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ARITHMETIC INTERSECTION ON A HILBERT MODULAR
SURFACE AND THE FALTINGS HEIGHT*

TONGHAI YANGT

Abstract. In this paper, we prove an explicit arithmetic intersection formula between arithmetic
Hirzebruch-Zagier divisors and arithmetic CM cycles on a Hilbert modular surface over Z. As
applications, we obtain the first ‘non-abelian’ Chowla-Selberg formula, which is a special case of
Colmez’s conjecture; an explicit arithmetic intersection formula between arithmetic Humbert surfaces
and CM cycles in the arithmetic Siegel modular variety of genus two; Lauter’s conjecture about the
denominators of CM values of Igusa invariants; and a result about bad reduction of CM genus two
curves.
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1. Introduction. Intersection theory has played a central role not only in alge-
braic geometry but also in number theory and arithmetic geometry, such as Arakelov
theory, Faltings’s proof of Mordell conjecture, the Birch and Swinnerton-Dyer con-
jecture, and the Gross-Zagier formula, to name a few. In a lot of cases, explicit
intersection formulae are needed as in the Gross-Zagier formula ([GZ1]), its general-
ization to totally real number fields by Shou-Wu Zhang ([Zh1], [Zh2], [Zh3]), recent
work on arithmetic Siegel-Weil formula by Kudla, Rapoport, and the author (e.g.,
[Kul], [KR1], [KR2], [KRY1], [KRY?2]), and Bruinier, Burgos-Gil, and Kiihn’s work
on arithmetic Hilbert modular surfaces. In other cases, the explicit formulae are sim-
ply beautiful as in the work of Gross and Zagier on singular moduli [GZ2], the work of
Gross and Keating on modular polynomials [GK](not to mention the really classical
Bézout’s theorem). In all these works, intersecting cycles are of the same type and
symmetric.

In this paper, we consider the arithmetic intersection of two natural families of
cycles of different type in a Hilbert modular surface over Z, arithmetic Hirzebruch-
Zagier divisors and arithmetic CM cycles associated to non-biquadratic quartic CM
fields. They intersect properly and have a conjectured arithmetic intersection formula
[BY]. The main purpose of this paper is to prove the conjectured formula under a
minor technical condition on the CM number field. As an application, we prove the
first non-abelian Chowla-Selberg formula [Co], which is also a special case of Colmez’s
conjecture on the Faltings height of CM abelian varieties. As another application, we
obtain an explicit intersection formula between (arithmetic) Humbert surfaces and
CM cycles in the (arithmetic) Siegel modular 3-fold, which has itself two applications:
confirming Lauter’s conjecture on the denominators of Igusa invariants valued at CM
points [La], [Ya5], and bad reduction of CM genus two curves. We also use the formula
to verify a variant of a conjecture of Kudla on arithmetic Siegel-Weil formula. We
now set up notation and describe this work in a little more detail.

Let D = 1 mod 4 be a prime number, and let F' = Q(\/ﬁ) with the ring of

integers Op = Z[%] and different 9p = VDOp. Let M be the Hilbert moduli
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stack of assigning to a base scheme S over Z the set of the triples (A,¢, A), where
([Go, Chapter 3] and [Vo, Section 3])

(1) A is a abelian surface over S.

(2) ¢:Op — Endg(A) is real multiplication of O on A.

(3) A:0p' — P(A) = Homp, (A, AV)Y™ is a 9 '-polarization (in the sense
of Deligne-Papas) satisfying the condition:

Ot @A =AY, rea— \r)(a)

is an isomorphism.

Next, for an integer m > 1, let 7, be the integral Hirzebruch-Zagier divisor in M
defined in [BBK, Section 5], which is the flat closure of the classical Hirzebruch-Zagier
divisor T}, in M. We refer to Section 3 for the modular interpretation of 7,, when m
is a prime split in F'.

Finally, let K = F(v/A) be a quartic non-biquadratic CM number field with
real quadratic subfield F'. Let CM(K) be the moduli stack over Z representing the
moduli problem which assigns to a base scheme S the set of the triples (A, ¢, A) where
t: Og < Endg(A) is an CM action of Og on A, and (A4,to.,\) € M(S) such
that the Rosati involution associated to A induces the complex conjugation on Ok.
The map (A,:,\) — (4, tlo,,A) is a finite proper map from CM(K) into M, and
we denote its direct image in M still by CM(K) by abuse of notation. Since K is
non-biquadratic, 7, and CM(K) intersect properly. A basic question is to compute
their arithmetic intersection number (see Section 3 for definition). Let ® be a CM
type of K and let K be the reflex field of (K, ®). It is also a quartic non-biquadratic
CM field with real quadratic field F = Q(\/Np/q(dr/r)) where dg,p is the relative
discriminant of K/F.

~ CONJECTURE 1.1. (Bruinier and Yang) Let the notation be as above and let
D = dj be the discriminant of F. Then

1
(1.1) T CM(K) = §bm
or equivalently

(12) (T CMUK))y = 30n()

for every prime p. Here

is defined as follows:

(1.3) bm(p)logp=>_ > Byp)

PP, ngmVD o -1
t=—%5p— edf(/ﬁ‘

|n\<m\/5
where
0 if p is split in K,

1.4 B = K
(1.4) +(p) {(ordp t+ 1)P(tdf</ﬁp_1)10g [p| if p is not split in K,
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p| is the norm of the ideal p of F, and

p(ll) = #{QlC Of( : Nf(/pglz Cl}.

Notice that the conjecture implies that (7,.CM(K)), = 0 unless 4Dp | m?D —n?

for some integer 0 < n < mV D. In particular, T CM(K) =0 if m2D < 4D.
Throughout this paper, we assume that K satisfies the following condition

w + \/Z
(1.5) OK:OF‘FOFT
is free over Or(w € OF) and that AA" is odd, where A’ is the Galois conjugate of
A in F. In such a case, one can show that D = AA’ is square-free and dxg = D?D.
The main result of this paper is the following theorem.

THEOREM 1.2. Assume (1.5) and that D =1 mod 4 is a prime. Then Conjecture
1.1 holds.

The special case m = 1 is proved in [Yad]. Now we describe its application to
the generalized Chowla-Selberg formula. In proving the famous Mordell conjecture,
Faltings introduces the so-called Faltings height hp,j(A) of an Abelian variety A,
measuring the complexity of A as a point in a Siegel modular variety. When A
has complex multiplication, it only depends on the CM type of A and has a simple
description as follows. Assume that A is defined over a number field L with good
reduction everywhere, and let wy € A9Q 4 be a Néron differential of A over O, non-
vanishing everywhere. Then the Faltings height of A is defined as (our normalization
is slightly different from that of [Co])

(1.6)

hFal(A):_m > log

o:L—C

1 -
(T)g/ o(wa) No(wa)| +log #AQ4/Orwa.
™ a(A4)(C)

Here g = dim A. Colmez gives a beautiful conjectural formula to compute the Faltings
height of a CM abelian variety in terms of the log derivative of certain Artin L-
series associated to the CM type [Col, which is a consequence of his product formula
conjecture of p-adic periods in the same paper. When A is a CM elliptic curve, the
height conjecture is a reformulation of the well-known Chowla-Selberg formula relating
the CM values of the usual Delta function A with the values of the Gamma function at
rational numbers. Colmez proved his conjecture up to a multiple of log 2 when the CM
field (which acts on A) is abelian, refining Gross’s [Gr] and Anderson’s [An] work. A
key point is that such CM abelian varieties are isogenous to quotients of the Jacobians
of the Fermat curves, so one has explicit models to work with. Kohler and Roessler
gave a different proof of a weaker version of Colmez’s result using their Lefschetz
fixed point theorem in Arakelov geometry [KRo] without using explicit model of CM
abelian varieties. They still relied on the action of u, on product of copies of these
CM abelian varieties, and did not thus break the barrier of non-abelian CM number
fields. V. Maillot and Roessler gave a more general conjecture relating logarithmtic
derivatives of (virtual) Artin L-function with motives and provided some evidence in
[MR] (weaker than the Colmez conjecture when restricting to CM abelian varieties)
and Yoshida independently developed a conjecture about absolute CM periods which
is very close to Colmez’s conjecture and provided some non-trivial numerical evidence
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as well as partial results [Yo]. We should also mention that Kontsevich and Zagier
[KZ] put these conjectures in different perspective in the framework of periods, and for
example rephrased the Colmez conjecture (weaker form) as saying the log derivative
of Artin L-functions is a period.

When the CM number field is non-abelian, nothing is known about Colmez’s
conjecture. In this paper we consider the case that K is a non-biquadratic quartic
CM number field (with real quadratic subfield F'), in which case Colmez’s conjecture
can be stated precisely as follows. Let x be the quadratic Hecke character of F
associated to K/F by global class field theory, and let

s+1

(1.7) A(s, ) = COOFr* T (=)L (s, 0)

be the complete L-function of x with C(x) = DNp/qdg/r. Let

@) A0, x)

(13) SUTF) = F5 ~ Ko

— log4m.

In this case, the conjectured formula of Colmez on the Faltings height of a CM abelian
variety A of type (K, ®) does not even depend on the CM type ® and is given by (see
[Ya3])

(1.9) hpal(4) = 58(K/F).

In Section 8, we will prove the following result using Theorem 1.2, and [BY,
Theorem 1.4], which breaks the barrier of ‘non-abelian’ CM number fields. Our proof
is totally different.

THEOREM 1.3. Assume that K satisfies the conditions in 1.2. Then Colmez’s
conjecture (1.9) holds.

Kudla initiated a program to relate the arithmetic intersections on Shimura vari-
eties over Z with the derivatives of Eisenstein series—arithmetic Siegel-Weil Formula
in 1990’s, see [Kul], [Ku3], [KRY2] and references there for example. Roughly speak-
ing, let

N 1. L
(1.10) o(1) = 5o+ > Tma

m>0

be the modular form of weight 2, level D, and character (2) with values in the

arithmetic Chow group defined by Bruinier, Burgos Gil, and Kiihn [BBK] (see also
Section 8), where @ is the metrized Hodge bundle on M with Peterson metric defined
in Section 8 and can be viewed as an arithmetic Chow cycle, and 7, is some arithmetic
Chow cycle related to 7,,. Then we have the following result, which can be viewed
as a variant of Kudla’s conjecture in this case. We refer to Theorem 8.2 for a more
precise statement of the result.

THEOREM 1.4. Let the notation and assumption be as in Theorem 1.2. Then
hg(CM(K)) + 1A(0,X)B(K/F)ES () is the holomorphic projection of the diagonal
restriction of the central derivative of some (incoherent) Hilbert Eisenstein series on
F. Here E5 (1) is an Eisenstein series of weight 2.

Let Ay be the moduli stack of principally polarized abelian surfaces [CF].
As(C) = Spy(Z)\Hs, is the Siegel modular variety of genus 2. For each integer m, let
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G, be the Humbert surface in A2(C) ([Ge, Chapter 9], see also Section 9), which is
actually defined over Q. Let G,, be the flat closure of G,,, in As. For a quartic CM
number field K, let CMg(K) be the moduli stack of principally polarized CM abelian
surfaces by Ok . We use subscript S to indicate that it is a CM cycle As. The stack
CMg(K) is isomorphic to CM(K) by (9.4). In Section 9, we will prove the following
theorem using Theorem 1.2 and a natural map from M to As.

THEOREM 1.5. Assume K satisfies the condition in Theorem 1.2, and that Dm
is not a square. Then CMg(K) and G, intersect properly, and

1
(1.11) CMs(K).Gm = 5 > D2

—n2
n>0,Pm=r" €7

Since G is the moduli space of principally polarized abelian surfaces which are
not Jacobians of genus two curves, the above theorem, together with lifting theorem of
principally polarized CM abelian varieties by maximal order of a CM number field (see
for example, [Ho] or proof of [GL, Theorem 4.2.1]), has the following consequence. The
corollary also solves Goren and Lauter’s embedding problem in [GL, Section 3]. Our
approach is different in two senses. First we work on Hilbert modular surfaces instead
of Siegel modular 3-folds and reduce the ‘difficulty’ by ‘one dimension’. Second, we
count instead of proving existence.

COROLLARY 1.6. Let K be a quartic CM number field as in Theorem 1.2. Let C
be a genus two curve over a number field L such that its Jacobian J(C) has CM by
Ogk and has good reduction everywhere. Let | be a prime. If C' has bad reduction at
a prime Il of L, then

(112) S b () A0

0<n<+v'D,odd

In particular, | < %. Conversely, if (1.12) holds for a prime 1, then there is a genus
two curve C over some number field L such that

(1)  J(C) has CM by Ok and has good reduction everywhere, and

(2) C has bad reduction at a prime | above [.

