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Abstract

Let C' — M be the bundle of connections of a principal bundle on M.
The solutions to Hamilton—Cartan equations for a gauge-invariant
Lagrangian density A on C satisfying a weak condition of regularity, are
shown to admit an affine fibre-bundle structure over the set of solutions
to Euler-Lagrange equations for A. This structure is also studied for the
Jacobi fields and for the moduli space of extremals.

1 Introduction

Let p: E — M be a fibred manifold and let A be a Lagrangian density
on J'E. The solutions to the Hamilton—Cartan (H-C, in short) equations
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(e.g., see [7,8], or [14]) for A, are the sections 5: M — J'E of the canonical
projection p1: J'E — M fulfilling equation (3.1) below. If A is regular,
i.e., its Hessian metric is non-singular (cf. Definition 5.4 below), then every
solution 5 to the H-C equations is holonomic, i.e., 5 = j's, and s is a critical
section for A, that is, a solution to the Euler-Lagrange (E-L, in short)
equations. Nevertheless, a Lagrangian defined on the bundle of connections
p: C'— M of a principal bundle 7: P — M, which is invariant under the
gauge group of P, is never regular. Therefore, Hamilton—Cartan equations
and E-L are not equivalent for all the gauge-invariant variational problems
on connections.

In the present work we show that the solutions to H-C equations for a
gauge-invariant Lagrangian density A on the bundle C satisfying a weak
condition of regularity (most of interesting gauge-invariant Lagrangians in
the field theory satisfies this condition) admits an affine fibre-bundle struc-
ture over the set of critical sections of the variational problem defined by
the density under consideration. Moreover, the structure of this fibration is
completely determined; see Theorem 5.6 below. This proves, in particular,
that the E-L equations of a gauge-invariant Lagrangian are essentially of
first order.

Such a structure is meaningful even from the point of view of the observ-
ables of the field theory, because for every extremal section s the curvature
is constant along the fibre over jls.

By passing to the quotient such a fibre bundle modulo the gauge group, we
obtain a — not necessary trivial — vector bundle associated to the principal
bundle of the moduli of extremals of A; see Proposition 5.11 below. Finally,
the aforementioned affine structure is also studied for the Jacobi fields;
i.e., for the vector fields in the kernel of the linearization of the E-L and
H-C operators at any extremal (cf. Theorem 5.12 below).

2 Notations and preliminaries
2.1 Jet bundles

The bundle of r-jets of a fibred manifold p: E — M is denoted by p,: J"(p)
= J"E — M with projections p,: J'E — J¥E, r > k, the r-jet extension
of a section s: M — FE of p being denoted by j"s. Every p-fibred coordinate
system (z%,9%), 1 <i<n=dimM, 1 <a<m=dimE — n, defined on an
open subset U C E, induces a coordinate system (z%,y%), 0 < |I| <r, on
(pro) "' (U) = J"U; namely, y§(j5s) = (01'1(y* 0 5)/0aT)(x), with y§ = y*.
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Every fibred map ®: E — E’ whose induced map ¢: M — M’ on the base
manifold is a diffeomorphism, induces a map ®): J'E — J"E’ by setting,
) (jrs) = Ty (@050 oY), Virs € J'E.

An automorphism of p is a pair of diffeomorphisms ¢: £ — F, ¢: M —
M such that po® = ¢op. The set of all automorphisms of p is a group
denoted by AutE.

For every — not necessarily p-projectable — vector field Y € X(F) a
unique vector field Y1) € X(J'E) exists (called the one-jet prolongation
of V) such that, 1st) Y1) is pig-projectable onto Y, and 2nd) Ly1)C CC,
where C is the contact system; i.e., the differential system generated by the
contact one-forms 6% = dy® — y®dz* in Q1 (JE).

If Y is a p-vertical vector field (the only case that we consider below), then
the formulas of one-jet prolongation are as follows (cf. [14, Section 2.4]):

i 8Ua 8’[)0[ 3

vy — oL 4 e &= 4 2.1
v a3y + vj By Vi = pa + 6yﬂyl’ (2.1)
Y:vaaga, v e C(E).

Lemma 2.1 ([14]). For every p-vertical vector field Y € XV(E) the value of
the vector field YY) at a point jls € J'E depends only on j} (Y o 3).

2.2 Bundles of connections

An automorphism of a principal G-bundle 7w: P — M is an equivariant
diffeomorphism ®: P — P; ie., ®(u-g) =®(u)-g, Yu € P, Vg€ G. We
denote by AutP the group of all automorphisms of P under composition.
Every ® € AutP determines a unique diffeomorphism ¢: M — M, such that
mo® =¢om. If ¢ is the identity map, then ® is said to be a gauge trans-
formation (cf. [1, 3.2.1]). We denote by GauP C AutP the subgroup of all
gauge transformations.

A vector field X € X(P) is said to be G-invariant if Ry - X = X, Vg € G.
If @, is the flow of a vector field X € X(P), then X is G-invariant if and
only if ®; € AutP, Vit € R. Because of this we denote the Lie subalgebra
of G-invariant vector fields on P by autP C X(P). Each G-invariant vector
field on P is m-projectable. Similarly, a m-vertical vector field X € X(P) is
G-invariant if and only if ®; € GauP, Vit € R. We denote by gauP C autP
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the ideal of all m-vertical G-invariant vector fields on P, which is called the
gauge algebra of P.

The group G acts on TP by setting X -g=(Ry)«(X), VX € TP,
Vg € G. The global sections of the quotient vector bundle T'(P)/G can nat-
urally be identified to autP; i.e., autP = I'(M,T(P)/G). Similarly, gauP =
['(M,adP), where adP denotes the adjoint bundle: The bundle associated
to P by the adjoint representation of G on its Lie algebra g, denoted by
mg: adP — M; that is, adP = (P x g)/G, where the action of G on P x g
is defined by

(u,B)-g=(u-g,Ad,-1(B)), Yuec P,VBeg, Vgedq.

