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Abstract. We study the structure of the moduli space of principally polarized abelian varieties
in characteristic p. In this paper we determine the configuration of the central streams in the moduli
space. As a corollary of our proof we obtain a new proof of the dimension formula of the central
streams.
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1. Introduction. In this paper we study some combinatorial interrelation be-
tween symmetric Newton polygons and elementary sequences, where symmetric New-
ton polygons are combinatorial data classifying isogeny classes of quasi-polarized p-
divisible groups, and elementary sequences are combinatorial data classifying polar-
ized truncated Barsotti-Tate groups of level one (we shall give a brief review in §2.2
and §2.3). From this we deduce some geometrically meaningful results on the struc-
ture of the moduli space Ay of principally polarized abelian varieties over fields of
characteristic p > 0.

In [17] Oort defined central leaves and isogeny leaves in the open Newton polygon
stratum Wg for a symmetric Newton polygon &, and showed that a central leaf and
an isogeny leaf give an “almost” product structure on each irreducible component of
W2 ([17], (5.3)). Clearly this result tells us that it is important to investigate these
two leaves in detail in order to know the structure of A,.

For each symmetric Newton polygon &, there is a special central leaf Z¢ in A,
which is called the central stream (cf. §2.4). By definition, the p-divisible group of
any geometric fiber of Z¢ is minimal of Newton polygon &.

Our main theorem is Theorem 3.1. It would not be appropriate to state the the-
orem here, because some technical notations are necessary. What is important is that
the theorem produces the following significant corollaries. Firstly we can determine
the configuration of the central streams {Z¢} in A, (Corollary 3.2). Secondly we
obtain the dimension formula of the central streams (Corollary 3.4), which has been
obtained by Oort and Chai-Oort (see [20]). Finally we give a contribution (Corollary
3.6) to Oort’s conjecture (Conjecture 3.5) on intersections of Newton polygon strata
and Ekedahl-Oort strata.

Let us explain the points of our proof. By Oort’s theory [18] on minimal p-
divisible groups, the central stream Z¢ is nothing but the Ekedahl-Oort stratum S,
for a certain elementary sequence @¢ (cf. §2.4). Thus our problem deals with the
configuration of a certain class of Ekedahl-Oort strata. We emphasize here that there
are two difficulties to solve this problem. One is that we can compute @¢ explicitly
for each given example, but do not yet have a general formula. The other one is that
we need some complicated combinatorics to show S, C Sy, denoted by ¢’ C ¢, for
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elementary sequences ¢’ and . For the former, we show some beautiful inductive
formulas of ¢¢’s instead of an explicit general formula. For the latter, we use a
sufficient condition for ¢’ C ¢, which we can check more easily. From these partial
answers, we can show ¢¢ C ¢ for any symmetric Newton polygons ¢ and £ with

¢ <&
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NotaTioNs. We fix once for all a rational prime p. All base fields and all base
schemes will be in characteristic p. We write N = Z+ the set of natural numbers.
For non-negative integers m,n we denote by ged(m, n) the greatest common divisor
where for convenience we set ged(m, 0) = ged(0,m) = m for ¥Vm € Z>q. For z € R,
let [z] be the biggest integer < x and [x] the smallest integer > z. For a,b € R
with a < b, we denoted by [a,b] the set {z € R | a < z < b} and by [a,b) the set
{reR|a<z<b}

2. Stratifications. In this section, we start with reviewing the definition of
the Newton polygon stratification, the Ekedahl-Oort stratification and the central
streams, and some facts that we shall use later on.

2.1. Dieudonné theory. Let K be a perfect field of characteristic p and W (K)
the ring of Witt vectors with coordinates in K. Let Ax be the p-adic completion of
the associative ring

W(K)F V) (Fx — 2 F,Va? — 2V, FV — p, VF — p,Yx € W(K))

with the Frobenius automorphism p of W(K). A Dieudonné module over W(K) is a
left Ax-module which is finitely generated as a W (K )-module. There is a canonical
categorical equivalence D (the covariant Dieudonné functor) from the category of p-
torsion finite commutative group schemes (resp. p-divisible groups) over K to the
category of Dieudonné modules over W (K) which are of finite length (resp. free as
W (K)-modules). We have D(F) = V and D(V) = F for the Frobenius F' and the
Verschiebung V' on finite commutative group schemes (resp. p-divisible groups).

2.2. The NP-stratification. A pair (m,n) of non-negative integers with
ged(m,n) =1 is called a segment. For a segment (m,n), we define a p-divisible group
G over Fp by D(Gp.n) = Ar, /A, (F™ — V"). The slope of Gy, (0r 0 = (m,n))
is is defined to be A(p) := n/(m + n). (Caution: this slope is called the V-slope (or
the F-slope); in some papers the F-slope (= the V-slope) is used, where the slope of
G n s defined to be m/(m + n).) A Newton polygon is a formal sum g1 + - - + o4
of segments. Arranging p;’s so that A(g1) < A(o2) < -+ < A(ot), we regard the
Newton polygon as the line graph passing through Fy, ..., P; in this order, where we
put P := (37 (mi +n;),> ] ;n;) for 0 < j < t. The point P; is called the j-th
breaking point for 0 < j < t. (Caution: for 0 < j < ¢t we call P; a breaking point
even if M\(g;) = A(0i41); we shall call P; a true breaking point if A(g;) # A(gi+1).) For
two Newton polygons £, ¢ with the same end point, we say ¢ < £ if every point of ¢
is not below &.
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By the Dieudonné-Manin classification ([11] and [2]), for any p-divisible group
G over a field K of characteristic p, there is an isogeny over an algebraically closed
field containing K from G to the direct sum of G,,, », for some finite set of segments
0; = (mji,n;). Thus we have a Newton polygon g1 + --- + g¢, which is denoted by
NP(G). For an abelian variety X, we have its Newton polygon NP(X) := NP(X [p*]).
By [14], Theorem 19.1, the p-divisible group X![p>°] of the dual abelian variety X*
is canonically isomorphic to the Serre dual of X [p®]; this implies that the Newton
polygon NP(X) is symmetric, i.e., A(0;) + AMot41—i) = 1 for all 0 < ¢ < ¢ (cf. [2],
Chapter V, 3). Also see [11], Chapter VI, 3 for an abelian variety over a finite field.

For a symmetric Newton polygon £ of height 2¢g, we define its NP-stratum by

We = {(X, ) € Ag| NP(X) <&},

which is a closed subset of A, by Grothendieck and Katz ([9], Theorem 2.3.1 on
p. 143); we consider it as a closed subscheme of A, by giving it the reduced induced
scheme structure. We define the open NP-stratum by

W = {(X,p) € Ag| NP(X) = ¢},

which is a locally closed subset of A, (with reduced induced scheme structure).

2.3. The EO-stratification. The main reference for the EO-stratification is
[15]. See [3], [4], [12], [13] and [21] for a beautiful formulation in terms of the Weyl
group. To use Weyl groups is starting to become more mainstream, but in this paper
we follow the terminology in [15], because we can then more easily get information
about Ekedahl-Oort strata (cf. Theorem 2.5 (2) and (3) with Definition 2.4 (1)).

Let K be a field of characteristic p. A finite commutative group scheme G over
K is said to be a truncated Barsotti-Tate group of level one (BTy) over K if it is
annihilated by p and Im(V : G®) — @) = Ker(F : G — GP)). A final sequence of
length d is a map ¢ : {0,1,...,d} — {0,1,...,d} satisfying (0) = 0 and (i — 1) <
P(i) <P(i—1)+ 1 for 1 <i < d. We frequently write ¢ = ((1),...,9(d)).

Let G be a BT, over K. For any subgroup scheme G’ of G over K and for any
word w of V, F~1, we define w - G’ inductively by V - G’ := Ve and F1. G =
F_l(G’(p) N FG). Then there exists a unique final sequence 1 of a certain length d
such that for any word w of V, F~1 we have 9 (length(w - G)) = length(Vw - G), see
[15], (2.4). Thus we have a canonical map

FS: {BT; of length d over K}/K-isom. — {final seq. of length d}.

The following theorem was first obtained by Kraft [10]:
THEOREM 2.1. If K is algebraically closed, then FS is bijective.

Let K be a perfect field. A polarized BT1 over K is a pair (G, ( , )), where G
is a BT over K and (, ) is a non-degenerate alternating pairing on D(G) satisfying
(Fz,y) = (z,Vy)? for all x,y € D(G), see [15], (9.2). A symmetric final sequence
of length 2g is a final sequence of length 2g satisfying (29 — i) = g + ¢¥(i) — i. An
elementary sequence of length g is the sequence obtained by restricting a symmetric
final sequence of length 2¢g to {0, ..., g}. (Abstractly, an elementary sequence of length
¢ is nothing but a final sequence of length g.) Note any symmetric final sequence is
uniquely determined by its elementary sequence.
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For a polarized BTy (G, , )), its final sequence FS(G) is symmetric (cf. [15],
(5.4)). Hence we have a canonical map

ES: {pol. BT, of length 2g over K}/K-isom. — {elementary seq. of length g}.

We recall [15], (9.4) (see [13], (5.4) for a formulation in terms of the Weyl group):
THEOREM 2.2. If K is algebraically closed, then ES is bijective.

For each elementary sequence ¢ of length g, the EO-stratum S, is defined to be
the subset of A, consisting of points y € A, where y comes over some field from a
principally polarized abelian variety X, such that ES(X,[p]) = ¢, see [15], (5.11).
As shown in [15], (3.2), S, is locally closed in Ay; we consider it as a locally closed
subscheme by giving it the reduced induced scheme structure.

Let us recall the inverse maps of FS and ES respectively. For this the notion of
final types is useful:

DEFINITION 2.3.

(1) A final type of length d is a pair (B, d), where B is a totally ordered finite set
with §B = d and § is amap B — {0,1}. We often write § = (§(b1),...,0(bq)),
where B = {bl < e < bd}

(2) Let (B,9) be a final type of length 2¢g with B = {b; < -+ < byy}. Let
V : B — B be the map sending b; to b := bggy1-;. We say (B,d) to be
symmetric if §(b) +§(b¥) =1 for all b € B.

For any (symmetric) final sequence ¢ of length d, we define a (symmetric) final
type (B,d) by B={b1 <...<by} and

5(bi) =1 — (i) + (i — 1). (2.3.1)

Clearly this correspondence gives a bijection from the set of (symmetric) final se-
quences to the set of (symmetric) final types.