Finally we recall that Igusa defines 10 invariants which characterize genus two
curves over Z in [Ig2]. They are Siegel modular forms of genus 2 (level 1) [Igl]. One
needs three of them, commonly called ji, j2, and j3, which determine genus two
curves over Q and over F, when p > 5 and j; # 0. Recently, Cohn and Lauter ([CL]),
and Weng [Wen] among others started to use genus two curves over finite fields for
cryptosystems. For this purpose, they need to compute the CM values of the Igusa
invariants associated to a quartic non-biquadratic CM field. Similar to the classical
j-invariant, these CM values are algebraic numbers. However, they are in general not
algebraic integers. It is very desirable to at least bound the denominators of these
numbers for this purpose and also in theory. Lauter gives an inspiring conjecture
about the denominator in [La] based on her calculation and Gross and Zagier’s work
on singular moduli [GZ1]. In Section 9, we will prove the following refinement of her
conjecture subject to the condition in Theorem 1.2.

THEOREM 1.7. (Lauter’s conjecture). Let jl, i = 1,2,3 be the slightly renor-
malized Igusa invariants in Section 9, and let 7 be a CM point in X5 such that the
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associated abelian surface A, has endomorphism ring Ok, and let H;(x) be the min-
imal polynomial of ji(7) over Q. Assume K satisfies the condition in Theorem 1.2.
Let A; be positive integers given by

3Wk Zo<n< VD ,odd bD;nz
1

e Z'fi:]-v

ifi=23.

A =
¢ 2Wk Eo<n<\/ﬁ,odd bD;nz
e 1

Here Wy is the number of roots of unity in K. Then A;H;(x) is defined over Z. In
particular, A; N(ji(T)) is a rational integer.

Now we describe briefly how to prove Theorem 1.2 and its consequences. The
major effort is to prove the following weaker version of the main theorem, which
covers Sections 3-7.

THEOREM 1.8. Assume (1.5) and that D =1 mod 4 is square free, and that
m = q is an odd prime split in F'. Then

1
(1.13) T CM(K) = iqurcqlogq
for some rational number cq. Equivalently, one has for any prime p # q,
1
(1.14) (To CM(K)), = 5b4(p).

The starting point is a proper map from the moduli stack Yy(g) of cyclic isogeny
(¢ : E — E') of degree ¢ of elliptic curves to 7, constructed by Bruinier, Burgos-Gil,
and Kithn in [BBK], see also Section 3. Let (B, ¢, A) be the image of (¢ : E — E')
in 7, we first compute the endomorphism ring of (B, ) in terms of a pair of quasi-
endomorphisms «, 3 € ¢! Hom(E, E’') satisfying some local condition at ¢q. This is
quite different from the special case ¢ = 1 considered in [Yad]: we can not describe
the endomorphism ring of (E,t) globally. The upshot is the following: associated
to a geometric intersection point in 7,.CM(K)(F,) is a triple (¢, ¢a, ¢B : E — E')
satisfying certain local condition at q. Using a beautiful formula of Gross and Keating
[GK] on deformation of isogenies, we are able to compute the local intersection index
and prove the following theorem.

THEOREM 1.9. (Theorem 3.6) For p # q, one has

1 2D —n? R(9,T,
(TeME), =7 > (ordp—q B +1>Z > et
0§n<q\/5 p [¢p:E—E’]

BN epliso

Here 1 = £1, T,(un) is a positive definite 2 x 2 matriz with entries in éZ de-
termined by n and p as in Lemma 4.1. R(¢,Ty(pn)) is the number of pairs
(6,8) € (¢~ Hom(E, E"))? satisfying certain local conditions at q and 2 such that

RN ATONCEIA
T@,p) =5 ((zw) <B,5>> = Ty (pm).

Finally, Aut(¢) is the set of automorphisms f € Aut(E) such that gofop—t € Aut(E"),
and the summation is over the equivalence classes of all isogenies [0 : E — E'] of
degree q of supersingular elliptic curves over IFp.
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The next step is to compute the summation

3 R(¢, Ty(pn))

B(p, un) = FAut()

[¢:E—E’]

which counts the ‘number’ of geometric intersection points between CM(K) and 7,
at p. The sum can be written as a product of local Whittaker integrals and can be
viewed as a generalization of quadratic local density. In theory, the idea in [Yal],
[Ya2] can be generalized to compute these local integrals, but it is very complicated.
In Section 5, we take advantage of the relation between supersingular elliptic curves
and maximal orders of the quaternion algebra B which ramifies only at p and oo, and
known structure of quaternions, and transfer the summation into product of local
integral over B} instead of usual local density integral as in [Yal], [Ya2]:

1

(1.15) By =5 [ g dadg
Q}\B; /K

if there is Ty = V(Af)? with T'(Zo) = T,(un). Otherwise, 3(p, un) = 0. Here
9T =(9.X1,9.X2) = (9X19™ 1, 9X297"), T="(X1,Xo),

and ¥ = [[¥; € S(V(Af))? and V is the quadratic space of trace zero elements in
B. In Section 6, we compute these local integrals which is quite technical at ¢ due
to the local condition mentioned above, and obtain an explicit formula for 8(p, un)
(Theorems 6.1 and 6.2). In Section 7, we compute b,,(p) and proves Theorem 1.8.
The computation also gives a more explicit formula for the intersection number.

In Section 8, we use the height pairing function and [BY, Theorem 1.4] to derive
the main theorem from the weaker version. we also derive Theorem 1.3 from Theorem
1.2 using the same idea. Theorem 1.4 is a consequence of the main theorem and [BY,
Theorem 8.1]. In Section 9, we briefly review the natural modular ‘embedding’ from
Hilbert modular surfaces to the Siegel modular 3-fold, and prove Theorems 1.5, 1.6,
and 1.7.
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2. A brief review of the case ¢ = 1. For the convenience of the reader, we
briefly review the computation of the arithmetic intersection between CM(K) and 7,
in the very special case ¢ = 1 to give a rough idea and motivation to the general case
considered in this paper. We also briefly describe how Gross and Zagier’s beautiful
factorization formula for singular moduli can be derived this way. We refer to [Yad]
for detail, and to Section 3 for notation.

Let £ be the moduli stack over Z of elliptic curves. Then there is a natural
isomorphism between £ and T; given by E — (F ® Op,t,\). A simple but critical
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fact is that Endp, (F ® Op) 2 End(E) ® Op is easy to understand (it is much more
complicated even in the split prime ¢ case considered in Section 3). So a geometric
intersection point in 7;.CM(K)(F,) is determined by a pair (E, ) where

t:Og — End(F) ® Op

such that the main involution on Op = End(F) gives the complex conjugation on
Ok, which implies in particular that F is supersingular and p is inert in F. Since we
assume that O = O + (’)F%, ¢ is determined by

L(%) =+ ﬁo#ﬁv

with ayg, By € O, and

(VE) = 5+ s 2D

(5:2040711}0,ﬂ—2ﬂ07w1ELE—{QCEZ+2@E tI‘SL'—O}

Here w = wyg —i—wlDJFQ\/5 with w; € Z. Set for 6,8 € Lg

1765 6,8
T6.8) = 5 ((ﬁw; gwg) € Sym,(Z).

One shows that T'(d, 8) is a positive definite integral matrix of the form T4 (un) ( in
n

the notation of Lemma 4.1) for a unique positive integer n with det T; (un) = DD €
4pZ~o and a unique sign pu = +1.

Applying a beautiful deformation result of Gross and Keating to 1, ag, and Sy,
we show in [Yad, Section 4] that the local intersection index of 71 and CM(K) at
(E, ) is given by

1 D —n?
Lp(E,L) = i(OI‘dp T —+ ].)
which depends only on n. So the intersection number of 7; and CM(K) at p is
1 LE, T1 ;m))
MK, =5 ¥ (o, 2y 3 e Tl
D 2
D4—w €pZso 1 FEs.s.

where the sum is running over all supersingular elliptic curves over IF‘p (up to iso-
morphism), and R(Lg,Ti(un)) is the representation number of the ternary quadratic
form Lg representing the matrix T1(un).

Finally the last sum can be proved to be the product of local densities, and can be
computed using the formulae in [Yal] and [Ya2]. However, the case p = 2 is extremely
complicated. In [Yad], we used a trick together with a beautiful result in [GK] to deal
with this delicate issue. However, this trick only works in this special case. In this
paper, we use a new idea to deal with the case ¢ # 1 in Sections 5 and 6. The upshot
is then the following formula:

(M), =3 3 (ordy 2™+ 1) Y (o vm)

DP_n2
4Dn €pZ>o

where

Bp,un) = [ Bilp,un)

”D n?2
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and B;(p, un) is given by the right hand side of the formula in Theorem 6.1. This
finishes the computation at the geometric side. On the algebraic side, the computation
of by (p) is similar to that of by, (p) in Section 7(of course simpler) and shows that by (p)
is equal to the right hand side of the above formula without the factor % That proves
the case ¢ = 1.

If we further allow D = 1,i.e., F =Q® Q, and K = Q(v/d1) ® Q(y/d3), one has
M=Ex & and CM(K) =CM(d1) x CM(dz) where CM(d;) is the moduli stack of
CM elliptic curves of (fundamental) discriminant d; < 0. Furthermore, 77 is just the
diagonal embedding of £. From this, it is easy to see

Ti.CM(K) = CM(K1).CM(Ky) in M,
(2.1) = Y ol - i)

disc[r;]=d;

where w; is number of roots of unity of imaginary quadratic field of discriminant d;,
and 7; are Heegner points in M (C) of discriminant d;. Now the beautiful factorization
of Gross-Zagier on singular moduli follows from the arithmetic intersection formula
for 7;.CM(K). We refer to [Yad, Section 3] for detail.

3. Modular Interpretation of 7, and Endomorphisms of Abelian va-
rieties. Let F = Q(v/D) with D = 1 mod 4 prime. Let M be the Hilbert mod-
ular stack defined in the introduction, and let M be a fixed Toroidal compactifi-
cation. Let K = F(v/A) be a non-biquadratic quartic CM number field with real
quadratic subfield F', and let CM(K) be the CM cycle defined in the introduc-
tion. Notice that CM(K) is closed in M. K has four different CM types &,
Dy, p®1 = {po : 0 € 1}, and pPs, where p is the complex conjugation in C. If
x = (A4,1,\) € CM(K)(C), then (4,¢,\) is a CM abelian surface over C of exactly
one CM type ®; in M(C) = SLy(Op)\H? as defined in [BY, Section 3]. Let CM(K, ®;)
be set of (isomorphism classes) of CM abelian surfaces of CM type (K, ®;) as in [BY],
viewed as a cycle in M(C). Then it was proved in [BY]

CM(K) = CM(K, ®1) + CM(K, ®2) = CM(K, pP;1) + CM(K, p®P3)
is defined over Q. So we have
LEMMA 3.1. One has
CM(K)(C) =2CM(K)
in M(C).

Next for an integer m > 0, let T}, be the Hirzebruch-Zagier divisor T, is given
by [HZ]

Ty (C) = SLo(Op)\{(21, 22) € H? : (22,1)A(3) = 0 for some A € L,,},

where
Ln={A=(82):a,beZ ez’ ,ab— N = %}.
T,, is empty if (%) = —1. Otherwise, it is a finite union of irreducible curves and is

actually defined over Q. Following [BBK], let 7, be the flat closure of T}, in M, and
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let 7,, be the closure of 7,, in M. When m = ¢ is a prime split in F, 7,, has the
following modular interpretation, which is different from that given in in [KR1]. We
identify it with modular curves in this special case while Kudla and Rapoport define
it for all m. For the rest of this section, we assume m = ¢ is a prime split in F'.

Let ¢ be a prime number split in F', and let q be a fixed prime of F' over ¢q. In
this paper, we will fix an identification F' — F; = Q,, and let VD e Qg be the image
of VD € F under the identification. Following [BBK], we write q¢ = rc with some
r € F* of norm being a power of ¢ and some fractional ideal ¢ of F'. For a cyclic
isogeny ¢ : E — E' of elliptic curves of degree q over a scheme S over Z[%], Bruinier,
Burgos, and Kiihn constructed a triple (B, ¢, \) as follows. First let A = E® ¢, and
B = A/H with H = (ker ¢ ® ¢) N A[g]. We have the following commutative diagram:

(3.1) A=E®c A/Alq]
B=A/H
A =F®c

The natural action of O on A induces an action ¢ : Op — End(B). It is clear
(3.2) P(A) = Homo, (A, AV)SV™ = 291
naturally. They proved that under the natural injection
P(B) = P(A), gw— m'gr
the image of P(B) is 8;1. This gives the Deligne-Pappas 0~ !-polarization map
\:0n' = P(B)

satisfying the Deligne-Papas condition. Furthermore, they proved [BBK, Proposition
5.12] that

(3.3) O:(p: E— FE)— (B,1,\)

is a proper map from the moduli stack Yy(q) over Z[%] to M, and T4 = ®.Y(q). The
map P is generically an isomorphism. This proper map extends to a proper map from
Xo(q) to M, whose direct image is the closure 7; of 74 in M.