The G-orbit in adP of a pair (u, B) € P x g is denoted by (u, B)aq-

An exact sequence of vector bundles over M (the so-called Atiyah
sequence) holds, 0 — adP — T(P)/G =5 TM — 0. The fibres (adP), are
endowed with a Lie-algebra structure determined by [(u, B)ag, (v, B')ag] =
(u, —[B, B'])aq, for all u € 7=%(z), B, B’ € g, where [+, -] denotes the bracket
in g. The sign of the bracket above is needed in order to ensure that the nat-
ural identification gauP = T'(M,adP) is a Lie-algebra isomorphism, when
gauP is considered as a Lie subalgebra of X(P).

Let Xt € X(P) be the horizontal lift of a vector field X € X(M) with
respect to a connection I on 7: P — M. The vector field X"r is G-invariant
and projects onto X (cf. [10, II. Proposition 1.2]). Hence we have a splitting
of the Atiyah sequence, sp: TM — T(P)/G, sp(X) = X", Conversely, any
splitting o: TM — T'(P)/G of the Atiyah sequence (i.e., s is a vector bundle
homomorphism such that 7, o s = idy)s) comes from a unique connection on
P so that there is a natural bijection between connections on P and split-
tings of the Atiyah sequence. We thus define the bundle of connections
p: C =C(P)— M as the sub-bundle of Hom(TM,T(P)/G) determined
by all R-linear mappings A: T, M — (T'(P)/G); such that m, o A = idg, ps-
Connections on P can be identified to the global sections of p: C' — M. We
also denote by sp: M — C' the section of the bundle of connections induced

by I'.

An element A: T, M — (T(P)/G), of the bundle C over a point x € M
is nothing but a ‘connection at a point z’; i.e., A induces a complementary
subspace H, of the vertical subspace V,(P) C T,(P) for every u € 7~ !(x).
Any other connection at x can be written as X' = h + A\, where h: T, M —

(adP) is a linear map. Hence C'is an affine bundle modelled over the vector
bundle Hom(T'M,adP) = T*M ® adP.



HAMILTONIAN STRUCTURE OF GAUGE-INVARIANT 43

Let (U; x') be a coordinate open domain in M such that 7=1(U) 2 U x G.
For every B € g we define a flow of gauge transformations over U by setting
©B(z,9) = (x,exp(tB) - g), * € U. Let B be the corresponding infinitesimal
generator. If (Bi,...,B) is a basis of g, then Bi,..., B, is a basis of
I'(U,adP). Let p: C — M be the bundle of connections of P. The horizontal
lift with respect to I' of the basic vector field 9/0z" is given as follows:

o a\"™ o N -
o <ax> - <6zi> = g~ Ao sr)Ba.

The functions (xi,Ajo-‘), ,7=1,....n=dimM, 1 <a <m=dimG, induce
a coordinate system on p~H(U) = C(7~1U) (cf. [2]).

Each automorphism ¢ € AutP acts on connections of P by pulling back
connection forms; that is, IV = ®(I') where wp = (®~1)*wr (cf. [10, I
Proposition 6.2-(b)]). If ¥ e AutP is another automorphism, then
(T od)(I') =V (P(I"). For each ® € AutP there exists a unique diffeo-
morphism ®-: C' — C such that po ®c = & o p, where ®: M — M is the
diffeomorphism induced by ® on the base manifold. We thus obtain a
group homomorphism AutP — DiffC. For every connection I' on P we
have q)C oS = Sq;.(l").

If @, is the flow of a G-invariant vector field X € autP, then (P;)¢ is a
one-parameter group in DiffC' with infinitesimal generator denoted by X,
and the map autP — X(C), X — X¢ is a Lie-algebra homomorphism.

2.3 Affine-bundle structures

Let V(p) ={X € TE : p,X =0} be the vertical subbundle of a fibred
manifold p: £ — M.

(a) Let p: E — M be an affine bundle modelled over the vector bun-
dle pyy: W — M. The directional derivative determines an isomor-
phism of vector bundles over E, p*W = V(p), (e,w) — Xew, ple) =
pw(w) = z, where X, ,, is the tangent vector at t =0 to the curve
t — tw + e, which takes values in the fibre p~!(z). In coordinates,
Xew = w(w)(0/0eY)e.

(b) Moreover, if p: E — M is an arbitrary surjective submersion, then
the projection pig: J'E — E is endowed with an affine-bundle struc-
ture modelled over p*T*M ® V (p). In fact, every jet jls € (p1g)~!(e),
with s(z) = e, can be identified to the section s,.: TxM — T.E of
pue: TeE — T, M. Hence, if j1s' € (p1g) ~!(e) is another jet, then p, . o
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(8%e = 8xe) =0 and accordingly s, — s« takes values into V.(p).
Therefore, s, , — 54, determines an element in Hom(T, M ® Ve(p)) =
TXM ® Ve(p). From (a) it follows an isomorphism, pi,(p*T™*M

@V (p) =T"M @5ncV(p) = V(pio).

2.4 The Hessian metric

If p: E — M be an affine bundle modelled over the vector bundle py: W —
M, then, according to the item (a) in Section 2.3, every w € (pw) (%)
induces a vector field along the fibre X, € X(p~1(z)), Xuw(e) = Xeu,
Ve € p~1(x). For every f € C*°(FE) and every e € E, with x = p(e), a bilin-
ear form

Hesse(f): Ve(p) x Ve(p) — R

can be defined as follows: Hesse(f)(w1,w2) = Xuw,(e)((dg/arf)Xuw, ), where
the canonical isomorphism W, 2 V,(p), defined in the item (a) in Section 2.3,
has be used and dg/); denotes the fibred derivative, e.g., see [8]. As this

form is proved to be symmetric, e — Hess,(f) defines a section of the vector
bundle S?V*(p) = p*S2W*.