Let v be the final sequence of length d and (B, ) the associated final type. Write
B ={b; <---<bg}. In order to see the inverse map of FS, it suffices to describe the
Dieudonné module D(G) of a BT G with FS(G) = 4. It is known (see the proof of
[15], (9.4)) that D(G) is isomorphic to the Dieudonné module Ny, which is a K-vector
space with a basis indexed by B, simply say

d
Ny = P Kb (2.3.2)
i=1
with the F and V-operations defined by

w(bi) 1 ) = (=)D, N
Fb) ::{ (b;) if 8(b;) =0, V(b)) ::{ (-1) bi if (b)) =1,

0 otherwise, 0 otherwise,
(2.3.3)
where 7 is the bijection
w5 {b1,...,ba} —— {b1,...,ba} (2.3.4)

defined by sending b; to by if 6(b;) = 0 and to byq)1i—yp() if 0(b;) = 1. If G is
a polarized BTy, then ¢p = FS(G) is a symmetric final sequence. It was shown in
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[15], (9.4) that the polarized Dieudonné module D(G) is isomorphic to Ny with the
polarization ( , ) defined by (b;,bY) = (—=1)%(®) if § = j and zero otherwise.

Recall that there are two natural partial orderings on the set of elementary se-
quences of length g.

DEFINITION 2.4. Let ¢ and ¢’ be two elementary sequences of length g.

(1) We say ¢’ <zc @ if ¢'(i) < (i) for all ¢ = 1,...,g. This order is called the
Bruhat-Chevalley order.

(2) We say ¢’ C ¢ if S, is contained in the Zariski closure S, of S, in A,.

We shall use results of [15]:

THEOREM 2.5.

(1) S, is not empty and is quasi-affine for every .

(2) Any irreducible component of S, has dimension |¢| := Y 7_, ().
(3) ¢ <pc implies @' C . L

(4) ¢’ C ¢ is equivalent to S,y NS, # 0.

Recall [3], Theorem 11.5 (with [1], (4.8), Step 2, also see [5], §4):
THEOREM 2.6. S, is irreducible if S, ¢ W

For two polarized BT;’s G and G’, the direct sum G @ G’ becomes a polarized
BT} canonically. Let ¢ and ¢’ be elementary sequences of G and G’ respectively. We
denote by ¢ @ ¢’ the elementary sequence of G @ G’. Clearly S, x Sy C Spgy holds.

DEFINITION 2.7. Let ¢ and ¢’ be two elementary sequences. We say ¢’ < ¢ if
there exist elementary sequences (g, . .., ¢; for some [ with 0 <[ < oo such that
(1) ¢' = o and p = ¢y,
(2) for each i (0 < i <), there are elementary sequences «, 5 and v (depending
on 7) such that p; = a®y and ;41 = S B v with a <z 5.

LEMMA 2.8.
(1) ¢ <pcp=¢' <.
(2) ¢ o= ¢ Co.

Proof. (1) follows from the definition. (2) It suffices to show that p; C ¢o for
o1 =a®yand g3 = & v with a <z 3. Clearly we have S, x S, C Sz x S, C
Sg x Sy C Sy,. Here we used Theorem 2.5 (3) to see the first inclusion. Since S, xS,
is not empty (Theorem 2.5 (1)) and is contained in S.,,, we have S,,, NS, # (. Then

1 C o follows from Theorem 2.5 (4). O

REMARK 2.9.
(1) ¢ < ¢ does not imply ¢’ <z ¢. Indeed put ¢ = (0,0,1,2,2) and ¢’ =
. dlnce p = ©® an = &) we have

(0,1,1,1,1). Since ¢ = (0,1,1) @ (0,1) and ¢’ = (0,1,1) @ (0,0), we h
¢ < . However obviously ¢’ €gc ¢.

(2) ¢ C ¢ does not imply ¢’ < ¢. See [3], Example 9.5 (iii): for ¢ =
(0,0,1,2,3,3) and ¢’ = (0,1,1,2,2,2) we have ¢’ C ¢ and ¢’ £ ¢.

(3) Quite recently in [22] Wedhorn determined when ¢’ C ¢ in terms of Weyl
groups. In this paper we do not use his result.
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2.4. Central streams. For a segment (m, n), we define a p-divisible group Hy, »,
over IF,, (cf. [8], 5.3) by

m+n—1
D(Hmn) = P Zpx; (2.4.1)
i=0

with F,V operations: Fx; = x4y, and V; = Ty, where x; (i € Z>p4p) are defined
as satisfying ;4 pm4n = pz; for ¢ € Z>¢. For a Newton polygon £ = E;l(mi, n;), we
write H(§) = @Ezl H,,, n,, which is called the minimal p-divisible group defined by
¢. Note the Newton polygon of H (&) equals &.

For any symmetric Newton polygon &, we set

Ze={z=(As, ) € Ay | Az[p®] @ Q~ H(§) ® Q, for some Q = Q D k(x)},

which is a closed subset of WgO by [17], (3.3); we consider it as a closed subscheme
of Wg by giving it the reduced induced scheme structure. We call Z¢ the central
stream defined by &, see [17], (3.10). By [17], (3.7), there exists a principal quasi-
polarization p on H (&), which is unique up to isomorphism of H(§). We set p¢ :=
ES(H (&)[p], u[p]). Then Oort’s theory [18], (1.2) on minimal p-divisible groups shows
that the central stream Z¢ coincides with the EO-stratum S,,. By Theorem 2.6, Z¢
is irreducible if £ is not supersingular . Let x be the ordinary Newton polygon; then
we have ¢, = (1,...,9); hence dim Z, = |py| = g(g + 1)/2 by Theorem 2.5 (2).
For the supersingular case o, we have ¢, = (0,...,0); hence the dimension of any
irreducible component of Z, is |¢,| = 0.

3. Main theorem. For two symmetric Newton polygons £ and ¢ of height 2g¢
with ¢ < &, we set

c(&¢) =2 Y (C(H) — &)

1<i<g

and ¢(§) = ¢(§;0). This is an easy way to define the value ¢(§), but is not sufficient
for doing computations, see [20], (5.3) for various alternative ways to compute c(§).
As our main result in this paper, we shall show:

THEOREM 3.1. Let € and (¢ be two symmetric Newton polygons with ( < £. Then
there exists a series o, . .., Pce;c) of elementary sequences of length g such that

Y=o < P1 < < Pegye) = Pe-

It is not too much to say that this theorem is for the three corollaries below. The
corollaries are more meaningful than this theorem itself. Let Z¢ denote the Zariski
closure of Z¢ in Ag. Then we have

COROLLARY 3.2. Z¢ C Z¢ if and only if ¢ < €.

Proof. Assume ¢ < £. Theorem 3.1 says in particular ¢ < ¢¢. Then we have
@¢ C e by Lemma 2.8 (2). The “only if”-part follows from Grothendieck-Katz (][9],
Theorem 2.3.1). O

REMARK 3.3. Corollary 3.2 was expected in [17], (6.10).

We give a new proof of the dimension formula of Z¢, which was first obtained in
[20].
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COROLLARY 3.4. We have dim(Z¢) = ¢(§).

Proof. Let x be the ordinary Newton polygon. We know dim(Z,) = g(g+1)/2 =
c(x) and dim(Z,) = 0 = ¢(0). By Theorem 3.1 we have dim(Z¢) — dim(Z¢) > ¢(§;¢)
for any symmetric Newton polygons ¢ < £. Applying this to 0 < £ and £ < x, we have
c(0) + c(§;0) < dim(Z) < e(x) — c(x;§)- Since ¢(o) + ¢(§0) = c(§) = c(x) — c(x; §)
by definition, we obtain dim(Z¢) = ¢(§). O

In [17], (6.9) Oort conjectured

CONJECTURE 3.5. If W NS, # 0, then Z¢ C S,,.

For an elementary sequence ¢, let {, be the Newton polygon of a generic point
of S,. (This definition is independent of the choice of the generic point. Indeed by
Theorem 2.6, S, is irreducible if it is not contained in W, and otherwise every generic
point of S, has the supersingular Newton polygon o.)

Now clearly Wgow N S, # 0 holds; hence Conjecture 3.5 implies Z¢, C S_g,. Let us
show that the inverse holds:

COROLLARY 3.6. Z¢, C S, implies Conjecture 3.5.

Proof. Assume Z¢, C S_ If VVO NS, # 0, we have £ < £, by Grothendieck and
Katz ([9], Theorem 2.3.1); then Corollary 3.2 implies Z¢ C Z¢_, which is contained
in S@ by the assumption. O

REMARK 3.7. In [7] we shall prove Z¢_ C S,.

4. Direct sums of BT;’s. As written in §1, we need to investigate the final
sequence V¢ of H(&)[p] = B; Hm, n,[p], where £ = >, (m;,n;). Although we can not
give a general formula of v, it is possible to compute ¢ for each example. In this
section, we explain a way to determine the type of the direct sum of BT;’s in term of
final types, and show some properties of ¢ used later on.

4.1. A basic fact on final types. Let (B,d) be a final type. The purpose of
this subsection is to prove

PROPOSITION 4.1. Let 7 be an automorphism of B such that w(b') > w(b) &
5(b') > 6(b) for any b,b’ € B with b’ <b. Then 7 coincides with 75 defined in (2.3.4).

We need a lemma:

LEMMA 4.2. Let w be as in the proposition above. Let b and b’ be elements of B.
(1) If 6(t/) < 6(b), then w(b') < m(b).
(2) If 6(b) = 6(V'), then b < b < w(b') < m(b).

(
(b
Proof. (1) Suppose §(b') < §(b). Obviously we have b # b'. If & > b, then
w(b') < w(b) holds. Thus we may assume b’ < b. Since §(b') < 6(b), we have
7w(b') < m(b). Since 7 is an automorphism and b # ', we have w(b') < w(b).

(2) Suppose 6(b) = §(b'). First we prove b < b = 7(V') < m(b). Assume b’ < b.
Since §(b) < 4(b'), we get w(b') < w(b); by v/ # b we have m(b') # m(b); hence
m(b') < m(b). Exchanging the roles of b and V', we have b’ > b = w(b') > w(b). Also
obviously ' = b = =(b) = w(b); thus we have ¥/ > b = 7w(b') > =(b); this means
bV <b<=n()<n(b).O

Proof. [Proof of Proposition 4.1] Let B = {b; < --- < by} and set B_ = {b €
B | §(b) =0} and By = {be€ B | d(b) =1}. Put dyp = §B_. Let f_ and f} be the
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order preserving bijections

f-: B —— {b1,...,ba,},
(4.1.1)
f+: B+ — {bd0+1,...,bd}.