Recall [Gi], [Ho, Section 1], [KRY?2, Chapter 2], [Vi], and [Ya4, Section 2] that
two cycles Z; in a DM-stack X' of codimension p;, p; + p2 = dim X', intersect properly
if 21N 21 = 21 Xy Z5 is a DM-stack of dimension 0. In such a case, we define their
(arithmetic) intersection number as

1 -
(34) Zl.ZQ Z Z #Tt(x) log‘ #021022,1

P x€Z1ﬁZQ

1
=X X R B Eo) o

P xeZ1NZ2(F,)
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where (’jgm 2, is the strictly local henselian ring of Z; N 23 at =z,
iP(Zla 227 l‘) = Length @ZlﬂZQ,x

is the local intersection index of Z; and Z5 at z. If ¢ : Z — M is a finite proper and
flat map from stack Z to M, we will identify Z with its direct image ¢, Z as a cycle
of M, by abuse of notation.

Now come back to our special case. Let p # ¢ be a fixed prime. consider the
diagram over Z,

(3.5) CM(K) xpm Yolq) —= Vo(q)
CM(K) /\l/l

One sees that a geometric point in CM(K)NTy is indexed by a pair x = (¢ : E — E', 1)
with ¢ € Vy(F,) and ¢+ : O — Ende, (B) is an Ok-action on B such that the Rosati
involution associated to A\ gives the complex conjugation on K. Since K is a quartic
non-biquadratic CM number field, one sees immediately that such a geometric point
does not exist unless p is nonsplit in F' and E is supersingular. In such a case, write
1(¢) for all Ok action ¢ satisfying the above condition. Then the intersection number
of CM(K) and 7, at p is given by

1
(3.6) (CM(K).Ty)p = Z mi,,(CM(K),E, (¢,1))log p.
P€Vo(q)(Fp),L€l(¢)

Let W be the Witt ring of Fp. Let E and E’ be the universal deformations of E and
E' to W([t]] and W{[t']] respectively. Let I be the minimal ideal of W[t,¢']] such that

(1) ¢ can be lifted to an (unique) isogeny ¢; : Ef — E}, where E; =E mod I
and E; =E' mod I.

(2) Let (By,tr, A1) € M(W([¢t,t']]/I) be associated to ¢;. The embedding ¢ can
be lifted to an embedding ¢; : Ox — Ende,. (By).

By deformation theory, one can show that the local intersection index is equal to

3.7) ip(,0) = ip(CM(K), Tq, (¢, 1)) = Length W[[t,#']]/1.

To compute the local intersection index and to count the geometric intersection
points, let (¢ : E — E') € Yo(q) and let (B, 1, \) = &(¢) € M. Then

Endp, B={g € Ends B : t(r)g = gu(r),r € Op}.

We first make the following identification
(3.8)

1
7 :End, B = Endo, BoQ = End’(A) = End”(E)®20F, g+ 1 ‘ogor = —71"gm.
q

LEMMA 3.2. Under the identification (3.8), we have
End(¢) ® Op C 7* Endp,(B) C ¢ ' Hom(E, E') ® Op.
Here
End(¢) = {f € End(E) : ¢f¢ ' € End(E")}.
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Proof. For f € End(¢), and x € H, let f' = ¢f¢~ € End(E’), one has

(paD)(fel)(z)=(fol)(¢x1)(z)=0

and so (f®1)(x) € ker(¢p®1) = ker p®c. Clearly, (f®1)(z) € Alg]. So (f®1)(x) € H,
and thus f ® 1 = 7*(b) for some b € Endp,.(B).
On the other hand, if b € Ende,.(B), then

(¢ @ 1)7*(b) = m1br € Homp, (A, A") = Hom(E, E') ® OF.

Since ¢ is an isomorphism away from ¢, one sees from the lemma
Endp,(B)® 7, = (End(E) ® Z;) @z Op
for all [ # g via m*. We now study
(3.9) Op,q = Endo,(B) ® Zy = Endo,ez, T(B),
where T, (B) is the Tate module of B at g. We identify
(3.10) F—Fy=F, @ Fy =Qq©Qy, VD~ (VD,-VD)

as fixed at the beginning of this section. Let {e, f} be a ¢-normal basis of Ty(E) C
Vy(E) = T4(E) ® Qq in the sense
(3.11) TYE) = Zee ® Lyf, Ty(E') = ZLed(e) & Zg ' 6(f).

To clear up notation, we view both T,(E) and T, (E’) as submodule of Vi (E) =
T,(E) ® Qg so that ¢(e) = e and ¢(f) = f. Let ¢g = ¢ ® Zy = Zy(q",0) + Z4(0, ¢°).
It is easy to see that

Ty(A) =Ty (E) ®z, Cq;
T,(A/Ala]) = Ty(A) ®o, 9, ' = Ty(E) ©z, ¢qa;
Ty(A") = Ty(E' @ ¢) = Ty(E') Xz, Cq-

and
Ty(B) = Tq(A/Ala]) N Ty (A").
Now we use coordinates. Identify
Oy =070 0g =7Zq® Zyg,

Then ¢4 is generated by (¢", ¢°) as an Og4-module, and q4 is generated by (g, 1) as an
Og4-module. So

T‘I(B) = (cq(qilﬂ 1)6 @ cq(qila 1)f) N (qu D (qila qil)f)
=ce®ey(gh1)f
= (qure + qur_lf) @ (quse @ qusf);

and (z,y) € Oy = Zq & Zq acts on Ty(B) via

(z,y)(a1q"e + b1q" " f,asqe + bag® f) = (varq”e + zb1q" " f,yazq’e + ybag® f).
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So Endp, T,(B) consists of (a, 8) € (End V,(E))? satisfying
(312) a(Zyq"e+Zeq" ' f) C Zyq"e+Zyq" f,  B(Zyq*e®Zyq  f) C Zyq®e D Zyq" f.
Here V,(E) = Ty(E) @ Qq = Que ® Q4 f. This is the same as a € End(7,(E’)) and
B € End(T,(E)). So we have proved that

ProrosITION 3.3. Under the identification Oy = Oq © O = Zq © Zq, one has

7™ Endo, (T4(B)) = {(a, B) € (¢~ Hom(T,(E), T,(E")))* : ¢pa¢p™" € EndT,(E'),

B8 € EndTy(E)}.
FEquivalently, with respect to a ¢-normal basis {e, f}, the matrices of a and B, still
denoted by o and B respectively, have the properties

(3.13) ez i), BeMm(z,),

i.e.,

with i, Yi, 23, Wi € Lg.

COROLLARY 3.4. One has
(3.14)

D D
7 Endo, (B) = {a + 8® %/_ :

: o, B € ¢ "Hom(E, E')) satisfies (x4) below }.
Here the matrices of a and 3 with respect to a ¢-normal basis of Ty(E), still denoted
by a and [ respectively, have the following property (xq)

D++vVD Z, 1z, D—+D
- q -
(*q) ot € (qu 7. ) ot By — € My(Zy).

(xq) is equivalent to the condition

D++vD D

(3.15) a+f € End(T,(E')), a+ 6%\/5 € End(T,(E)).

4. Local Intersection index. Let the notation and assumption be as in Section
3. The purpose of this section is to compute the local intersection index i,(¢,¢) in
(3.7). We need a little preparation. Replacing A by mA in [Ya4, Lemma 4.1}, one
has

LEMMA 4.1. Let m > 1 be an integer and let 0 < n < m\ D be an integer with
m2D7’n2
— D S Z>0.

(1)  When D { n, there is a unique sign p = £1 and a unique 2 X 2 positive
definite matriz Tp,(un) = (¢ %) € = Symy(Z) such that

2P _ 2
(4.1) det Ty, (un) = ac — b* = %,
(4.2) A_2un1—Dc—(2b+Dc)\/5
: = 5 ,
D?-D
(4.3) —pny =a+ Db+ c.

4
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Here ny =n/m.

(2)  When Din, for every sign p = £1 there is a unique 2 X 2 integral positive

definite matriz Ty, (un) = (‘g 2) satisfying the above conditions.

REMARK 4.2. Throughout this paper, the sum Zu means either Zu:ﬂ:l when
Din or the unique term p satisfying the condition in Lemma 4.1 when D { n.

Notice that (4.2) implies
(4.4) 2uny — De, 2b+ Dc € Z.

Now let p # ¢ be a prime, and let ¢ : £ — E’ be a cyclic isogeny of degree q of
supersingular elliptic curves over Fy, i.e., (¢ : E — E') € Yy(q)(Fp). We consider the
set I(¢) of Og-actions

t: Og <= Endep,(B)

such that the Rosati involution associated to A gives the complex conjugation on K
(as in Section 3). Set

(4.5) m(%) = ap + ﬁow, o, Bo € ¢~ Hom(E, E)
(4.6) U (VA) = a+ ﬁw =1 + 22VD,

with

(4.7) a=2ap —wo, B=2Fp—wr,

and

(4.8) r] =0+ gﬂ, To = %ﬂ.

Let O = End(E) and B = Op ® Q,

(4.9) V={zeB: trz =0}, Qz)=—2°

and let

(4.10) L(¢) = (Z +2¢ ' Hom(E,E")) N V.

Then a, § € L(¢).
Notice that (V, Q) is a quadratic subspace of the quadratic space (B, det) where
det(x) is the reduced norm of x. For & = (z1, 2, - ,2,) € B", we write

(111) T(@) = 558 = 5 ((@2).

Let T(¢) be the set of pairs (o, 3) € L(¢)? which satisfies (x,) and T(c, 3) =

27 2 .
4 ZD" € pZ~o and some sign

T,(un) for some integer (unique) 0 < n < ¢V D with
(unique) p = £1.
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Let T(¢) be the set of pairs (ag, fo) € (¢! Hom(FE, E))? which satisfies (*,) and

T(1, a0, Bo) = T,(pun) for some integer 0 < n < ¢V D with qzﬁ)gnz € pZ~o and some
sign u = £1. Here

(4.12)
] 1 0 0 L5y 1 = 5
T=|m 1 (1) diag(1,7) [0 1 (1) =% 1§(a+w3) i§b+wogf1)
o0 5 0 0 3 2 20+ wowr)  z(c+wi)
D++vD

and w = wp + w1 =5~ is given in (1.5).

PROPOSITION 4.3. The correspondences
LEI(9) (o, B) € T(¢) > (a0, Bo) € T(¢)

via (4.5)-(4.7) give bijections among 1(¢), T(¢), and T(¢).

Proof. Given 1 € I(¢), and let o and 3 be given via (4.6). Then («a,3) € L(¢)?
and satisfies (xq). Write T(c, 8) = (¢ ) with a = 3(a, @) = —a?, b = 1(a, 8), and
c=3(8,8) = —p% First,

A= uVE) = (a+ 5B~ (a+ 5 3BVD

D2+ D
— a-Dp- 2

c—(b+ %Dc)\/ﬁ.

We define n = gqny > 0 and = £1 by

2

—pny =a+ Db+
Then

_ 2pny — Dec — (2b+ Dc)\/ﬁ
N 2

A

satisfying (4.2) in Lemma 4.1. Now a simple calculation using D = AA’ gives

27 2
D —n
detT —ac—b ="
etT(a, B) = ac 2D
satisfying (4.1). So T'(a,3) = T,(un) for a unique integer n and a unique sign
satisfying the conditions in Lemma 4.1. To show p|g® det T, (un) = quD_”z, we work

over Z, to avoid the denominator ¢ in detT,(un). Write L, = L(¢) ® Zp, and
O, =0 ® Zyp, then

Ly, =(Zy+20,)Nn(V®Q,)
has determinant 4p?. Let
Y= (a,ﬂ) +2af € Lp~

Then

(7)) =(B:7) =0, (7.7) = 2(a,a)(8, B) — 2(, B)* = 8 det T, (un).
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So the determinant of {«, 3,7} is

det T'(a, B,7) = det diag(T,(un), 4 det T, (un)) = 4 det T,(un)?>.

So we have thus p| det Ty (un) in Z,, i.e., p| q2D5”2 . Similarly, to show 4|q? det T, (un),
we work over Zs. It is easier to look at T, (un) € Symy(Z2)Y (since ag, fo € Op @ Zs).

It implies that
(4.13) a=-w: mod4, b=-wow; mod?2, c=-w? mod 4.