3 H-C equations

Let p: E — M be a fibred manifold, dim M = n, dim E = m + n, where M
is assumed to be connected and oriented by a volume form v. Below, Latin
indices run from 1 to n, and Greek indices run from 1 to m. The solutions
to the Hamilton—Cartan equations for a density A = Lv, L € C*(J'E) on
p, are the sections 5: M — J'E of the canonical projection p;: J'E — M
such that,

5% (ixdOp) =0, VX € XV(J'E), (3.1)

where

(i): ©Op = (=1)"1HOL/0y2)0* Av; + Lv is the Poincaré-Cartan form
attached to A (cf. [8], [14]);

(ii): XU(J1E) denotes the Lie algebra of p-vertical vector fields;

(iii): 0% = dy® — y®da® are the standard contact forms on the one-jet
bundle; and
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(iv): (z%,y%,y%) is the coordinate system on J'E induced by a fibred

coordinate system (x%,y®) for the submersion p, adapted to the given

volume form; i.e., v.=dz! A--- Adz™ and v; = (—1)i_1ia/amiv.

Lemma 3.1. A section 5: M — J'E of p1: J'E — M s a solution to the
H-C equations (3.1) if and only if the following equations hold:

9*L
(s7 - 5)) ——505]=0, 1<i<nl<a<m,
ayiaayj

o (oL _ oL 3 8 o’L  _\
~ 327 <3y§‘os> + 9y 0§+ (sj —sj) <8ya3yf os) =0,

for 1 < a < m, where s* =y® o3, s¢ = 9s*/0x', and 5% =y 0 3.

Proof. As a simple computation shows, we have

4 oL oL
dOpr =0 A | (=1)d | == | Av, + =—v |. 3.2
(calGg) i) o
Hence
§* (Za ) ad@A) = (—1)]_1 aZL oS8 5*9’6 AV,
/0y 31/?31/7 J
/- 0 oL _ oL
S (Za/ayadGA) = <_8:1:] (8y]a OS) + 8y0€ OS) A%
2
(1)1 ( 9 Lﬁ os) 50° Avj,
Oy*0y;
and the formulas in the statement follow. O

If 5= j's is a holonomic section, then 5 is a solution to the H-C equa-
tions if and only if s is a solution to the E-L equations. If L is regular,
then the converse holds true: Every solution to the H-C equations, is of
the form 5 = j's, s being a solution to the E-L equations. Hence, for reg-
ular variational problems, H-C equations are equivalent to E-L equations;
but this is no longer true for non-regular densities, as is the case for the
Yang-Mills Lagrangian.
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4 Jacobi fields
4.1 Jacobi fields introduced

Let p: E — M be a fibred manifold and let Q'(E/M) = T'(M, V*(p)). Let
e T(p) — QUE/M) ©ces(ar) 2" (M)

be the E-L operator of A = Lv, L € C*°(J'E), which is the second-order
differential operator locally given on a fibred coordinate system (U;z", y®)
for the submersion p and for every section s of p|y by,

EMNs) = (€5 0 47s) dp/my” ® v,
where the functions £2 € C*(J?E) are defined as follows:

) oL . 0 oL .
5£(J£5) = @(J;S) - <8ya OJ18> (7).
J

The linearization of M at s € T'(p) is the operator
LEN: T,D(p) = T(M, 'V (p)) — QE/M) @coo(ar) Q" (M)

defined as follows.

If S: (—e,e) x U — FE is a one-parameter family of sections, i.e., po Sy =
idy, |t| < e, then a vector field X € I'(U, s*V (p)) along s = Sy — called the
‘initial velocity’ of S — is defined to be the tangent vector X (x) € Vi, (p) at
t = 0 to the curve t — Sy(x), which takes values in the fibre p~!(x) for every
point x € U. Expanding y® o Sy up to second order, we obtain y® o S; =
y® o s+ tv® +t2f for certain functions v® € C®(U), f& € C®((—¢,e) x
U). Hence,

X(z) = v*(2)(0/0y")s(z), Vw €U.

Therefore, every vector field X € I'(U, s*V(p)) is the initial velocity of a
one-parameter family of sections S, and we define,

d
LEMNX) = =|  EMS)).
9t |1 t
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The definition makes sense as it does not depend on the particular one-
parameter family of sections chosen. In fact,

0 oL oEL v’
= EX 028, = ( %o '25> 0P + 2 o4 | ——
at =0 ( ] t) ayﬁ ] ay]ﬁ j 8.’L’j

n OEN o2 0%
0,0, °1* ) Butoat

This expression also shows that £,£(X) depends linearly on X.

Definition 4.1. A vector field X € I'(M, s*V (p)) defined along an extremal
s of a Lagrangian density A on p: F — M is said to be a Jacobi field if
X € ker L EA.

Proposition 4.2. A wvector field X € T'(M,s*V(p)) defined along an
extremal s of a Lagrangian density A on p: E — M is a Jacobi field if and
only if the following equation holds:

(7's)* (ivyLgwdOp) =0, VY € X'(J'E), (4.1)

where X € XY(E) is an arbitrary p-vertical extension of X.