Then Lemma 4.2 shows that 7 has to satisfy

Cf®) if beB.,
7T(b)_{f+(b) it beB,. (4.12)

Note 7 is uniquely determined by (4.1.2). Hence we obtain 75 = 7, since 75 in (2.3.4)
also satisfies the condition that m5(b") > ws(b) < §(b') > 6(b) for any b,b" € B with
b <b.0

4.2. Direct decompositions of final types. We investigate direct decompo-
sitions of final types.

Let B = (B,d) be a final type. Let C be a subset of B and set ¢ = d|c. We
call C = (C,¢) a final subtype of B if 7(C') = C, in which case we have 7|c = 7. by
Proposition 4.1.

DEFINITION 4.3. We call B indecomposable, if B has no proper final subtype, or
equivalently B consists of one m-cycle. (Note that B is indecomposable if and only if
the BT associated to B is indecomposable, see [19], (1.5).)

Let B = (B, d) be a final type and C = (C, ¢) a final subtype of B. Put ¢/ = B\ C.
Then clearly 7(C") = C” holds; hence we have a final subtype C' = (C’, d|¢+) of B. In
this case we write B as C®C’. Let G, H and H' be the BT;’s associated to B, C and
C’ respectively. Then we have G ~ H @& H' by (2.3.2) and (2.3.3).

Let I be the set of isomorphism classes of indecomposable final types. A multiplic-
ity function on I is a map e : I — Z>( sending almost all to zero. For every final type
B = (B, 9), there is a unique multiplicity function e on I such that B = @, e,

4.3. Computation of direct sums of final types. Now we present a way to
compute direct sums of final types. The goal is to prove Corollary 4.8.

Before getting into the details, we give a remark. In [15], (2.2) we find an ordering
on the set of words of F and V~! (cyclic infinite words will be used below), which is
closely related to our computation. If we associate such words to the 2-adic expansions
of elements of [0, 1] C R by assigning 0 to F and 1 to V=1, then the ordering coincides
with the usual ordering on R. The following formulation is based on this fact.

Let D be the ordered subset of [0,1] consisting of u € [0,1] with cyclic 2-adic
expansion u = Y ;% /27! (a; = 0 or 1), where “cyclic” means that for some d € N
we have a;4q = a; for all [ > 1; taking a minimal one among these d’s, we write
u = [a1,...,aq] and call d the period of u. Let U be the product D x N with
the lexicographic ordering. We define the partition map v : U — {0, 1} by sending
(u,v) € D x N to aq, where u = [a1,...,aq]. We define an automorphism 7 of D
by 7([a1,...,a4]) = [ad,a1,...,aq—1]. This is extended to the automorphism of U
defined by sending (u, v) to (7(u),v), which is denoted by the same symbol .

LEMMA 4.4. Let B be a finite subset of U which is T-stable. Put § = v|g. Then
(B,9) is a final type such that 75 = T|p.

Proof. Let b = (u,v) and V' = (v/,v") be elements of B. Write the minimal
cyclic expressions of u and u’ as [a1,...,aq) and [a],...,a), | respectively. Assume
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b < b. By Proposition 4.1, it suffices to show 7(b’) > 7(b) < ~(b') > ~v(b). Note
7(b) = (aq + 27 u,v) and v(b) = aq; hence we have to show

(aly + 27\ 0') > (aq + 27 u,v) <= aly > aq. (4.3.1)

From the assumption b’ < b, we have (1) v/ < w or (2) v’ = u and v’ < v. For (1),
clearly al, + 27 > aq + 27 'u is equivalent al, > aq. For (2), clearly a/, + 271/ =
aq+2"1u; then both of v’ > v and al, > a, are false and therefore they are equivalent.
d

From now on, we shall show that any final type can be constructed as in Lemma
4.4. First let us check the indecomposable case. For an indecomposable final type
B = (B, ) of length d with 7 := 75, we define a map

vg: B —— D (4.3.2)

by sending b to >_7°, §(m~!(b))27.

LEMMA 4.5. Let B = (B,0) be an indecomposable final type. If b,/ € B satisfy
§(mt (b)) = 6(w* (b)) for all i € N, then we have b=1b'. In other words vg is injective.

Proof. We assume b’ < b and derive a contradiction. Since B is indecomposable,
there exists | € N such that b’ = 7!(b). The conditions §(77 (b)) = §(7? (b)) forall j < i
imply 7¢(b') < 7%(b) by using Lemma 4.2 (2) recursively. This means 7+ (b) < 7i(b)
for all ¢ € N, which contradicts §B < co. O

LEMMA 4.6. Let B = (B,0) be an indecomposable final type of length d and set
v = vg. Then we have

(1) 6=~ov: B D {0,1};

(2) vom=Tov;

(3) v(b') < v(b) if and only if b' < b.

Proof. By Lemma 4.5, the period of v(b) is equal to d. Hence (1) follows from the
straightforward calculation: (yov)(b) = v([6(7~1(b)),...,d(x~4(D))]) = 6(7—4(b)) =
5(b). (2) is obvious by definition. (3) By the injectivity of v, it suffices to show
v(') < v(b) = b < b. Note v(b') < v(b) means that there is [ € N such that (a)
S(r=4 (V) = §(m~i(b)) for all 1 < i < [ and (b) §(x=(¥')) < §(x~4(b)). (b) implies
a7 () < 771 1(b) by Lemma 4.2 (1). Then (a) shows b’ < b by using Lemma 4.2
(2) recursively. O

This lemma says that any indecomposable final type can be obtained as in Lemma
4.4, and also implies that there is a canonical bijection from the set of 7-orbits in D
to the set I of isomorphism classes of indecomposable final types.

For a multiplicity function e on I, we consider the composition map

~

ée: D —— D/(r)

I —— Zs (4.3.3)

can
and put
U=t = {(z,y) €U | y < é(x)}; (4.3.4)
then U<¢ is 7-stable and U=<¢ is a finite set; hence Lemma 4.4 defines a final type
USC = (U= 7|y<e). (4.3.5)

Clearly U=¢ is decomposed into the direct sum Peer C®¢(©), Thus we have



224 S. HARASHITA

PROPOSITION 4.7. For any final type B, there exists a unique multiplicity function
e on I such that B is isomorphic to US€.

This proposition tells us a concrete way to compute the direct sum of final types:

COROLLARY 4.8.

(1) Let B be a final type of the form C®¢ for a certain indecomposable final type
C. Let B = (B,d) and C = (C,¢). Write (CY) eW)) = (Cye) for1 < j<e
and CU) = {cgj) <--e < cgj)}. Then B can be given by

(e)

B={cV < ... <V <. <l ()

(e)
Sy <c¢, <...<cd}

and (5(cgj)) = e(j)(cl(-j)).
(2) Let CY) = (CW, eW)) be final types. We write CU) = {cgj) < < cEle)}
and set v9) = o). Assume any pair of distinct CY)’s have no common

indecomposable factor. Set B = (B,d) = €, CY. Then B can be given as
follows. First B = |_]j CUY) as a set and the ordering on B is given by

b< b for b,b € CUY),

b<b =<4 . . . .
{V(J)(b) <o) forbe CY) and b/ € CU) with j # §',

and the partition map 0 is given by 5(01(-”) = e(j)(cz(-j)).
EXAMPLE 4.9. For the final sequences 1) = (0,1,2) and () = (0,1), let us
compute M) @ p2) . Let ¢ = (C@, ) be the final type of »(?). Write C() =
{cV <V < M} and €@ = {{? < P}, By the rule (2.3.1) we have

(D), D), D)) = (1,0,0),
(<2, (f?)) = (1.0,

and by (2.3.4) or (4.1.2) the automorphisms 7,y of C?) are given by

051) “ Cgm “ an gz) L gz)
~— 2 7 — :

From the definition (4.3.2) of vV := v, we have
My
V(l) (Cl ) = ’—0,0, 1J, I/(2) (0(2)) _ I_O 1
v () = 10,1,0] ¢ o
Oy ool PG =110]
v(e5) = [1,0.0), P
Let B = (B, d) be the direct sum C") @ C?). Then by Corollary 4.8 (2), we have

B= {cgl) < cgl) < c§2)

with § = (1,0,1,0,0). Thus we obtain ¥ @ ¢ = (0,1,1,2,3) by (2.3.1). Note 75
is given by

<o <

P S
= (2) =< (1] ——
cgl) c(l) ng) C c§2).

Since we will see 1) =1, 1) and (2 = ¢y 1) in Lemma 4.13, we have ¢z 1)1(1,1) =
0,1,1,2,3).
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4.4. The first jumping element of a non-étale final type. We say that a
final type (B, 9) is not étale (or non-étale) if 6 # (1,...,1). Note that a BTy G is not
étale (i.e., G is not isomorphic to a product of copies of Z/pZ) if and only if its final
type is not étale.

Let us define the first jumping element of a non-étale final type. This is a very
simple notion, but it plays important roles in this paper. In particular we shall see in
Corollary 4.18 that the first jumping elements are beautifully arranged in the direct
sum of minimal non-étale final types, which is a key step of our proof of the main
theorem.

DEFINITION 4.10. Assume B = (B, ) is not étale. Let ¢ be the final sequence
of B.
(1) The first jumping element of B is the element b € B satisfying §(b) = 0 and
(') =1for all b <b.
(2) The first jumping number of ¢ is the number J (1 < J < d) satisfying
P(J —=1)=0and ¥(J) = 1:

Note b is the first jumping element of B, where we write B = {b; < ... < bg}.
Let C = (C,€) be a final subtype of B.

DEFINITION 4.11. Assume C is not étale. The first jumping element of C consid-
ered as an element of B is called the first jumping element of C in B.

We will use the obvious lemma:

LEMMA 4.12. Let B = @le B be a decomposition of B into some final subtypes.
Assume all BY are not étale. Let by be the first jumping element of B®) in B. Then
the first jumping element by of B is equal to min{bay,...,byw }.

4.5. Minimal final types. Now we investigate the final sequence ¢ of
H(&)[p]l = B, Hm, n,[p]- Let us begin with studying the case Hy, »[p], where (m,n) is
a pair of non-negative integers. The following was shown in the proof of [5], Lemma
5.12:

LEMMA 4.13. We have ¥ ny = (0,...,0,1,...,m).
—— N——

n m

Let Byn = (Bmon,Omn) denote the final type of 4., ,. By Lemma 4.13 and
(2.3.1) we have

Smm =(1,...,1,0,...,0). (4.5.1)

We call By, ,, minimal of type (m,n). By (4.1.2) we have:

LEMMA 4.14. Let (B,d) be the minimal final type By, n with B = {by < -+ <
bmin} and set 1 = ws. Let p be the bijection from B to Z/(m + n)Z defined by
mapping b; to the class of i — 1. Then we have a commutative diagram

B —2— Z/(m+n)Z

o |-

B — Z/(m + n)Z.
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This lemma gives us a simple proof of the following fact (cf. [19], (1.5) and (1.8)):
COROLLARY 4.15. If ged(m,n) = 1, then By, ., is indecomposable.