So det T, (un) = ac — b*> = 0 mod 4, and therefore (o, 3) € T(¢). A simple linear
algebra calculation shows that (g, Bo) € T(¢).

Next, we assume that («,3) € T(¢). Define ¢ and (ag, 59) by (4.6) and (4.7).
The above calculation gives

D++vD

2 _
SR = A,

(a+p

so ¢ gives an embedding from K into Endg, B such that ¢(Or[v/A]) € Endo,. B. To
show that ¢ € I(¢), it suffices to show ag, B0 € ¢~ Hom(E, E’). Write by definition

D++vVD

a=—up+2a;, B=-u+28, u=uo+u 5

with u; € Z, a1, 81 € ¢~ Hom(E, E’) . Then

u+ VA D++VD
Y2 = i

7

and (a1, 41) € (¢~ (E, E'))? satisfies the condition (*4). So L(“+2‘/Z) € Endo,. B and

thus % € Ok. On the other hand, % € Ok. So “5% € Op, i.e., ®5% € 7,
and

wo — U1 w; — U1

2

oy = a1 + €o N (EE), Bo=p5+ €¢ (B, E)

as claimed. So (o, 8) € T(¢) and ¢ € I(¢). Finally, if (ag, 8o) € T(6), let (a, B) be
given by (4.7). Then it is easy to check that (o, 8) € T(¢). O
Now we are ready to compute local intersection indices.

PROPOSITION 4.4. Let ¢ : E — E’ be an isogeny of supersingular elliptic curves
over Fp, of degree ¢ (p # q). Let (o, B) € T(¢) be associated to v € I(¢p), and let
Ty(un) = T'(w, B) be the associated matriz as in Proposition 4.3. Then

) 1 ¢?D —n?
Zp(¢, L) = 5 <ordp T —+ 1)

depends only on n.

Proof. This is a local question at p. ¢ € I(¢) can be lifted to an embed-
ding ¢; : Ox — Endp, (Br) if and only if ag and By can be lifted to ag 1,501 €
qﬁ;lHom(E[,E}E), which is equivalent to that ¢, ¢ag and ¢By can be lifted to
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isogenies from Ej to E7. So tp(d,t) = ip(d, pao, dBo) is the local intersection
index of ¢, pag, By computed by Gross and Keating [GK]. It depends only on
T(¢, pao, 9Po) = qTq(un). The same calculation as in [Yad, Theorem 3.1] (using
Gross and Keating ’s formula) gives (recall ny =n/q,p # q)

. 1 D —n? 1 q2Dfn2
ip(p,0) = 5 <ordp 1D L +1> =3 <ordPT +1

So we have by (3.6) and Proposition 4.4

THEOREM 4.5. For p # q, one has

1 ¢-D —n* D
oMt =y X (o CEpt ) oy R
0<n<q\/5
25
5 —€pL>o
Here R(¢,T,(un)) is the number of pairs («, ) € L(¢)? such that T(a, ) = Ty(un)
and (, B) satisfies the condition (xq), and }_ , is over all isogenies (up to equivalence)
¢ : E — E' of supersingular elliptic curves over F,, of degree q up to equivalence.
Two isogenies ¢; : E; — E! are equivalent if there isomorphisms f : By = Ey and
I’ B = B} such ¢of = ['é1.

5. Local densities. We write [¢ : E — E’] for the equivalence class of ¢ and

o) — R(¢, Ty(pm))
(5.1) B(p, un) W;y} FA(D)

One can show that B(p,un) is the Ty(un)-th Fourier coefficient of some Siegel-
Eisenstein series of genus two and weight 3/2, and is thus product of local Whittaker
functions, which are slight generalization of local densities computed in [Yal] and
[Ya2]. In principle, the idea in [Yal] and [Ya2] can be extended to handle the general
case. However, the actual computation is already complicated in [Yal] and [Ya2].
In this section, we use a different way to write S(p, un) directly as product of local
integrals over quaternions. In next section, we take advantage of known structure of
quaternions to compute the involved local integrals.

Fix a cyclic isogeny ¢ : Ey — E} of supersingular elliptic curves (over F,) of
degree ¢. and a ¢p-normal basis {eq, fo} of the Tate module T, (Ep). Let O = End(Ey)
and B = O® Q be the unique quaternion algebra over Q ramified exactly at p and oo.
Let (By, to, A\o) € M(F,) be the abelian surface with real multiplication associated to
¢o. Let V and L(¢g) be the ternary quadratic space and lattice defined in (4.9) and
(4.10) with ¢ replaced by ¢g. For I # g, let

(5.2) Ly = L(¢o) ® Zy, V¥, = char(L}).

For | = ¢, view B, = B® Q, as the endomorphism ring of V,(Ey) = T,(Eo) @ Q4 and
identify it with M2(Q,) using the ¢-normal basis {eg, fo}. Under this identification,
O, = My(Z,). Let

(5.3) L;:{X:(jég)em:z,y,zezq}
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and

D D
(5.4) Q ={F="(X1,X2) € (L,)*: 21+ 22%\/_ =0 mod g,

D—+D
i +yQT =0 mod ¢}
where X; = (z ég) € L. Let
(5.5) U, = char(Q,), V=&V, € S(V(As)?).

Next, let K = [],... Ki C B} be the compact subgroup of B defined by

or if I #q,
. i, =4t
) l {KO(Q):{(ZZ) € My(Zgq) : ¢ =0 mod q} ifl=gq.

Clearly, ¥ is K-invariant. The main purpose of this section is to prove
THEOREM 5.1. Let the notation be as above. Then

1 L
(5.7) B(p, pn) = 5/ (g~ ".70)dg
Q;\B3 /K

if there is o = V(Af)? with T(Zo) = Ty(un). Otherwise, B(p,un) = 0. Here
9% = (9.-X1,9.X2) = (9X19™ ", 9Xog™"), T="(X1,X0),
and dg is the Tamagawa measure on IB%}.

We first recall a close relation between B} and cyclic isogenies ¢ : £ — E’ of
degree q. Let T;(E) be the I-Tate module of E for [ # p and let T},(E) be the covariant
Dietidonne module of E over the Witt ring W = W (F,), and let T(E) = @Ti(E).
A homomorphism from T,(E) to T,(E’) means a W-linear map on the Dieudonné
modules which commute with the Frobenius map. Then for b € B, there is an quasi-
isogeny f : E — Eq such that 7'(f)T'(E) = bT'(Ey). Moreover, the equivalence class of
f: E — Eq is determined by b mod O* [Wel, Section 2.4]. Choose an integer n > 0
such that nf is an isogeny. Let E’ be the fiber product as shown in the following
diagram.

(5.8) g-l-p2.p

bo b6

E0—>E6—>E0

Then there is a unique ¢ : E — E’ making the above diagram commute. Let
So(q) be the set of equivalence classes [¢p : E — E’, f, f'] of the diagrams:

(5.9) E—tsp
) )
0 07
{I b0 ¢

EO%Eé
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where E ~» Fj stands for quasi-isogeny. Here two such diagrams are equivalent if
there are isomorphisms g : By — FEs and ¢’ : E] — FE} such that the following
diagram commutes:

(5.10) E—"
N Ny
5 \\ S AN
S N\ A N\
!

Let So(q) be the set of equivalence classes [¢ : E' — E'] of degree ¢ isogenies of
supersingular curves over [F,. Then one has

PROPOSITION 5.2. The map b € B} — [¢: E — E', f, f'] gives rise to a bijection
between B% /K and So(q). The map b € B} — [¢ : E — E'] gives rise to a bijection
between IB%*\IB%;Z//C and the set Sy(q). Moreover, for ag,Bo € B = End(Ep) ® Q, let

a=fragf,B=f"180f € End(F) ® Q. Then

(1)  «€End(E) if and only if b agb € O = O @ Z.

(2)  pag~' € End(E') if and only if pob~ ' agbdyt € End(E})  Z.

(3) o€ End(e) if and only if b~ agb € End(¢g) ® Z.

(4) o+ BD+T\5 € 7 Endo,(B) if and only if b~ (g + BOD-‘FT\/E)() €
75(Endo,. (By) ® Z).

Proof. The same argument as in [Wel, Section 2.4] gives the bijections.
(1) Clearly, a € End(E) if and only if T(a)T(E) C T(E). If b agb € O, then

T()T(E) = T(f) T (o) T(/)T(E) = T(f) " bb~ crobT (Ep)
T(f) " "bTo(Eo) =T(f) 'T(f)T(E) = T(E),

N

and thus a € End(E). Here we identify ag with T(aoz € End’(T'(E)). Reversing the
procedure with ag = faf~1, one sees that b= lagb € O if a € End(E).

(2) Since
T(pap™") = T(of )T (a0)T(f6~") = T(f) T (bvaady T (F),
the equivalence class of E' ~ EJ) is associated to ' = ¢obpy' when E ~ Ej is
associated to b. Now (2) follows from (1). (3) follows from (1) and (2) since a €
End(¢) if and only if @ € End(E) and ¢ag~! € End(E").
(4) Since
T(pa) = T(f")(éobig )0 (b~ xab),

o € ¢~ Hom(FE, E') if and only if b~ agb € ¢y Hom(T(E), T(E")). So by (1) and
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(2) (more precisely their local analogue at ¢) and Corollary 3.4, one has

D++D
+ B—’—T\/_
& a,f € ¢ Hom(E, E') and (3.15)

& b Y, b~ Bob € ¢yt Hom(T'(E), T(E')), and (3.15) for (b~ agb, b~ Bob)

D D .
%\/_)b € my(Endo, (Bo) ® Z)

€ 7" Endp, (B)

& b Moo + Bo

as claimed. O

Proof of Theorem 5.1. Let

(5.11) fanle)= > U(g 3.
zev?
T(%)=T,(un)

Then f,, is left B*-invariant and right K-invariant. We claim

(5.12) B(p, un) = /B*\W/IC fun(9)dyg.
f

Indeed, write B} = | |; B*b;K with b; € B}, and let [¢; : E; — Ej] € So(q) be the
associated equivalence class of cyclic isogenies as given in Proposition 5.2. Since the
map

B* x K — B*b;KC, (b, k) — bbjk
has fiber B* N bleb;1 at b;, one has

1
Fun(g)dg = fb»/ dg=S —L 5 0.

Let [¢; : Ej — E] € So(q) be associated to bj, and choose f; : Ej ~ Eo and f] ~ E
so that [¢p; : E; — E7, fj, [i] € So(q) is associated to b; by Proposition 5.2. For
Z = (0o, Bo) € V2 with T(Z) = T,(un), one has by definition ¥(#) = 1 if and only

if 6 + Bo 252 € x5 (Endo, (Bo)), and for & = (89, Bo) € V(Af)2, U(Z) = 1 if and

only if dg + 50% € 75 (Endo,. (By) ® Z). So one has by Proposition 5.2

D++vVD
2

(b, '8 =106 +p5; € 7" Endo, (B;)

where §; = f~10 f; and B; = f;léofj. So
fun (b;) = R(¢;, Tq(pn)).
Next for §p € B*, one has by Proposition 5.2
do € B* Nb;Kb; ' < by 'dob; € K = (End(¢o) ® Z)*

& 6= f'6f; € Aut(e;).
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So #B* N b;Kb; ' = #Aut(¢;), and thus

1
Jun(9)dg = >  ————— fun(b;
/]B*\IB}/IC un(9) Z#B*ﬁbjIijl un(b5)

-3 T P Talm)

= B(p, un)

by Proposition 5.2. This proves claim (5.12). If there is no & € V2 such that T'(%) =
T, (un), one has clearly 8(p, un) = 0 by (5.12). At the same time, the Hasse principle
asserts that there is no € V/(A¢)? with T'(%) = T,(un), and thus the right hand side
of (5.7) is zero too, Theorem 5.1 holds trivially in this case. Now assume there is a
# € V2 such that T(Z) = T,(un), and choose such a vector Zy. By Witt’s theorem,
for any ¥ € V2 with T(Z) = T,(un), there is b € B* such that b=1.7) = 7. It is easy
to check that the stabilizer of Zy in B* is Q*. So we have

[ dutds= [ S w((bg) L Fo)dg
IB*\IB}/’C IB*\IB}/’C beQ*\B*

= / (g~ ".7o)dg
Q*\B3 /K

:/ d*:c~/ (g t.20)dg.
Q\Q; Q\B} /K

Here d*x is the Haar measure on Q’J’Z = A’J’Z such that Z* has Haar measure 1. Now
Theorem 5.1 follows from the well-known fact

1
/ d'z =,
Q\Q; 2

since Q} = Q*Z* and Q* N Z* = {£1}.