Proof. Equation (4.1) does not depend on the vertical extension chosen.
In fact,

(') (ivLgwdOn) = (7'8)* (L g (ivdOn)) + (5'5)" (ijy. g1 dOn),
(4.2)

and the second term on the right-hand side vanishes, as s is an extremal.
Hence

(7'9)* (iy Lz dOa) = d ((5's)" (igwiydOa)) + ('5)* (ixwd (iy©n)),

and we conclude by simply applying Lemma 2.1.

Moreover, from the formula (3.2) the following identity is obtained:

’L - 92L
0 0N OP A v+ (—1) 0

_ cApa 1\
dOp =EJ0 NV + (—1) 8y§“8yﬁ 8yf‘8yf

0~ N6 Avi,



48 M. CASTRILLON LOPEZ AND J. MUNOZ MASQUE

where 9]@ = dyf — y(ﬁjk)dxk. If @, is the flow of X, then j1S; = Jl((iDt) ojls
and from the previous formula we have
(75)" { T (@) (ivdOn) } = (7'81)" (ivdOn)
= (&5 0 j%S;) 6°(Y)v.
Taking derivatives with respect to t at ¢ = 0 in this formula, we have

(3's)* (Lg (iydOyp)) = LEMNX)v,

and we can conclude by simply applying formula (4.2) recalling that s is an
extremal. 0

Let Sy (resp. Sp) denote the set of solutions to the E-L equations (resp.
H-C equations) attached to a Lagrangian density A = Lv, L € C®(J'E).

Remark 4.3. If S; € Sp is a one-parameter family of extremals, then its
initial velocity X is readily seen to be a Jacobi field along the extremal
s = Sp; in this case, X is said to be ‘integrable’ (e.g., see [11, Definition 1.2],
[12, Section 2.6]). Although important examples of non-integrable Jacobi
fields exist, usually Jacobi fields along s are considered as the tangent space
T,Sp at an extremal s € Sy to the ‘manifold’ of solutions to the E-L equa-
tions for A. By the same token, we give the following

Definition 4.4. The tangent space TSy at a solution 5 € Sy to the ‘man-
ifold” of solutions to the H-C equations for A is defined to be the space of
vector fields X € I'(M, 5*V(p1)) that satisfy the equation

§*(iyL5d©,) =0, VY € X"(J'E),

where X € XY(J'E) is a pj-vertical extension of X.

4.2 The embedding TS — Tj1SSA

Proposition 4.5. For every s € Sp, there is an embedding
T,Sp — Tj1sc§/\,
X XWo jls,

where X is any p-vertical extension of X € I'(M,s*V(p)) to E. If A is
reqular, then TsSA = Tj1,Sp, Vs € Sa.
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Proof. As a straightforward — but rather long — computation shows, a
vector field X € T'(M, 5%V (p1)) with local expression

S 0
X =v* + o) —

oy

, v vl e C(M),

R
oy™ 5

5

belongs to TsSy if and only if the following two equations hold:

0= 32Lo§_a3Lo§+<635_§ﬁ> 837LO§

Oy>0y° dx' oy Oy ox’ ! Oy oy° ayiﬁ
0s” %L _ 85;1 0L _ o

—— | =———05)| - | =—== =05 v
0w \ Dy 9y 0y? Oxd \ Oy~Oy; 0y7
( 2L B 92L _) v 8L _ 811]‘-“

+ 5 08— 508 - — aa o °S -

0y° Oy Oy>0ys ox* dy ) 0ys ox*

+ 8785 — 5 783[/ o5 | — 7831/ 03
dxi J 0y° 8yf‘8y§3 Oz 0y 8y}7 °

5P 3L 050 3L
_gsvj(éw(;JWos)—a:g(aﬂgwos))v?, (4.3)
1 7] YpOY; 0Y;
0= <82LO§> <8v°‘ _U‘?é> + <w_594> (83LO§) P
dysoy7 ort " ort ! OyPoygoy?
+ (gsz — gf‘) (aglg o 5) vg, (4.4)
r Oy;* 0y, Oy

where s = pjgo 5, s* =y* 05 =y~ os, and 5 =y 0 5. Along a holonomic
section 5 = jls, equations (4.3) and (4.4) become, respectively,

0*L 1 03L 1 0s” 0*L 1
0= 0 §—=—F—F—07) 88— | m=—%—%—07s
oy oy° 0x* 0y~ 0yy oxJ Oyaay“@y?

%7 oL 1 o
— - o
Oz"0xi \ Oy*dy; dy? R

0’L 1 0%’L 1\ ov® 0*L 1 811;?‘
+|5—=F=F=0)8S——=-07S8 - — ©07s -
0y° oy oy*oy? ox? 83/?‘31/? ox*
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(P a0 _OL
uidypay? * 7T 0w \ ByPoyroy;

2.8 3
* aihsaxj ( aa - le)) v (4.5)
0y ay 6yj
0L 1 ov o
_<8yi‘“3yfo‘7 s) <axi—vi>. (4.6)

In addition, if L is regular, then equation (4.6) is equivalent to saying that
vy = 0v*/0x", and from formula (2.1) and Lemma 2.1 we conclude that X

is the one-jet prolongation of a Jacobi field, i.e., X = X1, O
Remark 4.6. From formula (4.5) we deduce that a vector field
X eT(M,s"V(p)),

X =" , v e C®(M),

oy~ |,

belongs to TsSy if and only if the following equations hold:
0%L 1 03L 1 s 3L 1
=|z—F%—0) S 5—FF—=0)8— | m=—=5—=5—=07s
oy oy° 0x'0y*0yy oxJ 8y0‘8y’70y;’
0287 3L 1 o
- . ojis| v
dz"0zi \ Oy*0y, dy7

2L 2L OPL 1
0y° Oy Oy Oy 0x) 0y Gyj

63[3 3L oilg) 0%s" 3L o il ov®
~ 0a7 \ OyPayrays 7 P07 \ dye Py °J oz

82 .1 821)&
0j's —.
Byj oy? 0x'0x)

5 H-C equations and gauge invariance

5.1 Gauge-invariant Lagrangians

Definition 5.1. A smooth function L: J'C' — R is said to be gauge invari-
ant if L o <I>(Cl) = L for every ® € GauP.
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This equation obviously implies X (Cl L =0 for every X € gauP. The con-
verse also holds if the group G is connected. As every ® € GauP induces
the identity map on M, the function L is gauge invariant if and only if the
gauge group is a group of symmetries for the Lagrangian density A = Lv,
where v is an arbitrary volume form on the base manifold.