Proof. In the notation of Lemma 4.14, obviously B consists of one 7-cycle. This
means that By, , is indecomposable. O

By Corollary 4.8, we need only to have the formula of vz for each B = B, ,, with
ged(m,n) = 1, in order to calculate the final sequence ¢ of H(&)[p] for a concretely
given €.

LEMMA 4.16. Assume ged(m,n) = 1. Let B = By, n, and write B = (B, ) with
B={by < - <bmin}. Then for all1 <r < m+n we have

S g lmemtenri/nl g g
va(br) = {15

0 otherwise.

Proof. If n = 0, we have m = 1 by ged(m,n) = 1; then B = {b1}, 6(b1) = 0 and
7(b1) = by; hence vg(b1) = 0. Assume n # 0. By Lemma 4.14 we get 7 4(b,.) = byyni
for all i € N. Hence 6(7~%(b,)) = 1 if and only if for some I € N we have (m + n)l <
r+ni < (m+n)l+n,namely i = [{(m+n)l+n—r}/n|. 0

From now on we collect some partial results on the final sequence ¢, or equiva-
lently on the direct sum of By, »,’s.

PROPOSITION 4.17. Let (my,n1),...,(me,ny) be pairs of integers > 0 with
ged(mi,n;) = 1 and set \; = n;/(m; +mn;). Assume A\ < --- < A\, For 1 < i <,
let BY) = B, n. and write BO = (B® §0) with B® = {bﬁ” <o < bsr?l_,_nl} Let

B = (B,6) be their direct sum @,BW. Then for ¢ € {0,1} and for integers o, 3
satisfying 1 < an; + fm; + e < m; +n; for every 1 <1 <t, we have

1) ()
ban1+ﬁm1+€ <0< bann+ﬁmt+€ (4.5.2)

in B=|], BY.
Proof. Put v := vy, By Lemma 4.16, we have
Z 9= LU=B)/Xi]—a+p+1 for ¢ = 0,

=1

i) (,(®) )
v B, 4 gm,ve) = g LB Attt

=1

=3 9—[(I=B)/Xil—a+B  for = = 1.

(Here these sums are regarded as 0 if A; = 0.) Hence A\ < .-+ < \; implies
u(l)(bszﬁﬁmlﬁ) < e < V(t)(bgiﬁﬁmﬁs). By Corollary 4.8 (2) we have the in-

equality (4.5.2). O

COROLLARY 4.18. In the same notation as in Proposition 4.17, we assume my; >
1 in addition. Then all B are not étale and we have bgll) < e < bF]tt), where J; is

the first jumping number n; + 1 of Y, n, -

Proof. By i < A\ < 1, we get m; > 1 for all 1 < i < ¢. This means all B are
not étale. Set « =1, =0 and € = 1. Then we have 1 < an; + fm; + & < m; +n;.

Applying Proposition 4.17 to this case, we have bgll) << bf,tt). o
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LEMMA 4.19. Let BY (i = 1,2) be the minimal ﬁnal types B ;. with

ged(mi,n;) = 1. Write BO = (B 50) with BO = (o < .-+ <), }. Then in
the direct sum B @ B, we have b2 ) < b5n3+1-

Proof. This follows from the computation of the first terms of vga) (bgz 4+1) and
Vg2) (b<2)) Indeed since |[{(m1 +n1)+n1—mi—1}/n1| =1 and [{(ma +n2) +ng —
ma}/ns] = 2, we have vg@) (b( )) < vga) (bg,llzﬂ). O

PROPOSITION 4.20. Let B® (i = 1,2) be the minimal final types Bm“m with
ged(mi,ng) = 1. Write B9 = (BW §®) with B® = {bﬁ” < < bm Jrnl} Set
Ai = ni/(mi+n;) and h; = m;+n;. Assume Xy < 1/2 < Xa. Then (B,0) :=B VB

can be given by

(1) B 2{121) <) < b < cpi) <M <<l <)<
2
}
/—Nx /—TL\
2 6=(1,...,1,0,...,0,1,...,1,0,...,0,1,...,1,0,...,0).
—_—
maq ma ni no

Proof. (2) follows from (1) and (4.5.1). Let us prove (1). First we consider
the case A1 < 1/2 < A2. We use an auxiliary final type C = (C,¢) defined by
C ={c1 <c2}, €(c1) =1 and €(c2) =0 (i.e., C ~ By,1). By Proposition 4.17, we have
&g<q@_Oa_05_nmﬂq<d)@_1a_05_mhmmwﬂ<w>
Similarly b 1) <ca(e=0,a=1,=1)and c2 < b5n2+1 (e=1,a=0,8=1); hence

b(l) < bg)ﬂ We showed bgl < bgiﬂ in Lemma 4.19.

By looking at the relation between B(Y) and C in the above argument, we obtain
a proof of the case Ay < 1/2 = Ay. Similarly we can prove the case Ay = 1/2 < Aq.
The case Ay = 1/2 = Ay is obvious by Corollary 4.8 (1). O

EXAMPLE 4.21. The m-cycles of B3 2 and By 2 in B3 o @ By 2 are as follows:

/ /‘\
SRRy S sl iy by by,

G 1 1 ) e (1) SO (2
Bia: bV bY b e u) e

By Proposition 4.20, we can determine how the elements of B,,, n, and By, n,
are shuffled if A; < 1/2 < Ag. Thus clearly we have

COROLLARY 4.22. Letn = Z;?:l(mi, n;) be a Newton polygon with n;/(m;+n;) <
1/2. Let & be the symmetric Newton polygon s(1,1) + S2'_ (mg,ni) + (ni,m;) for
5 € L>p. Setm =73 .m; andn=>,n; andg=m+n+s. Put C = @zlemiym
and B=C&®Bs s®CY and write C = (C,¢€) and B = (B,d) with B = {by < -+ < bag}.

(1) The decomposition B = C U B s UCY is given by

C={bi,....bm,bgs1,...,bgn},
Bss = {bms1s-- - bmgs, Dginits -5 bgpnyst
C\/ = {bm+s+17 ceey bgu bg+n+s+17 ceey b2g}7
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(2) The elementary sequence @¢ of H(&)[p] is equal to

(Yn(1),...,Yy(m),m —n,...,m —n).

n—+s

EXAMPLE 4.23. Consider the case n = (m,n) and £ = (m,n) + s(1,1) 4+ (n,m).
By Lemma 4.13 and Corollary 4.22 (2), we have

we=1(0,...,0,1,2,....m—n,m—n,...,m—n). (4.5.3)
> ——

n m—n n-+s

5. Quasi-cycles in final types. In §4 we investigated 1:. Next we have to
study the interrelation between ¢ and ¢ for ( < £. In §6 and §7 we shall explain
“surgery”, which is a basic tool to produce ¢ from 1)¢. By surgery we mean a
procedure to cut m-cycles into some pieces and join the pieces into new cycles, where
each piece will be a quasi-cycle. In this section, after introducing the notion of quasi-
cycles, we explain a way to construct a new final type from a quasi-cycle in §5.2, and
we show some basic results on quasi-cycles in minimal final types in §5.3.

5.1. Definition of quasi-cycles. Let B = (B, ) be a final type and set 7 = 7.

DEFINITION 5.1.

(1) A 7-path of length [ in B is an ordered subset I' of B with fI" = [ + 1 of the
form {7%(z) | 0 < i <[} for some x € B. We write I' as ', where y = 7(z).

(2) Let I' =Ty be a m-path in B. We call " a quasi-cycle in B if  # y and there
is no element z of I' satisfying x < 2 < y or y < z < . We frequently write
I' as

@ v. (5.1.1)

NS

r

EXAMPLE 5.2. Assume B is indecomposable. Then any adjacent elements x < y
of B define two quasi-cycles Iy, and I'y,,. For example we consider Bs 2 = (Bs,2,03.2)
with Bgo = {b1 < --- < bs} and put = b and y = bs. The practical figures of
(5.1.1) in this case are as follows:

Tyo: W 2= ~y b bs,

Cay: b @ YT by bs.
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5.2. The final type associated to a quasi-cycle. To a quasi-cycle I' = I'y,
in B, we associate a new final type Br = (I', ). We define I" to be the totally ordered
set T'\ {z}, and define 6 : T' — {0, 1} by

5(0)2{5(3:) if c=uy,

d(c) otherwise

for any ¢ € . Put 7 = 5.
LEMMA 5.3. We have 7(c) = n(c) for all c € T\ {y} and #(y) = n(x).

Proof. Let @ be the order preserving bijection from T' to I'\ {y}, i.e., o(c) = ¢ for
¢ # y and 1(y) = z. It is clear that

5(c) = 6(u(c)) forany beT. (5.2.1)

The lemma is equivalent to the commutativity of the following diagram:

r —Z~-- T

d

P\ {y} —— T\ {a}.

(5.2.2)

Proposition 4.1 says that 7 is uniquely determined by the condition §(c’) > d(c) <
7() > 7(c) for any ¢, € T with ¢/ < ¢. Similarly T|r\{y} is uniquely determined by
the condition §(b') > §(b) < w(b') > w(b) for any b,b' € I' \ {y} with ¥’ < b. Hence
(5.2.1) shows that the diagram is commutative. O

By the lemma above, we see that Br is obtained from I' only by sticking x on y;
hence in §6 and §7 we shall express the association I' — Br as

x Yy — x Y

N @)
r

Br

since we will not touch other parts during surgery. Compare Example 5.2 and the
following:

EXAMPLE 5.4. In the notation in Example 5.2, the figures of Br,, and Br,, are
as follows:

S S e ¥ bs,
by v YET b Cbs

From this we have Br,, ~ By and Br,, ~ B (cf. Example 4.9). This is closely
related to the inequality (3,2) < (2,1) + (1,1) of the Newton polygons(!), see Lemma
5.6 below.
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5.3. Quasi-cycles in minimal final types. Let C = (C, ¢) be the minimal final
type Bp,n with ged(m,n) = 1 and m,n > 0. Let us describe the final types Br,, and
Br,, for any adjacent elements x < y of C.