6. Local computation. Let the notation be as in Section 5. The main purpose
of this section is to compute the local integrals

(6.1) Bi(T,(pn), ) = /Q*\IB*/)C U, (h=" 7o) dh

where Ty € V2 with T(%)) = Ty(un), and dh is a Haar measure on Bf. It is a
long calculation for I = ¢ and is quite technical. We summarize the result as two
separate theorems for the convenience of the reader. Theorem 6.1 will be restated as
Propositions 6.5 and 6.6, while Theorem 6.2 will be restated as Propositions 6.7, 6.11,
and 6.12

THEOREM 6.1. For | # q, Ty(un) is Z-equivalent to diag(ay, ;' det T,(um))

with oy € Zf. Let t; = ord, %. Then

1- (_O‘pvp)izp Zfl =D,
t
Bi(Ty(pm), V) = w ifl #p,(—ag, 1) = —1,
t+1 ifl #p, (—ag, 1) = 1.
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THEOREM 6.2.

(1)  Ifqtn, then By(Ty(u

n),¥y) =
(2) Ifqln and t, = ord, DD >

2
=0, then

4 if q split completely in K,
Be(Ty(un, ¥y) = < 2 if q inert in F, qOp split in K,
0 otherwise.

(8) If gln and t, = ord, Tj > 0, then Ty(un) is Zg-equivalent to
diag(oyg, oyt det Ty (un)) with og € Z2, and

Zf (7Oéan)q = 71;

Bq(Tq(lﬂl)a‘I’q) = {0( 1.

2(tg +2) if (—ag,q)q

For any locally constant function with compact support f € S(V;?) and a non-
degenerate symmetric 2 x 2 matrix T" over Qy, let

(6.2) (T, f) = / F(h " Eo)dh
Q;\B;
with T(Zy) = T. Then

(63) BT (im). 1) = (T ), ).

Notice that §; is independent of the choice of the Haar measure while ; gives freedom
of the choice of f € S (VZQ) We first give some general comments and lemmas.

When [ # p, Bf = GL2(Q;) has two actions on V;?, the orthogonal action (by
conjugation)

hi (X1, Xo) = {(hX k™Y hXoh™Y)

and the natural linear action

g1 g2\ (X1 _ (9151 + 92X
g3 g9a) \ X2 93 X1 + g4 Xo
To distinguish them, we write the orthogonal action as h.x. We also have the linear

action of GLy(Q,) on V;? while B acts on V,;? orthogonally (by conjugation). These
two actions commute. This commutativity implies the following lemma easily.

LEMMA 6.3. Let T = gTtg with g € GLo(Q;). Then for any f € S(V;?)

'W(Ta f) :’W(Ta fgfl)
where fq(Z) = f(g~').

The following lemma is well-known.

LEMMA 6.4. Write h(r,u) = (4 %) and 1/ (r,u) = h(r,u)(V3) forr € Z and
u € Q;. Then
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Q\CL (@)= |J  h(r,u)GLy(Z),

TEZ,umOd r

Q\GL(Q) = |J renwKo@JO U HnwKole),

rez,umod ir rez,umod Ir+1
and
* * __ )k *
Q,\B, = 0, UTO,
where m € B, with w2 =p.

6.1. The case [ { pq.

PROPOSITION 6.5. For 1 { pq, Ty(pun) is Z-equivalent to diag(ay, oy ' det T,(um))
with oy € Zf. Let t; = ord; det T,(un) = ord; %. Then

LD, =
- —5 Zf (*alal)l - 71’
ﬁl(Tq(Mn)a ‘Ill) - {tl + 1 Zf (—Oél,l)l =1

Proof. Write T,(un) = gdiag(cy, a; " det T, (un))tg with some g € GL2(Z;). Since
U; is GLy(Z;)-invariant under the linear action, (¥;), = ¥;. So Lemma 6.3 implies

Bi(Ty(un), ¥;) = Bi(diag(ay, a; ' det Ty(pun)), ¥;).

In general, for T = diag(e1, e2l") with €; € Z], t € Z>o, and (—e1, —€2); = 1 (it is only
a condition for [ = 2 and is true in our case (aq, o ' det T, (un)) [Yad, Lemma 4.1]),
let

(64) X, = (,21 (1)) € Ly, Q(Xl) = €1,
Then
(6.5) (@X)"={(dy %) eVi: 2y e Qi

So there is & = *(X1, X2) € V? with T'(Z) = T if and only if there are z,y € Q; such
that

(6.6) ? +eay’ = —el,
which is equivalent to (—ep, —ealt); = 1, i.e.,
(6.7) (—er, 1) = 1.

Assume (6.7) and I # 2. When (—e1,l); = —1 and ¢ even, (6.6) has a solution
Zo,Yo € lézf When (—e1,0); = 1, (6.6) has a solution zo,yo € Z;. Fix such a
solution, and let

(6.8) Xo= (9 20), To="(X1,X2) € L},

€1Yo —Zo
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with T(Zy) = T. A simple calculation gives

(6.9) o) = (o, )
-1 _ [ zo—e1you li"(yo+2xou—61you2))
(6.10) h@m).ng(Eww, ot 20umes

So h(r,u)~'.Zy € L? if and only if

r>0ueZ;, l+eu®=0 modl", yo+2zou—eryou’=0 mod (",
or equivalently,
(6.11) r>0,beZ;, xou+y=0 modl", 1+eu?=0 modI".

Case 1: First we assume (—e1,1); = —1 and ¢ is even. In this case one has always
1+ eu? € Z;, and thus r = 0 and u € Z;, i.e., h(0,u) € K; = GL2(Z;) is the only
coset with h(r,u)™1.Z € L?, i.e., U;(h(r,u).%o) # 0. So B(T,¥;) = 1 in this case.

Case 2: Now we assume (e1,1); = 1. Using (6.11), one has

221+ au?®) = a2 + ey = —eal' mod I”
and so 0 < r < t. Moreover, for 0 < r < t, the above condition also shows that

1+ eu? =0 mod I" follows from u = —g—z mod {". This implies

BZ(T; ‘I/l) = Z \I/(h(’l“, u)_l.fo)

7'EZ,umOd r

= }: 1=t¢+1.

Ogrgt,uzfyg/a:gmod I

This proves the proposition for [ # 2. This case [ = 2 is similar with some modifica-
tion, including

L2 = {A S Zg + 2M2(Z2) trA= O} = {(2;8,2 E,‘l;:) R N TS Zg}
We leave the detail to the reader. O
6.2. The case [ = p.

PROPOSITION 6.6. Forl = p, T,(un) is Zy-equivalent to diag(cp, a;l det Ty (un))
with oy € Zy,, and

ﬂP(Tq(:u‘n)a \ij) =1~ (*Oép,p);p.

Proof. We first assume that p # 2. Recall that O, is the maximal order of B,
and is consisting of elements of integral reduced norm. So

L,=(Z,+20,)NV, ={zx€V,: Q(z) = -2 € Z,}

has a basis {e, 7, e} with € = a € Zy, 72 = p, and me = —em with (a,p), = —1.
Since ¥, is GLy(Z,)-invariant (linearly), Lemma 6.3 implies that

Bp(Ty(pm), ) = Bp(diag(ay, 04;;1 det Ty (un)), ¥p).
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For T = diag(e1, e2p') with ¢; € Zy and t € Z>o and (—€1,—€2)p, = 1, the above
comment implies that if T'(Z) = T for some & € Vp27 then # € Lf,. If X =xiet+zom+
x3me satisfies

Q(X) = —ax? — pa3 + apa3 = €1,

then (—e1,p)p = (a,p)p = —1. In this case, we choose X1 = z1e such that Q(X;) =
—ax? = €. Since (Z,X1)* = Z,7 + Zyme, finding T(F) = T with ¥ = (X1, Xa) is
the same as finding X5 = yom + y3me with

Q(X2) = —pys + pay; = e2p’,
that is

2 2 _ t—1
Yo —ayz = —€2p .

Since (a,p)p = (—€1,p)p = —1 and (a, —€2)p, = (—€1, —€2)p = 1, it is equivalent to
t — 1 being even. So there is Z € L2 such that T'(&) = T if and only if

(7617p); =-L

Assuming this condition, choose one Z € L2 with T'(Z;) = T'. Notice that
Q\B, = O, UTO;
and w.L2 = L2. So in this case,
By (diag(er, e2p*, ¥,) = / U, (h~t.%)dh = 2.
Q;\B; /05
In summary, we have
BP(TQ(NH)7 lI/p) =1- (_ap7p);;p'

Now we assume p = 2. In this case,

1+4 |+ k
I R o= L= —ji=k,

Oy =Zo + Zoi+ Zoj + 7Ly
and so
Ly = (Zo +202) NV, = Lo2i + Zo2j + Za(i + j + k)
is isomorphic to L = Z3 with quadratic form

(6.12) Q(z,y,2) = 3% + 8(y” + yz + 2°).

In order for it to represent T = diag(e1, €22") with ¢; € Z} and t € Z>¢, one has to
have

e1 =32 +8(y +yz+2*) =3 mod 8.

In such a case, we may choose x¢ € Z3 such that 23 = €1/3. Let e = (20,0,0) € L,
then Q(e) = €;. It is easy to see that L represents T if and only if et represents e52?,
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i.e., y? +yz + 22 represents €223, which is equivalent to that t — 3 > 0 is even. Now
the argument as above gives that

2 ifep =3 mod 8,t > 3 odd,
0 otherwise.

B (diag(er, €22"), Wo) = {

For T, (un) = diag(az, ;" det T, (un)) one has e; = as =3 mod 4 and t =ty + 2 =

ordy det T, (un) = ords q2D[”2 > 3 since q2D{"2 € 8Z5. So we still have
q\H q2D q?D

Ba(Ty(un), ¥a) = 1 — (—ag, 2)%2.

6.3. The case | = q. Now we come to the tricky case | = ¢q. Recall

L ={X = (1 %y) L2y, 2 € Ty}

z —T
Let
(6.13) Q) ={r="(X1,X2) €(L,)?*: 21 +2VD=y —y2vVD=0 mod ¢}

and ‘Il; = CharQ;. Let

T, (un) = (é g)Tq(Mn) (é 2) =(52)-

Then
27 2
2 _¢D-—n
ac —b* = det T, (un) = “IDE
(6.14) A = —(a+ Dc) — 207D,
n
—Dc=—p—.
a c )
Lemma 6.3 implies that
(6.15) 5Q(Tq(ﬂn)a \I’q) = 5Q(Té(ﬂn)a \I’;)

PROPOSITION 6.7. When g1 n, one has
Bq(Ty(pn), ¥q) = 1.
Proof. When ¢ 1 n, (6.14) implies that a,c € %Z;, and so

Ty(un) = (21, 9) (62 (52,)

with a = %detTé(,un) € %ZZ. Since b € Zg, (a,llb(l)) € Ko(q), and ¥y is Ko(q)-

invariant (with respect to the linear action), one has

ﬂq(Té (pm), \I/;) = ﬂq (diag(a, a), \I/;)
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Since

a det Té (un) n? — q2D n2
2 = = mod gq
a a? 4D(ga)? — 4D(qa)?

there is 2o € Z; with 2§ = —2. Set Zy = (X1, X2) € (L})? with

%= (09). - (09

Z()O

Then T(Zy) = diag(a, @). It is easy to check that h(r,u)”".Z € (L;)? if and only if
r=0and u € Zg, ie., h(r,u) =1 mod Ko(g). In this case, Ty € € if and only if
1+zox/5:0 mod gq.

On the other hand, it is easy to check ' (r,u) .%o € (L)? if and only if r = —1
and u € Zq, i.e., h(r,u) = (9§) mod Ko(g). In this case, h'(—1,0)"".Zy € € if and
only if 1 — z0v/D =0 mod gq.

Since

qa)(a + Dc) — ¢*b?
(ga)?
exactly one of the following holds: 1 + 20VD = 0 modgqg or 1 — 20D = 0

mod g. So there is exactly one coset Q;hKo(q) such that h=t.@ € ;. This proves
By(diag(a,a), ¥) = 1, and thus the lemma. O

1—ng:1+gD:q( =0 mod g,
a

Next, we assume that g|n. In this case T,(un) € Symy(Zy). Actually, Ty(un) =
T(p%) in the notation of [Yad]. So there is g = (§; §;) € SL2(Z) such that

(6.16) T,(un) = gT'g, T = diag(e1, e2q")

with €; € Z;, and t = ordy det T (un) = ord, %.
For vy,ve € Z/qZ, we set
(6.17) Qv ={F= (X1, X5) € Li i v121 + U222 =0 mod ¢}

={#F="(X1,X2) € L} : v1X1 + 12X € Lo(q)}

where L, = M2(Z,) and

(6.18) Lo(q) ={X ={(qg2 %) €Vg: z,y,2 € Zg}.
Let
(6.19) Uy wp = char(Qy, v,), Yo = Char(Lo(q)Q).