Let
2
Q:J'C— \'T*M ®adP,
Q(jror) = (Qr)e,

be the curvature map. Here, the curvature form Qr of the connection I'
corresponding to a section sp of p, is seen to be a two form on M with
values in the adjoint bundle adP. On the vector bundle A2T*M ® adP we
consider the coordinate systems (:ci;RJQ‘k), J < k, induced by a coordinate

(5.1)

system (U;z%) on M, and a basis (B,) of g, as follows:

1 ~ 2
= (B Ada* @ By) Vi e \'TiM @ (adP),.
i<k z

The geometric formulation of Utiyama’s Theorem (e.g., see [1]) states that
a Lagrangian L: J 1C — R is gauge invariant if and only L factors through
Q as L = L o), where

~ 2
L: NT"M ®adP - R (5.2)

is a differentiable function which is invariant under the adjoint representation
of G on the curvature bundle. As the curvature map (5.1) is surjective, the
function L is unique.

5.2 Projecting Sp onto Sy

From Lemma 3.1 in Section 3, we readily obtain

Proposition 5.2. The H-C equations of a Lagrangian L on the bundle of
connections p: C — M of a principal bundle m: P — M, read as follows:

2L
(3’5'—52.) 87o§ =0, Va,t,k,
5] 2] 8Azoj]€8A§J

o (oL \ 0L _ (s 4 oL\ .
_axj <&4%OS) +8A?OS+(Sh7]—Sh7]> (W%OS> —O, \V/O[,Z,
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where 5: M — J'C is a section of p1: J'C — M, and we have set

a_Aao 03 a_aS? e —Aa07
8; = A; 0P10° S, Si,j_a$j7 Sij = 4508

Lemma 5.3. The Hessian metric of a gauge-invariant Lagrangian L on
the bundle of connections p: C — M of a principal bundle w: P — M, is

singular; i.e.,
82L a7i7j
et 7ﬂ == 0.
aAgjaAk !

Bkl

Proof. As L = L o, we have oL/ 0Af; = 0, taking the curvature equations
into account, i.e.,

R oQ =AY, — AY, — 5, AV A

Hence, 82L/8Aq2-614£’l =0, for all indices 3, k, . O

2y

Definition 5.4. A Lagrangian L € C*°(J'C) is said to be regular if the
Hessian metric Hess(L) is non-singular.

A gauge-invariant Lagrangian L € C>(J'C) is said to be weakly regular if

the Hessian metric Hess(L) of the function in (5.2) associated to L according
to Utiyama’s theorem, is non-singular.

In terms of the coordinate system (2% %), J <k, on N> T*M ® adP
introduced in Section 5.1, this means

82[~/ a,i<j
et | £0. (5.3)
ORORy, Bk<l

Remark 5.5. The inequation (5.3) imposes a generic condition on L. In
fact, most of gauge-invariant Lagrangians in the field theory satisfy the weak
regularity condition (5.3); for example, the general Yang—Mills Lagrangian
on the bundle of connections of a principal bundle P — M with semisim-
ple Lie group G over a pseudo—Riemannian manifold (M, g) (even when
constructed by using a non-degenerate adjoint-invariant pairing on the Lie
algebra other than the Cartan—Killing pairing, see [3,5]) is weakly regular.
More generally, any quadratic function as in (5.2), which is simultaneously
invariant under the adjoint representation and under the action of the gauge
group of the principal bundle of g-orthonormal linear frames, gives rise to a



HAMILTONIAN STRUCTURE OF GAUGE-INVARIANT 53

weakly regular Lagrangian, see [4]. Similarly, Born-Infeld Lagrangians (e.g.,
see [15,16]) are also weakly regular. We remark on the fact that some special
Lagrangians are not weakly regular; for example, if we let the matter field
vanish in the Seiberg-Witten Lagrangian (e.g., see [9]) then we obtain a
Lagrangian on the bundle of connections, which is not weakly regular (basi-
cally, because it involves only the self-dual part of the curvature). Finally,
we should also remark that non-gauge-invariant Lagrangians (in the sense
of Section 5.1) may produce gauge-invariant actions, as the Chern—Simons
Lagrangian. All of them are not considered below.

Given an arbitrary fibred manifold p: E — M, we recall that the pro-
jection p1g: J'E — E is endowed with an affine-bundle structure modelled
over T*"M ®p V(p) = p*T* M ® V (p); see the item (b) in Section 2.3. In the
particular case of the bundle of connections, which is itself an affine bun-
dle modelled over T*M ® adP, we conclude that pio: J'C — C is an affine
bundle modelled over

T*M ®¢ V(p) = p*(@*T*M @ adP). (5.4)

Hence, sections of T*M ®¢ V (p) can be considered as ad P-valued covariant
tensors of degree 2 on M with coefficients in C.