LEMMA 5.5. Let m,n be positive integers with gcd(m,n) = 1. The following
conditions of non-negative integers my, ny, Mo, No with m = my + my and n = ny + no
are equivalent:

(1) mine —NiMme = 1,‘

(2) min =1 (modm) with 0 < my <m and nym = —1 (modn) with 0 < ny < n.
Note such my,ny uniquely exist, and then ma, ny also exist and are determined
by mo =m —my and ng =n — ny;

(3) we have an inequality (m,n) < (m1,nq) + (M2, n2) of Newton polygons:

(m2,n2)

ny no
mi+ng mo+ng

(m1,m1)

such that the area of the triangle is 1/2.

Let my,n1, my and ny be the non-negative integers satisfying one of the conditions
in Lemma 5.5.

LEMMA 5.6. For any adjacent elements x <y of C, we have Br,, ~ By, n, and
Brmy ~ Bm27n2 .

Proof. First note that a final type B’ = (B’,4’) is minimal of a certain type
(m/,n') if and only if §'(b’) > ¢'(b”) for all ¥/ < b".

Since T'y, is an ordered subset of C, we have €(c) > e(¢’) for any ¢, ¢ € 'y, with
¢ < c; hence Br,, is minimal of a certain type (mj,n}). Similarly Br,, is minimal
of a certain type (m),nj). Note m} + m), = m and n} + n}, = n. By Lemma 5.5, in
order to prove (mf,n}) = (my,ny) and (m),n}) = (mg,ng), it suffices to show that
miny, — m4jny = 1 or equivalently min —mnj = 1. Write C = {c1 < -+ < ¢pmtn}-
Note 7c(¢;) = Cipm if 1 <i<nand 7 (¢;) = ¢i—p if n < i < m+n by Lemma 4.14.
Let Tyz \ {z} = {cja) <+ < ¢j(my4ny}. We have

Telcin) = Ci(iy+m for 1<id<nf,
e\Cj(3) Cij(i)—n for my <i<my+nl.

Since m(I'yz \ {z}) =Ty \ {y} and = < y are adjacent in C, we have mjn —mnj = 1.
a

Let B = (B, ¢) be a final type and set m = m5. Assume that B contains C = By, ,, as
a final subtype. For later use we shall give a sufficient condition for that Iy, contains
the first jumping element of C in B. Write B = (B, d) with B = {b1 < --- < bgq}. Let
bj(c) be the first jumping element of C in B.

LEMMA 5.7. Let x < y be adjacent elements of B with x,y € C. Assume
§(x) = d(y) and bycy41 € C. Then we have byy € Ty \ {y}-

Proof. First note y # by by d(x) = 6(y), because for any adjacent elements
¢ < ¢ of C we have

5(c)#0(c) <= c=bye. (5.3.1)
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For any ¢ € C, let v(c) denote the smallest non-negative integer i satisfying 7¢(c) =
byc)- We assume by & I'yz \ {y} (i-e., by) € I'zy \ {x}) and derive a contradiction.
Let [ be the smallest positive integer satisfying n/(y) = x. Then we have v(y) =
[+ v(x). Let us prove by induction:

CrAamM. 77 (z) and 7/ (y) are adjacent in B with 7/(z) < n/(y) and (7’ (x)) =
§(mi (y)) for all 0 < j < v(z).

This is obvious for j = 0. Assume Claim holds for j — 1. Then we have 7/ (x) <
7/ (y) by Lemma 4.2 (2) and moreover 7/ (z) and 7/ (y) are adjacent by (4.1.2). Since
J < w(z) < v(y), we get 7 (y) # bycy by the definition of v(y); hence §(n/(x)) =
d(m? (y)) by (5.3.1). Thus Claim holds for j.

Claim for j = v(x) says that by and 7@ (y) are adjacent in B with by <
7@ (y), namely 7°®) (y) = byc)+1- This contradicts b1 € C. O

6. Surgeries - the unpolarized case. For a final type B = (B,d), we can
construct a new final type by a “small” modification of 9, called a twist. In some
cases, we find some beautiful relation between the old final type and the new one.

Then we call those operations surgeries. By using surgeries, we derive some inductive
formulas of ¢¢’s (Corollaries 6.4, 6.7, 6.10 and 6.12).

6.1. Twists. Let B = (B, ) be a final type. Let k be a permutation of B.
DEFINITION 6.1. The twist by k of B is the new final type (B, o k).
Put B_ = {be B | (b) =0} and B, = {be B | 6(b) = 1}.

LEMMA 6.2. Assume that k™ '|p_ and £~ '|p, preserve order. Then we have
Tsor = T§ O K.

Proof. This follows from (4.1.2) and the assumption. O

6.2. Cutting - an indecomposable final type. Let B = (B,0) be an inde-
composable final type. Suppose we are given adjacent elements x < y of B such
that

d(x) # d(y). (6.2.1)
We have two quasi-cycles I'y; and I'y,, in B:
Tyo
Y\
B: Y. (6.2.2)
N
oy
Let ¢ be the transposition (z,y). Let B’ = (B, d’) be the twist by + of B. By Lemma
6.2, we have mgr = 5 01. Set ' = mg.
LEMMA 6.3. We have B’ ~ Br,, © Br,, .

Proof. Clearly B’ consists of two n’-cycles: one is obtained from I'y, by sticking
y to = and the other is obtained from I'y, by sticking x to y, i.e., the 7'-cycles in B’
are written as:

Br,. Br,.,

O 0)
B: = y (6.2.3)
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with ¢'(x) = d(y) and 0'(y) = d(x). Thus we obtain B’ ~ Br , & Br,,. O

We consider the case B = (B,0) = By,,,. Write B = {b; < -+ < byy4n}. Then
(,y) := (b, bnt1) satisfies (6.2.1) by (4.5.1). Let B’ = (B, d’) be the twist of B by
(x,y) as above. Since 4 is of the form (4.5.1), we have

& =(1,...,1,0,1,0,...,0). (6.2.4)
—— =

n—1 m—1

COROLLARY 6.4. Let (my,ny) and (mg,ng2) be as in Lemma 5.5. Then we have

1/)(m17n1)+(m27n2) = (O, ..,0,1,1, .. .,m).

n—1 m

Proof. By Lemma 5.6, we have Br,, ~ Bm,n, and Br,, ~ Bn,.,. Hence we
obtain B’ ~ By, n, @ Bm,,n,- Then the corollary follows from (6.2.4) and (2.3.1). O

EXAMPLE 6.5. Consider the case (m,n) = (3,2) and set B = Bso; then we
have (my,ny) = (2,1) and (mg,ny) = (1,1). Put (z,y) = (b2,b3). Let B’ be the
final type twisted by (z,y). Then we have B ~ By1 @ By 1. In this case we have
Pa,2) = (0,0,1,2,3) and Y2 1y4+(1,1) = (0,1,1,2,3) (cf. Example 4.9). The practical
figures of (6.2.2) and (6.2.3) in this case are as follows:

e = N

B: b x Yy by bs,
— T 7 " 7

Br,, Br,.,

B: b e y==bh b

6.3. Low cutting - a final type with two factors. Let C; = (C1,€1) and
Co = (C2, €2) be two indecomposable final types. Let B = (B,d) = C1 ® C3. Assume
we are given adjacent elements x < y < z of B such that

{<6<:c>,6<y>,6<z>> = (0,0,1), (63.1)
z,y € Cy and z € Cs.

Then the m-cycles in B are written as

C1 Ca
B: =z Y z.
Fay
Let s be the cyclic permutation (z,y,x). Let PIB = (B,25,Plx) be the twist by .
By Lemma 6.2, we have

Clr =nok. (6.3.2)
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Then P 7r-cycles in 2!B are written as

T T
L. = Y z (6.3.3)

\ﬁ/

Br,.,

with (P16(z), ®5(y),P6(2)) = (1,0,0), where the complement of Br,, in B is iso-
morphic to the twist 1B, by (z, 2) of By = (By,d1) defined by

Br,, Ca
) )
B : x z (6.3.4)

with (81 (z),61(z)) = (0,1). Thus
PROPOSITION 6.6. We have 2B ~ B, & By, , where By = Br,, & Ca.
Consider the case C1 = B, ,0) and Ca = B2 ,,» with 0 < nM /(m®) 4
nM) < n®/(m® + n®?). Assume that we are given a triple (z,v,z) satisfying

(6.3.1). Let (my,n;) and (mg, ng) be as in Lemma 5.5 for (m,n) = (m®* n(*)). Put
5 = (m(1)7n(1)) + (m(2)7n(2)) and 51 = (mlunl) + (m(2)7n(2))7 and also 0= (mg,‘ﬂg)-

m®, n®)

(6.3.5)

By Lemma 5.6, we have Br,, >~ B, n, and Br,, =~ B, ,. Hence the final sequence
of By (resp. Br,,) is ¥¢ (resp. 1,). Let Pl (vesp. Mepe) denote the final sequence
of 1B (resp. [MB;). Note [2]1/15 and [ng/ depend on the choice of (x,y,z). In this
case Proposition 6.6 is expressed as

COROLLARY 6.7. We have Plype = Haper @ 1h,.

ExAMPLE 6.8. Consider the case C; = Bs,; and C2 = B; 1. In this case we have
£€=(3,1)+(1,1) and & = (1,0) + (1,1) and also p = (2,1). Note 1p¢ = (0,1,2,2,3,4)
and g = (1,1,2) and ¢, = (0,1,2). Let B = (B, ) be the direct sum C; & C2 and
write B = {b1 < ... <Dbg}. Set (z,y,2) = (b2, bs,bs). The m-cycles in B are written
as

TN TN /><C2\
Bi b @ T 2ok ke
Tuy

with (0(b1),...,d(bs)) = (1,0,0,1,0,0). Thus (z,y, z) satisfies (6.3.1). Hence we have
Plope = Maper @b, where Plihe = (0,0,1,2,3,4) and Meper = (0,1,2). Let us draw the
practical figures of (6.3.3) and (6.3.4):

[1]81
T <] <] <, T~
b w be

Br,,

RIB .
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and
Br,,
O c
T T
Bl : X Re be

6.4. High cutting - a final type with two factors. Let C; = (C,¢€1) and
Co = (C2, €2) be two indecomposable final types. Let B = (B,d) = C1 @ Ca. Assume
that we are given adjacent elements x < y < z such that

{(6<x>,6<y>,5<z>> = (0,1,1), (6.4.1)
xz € Cyand y,z € Cs.

