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NOTE ON HYPERELLIPTIC INTEGRALS.

BY PROFESSOR ALEXANDER S. CHESSIN.

(Read before the American Mathematical Society at the Meeting of Oc-
tober 30, 1897.)

Ler X, denote a polynomial in 2 of degree r; P (z),

Q,(x), - polynomials in = of degrees m, n,... We know
that the integration of
f f(a, VX)) de,

where f(z, v/ X, ) is a rational function of x and v/ X, is re-
duced to the integration of

R(z)dz

& VX

where R(z) is a rational function of x. This note is in-
tended to give a practical rule for the integration of (1).

Let
) R(z) = 2

11 ( r— ak)"k

a=1

‘We may assume that P, (x) has no factor  — a,, other-
wise the common factors may be cancelled. We also as-
sume that all the factors of X_are simple, for double factors
could be taken outside the radical.

Suppose first that none of the «, are roots of X =0.
Then we have the equality

P(»de @)V X,
O (z—a)" vX, T(z—a) "
k=1 k=1

(3

VX +,§“kf<x—a>vx

where



94 NOTE ON HYPERELLIPTIC INTEGRALS. [Dec.,

p=m—s—r+1 if m>k§=jsnk+r—2
k=1
(4) k=s

=3>n—s—1 if m=3n4+r—2
k=1

In fact after differentiating formula (3) and multiplying

_ k=s
the result by v/ X, kl:Il (# — @)™ we have a polynomial of the

degree m in the left hand side, and a polynomial of the de-
greep+4s4+r—1

k=s

or Sn,+r—2
k=1

on the right hand side according as
k=s

m>3n, 4 r—2
k=1

k=s
or m=3n,+4r—2
k=1
In the first case by taking for p the value m —s —r 41
we obtain a polynomial of degree m on the right hand side;
in the second case it will be a polynomial of degree =m
In either case we have as many equations to find the inde-
terminate coefficients of ¢, (») and the 4, and 88 there are

coefficients, namely m + 1 in the first case and 2 n,4+r—1

in the second.

Suppose now that a, a,, -, @, are roots of X = 0. Then
we have the equality

P, (2)dz Q@) VX
(5) f =s =s

H (x—a)"k \/X (x—al) "'(w—a,,)]]x—ak)”k—‘

k=1

k=r— 2} k=s
+ 2 ff‘ﬂ% (w—a)s/X
where
q=m—s—r+p+1ifm>k§nk+r—2
(6) k=s kk==s1
q=2nk——s+p—1ifmzkzlnk+r—l
k=1 =

In fact after differentiating formula (5) and multiplying
. k=s

the result by v/ X, ] (z — «,)™ we obtain a polynomial of
k=1
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degree m on the left hand side, and a polynomial of the de-

gree ¢ +s+r—p—1or kgsnk + r — 2 on the right hand side
k=s

according as 2 n, +r—2 <mor =m. Inthe firstcaseby

taking for q the valuem —s—7r 4+ p + 1 we obtain a poly-
nominal of degree m on the right hand side ; in the second
case the degree will be = m. In either case the number
of equatxons to determine the coefficients of @, (x) and
the 4, and g, is equal to the number of these coefﬁments,

k=s
namely m + 1 in the first case and 3 n, + r — 1in the sec-
k=1
ond.

That formula (8) does not hold in general when X (a,) =0
can be easily seen by substituting for # the value «, in the
result of the differentiation of (83). In fact it will be found
that unless n,=1 formula (3) involves the equality
P _(o,) =0 which is contrary to our assumption that P (x)
has no factor x —a, But formula (8) still holds if o, is a
root of X =0 promded n,=1. And indeed, in this case

formulas (3) and (5) can be brought to the same form if we
remember that the integral

@
f (w - ak) \/:X’;r
is reducible to the integral
adx
VX,
when «, is a root of X =0.
Remark. In order to determine the algebraic part of formu-

las (38) and (5) it is not necessary to break up the denomi-

nator of R(z) into factors. Formula (3) may be written
as follows:

R(@)ds @& VX]
‘/Z ﬁ(m —a) %t

k=1

b o f T (z)dw

+ E }'k - k=s S
2 v T e gex

and to find H (# — )™ and H (x — @,) we only need to
k=
find the greatest common measure of the denominator of
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R(x) and its derivative. As to formula (5) it may be writ-
ten thus

R(m)dx Qu()VX,

VI = e — ey

k—r—z "dzv T,_, 1 (z)dz
f f Ii:f (::—a )\/X

k=p+1

The function ]ﬁs( z — a,)"™ " is found as just explained, while
k=1

k=, k=s
the functions ]’[p(x—ak) and II (z — @) are found by de-
termmmg the greatest common measure of the functions
k=
(x —e,) and X .

The results of this note applied to the case of r =2 give
very useful formulas, namely

f P (z)dz _ Qua()VX,

k=s

(x___a)nk ‘/X H(x_a)nk—l

A SN P

if X,(a,)==0 (kEl, 2,-.-3), n being the greatest of the
k=s

numbers m and 3, n, ; and
k=1

<P

P (x)de, Quipa(D)VEX,
8 k=s - k=s
® ka;I (x—a,) \/Xz_ (z—ay) (x—ap)g (—ag)™?

+ f + k=s f dx
§ 4 e p——
vx, k.§+1 " (x_ak)‘/‘yz
if a,, @, are roots of X2 =0.
Formula (7) holds also in the case where ¢, is a root of
X, =0 provided n,= 1.
It will be noticed that the method of reduction here used
does not require the degree of the numerator of RB(z) to be
less than that of the denominator.

JoAaNs HoPKINS UNIVERSITY,
October 6, 1897.