Theorem 5.6. Let Sy (resp. Sp) denote the set of solutions to H-C' (resp.
E-L) equations of a weakly reqular gauge-invariant Lagrangian L on the bun-
dle of connections p: C — M of a principal bundle m: P — M. If 5: M —
JLC belongs to Sy, then the section s = pig o 5 belongs to Sn. Hence, a nat-
ural projection exists 0: Sy — Sa, 0(8) = p1o © 3, which is an affine bundle
modelled as follows:

o (s) ={jls+t:teD(S*T*M @ adP)}, Vs € Sx.

Proof. We begin with the first H-C equation in Proposition 5.2. As L =
L o (), we obtain

oL oL oL

= 0 s = [©]
DAY, dAC. ~ IR,

)

Q, (5.5)

where we have set Rf;. = —Rj; for i > k. Hence,

9L
B _ B o —
(S’W’ Sh’j) (83?;981%2 ’ (Qos)> >
7 J
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If we assume the weak regularity condition (5.3) holds, then the previous
equation yields

(st =50s) = (55— 0n) =0, ¥8,h,J. (5.6)

If we write § = jls + ¢, for a two-tensor t, the condition above means that ¢
is symmetric; that is, t is a section of S?T*M ® adP — M.

Next, we study the second equation in Proposition 5.2. Taking equations
(5.5) into account, we have

o (oL \ 9L _ (5 sN\[ O [ OL 1\
_@ (814% os) + aA;?‘ oS+ (Sh,j - Sh,j) <3A29‘ (ajo oQ) os> =

The last term vanishes identically as sg i~ Eg j is symmetric by virtue

of (5.6) and we have 8E/6R£j = —8i/8R§h. Then, the second equation
reduces to

3} oL oL
~ 327 <8Affj os) + 94¢ 05=0, (5.7)

which is precisely the E-L equation, but evaluated at 5 instead of j's. Nev-
ertheless, the following formula is readily checked:

oL oL
= B AT —
§ A 2 (cMA] SR ) o Q. (5.8)

ij

Moreover, from (5.6) we deduce
Qos= (5‘” — 55— cgvsfs]) dz® A dz? ® B,
= (53]- — 55— cgvs?sz) dz’ A dx? @ B,
=Qojls. (5.9)
Therefore, from formulas (5.5) and (5.8), we conclude that equation (5.7)

coincides with the E-L equation for s. O

Remark 5.7. As mentioned in the Introduction, formula (5.9) shows that
the curvature remains constant along the fibre of ¢ over any j's € Sy.
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Corollary 5.8. The H-C equations of a weakly regular gauge-invariant
Lagrangian L on the bundle of connections p: C — M of a principal bundle
m: P — M, are equivalent to the following system:

(sh; = 8h,) = (s5n —850) =0, Va,h,j.
0 oL oL '
_8:UJ'<3A7%-O] S>+8A§"o‘] s=0, Va,i,

where 5: M — J'C is a section of p1: J'C — M, and s, si;, and 53 are
as in Proposition 5.2.

Remark 5.9. For every section 5: M — J'C of py: J'C — M, let s: M —
C' be the section of p: C'— M defined by s = pjgo 5. As the points 5(x),
jls € J'C lie over the same fibre of p1g: J'C — C and this map admits an
affine-bundle structure modelled over the vector bundle (5.4), a map

sc: JH(p1) — ®@*T*M ® adP

exists such that, 6c(j15) = 5(x) — jls. Ifalt: ®2T*M ® adP — A*T*M ®
ad P denotes the anti-symmetrization operator, then the first group of H-C
equations in Corollary 5.8 means that j'5 takes values into the sub-bundle
ker(alt o d¢).

Proposition 5.10. If A is a gauge-invariant Lagrangian density on the bun-
dle of connections of a principal bundle m: P — M and 5 € Sy (resp. s €
Sn), then CI)g) 05€ 8p (resp. ®cos € Sp) for every ® € GauP. Accord-
ingly, the gauge group of P acts (on the left) on Sn (resp. Sp) by setting
d.5= <I>((}) 05 (resp. ®-s =®c0s), V5 €Sy (resp. Vs € Sp), V& € GauP.

Proof. We prove that the section @g) o5 of p; is a solution to H-C equa-
tion (3.1). For every Z € XV(J'E), we set

(1)

Y = (@)L Z e x/(J'E).

)~
As A is gauge invariant, we have (@g))*A = A, from the functorial character
of the Poincaré- Cartan form (see [7]) we obtain

<<1><(}> o g)* (i7dOy) = 5* (cpg>)* (i7dOr)

= 5%yd ((@g)>* @A)
— g*ide)(@(cl))*A
= 5%ydOx

=0.
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The proof for the solutions to E-L equations, is similar and therefore it is
omitted. 0

Theorem 5.6 shows that the set of solutions of H-C trivially fibers over the
set of solutions of E-L. On the other hand, for gauge-invariant problems,
the moduli space of solutions under the action of the (restricted) gauge
group plays a relevant role. We now study the relationship between the
moduli of H-C and E-L showing that the first fibres over the second, but
not necessarily in a trivial way. First, note that the gauge group GauP acts
on the adjoint bundle adP by setting ®,q((u, B)aa) = (®(u), B)aq, VP €
GauP, V(u, B) € P x g, and this action obviously induces another action on
S?T*M @ adP as follows:

Qodp (W1 O wr ®v) = w1 O wy ® Pagp(v),

5.10
YVwy,wy € To M, Vv € (adP),, ( )

where the symbol @ denotes symmetric product.

Proposition 5.11. Given a point o € M, let Gauy,,P be the subgroup
of gauge transformations ® € GauP such that, ®(u) =u, Yu € 7 (z¢).
Then

(i) For every gauge-invariant Lagrangian density A on the bundle of con-
nections of m: P — M, the quotient map kp: Sn — Sp/Gaug, P is a
set-theoretical principal Gauy, P-bundle.