This case can be seen as the “dual” of (6.3.1). The m-cycles in B are written as

C1 Co
O PEURN
: xT Yy z
N

Ty

B

with (6(2),8(y),d(2)) = (0,1,1). Let & is the cyclic permutation (z,y,2). Let PIB =
(B, 125, 2I7) be the twist by x. By Lemma 6.2, we have

Clr = nok. (6.4.2)
Then P 7r-cycles in 2!B are written as
Br.,
[2]8 : r /@\ >
\_/
1B,

with (25(z), &o(y),26(2)) = (1,1,0), where MNB; is the twist by (z,z) of B, =
(B1,61)

C1 Bryz
Bl : x z

with (81 (z),d1(2)) = (0,1). Thus
PROPOSITION 6.9. We have 218 ~ 1B, ¢ Br,,, where By = Br,, ®Cy.
Consider the special case C1 = B,,1) ,) and Ca = B, , with n(l)/(m(l) +
nM) < n@/(m® +n®?) < 1. Assume that we are given a triple (z,y, z) satisfying

(6.4.1). Let (my,n1) and (mg,ny) be as in Lemma 5.5 for (m,n) = (m(®,n?). Put
£ = (m®, 1) + (m®,n®) and & = (m®,nM) + (ms, 1), and also o = (my, m1).

o= (mi,n)

(m2,n2) 00,2 @)

(m®,nW) €

(6.4.3)
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By Lemma 5.6, we have Br,, =~ B, n, and Br,, =~ By, n,. Hence the final sequence
of By (resp. Br.,) is ¥¢ (resp. 1,). Let Rlape (resp. Nyer) denote the final sequence
of 1B (resp. B;), which depends on the choice of (z,, z). In this case Proposition
6.9 is expressed as

COROLLARY 6.10. We have Pl = Mapes @ 4h,.

6.5. High and low cutting - a final type with two factors. Let C; = (C1, ;)
and Cy = (Ca,€2) be two indecomposable final types. Let B = (B,§) = C1 @ Ca.
Assume that we are given adjacent elements w < x < y < z such that

(5(),8(2), 65),0(2)) = (0,1,0,1), 650
w,y € Cy and x, z € Cy. e
Then the figure of m-cycles in B is as follows:
C Cs
e < T~
B: w x Yy z. (6.5.2)
~ TS T

Let s be the permutation (w,z,z,y) = (w, z)(y,2)(x,y). Let BB = (B, B, Blx) be
the twist by x. By Lemma 6.2, we have 3l = 7 o k. Then the Blr-cycles in BIB are
written as

Br.,

g,
[3]8 : w ‘/@—\

T Y z

\_@/

Br,

with (Bl§(w), Blé(x), Bl(y), Bl(2)) = (1,1,0,0), where MB; is the twist by (w, z) of
Bl = (B1,51) defined by

Bry.w Br,.
By : w z

with (81 (w),d1(2)) = (0,1). Thus

PROPOSITION 6.11. We have BIB ~ NBy @ By, where By = Br,, ® Br,, and
By = Bryw (&) BF,“.

Consider the case C; = B, ,0) and Ca = B, ,» with 0 < n(l)/(m(l) +
nM) < n@/(m® 4 n?) < 1. Assume that we are given a quadruple (w,z,v, z)
satisfying (6.5.1). Let (my,ny), (mg2,n2) and (mf,n}), (m5,nb) be as in Lemma 5.5
for (m™M, nM) and (m®,n?) respectively. Put & = (m™,nM) + (m? n) and
§' = (my,n1) + (m3,n5), and also ¢ = (mg, n2) + (M7, ny).

(m7,m1)

(6.5.3)
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By Lemma 5.6 we have Br,, >~ Buw,n, and Br,, >~ Bm,n, and also Br,, >~ By, w
and Br,. =~ By n,. Hence the final sequence of By (vesp. Bz) is ¢ (resp. 1,). Let
Blape (vesp. Maper) denote the final sequence of PIB (resp. MB;), which depends on
the choice of (w,z,y, z). In this case Proposition 6.11 is expressed as

COROLLARY 6.12. We have Plype = Mapes @ 4h,.

7. Surgeries - the polarized case. We need to investigate surgeries of symmet-
ric final types. In this case we have some inductive formulas of elementary sequences
@e (Corollaries 7.5 and 7.8). In §8, by using these inductive formulas, we shall show
P C e for ¢ < €.

7.1. Symmetric twists. Let B = (B, ) be a symmetric final type. Let x be a
permutation of B such that x(b") = (b)Y for all b € B.

DEFINITION 7.1. The (symmetric) twist of B by & is the new symmetric final
type (B,d o k).

By Lemma 6.2, we have

LEMMA 7.2. Assume /@71|37 and li’1|B+ preserve order. Then we have 750, =
T§ OKR.

7.2. Cutting - a symmetric final type with two asymmetric factors. Let
C = (C,¢) be an indecomposable final type. Let B = (B,d) be the symmetric final
type C @ CY. Write B = {b1 < --- < bag}.

Assume that we are given adjacent elements x < y < z of B with z < b, such
that

{<5<x>,5<y>,6<z>> =(0,1,1), (7.2.1)

zeCandy,zeC¥ and 2V €Ty..

Then the m-cycles in B are written as

. Im v (7.2.2)

Ty

Let  be the permutation (z,y, z)(z",y",2Y). Let B = (B, 7l?) be the twist
by k. By Lemma 7.2, we have 7[2) = 70 k. Then the 7[?-cycles in BI? are written as

Br.,

B2l . ~ TV v v

T Y z

B
ng

with (612(2), 8P (y), 612 (2)) = (1,1,0), where Bgl] is the twist by (z,2)(zV,zV) of
Bl = (31,51) defined by

B
ry. Br,.

By : I/Z7<zv\x\/
T — . T
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with (d1(z),d1(z)) = (0,1). Thus

PROPOSITION 7.3. We have B2 ~ Bgl] ® Bz, where Bo = Br,, @ Bpgy and
B, = Bryz D BFZZ.

Next we shall investigate the case that we are given adjacent elements z¥ < y = by
such that

7.2.3
z¥eCandyeCV. ( )

{<6<zV>,6<y>> = (0,1),

We call this case the confluent case, because this case can be regarded as obtained by
putting “z = z¥ and y = b,” in (7.2.1).
Then the w-cycles in B are written as

\%
Fyz FZy

B: v Y yY z. (7.2.4)

Let & be the permutation (2V,y, z,y") = (z¥,y)(z,3¥)(y,y"). Let B = (B, sl 7))
be the twist by x. By Lemma 7.2, we have 72/ = 7 o k. In the same way as in §6.5,
we obtain

PROPOSITION 7.4. B2 ~ Bﬁ” ® Bz, where Bz = Br,, @Bpgy and Bgl] is the twist
by (2V,2) of By = Br,, @ Bry._ .

Consider the case C = By, , with m >n > 0. Let B=C®C". Let (my,n;) and
(mg,n2) be as in Lemma 5.5. Assume that we are given a triple (z,y, z) satisfying
(7.2.1) or a pair (z¥,y = b,) satisfying (7.2.3). Set & = (m,n) + (n,m) and & =
(my,n1) + (ng,my) and also g = (ma,n2) + (N2, my).

(m1, 1) (7.2.5)

By Lemma 5.6, we have BFZy @ Br., =~ Bmyn, © By m, and Bp;z ® Br,, ~ Bun,n, @
[52] (resp. 1)

Bu,.m,. Hence the final sequence of By (resp. Ba) is ¢¢r (resp. ¢,). Let ¢

denote the elementary sequence of B2 (resp. BP). Then in this case, Proposition
7.3 and Proposition 7.4 are expressed as

COROLLARY 7.5. We have 90[52] = 90[51/] D ,-
We give an example in the confluent case.

EXAMPLE 7.6. Consider the case C = B3 1. Let £ = (3,1) + (1,3). In this case
we have ¢ = (1,0) + (0,1) and o = (2,1) 4+ (1,2). Set B=C® C". Write B = (B,9)
with B = {b1 < --- < bg}. The elementary sequence of B is ¢z = (0,1,2,2) and we
have § = (1,0,0,1,0,1,1,0). Put (2V,y) := (b3, bs). Note that the m-cycles in B are
written as
N N
bl b2 zV Y yv z b7 bg.
\/)U N7 N7
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Hence (zV,y) satisfies (7.2.3). Then B is given by

8[11] Br.,
AN m
b1 bo zV Y yv z b7 bg.
\)&& S~

Brv
ry,

Confirm By ~ B1,0 ® Bo1 (with Bgl} ~ BBy 1) and Bpgy ® Br,, =~ B21 ® B12. Thus we

have (p[g] = tp[;,] ® ¢,, where <p[£2] =(0,1,1,1) and w[gl,] = (0) and ¢, = (0,1,1).

7.3. Reducing - a symmetric final type with certain three factors. Let
C be an indecomposable final type. We consider the case B = (B,§) =C® B11 ®CV.
Write B = {b1 < --- < byg}. Assume that we are given adjacent elements z < y < z
with z < b, such that

zeCandye By and z€ CY

{<5<x>, 5(y),8(2)) = (0,1,1), (73.1)

or (confluent variant): adjacent elements z¥ < y = b, such that

{(5(2v),5<y>> = (0,1) (7.3.2)

2V eCandy€ By; weput z =2z,

Since 7(yY) =y and 6(yY) = 0 = 6(z"), we have 7(zV) = = by (4.1.2); similarly
we also have 7(z) = 2. Hence the figure of the m-cycles in B in the case (7.3.1) is as
follows

As in §7.2, let x be the permutation (z,y,z)(z",yY,z¥) for (7.3.1) and
(zV,y,2,9Y) for (7.3.2). Let B2 = (BRI 62 be the symmetric twist by . Set
7l = 752, Then 72 = mo k. Let By = C ® CY be the symmetric final subtype
of B; then x < z is adjacent in By; let Bgl] = (Bgl],égl]) be the symmetric twist by
(z,2)(zV, 2Y).

PROPOSITION 7.7. We have B2 ~ Bﬁ” @ B

Proof. Since nl?l(yV) = n(2V) = x and 7l (z) = 7(y) = y", we have the 71%-cycle
in B2

This cycle gives a factor in B[?!, which is isomorphic to Bi,1. The remaining factor is
B’ = (B',8") defined by B’ = (B;\z)U{y} and &' = 6| /. Since §'(y) = 1 = 6\ (),
the map B’ to Bgl] sending y to x and b to b for all b € B"\ {y} is an isomorphism as
final types. O
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Consider the special case C = By, . Let £ = (m,n) + (1,1) + (n,m) and ' =
(m,n) + (n,m).