LEMMA 6.8. Let T)(un) = gT*g be as in (6.16), and let

1 vD g1 g2

(v1v2) = (91+93\/592+g4\/5) — (1 7\/5) (95927,

vs V4 91—93VD g2—gav D

Then

ﬁq (Té (,LLTL), \Il;) = ﬂq(Ta \Ilvl,ﬂz) + ﬂq (Ta \Ilvz,*m) - ﬂq (Tv \IIO)
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Proof. Lemma 6.3 implies that

Bq(Tq(un), ¥g) = By(T, f)
with f(Z) = ¥/ (¢Z). So f(Z) # 0 if and only if g7 € O, ie., T = (X1, X3) € (L})?
with X; = (% 3% ) and

(6.20) V121 + V229 =0 mod g,
(6.21) v3yr —v3y2 =0 mod q.
Since T' € Symy(Z,), to have T'(Z) = T for Z € (L})?, one has to have
Y121, Y222, Y122 + Y221 € qZq

and so either y1,y2 = 0 mod q, ie., T € Li, or z1,2z2 = 0 mod g, i.e., (? ‘1;1) T €
L2

p

When y1,y2 = 0 mod ¢, (6.20) is automatic and thus g7 € Qf if & € Qy, 0.
When 21,22 = 0 mod ¢, (6.21) is automatic, and g¥ € Q if and only if ¥ €
(2 5) oy, —vy- When y1,y2, 21,22 =0 mod 4, g7 € Q; automatically and & € Lo(q)?.
So we have
ﬁq(T(;(/J/n)v \I/;) = Bg(T, Wy, 0,) + By(T, char ((2 (1)) -Qv3,—v4)) — B4(T, o)
= ﬂq (Tv \Ilﬂl,ﬂz) + ﬂq(Ta \Pvz,*m) - ﬂq (Ta \IIO)

as claimed. O

As in Section 5.2, there exists & = (X1, X,) € V.2 with T'(Z) = T if and only if
(—€1,9), = 1. Choose &y = (X1, X2) as in (6.8) (with [ replaced by ¢). The following
lemma is contained in the proof of Proposition 6.5.

LEMMA 6.9. (1) When (—e€1,q)q = —1 and t is even,
h(r,u)~'. @ € L2 & W (r,u) "y € L] < r=0,u € Z.

(2)  When (—e€1,q)q =1,

h(r,u)~ .2 € Li & b (ryu) " ta € Li S0<r<tu= _% hod q .
Zo

We first consider a special case ¢ = 0 which is different from the case ¢ > 0.

LEMMA 6.10. Let v1,ve € Z/q with at least one being nonzero. One has

2 if — (v} +e0d)=0 mod g,
0 otherwise.

BQ(diag(el’ 62)) ‘11’111,112) - {

Proof. By the above lemma, we only need to check whether Z, and h/(0,u).Zo
belong to Qy, v, wWith u € Z/q. &y € Qy, 4, if and only if v1 —vayo =0 mod ¢q. Since

B (0,u)"" X, = ( —au 61),

1+ 61’U,2 €“u

- —Zo + €1You €190
R (0,u) "Xy = o
0,u) 2 (yo + 2zou — e you® T — €1you
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h'(0,u) 1.y € Qu, v, if and only if
(6.22) e1(v1 — vayo)u? + 2xovau + (v1 4 v2y0) =0 mod q.

When v1 —vayo =0 mod ¢, v2 0 mod ¢, and thus (6.22) has one solution mod gq.
When v — vy Z 0 mod g, (6.22) has either two or zero solutions mod ¢ depending
on whether its discriminant

(220v2)? — deo(v1 — vayo) (V1 + vayo) = —4(e10F + €203)
is a square or not mod ¢ (recall 23 + €193 = —eq'). Notice that when vq — vayo = 0
mod ¢, —(e1v? + €3v3) = 2203 is a square. This proves the lemma. O
PROPOSITION 6.11. When ¢|n and det Ty(p) = q2gq}"2 € Z;, one has

4 if q split completely in K,
Bq(Ty(pn), Ty) =< 2 if q inert in F,qOﬁ split in K

0 otherwise.

Proof. Write T)(un) = ¢T'g with g € GLy(Z,) and T = diag(l,¢), € =
2 2
det T, (un) = qu—_q;L € Z; as above. Then
gi+g5e=a, gigs+g2g4€ = b, g5 +gie=c.

So Lemmas 6.8 and (6.14) imply
02 + ev? = (g1 + g3V D)? + €(ga + g4V D)? = a+ De +20VD = —A
and
vs 4 evd = —A.
Now applying Lemma 6.10, one obtains
2 if A e (Z;)?
Ta \Ilv vy ) = 4
ﬂq( 1, 2) {O if A ¢ (ZZ)Q7
and
2 if A € (Z:)?
T Uy, —0,) = a’ >’
BT Wy, —va) {0 if A" ¢ (Z%)?,

Since €; € Zy, it is easy to see that 3,(T, ¥o) = 0. So Lemma 6.8 and (6.15) imply

4 AN € (22,
By(Ty(un), ¥q) = ¢ 2 if exactly one of A or A’ € (Z})?,

0 otherwise.

Recall that ¢ = qq’ is split in F', and under the identification F' — F; = Qg, VD goes
to vD. So A € (Z)? if and only if g splits in K. A’ € (Z%)? if and only if ¢’ splits
in K.

Consider the diagram of fields:
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/
\/

When ¢ = §§’ is split in ', (AA’, q) q= (D q)q = 1. So either ¢ splits completely
in K and thus in M = KK or both g and q" are inert in K. Slmllarly7 since g is split
in F, either ¢ splits completely in K and thus in M or both § g and q’ are inert in K.
Therefore, under the condition that ¢ is split in F, we have

4 if g split completely in K,

ﬁq(Tq(ﬁm)a \Ijq) = {

0 otherwise.

When ¢ is inert in F, (AA,q)q = (D, q)q = —1, exactly one of A or A’ is a square
in Zj. This implies that there are at least three primes of M above ¢, and thus that

qgO has to be split in K. This finishes the proof of the proposition. O

Finally we consider the case ¢ > 1 and prove

PROPOSITION 6.12. Assume that gln and ty = ordg % W >0, and let Ty(un)
is Zq-equivalent to diag(og, oyt det Ty(un)) with ay € Z5. Then

)

B 0 Zf (_Oéq;Q)q =-1
Ba(Ty(pn), Wq) = {2(tq +2) if (-ag ) =1.

Proof.  Since Tj(un) is Zg-equivalent to T,(un), it is also Z, equivalent to
diag(ay, oy ' det Ty (un)), which we now shorten as T = diag(e, e2¢") with ¢ =
g, €2 € Zj and t = t4. As in the proof of Proposition 6.11, we write T, (un) = gT'tg
so that

BQ(TQ(Nn)v \11:1) = Bq(Ta ‘11111,112) + Bq(Ta ‘11113,—114) - Bq(Tv Po).

Here v; are given as in Lemma 6.9.

Case 1: We first assume that (—€1,¢)q = —1, so t = 2¢p is even. In this case
%o, Yo € q"°Zq and thus zo,y0 =0 mod g. In order to compute B,(T, ¥, v, ), we only
need to consider whether Zy and h/(0,u)~!.Zy belong to Qy, v, by Lemma 6.8. It is
easy to check as before that @y € €y, ., if and only if v; —voyo =v; =0 mod ¢, and
R(0,u)~ 1%y € Qy, 4, if and only if

v1(1 + €1u?) + v2(yo + zou — €1you?) =0 mod ¢

i.e., v1 = 0 mod ¢q. On the other hand, the same calculation as in the proof of
Proposition 6.11 gives

—(€19% 4+ €2¢"v3) = A #0 mod q

and thus vy Z0 mod g. So B4(T, ¥y, v,) = 0. For the same reason, 84(T, Vyy,—v,) =
0, and thus ﬁq(Tq(ﬁm)a \Ijq) = 5q(Té(N”)a \I’;) =0.
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Case 2: Now we assume (—¢1,q), = 1. By Lemma 6.8, we need to consider
how many h(r,u)~1.Zy and h/(r,u)™1.Zy are in Qy, vy, with 0 <7 <t and u = —&
mod ¢". In the case h(r,u) we count the number of u mod ¢" classes, and in the case
R (r,u) we count the number of u mod ¢" ™! classes.

When r = 0, the same argument as in the proof of Proposition 6.11 shows that

there are two classes of h among h(0,u) and h'(0,u) satisfying h=1.Zy € Ly, 4,, since

q splits completely in K. Indeed, let ny = n/q € Z. Then t = ¢, > 0 means ¢| D4_"
and thus ¢ splits in F. Now [Yad, Lemma 6.2] implies that one prime of F above q
splits in K. Since ¢ is split in F, this implies that both primes of F' above ¢ split in
K, i.e., g splits completely in K.

When r >0, h(r,u)"'.%y € Q,, 4, automatically. On the other hand, the same
calculation as in the proof of Lemma 6.10 shows that h(r,u)™1.Zy € Qy, 4, if and only
if

(6.23) e1(vy — vayo )u? + 2xouau + (v1 + v2y0) =0 mod gt
Since u = 73—3 mod ¢", we write u = *3—3 + ¢"u. Now (6.23) becomes
2€1Y0V1 . - —eaq’
ﬂqru + (v1 — vayo) =0 mod g™t
i) $O

Since €107 + e2¢'e2 = —A # 0 mod ¢, one has v; 0 mod ¢. So the above equation
has a unique solution % mod g, and there is a unique v mod ¢"+! for 1 < r < t such
that h/(r,u)™1.Zy € Qy, 4,. In summary, we have proved

ﬂq(Ta \Ilvl,vQ) =2t 4 2.

For the same reason, By (T, ¥y, —y, ) = 2t+2. A similar argument gives 5, (T, ¥¢) = 2t.
Therefore,

Bq(Tq(/”l) ) ﬁq( Wiy 0) + ﬁq(T \I/vs,—m) - Bq(Tv Vo) =2t + 4.
a

7. Computing b,,(p) and Proof of Theorem 1.8 . In this section, we com-
pute b, (p) assuming (m,2DDp) = 1 and prove the following theorem. A little more
work could remove the restriction. At the end of this section, we prove Theorem 1.8,
which is clear after all these preparations.

THEOREM 7.1. Assume (1.5) and that D = AA’ =1 mod 4 is square free, and

that m > 0 is square-free with (m, 2DDp) =1. Let t; = ord, TmQ"?. Then

(7.1) bm(p) = Z (ordy, ————— D — Zb D, N, m)
O<n<m\/_

2
D n? €pZ>o

where

(7.2) b(p, pn,m) = H bi(p, pn,m)

1 m2D—n2
iD

is given as follows.
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(1) When 1 1+ m and l|%, To(un) is  Zi-equivalent to
diag(ey, o ' det Tr (um)) with oy € Z, and

e il =,
(7'3) bl(pa :unvm) =5t +1 ifl'fmp7 (_ah l)l =1,
LEDL il mp, (g, 1) = —1.

(2) Whenl|m, and t; = 0, one has
4 if I split completely in M,
(7.4) bi(p, um,m) = < 2 if I inert in Op,105 split in K,
0 otherwise.
Here M = KK is the Galois closure of K (and K) over Q.

(8)  When lm is split in F and t; > 0, Tp(un) is Z;-equivalent to
diag(ay, o det Tp, (um)) with oy € Zf, and

0 if (—ou, 1) = —1,

(7.5) bulp, pm,m) = {Q(tz +2) i (~ap, b = 1.

(4) When llm is inert in F and t; > 0, T,(un) is Z;-equivalent to
diag(ey, o ' det Tp (un)) with oy € Z, and

L= (=% if (=ag, 1) = —1,

(7.6) bulp, pimm) = {o if (—ay, ) = 1.

Proof. Recall

(7.7) b)) = Y. Y pltadi ),
plp O<n<m\/_ H

m D n2 GPZ>0

with (u = £1)

/j/n+m\/_ d 1

bun = 2D T UK/F

Clearly, b,,, (p) = 0 unless there is an integer 0 < n < mV D such that = D n’ ¢ PZ~q.

Fix such an integer n and recall T,,(un) from Lemma 4.1.
sz n?

The condition € pZs implies that either p is split in F or p|ged(D,n)
is ramified in F. In the ramlﬁed case, we have pOp 2. In the split case, we choose

the splitting pOz = pp’ so that

_ -1
(7.8) tyn = 5D epdk/ﬁ
satisfies
2D — pn2
(7.9) ordy t,, = ord, o r ordy/(tum) =0o0r —1
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With this notation, we have by definition

m?D —n?

