, we see
that {»/2 is integral, {£ =0 (mod 4), x27—x;> =0 (mod 2) and
x3=x5 (mod 2). But then x# 7 — x5 =0 (mod 4) and (44), is satis-
fied. We write x3 =x5--2\.

Since 0 =4u2 (mod 7), we have {2 = (2uxs)? (mod 7). But —7
is a prime so that {s= +2ux; (mod 7), {»= + 2uxs;+y7. Since
{siseven, soisy =2z and

<i 2ui + 75 + i
w4 = X

> + N + 21,

27

which is evidently in S or S according as the above sign is plus
or minus. Hence T is contained in S or S as desired.

THEOREM 9. Every generalized quaternion division algebra in
its canonical form of Theorem 4 has precisely two sets S, S of
integral quantities satisfying R, C, U’, M, and with

144 . i2u+j) +7j
wp =1, —wpg=——) w3 = J, Wy =",
2
as a basis of S, while S has the corresponding basis
1+ . _ (= 2u+j)+7j
wy =1 wy = ——) w3 =7, wWg= 2 '
T

It is evident that the two sets .S, S have almost identical
properties and hence that there is essentially one set (either .S
or S) of integral quantities of Q.
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