(ii) In addition, if A is weakly regular, the projection o0: Sx — Sa defined
in Theorem 5.6, induces a mapping

OGaug, P - SA/G&UIOP — SA/G&UIOP,
OGaug, P (s mod Gaug, P) = o(5) mod Gauy, P,

which is the vector bundle associated to the principal bundle kp by the
action on S?QY (M) @ gauP induced on the sections of S*T*M ® adP
by the action of GauP defined in the formula (5.10) above.

Proof. As is known, Gau,,P acts freely on the space of connections, i.e.,
on the sections of p: C' — M and, in particular, on Sy and on Sy (e.g.,
see [6, Theorem 2.2.4], [13, IT11.C]). Nevertheless, the quotients Sy /Gaug, P
and Sy /Gaug, P may be singular, e.g., see [6, p. 134]. Because of this, we
consider such structure from the set-theoretical point of view only.
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Furthermore, the mapping ¢Gau,, p is well defined as

0 (@g) ) 5) = (plo o @8)> 038

= (Pcopio)os
- (I)C o Q(g)a

and from Theorem 5.6 it follows that every 5 € Sy can be uniquely written
as § = jls +t, where s = o(3) and t € S2Q}(M) ® gauP. Hence, 5 can be
identified to the pair (s,t), i.e., Sy & Sy x S2QH(M) ® gauP. Recalling that
®o: C — (' is an affine-bundle morphism whose associated vector bundle is
idpey @ Poq: T"M ® adP — T*M ® adP, we have

@g)ogz@g)o(jls—{—t)
= J (Do os)+ Dy -t

thus concluding the proof. O

Theorem 5.12. With the same notations as in Section 4 and the same
assumptions as in Theorem 5.6, if X € TsSa, then (p1o)x 0 X € TySa, where
s =pipo5. Hence, the natural map o: Sy — Sa induces a linear map
02 TsSpn — TsSh, 0+(X) = (p10)« 0 X. Moreover, ker o, =T'(S?>T*M ® adP).

Proof. We first begin with the second Jacobi equation (4.4) for a gauge-
invariant Lagrangian L: J'C' — R and a Jacobi vector field

_ 0 0
X :vf‘aAq —1—1)%7814{1‘, CHI RS C™®° (M),
(A 1,]

along a solution 5 € Sy. We have

0= 762L 038 vy — o
-\ 942,047 ozt T
(85,‘3‘ _a > 83L _ 3
+ i — 37.72' ﬁ— oS Ul
Oz DA] DAL, 0AT

B2 &L
+ (S s 05|07, (5.11)
Oxt M)\ 0A2,0A7,0A7 ’

for any o, h, j. From Theorem 5.6, j's — 5 is a symmetric tensor. Moreover,
taking the formula (5.5) into account, the last two summands of (5.11)




58 M. CASTRILLON LOPEZ AND J. MUNOZ MASQUE

vanish. We thus obtain

0L oy
0= [—TtTt — ),
A} ZOA; ; ozt "

which, assuming the weak regularity of L, implies

ovs
Uri = g T ina (5.12)

where ¢, are the components of a symmetric tensor ¢ € [(S?°T*M ® adP).

From formula (2.1) and Lemma 2.1 we conclude X = X 4 ¢, where XV is
the one-jet prolongation of the vector field along s given by X = v{'0/0A.

Next, we consider the first Jacobi equation (4.3), from which we obtain

o (L o &L o§+<sﬁ —.§ﬁ> L
-~ \ 0A20A7 Ot 0AFOAT te 8A0‘8A‘78Afz
: 2
Y PL O 0°L oz e
b 8AO‘8AZ(9AZ7 j Oz GA,?@AZ n0A7 !

_ 0?L v 0L _\ 9vp;
08§ — _ — [e) n
aAUé?AO‘ 0Az0A7. °° ) 02~ \ 04,047, 7 | "oa

OL _ L _
—— 0 § — 0 §
DAZOAZ, DA, Ozl 0AL;0A7 ;
ﬁ 0L _ &th O*L _ o
St,j Baia a0 25T Oz 3 oS Uy
0A, AL, 0A7 ; T\ 0A; , 0A7,0A7

(5.13)

Again taking the symmetry of the differences sf i Ef , (and their deriva-

tives) into account, the previous equation reduces to the following:
o*L L o DL _
O=\5ac°S 57500 %% Siil maoaas ©F
OAXOA] 8;1:1614;‘,“814;1- 7\ OAX0A/ 8Ag, j
823;’ L B o
" Ozhoai \ 942047, 047 7))
T t,h q,]

%L . 2L 2\ O 92L _\ 9v7;
+ 05— oS - — oS8 ;
DAgOA?, DA2DAY, dx' 0A? DAT Oz’
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_<993Lo§+8ﬂ,<83Lo§>
Izl QAL 0A7 "\ o4joAz 047

. 6285.( oL ))
Oxhdxl \ DA}, 0A2 047 ’

By taking derivatives in (5.12), we obtain

T?j _ T

ort  Oxidxt + ozt’
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(5.14)

and substituting these expressions into equation (5.14), again by virtue of

the skew-symmetry of L/ 0A?;, we have

L OPL _ L
0= T a s S T A A A ags ©S T St
DAZOAG 011 0AZDAY I\ 0

B 0%s] 3L R I
Oxidxh \ 0AXOA], 0A7 "

e — o 3
A2DA]OAT

ov®

r

921, - O%L _\ o %L _
—+ 08— oS - — oS
0AGOAY; ~~  0AR0A7, ") Ozt \ 0AR 047,

— —83L o3+ P —83L 03
0xI DAL 0A7 ; Y\ oAjoAr 047

9?25’ AL A\ o
+ - oS -,
OxhOl \ 9A7, 0A2,0A7 D'

xtOxd

Finally, taking the equations Q05 = Qo jls, L =L o), into account, we
conclude that 5 can be replaced by j's into the previous equation and we

can end the proof by simply applying Remark 4.6.