(7.3.3)

Assume that we are given a triple (x, v, z) satisfying (7.3.1) or (zV,y = by) satisfying
(7.3.2). Let gp[:] (resp. wél/}) be the elementary sequence of B2 (resp. Bgl]). In this
case Proposition 7.7 is expressed as

COROLLARY 7.8. We have go?] = go,[;,] DY,

EXAMPLE 7.9.

(1) Let ¢ = 4(1,1) and € = (2,1) + (1,1) + (1,2). Note & = (2,1) + (1,2) and
o = (1,1). We have ¢¢ = (0,1,1,1) and ¢ = (0,1,1). Note (z,y,2) =
(ba, b3, by) satisfies (7.3.1). Then one can check cp?] = cpél,] D ¢a,1), ie.,
(0,0,0,1) = (0,0,1) & (0).

(2) Let ¢ = 2(1,1) and € = (1,0) + (1,1) + (0,1). Note & = (1,0) + (0,1). We
have p¢ = (1,1) and g = (1). Note (z¥,y) = (b1, ba) satisfies (7.3.2). One
can check <p[£2] = w[gl,] © ¢a,1), i-e., (0,0) = (0) + (0).

8. Proof of the main theorem. Now we prove Theorem 3.1. In §8.1 we reduce
our problem to three simple cases, and in §8.2 - §8.4 we give a proof in each case. The
proof is done by showing some inductive formulas of ¢¢’s (Corollaries 8.6 and 8.10
and Propositions 8.20 - 8.23). For this we shall prove that the results in §6 and §7
are actually applicable (Lemmas 8.5, 8.9 and 8.18).

8.1. Reduction to the three cases. Let ( and £ be symmetric Newton poly-
gons with ¢ < £. The proof of Theorem 3.1 is by induction on the number ¢(§; ¢) and
the height of £. It suffices to show the case that

(S) (1) there is no symmetric Newton polygon 1 such that ¢ 2 n 3 &;

(2) ¢ N ¢ consists of finitely many points.
Indeed if there is a symmetric Newton polygon 1 such that ( = n 3 &, then by the
induction hypothesis there exist two series of elementary sequences

We =910 < < Preme) =Pn and @ =20 < < Py oem) = Pe-

By ¢(&¢) = c(&n) + c(n;¢), we get a required series p1,0 < -+ < 91 c(0) < P21 <
o <o o(em)- I CNE contains a segment, then there is a symmetric Newton polygon o
such that ( = '+ and & = &'+ with ' < ¢ and ¢(¢;¢) = ¢(&’;’). By the induction
hypothesis, there is a series of elementary sequences ¢ = @ < « -+ < 80/0(5/-4,) = pg¢r.
We set p; = ¢ @ ¢, for 1 < i < ¢(&¢) = ¢(¢'5¢"). Then we have a required series
PC=P0 < S Peg0) T Pe

From now on we assume that ¢ < ¢ satisfies (S). Let 2¢g be the height of &.

LEMMA 8.1. One of the following three disjoint cases (A), (A') and (B) occurs.
(A) &(g) = C(g) —1/2 € Z and the lower middle slope of & (the last slope over
[0,9)) is less than 1/2.
(AY) Cl9) =¢&(9) +1/2€Z.
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(B) &(g9) =<C(9) € Z.

Proof. First note for any symmetric Newton polygon ¢ of height 2g, we have
29(g) € Z. If there is an integer ¢ with {(g) < i < {(g), then let 1 be the convex hull
of ¢ and the point (g,7); then we have ¢ 2 n = £, which contradicts the assumption.
Hence we have ((g) — &(g) = 0,1/2 or ((g) — &(g9) = 1 with £(g9),((g) € Z. If
C(g) — &(g) = 1 with &(g),¢(g) € Z, then we have the convex hull n of the points
(9—1,¢&(9)), (g+1,¢(g)) and ¢, and the contradiction ¢ = n 3 £. The case ((g)—&(g) =
0 is (B). Now suppose ((g) — &(g) = 1/2. If the lower middle slope of ¢ is less than
1/2, then £(g) must be in Z and this is the case (A). Otherwise we can assume that
¢ does not have a breaking point at g and the slope of £ is equal to 1/2. If £(g) were
in Z, then the convex hull 5 of ¢ and the point (g,&(g)) satisfies ¢ = n 2 &, which is
a contradiction. Hence this case is (A’). O

8.2. Proof in the case (A). Assume ¢ < ¢ is of type (A). First let us describe
¢ < & concretely.

LEMMA 8.2. We can write, for some t € Z>o,

{<—<o+<1+---+<t,
é.: (man)+(n7m)

with o = (mo,no) := (1,1) and § = (my,ni) + (ni,m;), where (m,n) and (m;,n;)
(1 <i<t) are segments such that
(1) A; =n;/(m; +n;) satisfy

M <A < XN =1/2;
m+n< t S S A1 S Ao /2;

t

2) m=1+3"_ miandn=>3"_ n;.
Note g = m +n. In this case we have ¢(&;¢) =t + 1.

Proof. We show that £ has to be of the form above. Then ( is automatically
determined by the condition (S), and it is straightforward to calculate the value
of ¢(§;¢) (cf. [17], (5.3)). The condition £{(g) € Z means that Q@ = (g,&(g)) is a
breaking point of . If £ had another breaking point, then the convex hull n of ¢
and the breaking points of £ other than @ satisfies ¢ 2 n 2 £. This contradicts the
assumption that ¢ < & satisfies (S). Hence £ = (m,n) + (n, m) for some non-negative
integers m and n with ged(m,n) =1. 0

Set
¢ o= YT
g = (m—myn—ng)+ (n—ng,m—my),
o = (.

See the figure (7.2.5). Then ¢’ < ¢’ is lower dimensional of type (A). Write ¢ =
(ml,nl) + (nl,ml) and o = (mz, nz) + (ﬂz,mz). Note ming —nymo = 1.

For a non-superspecial elementary sequence ¢, i.e., ¢ # (0,...,0), we define an
elementary sequence ¢! as follows: let ¢ be the final sequence stretched from ¢ and
put

t(p) =max{j € {1,...,9} | ¥(j — 1) <¥() =¢( + 1)} (8.2.1)
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then we set

(i) otherwise

fori=0,...,g and also define p‘¥) as satisfying *) = (*=1)1) for 2 < k < |g|.
Let C = By, and set B=C @ CY. Write B = (B,6) and C = (C,¢) with C C B.
We set m = w5 and write B = {b; < --- < bag}. Then by Corollary 4.22 (1), we have

C={b1,....bm,bgt1,...,bg4n} (8.2.2)
and by (4.5.3) we have
we=1(0,...,0,1,....m—n,m—mn,...,m—n). (8.2.3)
——

LEMMA 8.3. We have t =0 if and only if (m,n) = (1,0).
Proof. Obvious by Lemma 8.2 (2). O

LEMMA 8.4. Ift =0, then we have ¢; = (0) and ¢¢ = (1). In particular we have
1
A = .
Proof. If t = 0, then ¢ = (o = (1,1); hence p = (0). We have ¢ = (1) by
Lemma 8.3 and (8.2.3). O
Assume t > 1. Then we have n > 1 by Lemma 8.3, since n = 0 implies m = 1 by
ged(m,n) = 1. Hence we have m+1=g—n+1 < g. We put

(.I,y,Z) = (bmabm+17bm+2) if m + 1< g,
(Zvay) = (bmaberl) if m+1= g.

LEMMA 8.5.
(1) If m+1<g, then (x,y,2) satisfies (7.2.1).
(2) If m+1=g, then (z¥,y) satisfies (7.2.3).

Proof. (1) Clearly (z,y, 2) = (bm, bm+1, bmt2) satisfies (6(x),d(y),d(z)) = (0,1,1)
by (2.3.1) and (8.2.3). Also we have x € C and y,z € CV by (8.2.2). By (2.3.4) we
have 7(y) = byt (m+1)—(m—n) = b2g41-m = 2"; hence we obtain 2V € T'y.. (2) Note
(2V,y) = (bm,bm+1) = (bg—1,by). By (2.3.1) and (8.2.3), we have (§(z"),d(y)) =
(0,1). Tt follows from (8.2.2) that 2¥ € C and y € CV. O

COROLLARY 8.6. We have goém = goép D Qg-

Proof. Let gp[:] and gp[;] be as in §7.2 for the triple (z,y,z) or the pair (z¥,y)

defined above. Then we have cp[;] = gpéQ> and go[g-l,] = goép, since we have t(pg) = m
and t(gpg)) =m + 1. Hence the corollary is nothing but Corollary 7.5. O

COROLLARY 8.7. There exists a series of elementary sequences po < -+ < Pe(e:0)

such that o = ©¢, Pe(ec)—1 = <pél> and pee,c) = pe- If t > 1, we can choose such a

series satisfying pe(g;c)—2 = cp?) i addition.
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Proof. For t = 0 this is nothing but Lemma 8.4. Assume ¢t > 1. Put ¢ = ¢(&;()
and ¢ = ¢(¢’;¢’"). Note ¢ = ¢ — 1. By the induction hypothesis, there are elementary
sequences ¢, < --- < ¢, _; such that ¢ = ¢ and ¢/, | = soép. We put p; = ¢, D,

fori=0,...,c—2 and set p.—1 = goé” and ¢, = @¢. Note ¢og = @ @ @y = @e. It

remains to show ¢; < ;41 for all 0 < i < ¢. This means

OBy < @i Dy, for0<i<c—2,
<p§>@%<<p§1> fori=c—1,

cp§1> < ¢ for i = c.

The first and the third inequalities are obvious. The second inequality follows from
Corollary 8.6. O

8.3. Proof in the case (A’). In this subsection we shall reduce the case (A’)
to the case (A). Let ¢ < & be of type (A’). The exact form of { < ¢ is as follows.

LEMMA 8.8. We can write, for some t € Z>,

(=C+a++G,
§=(m,n)+(L,1) + (n,m)
with Go = (mo,no) + (no,mo) := (1,1) + (1,1) and ¢ = (mi,ns) + (ni, m;), where
(m,n) and (m;,n;) (1 <i<t) are segments such that
(1) A; =n;/(m; +n;) satisfy

< <A <A =1/2
m+n< t > > A1 > N0 /7

2) m=1+3"_mi andn=>"_,n.
Note g =m +n+ 1. In this case we have ¢(&;() =t + 2.