(7.10) bm(p) = Z (ord, D +1) Z b(p, pn, m)
o<n<mvD ®
m2D—n?
1D epZ>0
where
0 if p is split in K
(7.11) b(p, pn,m) = 1 1 P %S P m. D
p(t#ndk/pp ) if p is not split in K.

Assume now that p is not split in K. Notice that

Pltundi 50~ ") = [T pultund e pp™")
[

where the product runs over all prime ideals [ of F , and

1 if [ is ramified in K,

_ ordy(tynd
(7.12) piltynd g s~ ") = ¢ LD ’2

1+ ordi(tynd g pp~") if Lis split in K.

-1
R/FPCD I
if [ is inert in K,

We write (assuming that p is not split in F)

(7.13) b(p, pm, m) = H bi(p, pim, m)
l
with
(7.14) bi(b, pm,m) = le(tundk/ﬁpil)-

1T

Clearly b;(b, un,m) =1if I { m24%;”2. When | mig);"?, there are three cases:
(a) ljm,
(b) 1+ m and I|ged(D,n) is ramified in F, or
(c) Lfm, and IOz = II' is split in F.
In case (c), we choose the ideal [ so that
2 2 2 2
(7.15) ord;(tundk/};pfl) = ord; nlprn =ord; ord, WZDDTZ,

ordy (tundk/};pil) =0.

Since m does not affect local calculation in cases (b) and (c), the same proof as
in [Ya4, Lemma 6.2] gives

LEMMA 7.2. Let the notation be as above. Assume | m2fD_”2 JUmandl#dg g
Then Ty (un) is GLa(Zy)-equivalent to diag(ay, a; ' T (un)) with oy € Z;. Moreover,
K/F is split (inert) at Uif and only if (—ay,1); =1 (resp. —1).
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PROPOSITION 7.3. One has always

b(pa [L’Il,m) = H bl(pa ;m,m)

| m2D—n?
4D
with

1*(*012;),17)1) ifl=p,
bi(p, pum,m) = $ ¢+ 1 if Lfmp, (—au, 1) =1,
UL il mp, (o D = — 1

Here Ty, (un) is GLa(Zy)-equivalent to diag(oy, oy ' det T, (un)) with oy € ZF, and
m2é—n2
4Dm?

t; = ord; Ty, (un) = ord,
Proof. First notice that the formula is true even when p is split in K. Indeed,

tp
1- (704;Dap)17

> =0

bp(pa Hun, m) =

since (—ap,p)p = 1 by Lemma 7.2. When p is non-split in I~(, the formulae follows
from Lemma 7.2 and (7.12)-(7.15). O

Proof of Theorem 7.1 (cont.). Proposition 7.3 settles Formulae (7.1), (7.2) and

Case (1) in the theorem. Now we assume /|m and | m2fj§"2 . This implies I|n. In this
case we have
n
(7.16) Tn(pn) = 1T (u7)-
Write m; = % and n; = %
(2) Now we deal with case (2): i.e., ljm and ¢; = m:g;;ﬁ = ord, m%fD_n% =0.

Case 1: If[ is inert in F‘, then ord; ¢,, = 1. So

2 if IOz is split in K,
0 if IO is inert in K.

by (pa Hn, m) = {

Case 2: If [ =1l is split in F, then ordt,, = ordy t,, =1, and so

4 if I split completely in K,
0 otherwise.

bi(p, un, m) = {

On the other hand, AA’ = Dv? for some integer v # 0. So [ is split completely in K
implies that (D,1); = 1, i.e., [ is split in F' too, and thus [ is split completely in M.
This proves (2)

(3) Now we assume [|m, ¢; > 0 and that [ is split in F'. in this case, |
Since (m, 2Dﬁp) =1,1=11is split in F. Choose the splitting in F so that

m2 D—n?
4D .

7.17 ord(t,, =t +1, ordyt,, =1.
7 7
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Since [ is split in F', (D,1); = 1. So AA’" = Dv? implies that either both [ and I
are inert in K or both are split in K. So
2(t; 4+ 2) if I split completely in K,

0 otherwise.

(7.18) bi(p, un, m) = {

Since t; > 0, applying Lemma 7.2 to the pair (my,n;), we see that K /F is split at [
if and only if (—ay,1); = 1. So we have

0 if (—al,l)l:—l,
7.19 bi(p, un,m) =
( ) 1(ps ) {Q(tl +2) if (—ay,l) =1
as claimed.
(4)  Finally, we assume [|m, t; > 0, and [ is inert in F. Just as in (3), [ = I
is split in F and we can again choose the splitting as in (7. 17). Since (D,1); = -1,

AA’ = Dv? implies that exactly one of [ and I is split in K, and the other one is

inert in K. So

0 if [ is split in K,
7.20 bi(p, pn,m) = :
(7.20) (P, pm, m) {1 — (=1)% if lis inert in K.

Applying Lemma 7.2 to (mj,n;1) again, we obtain (4). This finishes the proof of
Theorem 7.1. O

Proof of Theorem 1.8. By Theorems 4.5 and 5.1, one has for p # ¢

2 _
Z <0rdp D —n? ) ZB D, n)
O<n<q\/_

4 D7 E;DZ>0

(73 CM(K))p =

where
B(p, pm) H Bi(Ty(un), ¥))

is computed in Section 6. By Theorems 6.1 and 6.2, one has §;(T,(un), ¥;) = 1 for
¢*D—n
1D

, and so

sy =5 TI 6iTum), w)

1 ¢2D—n?2
1D

Now comparing Theorems 6.1 and 6.2 with Theorem 7.1, one sees that for [ q2?5"
(recall ¢ is a prime split in F')

Bi(Ty(un), 01) = 47 .
! bi(p, pn,q)  if L # p.

and thus
B(p, pn) = b(p, un, q).
Now applying Theorem 7.1, one sees
1
(To CM(K)), = 5by(0)

as claimed in Theorem 1.8.
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8. Faltings height and Proofs of Theorems 1.2, 1.3 and 1.4 . Let M be
a toroidal compactification of M and let ¢ = M — M be the boundary. We need
the Faltings height pairing in a slightly more general setting as written in literature,
i.e., on DM-stacks where Green functions have pre-log-log growth along the boundary
C' in the sense of [BKK]. We restrict to our special case to avoid introducing more
complicated concept ‘pre-log-log Green object’, and refer to [BKK] for detailed study
in this subject, and to [BBK, Section 1] for a brief summary.

Let N > 3, and let X be the moduli scheme over C of abelian surfaces with real
multiplication by O and with full N-level structure [Pal, and let X be a toroidal
compactification of X. Then M = M(C) = [['\X] and M = M(C) = [['\X] are
quotient stacks, where I' = T'(N)\ SLy(O). Let m be the natural map from X to
M. Let Z be a divisor of M, and let Zy = n~'(Z) be its preimage in X. Following
[KRY?2, Chapter 2], the Dirac current d; on M is given by

1

<6Zaf>1\71 #F

<6ZN’ f>X

for every C°° function on M with compact support, which is defined as a I'-invariant
C* functions on X with compact support. A pre-log-log Green function for Z is
defined to be a I'-invariant pre-log-log Green function g for Zy, i.e., g is I'-invariant,
has log singularity along Zxy and pre-log-log growth along C' in the sense of [BKK],
see also [BBK, Section 1] such that

ddcg + 6ZN = [W]X

as currents for a I-invariant C*° (log-log growth along with C' and C*° everywhere
else) (1,1)-form w. When viewed as currents on M, one has also

dd°g+ 6z = [W]M

Let 21(./\;1, Dypre) be the abelian group of the pairs (£, g) where Z is a divisor of M
and g is a pre-log-log Green function for Z = Z(C). For a rational function f on M,

div(f) = (div f, — log |f|2) € Z' (M, Dpre)

1 . 1 o~
and let CH (M, Dpye) be the quotient group of Z (M, Dpye) by the subgroup gener-

—~

ated by all div(f). Let Z be a prime cycle in M (not intersecting with the boundary
C) of dimension 1, and let j : Z — M be the natural embedding. Then j induces a
natural map

—1 -~ —1
(8.1) j*:CH (M, Dpre)g — CH (2)q,
which is given by

iN(T,9)=G"T,5%9), 3" (9)(z)=9g(ji(2))

when 7 and Z intersect properly. Here for an abelian group A, we write Ag for the
Q-vector space A® Q. Since Z(C) does not intersect with the boundary C, j*g well-

1
defined over Z(C). Here arithmetic Chow group CH (Z) is defined the same way as
above except that the Green function g is C*° (actually in special case, just constants
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at points of Z(C)). In [KRY2, Chapter 2], it is shown that there is a linear map—the
arithmetic degree

— 1 — 1 .
(8.2) deg:CH (2)g = R, deg(T.g)=»_ > mzp('r,z)logp
P zeT(Fp)

1 1
P2 )
2 ZG%(:C) #Aut(z)

Here i,(T) = Length(O7.) and O is the strictly local henselian ring of T at z.
This way, we obtain a bilinear map—the Faltings height function

/\1 ~ A —_ A
(8.3) h: CH (M, Dpre)g X Z*(M)g = R, (T, 2) = hy(2) = deg(5°7),
which is given by
1

(8.4) hf(Z):Z.TJr% > #Tt(z)g(z)
z€Z(C)

when Z and 7T intersect properly.

Finally, if £ = (£, ]| ||) is a metrized line bundle on M with a pre-log growth
metric along the boundary in the sense of [BBK, Section 1], let s be a rational section
of £, and divs = (div s, —log ||s]|?) € CH' (M, Dyre) is independent of the choice of s,
and is denoted by ¢; ([Z) Actually, it only depends on the equivalence class of L. We
define the Faltings height of Z with respect to L by

(8.5) he(2) = g, (2)

divs

which depends only on the equivalence class of L.

Let 7'm be the closure of the arithmetic Hirzebruch-Zagier divisor 7, in M. Ttis
also the flat closure of Tm where Tm is the closure of the classical Hirzebruch-Zagier
divisor T}, in M(C). Bruinier, Burgos-Gil, and Kiihn defined in [BBK] a pre-log-log
Green function G,, for T}, so that 7,, = ('7~'m, Gnm) € éﬁl (./\;l,Dpre).

Let w be the Hodge bundle on M. Then the rational sections of w* can be
identified with meromorphic Hilbert modular forms for SLo(OF) of weight k. We give
it the following Petersson metric

k/2
(3.6) 1F (21, 22) [pet = |F (21, 22)] (167 2y1)

for a Hilbert modular form F(z) of weight k. This gives a metrized Hodge bundle
@ = (w, || |lpet). This metric is shown in [BBK, Section 2] to have pre-log growth along

—1 ~
the boundary, and so é (&) € CH (M, Dpye). It is proved in [Ya3, Corollary 2.4] that
_ 24 CM(K)
=

for any CM abelian surface (A, ¢, A) € CM(K)(C). The following theorem is proved
in [BBK].

THEOREM 8.1. (1) The generating function

(8.7) he(CM(K)) hra1(A)

() = f%al(w) + 3 Frue(mr)

m>0
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is a modular form of weight 2, level D, and Nebentypus character (2) with values in

—1 ~
CH (M, Dyre)o-

(2) Let HZ be the subspace of CH' (M, Dpre)g generated by Tr,. Then HZ is
a finite dimensional vector space over Q.

(3) Let S be the set of primes split in F, and let Sy be a finite subset of S.
Then HZ is generated by 7:1 with ¢ € S — Sp.

