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catalectic, while the knot is such that the self-apolar members
coincide. The knot then has one form representing both of its
possible self-apolar forms and also its three coincident catalectic
forms.

This shows that the previous statement is true but that it is
a special case of the general situation, derived in this paper,
for all types of the curve with an oscnode.
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The problem considered in this note is to determine the
one-parameter group of finite transformations generated by an
infinitesimal projective transformation in the space of con-
tinuous functions. It will be shown that this one-parameter
group consists entirely of projective transformations of function-
space in the sense defined by L. L. Dines.f While the problem
is completely solved in the paper just cited (p. 57), it will be
seen that the result may be obtained directly without the use
of the auxiliary formulas developed by Dines in the first part
of his paper.

Let the given infinitesimal projective transformation be
defined by the integro-differential equation

09’ (x; 8)

(1) T=>\(x)+u(x)¢’(x;t)+j; v(x,y)¢'(y; dy

— ¢'(x;0) f p()¢'(y; )dy

with the boundary condition ¢’(x; 0) =¢(x). It is required to

* Presented to the Society, April 6, 1928.

t Projective transformations in function space, Transactions of this
Society, vol. 20 (1914), p. 45.
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prove that the unique solution of equation (1), with the given
boundary condition, has the form

ales ) + Blx; 000 + [ (e,3; D0(0)dy
@) ¢(x;0) = — )
50 + [ ety D)y
0

where the functions «, 3, v, 6 and € are to be determined in
terms of \, u, », and p.

First introduce new variables by means of the transforma-
tion*

(3 B(x;8) = w()(x;8), P(x;0) = '(O)¢'(x;0).
For ¢=0, these become
4 P(x) = wd(x), ¥'(x) = w'¢'(2),
where

&(x) = ®(x;0), w = w(0).

One readily finds by means of (3) that the single equation
(1) may be replaced by the pair of equations

(0 (x; t)
at
dw’(2)

2 f () (y; Ddy,

=A@/ O) + DV (w3 ) + [ o) (3 0y,
(1) °

with the boundary conditions @®'(x;0)=®(x), w'(0)=w.
Likewise, equation (2) goes into the system

* Kowalewski, Sur une classe de transformations infinitésimales, Comptes
Rendus, vol. 153 (1911), p. 1452. Kowalewski makes no specific mention of
the use of homogeneous coordinates in function space, but the method he gives
for reducing the form of an infinitesimal projective transformation to one
involving only linear operations is precisely this change of coordinates. In
a paper published about eleven years later, Dines actually points out how, by
the introduction of such coordinates, he is able to simplify, to a considerable
extent, some of the results in his Transactions paper cited above. In this
last paper, which is entitled 4 primary classification of projective transforma-
tion in function space (American Journal of Mathematics, vol. 44 (1925)),
he suggests the possibility of recasting other results in his Transactions paper.
The present note does this for §9 of his paper.
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(53 = ale; Do+ 83 08 + [ v(e,y508()dy,

@) 1
W@ = [y ey + a0,

where 7 is an arbitrary constant.
The result of differentiating (2’) with respect to ¢ is

o0d (x;8) da(x;f) 8(x; 1)
r = w +

ot ot ()
Lo dy(x,y;t
() 1 +f0 —Y%t—y—)ﬁy)dy,
() [r dely i) 35(5)
"ot _fo o W+ e

Substituting (1’) in (5), one finds the relations

[ Mo + s + [ @i ]

da(x; ¢ ) 3t 19 Y5
© LY AL LU
! U 9e(y;t 05 (¢
r[fop(y)i”(y;b)dy]= j; ~%—) ®(y)dy + w—a(tl

Replacing ®'(x; ) and w’(¢) in the left member of (6) by
their expressions from (2’), the following equations for the
determination of «, 3, v, 6, € are obtained:

o [M®)50) + u(®)alz; )] + 3(x) [u(=)B(x; 0]
1
+ f B() N@)e(y; 8) + v(x,)8(; 2) + w(@v(x,y;0)

aa(x;t) aB(x;¢t)
Bx)
at ot

+f v(x,2)v(3,y;0)dz]dy =
@) 1 9e(y; 1)
+ fo Py ®(y)dy,

f Pty + [ a0

ENG 19¢
f o(x)v(x, y,t)dy]dx—w—g(tl+f0 (;L) ®(x)dx .
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Now it is easy to see that if
1
wA(2) + B@®) + [ Cle, ey
0

vanishes identically for all real functions ®(x) and all real
numbers w, then A(x)=B(x)=C(x, y)=0. Applying this
result to equations (7), one finds that the required coefficients
of the projective transformations satisfy the following five
linear homogeneous integro-differential equations:

da(x ;1) B _ fl 0
o = H®ales )+ N0 + | o yaly; Dy,
% (:t D 850,
av(x,y;
—’%y—-’z = M@y 8) + 7(%,9)8(3; &) + w@r(x,5 ;1)
+ [ vtw,9nte, 5 0as,
a6(2 1
—a(t—)= fo e(Maly;Hdy,
de(x ;¢ 1
—%—)— = p()B(x; 1) + f p(D1(3,2;Ddy.

The initial conditions are
a(x;0) = v(x,y;0) = e(x;0) = 0; B(x;0) =38(0) = 1.

These are the equations (19) obtained by Dines in the paper
already cited, and, as indicated there, their solution may be
found as power series in £.

THE UNIVERSITY OF CINCINNATI