0

Corollary 5.13. A Jacobi field X € TsSy is integrable if and only if the

Jacobi field 0.(X) = X € T,Sp, s = p1g © 5, is integrable.

Proof. If X € T3S, is an integrable Jacobi field, then X = d/de|.—¢5. where
5. = jls. + t., with mg 0 5 = s, € S, t. being a symmetric tensor. Then,

_ _ d d
* X = *X = — S. — — .
0+(X) = (m0) |, m0 08 = » S¢
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Hence X = g.(X) is integrable. Conversely, assume X = d/de|.—ose, S €
Sa, and X € ()" 'X. We know that X = XM +¢, where ¢ is a sym-
metric tensor. Then, X = d/de|.—05. with 5. = jls. + et € Sp, and X is
integrable. O

6 H-C self-dual and anti-self-dual connections

Let (M, g) be a pseudo-Riemannian n-dimensional oriented connected man-
ifold of signature (nt,n7), n=n"+n", and let v, = /| det(g;;)|dz' A
o ANda", gij = g(9/0xt,0/0x7), be its pseudo-Riemannian volume form.
The canonical duality isomorphism attached to g is denoted by T, M —
"M, X — X’ with inverse map TxM — T, M, w— w?. Let ¢ be the
metric on A" T*M given by ¢ (w!' A--- Aw”, @' A - Aw") = det(g((w?),
(@)

Let V. — M be a vector bundle. The Hodge star can be extended to
V-valued forms as follows: x(w, ® v) = (*w,) @ v, Yw, € N" T M, Vv € V.

Let m: P — M be a principal G-bundle and let m,qp: adP — M be the
adjoint bundle; i.e., the bundle associated with P under the adjoint repre-
sentation of G on its Lie algebra g. For every B € g and every u € P, let
(u, B)g be the coset of (u, B) € P x g modulo G. A symmetric bilinear form
(-,-) € S%g* is said to be invariant under the adjoint representation if the
following equation holds: (Ad,B,Ad,C) = (B,C), Yg € G, VB,C € g. By
taking derivatives on this equation we obtain ([A, B],C) + (B, [A,C]) =0,
VA, B,C € g. If the group G is connected, then both equations above are
equivalent.

Every symmetric bilinear form (-,-) € S%2g* invariant under the adjoint
representation induces a fibred metric ((-,-)) : adP @ adP — R by setting

<<(U7B)G7<uvc)G>> = <B,C>, Vu € P, VB,CGQ (61)
We further assume that the pairing (6.1) is non-degenerate.

Every pseudo-Riemannian metric g on M and every fibred ((-,-)) on adP
induce a fibred metric on the vector bundle of ad P-valued differential r-forms
on M as follows: (o ® a, B, @ b)) = ¢ (v, B,) (a, b)), Yo, B, € N TEM,
and Va, b € (adP),. Moreover, the pairing (6.1) defines an exterior product

(see [1]),
A ( M ® adP) ® (/\'T*M ® adp) N
® a)A(Br @ b) = (ag A Br) (a,b)).

(g
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Let p: C' — M be the bundle of connections of P. According to the
previous definitions, a pseudo-Riemannian metric g on M and an adjoint-
invariant symmetric bilinear form (-,-) allow one to define a quadratic
Lagrangian density A = Lv, on J'C by setting,

A(Ggs) = (°(2),2°(2))) vg(2)
= Q°(z)A x Q%(2), (6.2)

where s is a local section of p defining a principal connection whose curvature
form is denoted by Q°. In [3] it is proved that the E-L equations of the
Lagrangians above are seen to be independent of the pairing (6.1) and they
coincide with the classical Yang—Mills equations: V¥ % (2% = 0.

Theorem 6.1. In addition to the hypotheses above, assume dim M =4
and g is a Riemannian metric. Let S/J( (resp. Sy ) be the set of self-dual
(resp. anti-self-dual) connections with respect to the Lagrangian density
(6.2). A section s of p1: J'C — M belongs to the fibre o~ (s), with s € Sf
(resp. s € Sy ) if and only if the following equations hold:

alt(s — j's) =0, (6.3)
*(Q05)=(Qos) (resp. x(QLos5)=—(Qo3)), (6.4)

where alt: @2T*M @ adP — /\2 T*M ® adP is the alternating operator.

Remark 6.2. Equation (6.3) is a first-order differential equation, whereas
(6.4) is a purely algebraic equation. The condition alt(5 — jls) = 0 is not
specific of the Yang—Mills Lagrangian but general for any weakly regular
gauge-invariant Lagrangian. In fact, it defines the subset of I'(p1) given by

{jls+t:5€T(p),t € T(S*T*M @ adP)}. (6.5)

It is thus interesting to note that the group of equations really defined by self-
dual (resp. anti-self-dual) connections, is not longer a differential equation
but an algebraic constrain on the subset (6.5).

Proof of Theorem 6.1. As L is weakly regular, if 5 € Sy, then alt(5 — jls) =
0 by virtue of Remark 5.9. Moreover, as

o (oL N,ov oo (oL L\, oL
9l \ DAZ, 0Ax °° T Toai \ oAz, ©) ) T oAt

7
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as Qo05=10o0j's, we also obtain V**Q* =0, where Q° =Qoj's and
s = p1o o 5. Hence, the definition of a self-dual connection (i.e., (2 0 jls) =
(0 j's)) can be written as x(2 0 5) = (o 5) for every 5 € p~1(S)). Simi-
larly for S, . 0
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