Proof of Theorem 1.2. Now we are ready to prove the main result of this paper.
We first show that Theorem 1.2 holds for a prime ¢ split in F, strengthening Theorem
1.8. By Theorem 8.1, there are non-zero integers ¢, ¢; and primes ¢; (# q) split in F
such that

672 = Zc’ilﬁ]i'

This means that there is a (normalized integral in the sense of [BY, Page 3]) mero-
morphic function ¥ such that

div¥ = ¢, — Zcﬂ;,

So one has by (8.4) and Lemma 3.1

0 = hgy () (CM(K))
~ ~ 2
= CM(K). Ty =Y  ciC M(K). Ty, — We > log|U(z)]
z€CM(K)
2
= CM(K). Ty =Y ciC M(K).T,, - T > log|¥(2)].
2eCM(K)

Here we used the fact that CM(K) never meets with the boundary of M and thus
CM(K). Ty = CM(K).T;n. By [BY, Theorem 1.1] (this is the place we need the
condition that D is prime), and the fact

10 if K = Q(),
2 otherwise,

(8.8) Wi = Wg = {

one has
2 1 1
e Z log|¥(2)| = §cbq ~3 Zcibqi.
2€CM(K)
Now applying Theorem 1.8, one has

1 1

0=1c(Tg.CM(K) — ibq) - ZQ(TI LCM(K) — §bqi) = ccqlogq — Z ¢icq, log g;

for some rational numbers ¢4, ¢; € Q. Since log ¢ and log ¢; are Q-linearly independent,
we have c; = ¢4, = 0, and thus

(8.9) T, CM(K) = b,
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Now we turn to the general case. Using again Theorem 8.1, there are non-zero
integers ¢ and ¢; and primes ¢; split in F' such that

T =iy

So there is a (normalized integral) Hilbert meromorphic function ¥ such that
div(¥) = T, — Z ¢iTg-

So one has by (8.4), (8.9) and [BY, Theorem 1.1]

0=h— o (CM(K))

div()

= cCM(K). Ty = Y eiCM(K). Ty, — Wl > log|¥(2)l

2€CM(K)

1
Therefore 7,,,.CM(K) = 3by,. This proves Theorem 1.2.
Proof of Theorem 1.3. By [BBK, Theorems 4.15, 5.7], there is a normalized
integral meromorphic Hilbert modular form ¥ of weight ¢(0) > 0 such that

div¥ = Z e T

m>0
Now the same argument as in the proof of [Yad, Theorem 1.5] gives

_ #OM(K)

(8.10) ha (CM(K) W

BK/F).
Combining this with (8.7), one proves the theorem.
To state Theorem 1.4 more precisely and prove it, we need some preparation. Let

2 d
(8.11) Ef(r) =1+ Y C(m,0)e(nr), C(m,0)= L’“}
0 L(-1,(%))
be the Eisenstein series of weight 2, level D, and Nebentypus character (2)
[BY, Corollary 2.3]. B o
Let xz JF be the quadratic Hecke character of F' associated to K/F, and let

I(s, X, r) be the induced representation of SLy(A ). In [BY, Section 6], we choose

given in

a specific section ® € I(s, x / ) and constructed an (incoherent) Eisenstein series of
weight 1

E*(7—177_2757(I)) - (vva)iéE(nggTw S, Q))A(S + 1’XI~(/F)'

Here 7; = u; + iv; € H. The Eisenstein series is automatically zero at s = 0. So its
diagonal restriction of H is a modular form of weight 2, level D, Nebentypus character
(£) which is zero at s = 0. Let

ﬂﬂ:;%Ew@ﬂQ¢me
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be the modular form defined in [BY, (7.2)]) (with K in [BY, Sections 7 and 8] replaced
by K). Here Wp = (g _01). Finally let f be the holomorphic projection of f.
According to [BY, Theorem 8.1], one has the Fourier expansion

(8.12) F(7) = =4 (b + o + dm)e(mr)

m>0
where by, is the number in Conjecture 1.1,
1 L.
(8.13) A = §C(m,O)A(O,XR/ﬁ)ﬁ(K/F)

and ¢, is some complicated constant defined in [BY, Theorem 8.1]. Notice that the
Green function G, in Ty, is also the Green function used in [BY]. So [BY, (9.3)] gives
(CM(K) in [BY] is our CM(K))

4 4
8.14 m = —Gm(CM(K)) = — G (CM(K)).
(8.14) i = = Gon(OMUK) = =G (M)
As explained in the proof of [Yad, Theorem 1.5], one has

A(s, Xz, p) = A8, XK/F)-

o B(K/F) = B(K/F). One has also by [BY, (9.2)] and (8.8)

(8.15) A(0, XK/F) %lﬁ()
So (8.10) implies
(8.16) dy, = hey(CM(K))C(m, 0).
So we have
(8 17)
=4 ZO G (CM(K)))e(mT) — 4hs (CM(K)) ZO C(m, 0)e(mT).

Now we can restate Theorem 1.4 more precisely:

THEOREM 8.2. Let the notation be as above. Assuming (1.5) and that D =
AA’=1 mod 4 is a prime. Then

hs(CM)) + Sha(CMIK)ES (r) = £ 7).
Proof. By Theorem 1.2, (8.4), and (8.10), we have

hq;(CM(K)):f%h (CME)) + 3 h(CM(K))e(mr)

m>0
1 2
= —5ha(CM(K)) + gO(CM(K).Tm + 7 G (CM(K))Je(m7)
1
= —5ha(CM(K) + 5 mz;@ m + —G (CM(K)))e(mr).

Combining this with (8.11) and (8.17), one proves the theorem. O
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9. Siegel modular variety of genus 2 and Lauter’s conjecture. Following
[CF], let A3 be the moduli stack over Z representing the principally polarized abelian
surfaces (A, A). Then A3(C) = Spy(Z)\Hs is the Siegel modular surface of genus 2.
Here Hy = {Z € Maty(C); Z = 'Z, Im(Z) > 0} is the Siegel upper half plane of
genus two. Let € be a fixed fundamental unit if F = Q(v/D) with € > 0 and € < 0.
Then

€
v D
is a natural map from M to Ay, which is proper and generically 2 to 1. For an integer

m > 1, let G, be the Humbert surface in A3(Q) [Ge, Chapter IX], defined as follows
(over C). Let L = Z5 be the lattice with the quadratic form

(91) ¢D M — A27 (A7L7>‘) = (Aa )‘( ))

Q(a,b,c,d,e) = b*> — dac — 4de.

We remark that there is an isomorphism between Sp,(Q)/{£1} and SO(L ® Q). For
x € L with Q(z) > 0, we define

H,={r=(172)eHy: ar + by +cm3 +d(13 —1173) + e = 0}.

Then H, is a copy of H? embedded into Hy. The Humbert surface G,, is then defined
by

(9.2) Gm =Spo(Z)\{Ha : @ € L, Q(x) = m}.

Let Gy, be the flat closure of G, in As. Then (¢p).M = 2Gp, and

(9:3) OpGm = D, Toma

—n2
n>0,21=1" €7

when mD is a not a square. Indeed, it is known [Fr, Theorem 3.3.5], [Ge, Proposition
IX 2.8] that

G = > T

—n2
n>0,2m=1" 7

So their flat closures in M are equal too, which is (9.4).

Let K be a quartic CM number field with real quadratic subfield F', and let
CMg(K) be the moduli stack over Z representing the moduli problem which assigns
a scheme S the set of triples (A, ¢, A) where (A, \) € A2(S) and ¢ is an O-action on
A such that the Rosati involution associated to A gives complex conjugation on K.
Notice that the map

ﬁ))

is an isomorphism of stacks. We also denote CM g (K) for the direct image of CMg(K)
in Ay under the forgetful map (forgetting the Ok action). Then the above isomor-
phism implies that (¢p)«(CM(K)) = CMg(K). Now the proof of Theorem 1.5 is
easy.

(9.4) CM(K) = CMs(K), (A, A)— (A, A
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Proof of Theorem 1.5. By the projection formula, Theorem 1.2, and remarks
above, one has

CMs(K).Gm = (¢0)«(CM(K)).Gr
= CM(K).¢p(Gm)
> CME) Tpu

—n2
n>O7Dm,4 n EZ>0

= % Z b D7n47n2

2
n>0,2m=n" €7

as claimed.
To describe and prove Lauter’s conjecture on Igusa invariants, we need more
notation. Let

(95) 0, b(T,Z) _ Z ewit(n+%a)7(n+%a)+2t(n+%a)(z+%b)

nez?

be the theta functions on Hy x C? with characters a,b € (Z/2)%. It is zero at z = 0
unless ‘ab = 0 mod 2. In such a case, we call 0,;(7,0) an even theta constants.
There are exactly ten of them, we renumber them as 6;, 1 < i < 10. They are Siegel
modular forms of weight 1/2 and some level.

hio = [ 67

is a cusp form of weight 10 and level 1 and is the famous Igusa cusp form xig.
Igusa also defines in [Igl] three other Siegel modular forms hy =", 0%, hia, and hig
for Spy(Z) of weight 4, 12, and 16 respectively as polynomials of these even theta
constants. We refer to [Wen] for the precise definition of hi2 and hig since they are
complicated and not essential to us. The so-called 3 Igusa invariants are defined as
([Wen, Section 5]

(9.6) J1=75" J2= Jjs = —o5—

It is known that h; have integral Fourier coefficients. Since four of ten theta
constants have constant term 1 and the other six are multiples of 2, one can check

([GN])
hip = 2120, 5

where U g is an integral Siegel modular form for Sp,(Z) with constant term 1 and
div¥; g = 2G;. One can also check

hy=2%hy, hig =2%h1a, hig = 2%hye

with A4, his, and hig still having integral coefficients. So

(9.7) g1 =23
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We renormalize

(9.8) J1=2"Biji, j2=2Bajs, js=2""Baj
for some positive integers B; so that j; can be written as
ii= oo

g
‘1’1,5

with n; = 6,n3 = ng = 4 such that f; are integral Siegel modular forms whose Fourier
coefficients have greatest common divisor 1.

Let K be a quartic non-biquadratic CM number field with real quadratic subfield
F = Q(v/D). For a CM type ® of K, let CMg(K, ®) be the formal sum of principally
polarized abelian surfaces over C of CM type (O, ®) (up to isomorphism). It is the
image of CM(K, ®) under ¢p. So CMg(K) = CMg(K, ®1) + CMg(K, D3) is defined
over Q and

CMs(K)(C) = 2CMs(K).

Here ®; and ®, are two CM types of K such that ®; and p®; give all CM types of
K (p is the complex conjugation). By the theory of complex multiplication [Sh, Main
Theorem 1, page 112],

iCMs(K)) = [ 4ie)
ZGCMs(K)
is a power of N(j(2)) for any CM point z € CMg(K).

Proof of Theorem 1.7. We prove the theorem for j;. The proof for j5 and j% is
the same. We first prove A; N(j1(7)) € Z. By the theory of complex multiplication
[Sh, Main Theorem 1, page 112],

JiCMs(K) =[] Ji(r)

TECMs(K)

is a power of N(ji(7)) for any CM point 7 € CMg(K). Since CLy(K) = CLy(K) in
our case by [BY, Lemma 5.3], we have actually j/(CMg(K)) = N(j1(7)).
Notice that
le]i = div f1 — 12g1

If CM(K) and div f; intersect improperly, they have a common point over C (since
both are horizontal). So f1(CM(K) = 0 and j;(CMg(K)) = 0, there is nothing
to prove. So we may assume CM(K) and div f; intersect properly. Since both are
effective cycles, one has

CM(K).div f; = alogC
for some positive integer C > 0 and a rational number a > 0. Now

0= (CM(K))

le]

2
= CM(K).div fi = 12CM(K).Gr — 31— log |3 (CMs (K)|

2
=CM(K).divfi =6 Y bp2 ———log|jj(CMg(K)|.
2 Wi
0<n<vD,odd
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Write N(ji(T)) = Ml/Nl with (Ml,Nl) = 1. Then

. aW
1og|M1|—1ogN1:10g|];(CMS(K)|:TKlogC—:aWK > boose.

0<n<VD,odd
and so
W,
log N1 =3Wx Y. bp,z +log|Mi| - Sk logC
== 2
0<n<+vD,odd
%%
= log Ay + log | M| — “—2k log C.
aWye

So NlC 2 :A1|M1|, and thus N1|A1. A1 N(]{(T)) € 7.
We now derive A1 Hy(z) € Z. The k-th coefficient of Hy(x) is

ar= > fi(m) i)

11 <ip <o <
where 7; € CMg(K). Write

. a;

3i(7)01 = -

j

uniquely with a;, b; being integral ideals of O, where L is a Galois extension of Q
containing all j1(7;). Then N1Z = [[b;. So

axZ = ¢/Ny

where

~ S [Lo IT o

=1 j#u

is an integral ideal of L. So ¢ = ¢Z for some integer ¢, and thus ax = £¢/N;7. That is
Aay, € Z. This proves Theorem 1.7

Update. After the paper was first written in 2007, there were quite a few devel-
opments. Here are a couple that I know of. Ben Howard and the author looked at the
problem again in 2009 and developed a direct approach using Kudla and Rapoport’s
moduli interpretation of the arithmetic Hirzeburch-Zagier divisors. Actually we dis-
covered a finer moduli problem and proved a new arithmetic Siegel-Weil formula
under some technical local condition [HY]. The result is more general and works for
more general real quadratic fields. Bruinier, Kudla, and the author [BKY] general-
ized the work in [BY] to more general CM number fields too. Both are a little more
complicated than the statement we have here and [BY]. It seems very reasonable to
prove Colmez’s conjecture for a general CM quartic field now using results in [HY]
and [BKY]. I hope to get back to it in the near future. The computational work of
[GJLLSVW] confirms the main theorem in this paper in cases we dealt with and the
abnormality they pointed out should be explainable by the new work in [BKY] and
[HY].
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