Proof. Tt suffices to show that £ has to be of the form above. Then ¢ has to be of
the above form by the condition (S), and it is straightforward to compute the value
of ¢(&;¢) (cf.[20], (5.3)). Since £(g) is not an integer, £ contains a supersingular factor
(1,1). Thus & has the breaking points P = (¢—1,£(g—1)) and P¥ = (g+1,&(g+1)).
If € had another breaking point, then the convex hull  of { and the breaking points
other than P, PV satisfies ( 2 n 2 £. This is a contradiction. Hence £ = (m,n) +
(1,1) + (n,m) for some non-negative integers m and n with ged(m,n) =1. O

We define Newton polygons & and ¢/ by £ = &'+ p and ( = ¢’ + o with o = (1, 1).
See the figure (7.3.3). Then ¢’ < &' is of type (A) with ¢(¢',{") =t + 1.

Set C = Bym,n and B=C @ By, ®CY. Then B is the symmetric final type of pe.
Write B = (B,d) with B = {b; <--- <byg}. Note m+1=g—n<g. Put

(2,9, 2) = (bm, bnt1,bmt2) if m+1<yg,
(Zvay) = (bmaberl) if m+1= g.

LEMMA 8.9.
(1) If m+1<g, then (x,y,2) satisfies (7.3.1).
(2) If m+1=g, then (z¥,y) satisfies (7.3.2).
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Proof. Write C = (C,e) and Bi1 = (B2,02). By Corollary 4.22 (1),
we have C' = {bl, ey bm, bg+1, ey ngrn} and B2 = {berl, ngrnJrl} and OV =
{bm+2, -y bgybgrnt2, ..., bag}. Also by (4.5.3) we have

we=1(0,...,0,1,....m—n,m—mn,...,m—n).
———

n n+1

Hence if m 4+ 1 < g, then we have (6(z),0(y),d(z)) = (0,1,1) by (2.3.1), and z € C,
y € By and z € CV. If m+ 1 = g, then we have (6(zV),d(y)) = (0,1) and also z¥ € C
and y € By. O

COROLLARY 8.10. We have gaéQ> = gﬁép D ,-

Proof. Let QD?] and QDE] be as in §7.3 for the triple (z,y,z) or the pair (z¥,y)

defined above. Then we have gpé2> = <p[£2] and <Pé}> = ga[;,], since t(ye) = m and

t(cpg)) = m + 1. Hence the corollary is nothing but Corollary 7.8. O

See Example 7.9 for some examples. By the same argument as in Corollary 8.7,
we obtain

COROLLARY 8.11. There exist elementary sequences po < -+ < Pe(e;c) such that
2 1
Yo = P Pe(g;0)—-2 = @é >; Pe(é;0)—1 = <Pé ) and Pe(g;¢) = Pe-

8.4. Proofin the case (B). Assume ¢ < ¢ is of type (B). We have the following
description of ¢ < &.

LEMMA 8.12. We can write, for some r,s € Z>o,

CZ ZC’U

1=—r

=m0y + (m® @)+ (0D m®@) 4 M mW)

with & = (mg,n;) + (ng, m;), where (m® ,n®) (i = 1,2) and (m;,n;) (—r < i < s)
are segments such that
(1) A0 = n(i)/(m(i) —|—n(i)) (i=1,2) and N\; = n;/(m; +n;) (—r <i < s) satisfy

A <X <A S A <A << A < AP,

(2) we have m = >;_ _m; and n = >;__ n;, where m = m +m® and
n=n® 4 0@
(3) the first breaking point (m™) + nM nM) of ¢ is under Cy. (This condition
determines r and s.)
Note g = m + n. In this case we have ¢(&;¢) =1+ s+ 1.

Proof. 1t suffices to show that ¢ has to be of the form above. Then the form
of ¢ is determined by the conditions (S) and £(g) = ((g), and it is straightforward
to compute the value of ¢(&;¢) (cf. [20], (5.3)). The condition £(g) € Z means that
Q = (g,£&(g)) is a breaking point of £. If there were no other true breaking point, then
¢ = £ follows from the condition ((g) = £(g). This is a contradiction. Let P and PV
be the first and the last true breaking points of & respectively. Note P # Q # PV.
If € had a breaking point other than P, Q, PV, then the convex hull 5 of ¢ and the
breaking points of £ other than P, PY satisfies ¢ 2 n 2 & This is a contradiction.
Thus ¢ has to be as in the lemma. O
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Put Cl = (01,61) = Bm(l))n(l) and CQ = (02,62) = Bm(z))n(z). We define B =
C1 ®Cy and B= B BY. Write B = (B,§) with B = {b; < --- < by, }. Note B is the
symmetric final type of ¢¢. Recall m = mM +m® n=n® 4+n® and g=m+n
(Lemma 8.12).

We claim n = n() +n2) > 1 and m® > 1 for i = 1,2. Indeed if n = n() +n® =
0, we have n(? = 0; then all slopes of £ are 0 or 1; this contradicts A() < X2
(Lemma 8.12 (1)). Since m® > n( and ged(m®,n(®) = 1, we have m® > 1. Note
m=mb +m® > 2.

LEMMA 8.13. Let J be the first jumping number of we (Definition 4.10). Then
e is of either of the following types:
(Ie) e is of the form (0,...,0,1,2,..., 6,0, %,...,%) for some L with2 < { < g—J,
———

¢
(IL)) @e is of the form (0,...,0,1,1,...,0,€,%,...,%) for some £ with 1 < { <
> ——

g—J -1
In particular we have |pe| > 3.

Proof. By Corollary 4.22 (2) we have J < n. Thus we have g —J >m > 2. If
o(J + 1) = 2, then ¢ is of type (I). Otherwise ¢ is of type (II). O

For a non-superspecial elementary sequence ¢, we define an elementary sequence
(MW as follows: let 1 be the final sequence stretched from ¢ and let

((p) = min{j € {1,....9} [0#9(j) =[G+ D} (8.4.1)

then we set

. p)—1 if i=1p),
SPORE He)
(1) otherwise
fori =0,...,g and define (¥ as satisfying *'p = I (F=1p) for 2 <k < |g|.
In this subsection we show a little stronger assertion than Theorem 3.1:

PROPOSITION 8.14. There exists a series of elementary sequences pg < -« <
Pe(€;0) such that Yo = P¢ Pe(g)-1 = <1>90E and Pe(g;e) = PE- If (Ta S) 7é (050) we
can choose such a series satisfying oee;c)—2 = <2>g05 in addition. (Here (r,s) is as in
Lemma 8.12.)

The proof is by induction on height of £&. Now we assume Proposition 8.14 holds
for Newton polygons with lower height.

Firstly we consider the case of r = s = 0. In this case { = (m,n) + (n, m); hence
by (4.5.3) we have

oc=1(0,...,0,1,...,m—n,m—mn,...,m—n).

——
Also ¢ is written as
&= (ml,nl) + (mz, I‘lz) + (ﬂz,mQ) + (nl,ml) (842)

with m; + mo =m, n; + ny = n and miny — mony = 1.
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LEMMA 8.15. Let &€ be as in (8.4.2). Then we have

we=1(0,...,0,1,1,....m—n,m—n,...,m—n). (8.4.3)
> ——

n—1 m—n n
In particular if r = s = 0, then we have <1>305 = @c.
Proof. This follows from Corollaries 6.4 and 4.22 (2). O

From now on we assume (7, s) # (0,0). Let J be the first jumping number of ¢,
and £ as in Lemma 8.13. We put

. J 41 for (I), (8.4.4)
J+0+1 for (II)
and set
(x,y,2) = (BU__Q,EU__l,BU)_ ) for (I) and (Ile#), (8.4.5)
(waxayuz) = (bv—3ubv—27bv—lubv) for (112)
Note v < g (see Lemma 8.13), i.e., we have z < b,. By (2.3.1) we have
- == (0,0,1) for (I) and (II,-,),
d(x),0(y),0(2)) = 2 8.4.6
(3(2). 5),52) { o1y e (8.46)
(6(w), 8(x),8(y),8(2)) = (0,1,0,1) for (IL,). (8.4.7)

LEMMA 8.16. We have z < by,. (Therefore w,z,y,z € B by Corollary 4.22 (1)).

Proof. Assume z € {by,41,...,b,} and derive a contradiction. By the definition
(8.4.5) of z and Corollary 4.22 (2), we have £ = m — n. Then by Corollary 4.22, the
following has to hold:

0,...,0,1,....m—n,m—mn,...,m—n) for (1),
———
pe = 0,...,0,1,1,....m—n,m—n,...,m—n) for (II).
———
n—1 m—n n

Hence we have ©¢ = ©(m n)+(n,m) for (I); this is a contradiction. For (II), by (8.4.3)
we have ¢ = ©(my,n1)+(mz,n2)+(n2,ma)+(n1,my)s which contradicts (r, s) # (0,0). O

LEMMA 8.17.

(1) For the types (I) and (Il;>3), we have z,y € C1 and z € Cs.
(2) For the type (I11), we have x € Cy and y, z € Cs.

(3) For the type (Il2), we have w,y € C1 and x,z € Cs.

(4) For the type (Iy>3) we have b1 € Cs.

Proof. By Corollary 4.18, we have by € Oy for all cases. Since 6(by) = 0, we have
0(c) = 0 for all ¢ € Cy with ¢ > by. Thus for all J < i < m with §(b;) = 1, we have
b; € Cy. Hence z € Cy holds; also for the type (II;) we have y € Cy; and for the type
(Ily) we have x € Cs; and for the type (II;>3) we have b1 € Cs.

Since z € Cy and 6(z) = 1, we have ¢ € C; for all ¢ < z with §(c) = 0. Hence we
have y € C} for the types (I), (IIz) and (II;>3). O

By (8.4.6), (8.4.7) and Lemma 8.17 (1) - (3), we obtain

LEMMA 8.18.
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(1) For the types (I) and (Ilg>3), (x,y,2) satisfies (6.3.1) for B =Cy @ Cs.
(2) For the type (111), (x,y, z) satisfies (6.4.1) for B=C1 ® Ca.
(3) For the type (Ip), (w,x,y, 2) satisfies (6.5.1) for B=C1 @ Cs.

Thus the results in §6 are applicable. In the case (B) we need an extra step to
show that the surgeries actually produce ¢ from ¢¢. More precisely we have to show
r > 1 for (I) and (ITy<2), and s > 1 for (IIy>2), i.e., the first breaking point of ¢ is
above the first segment of £ for (I) and (IIy<2), and the lower middle breaking point
of ¢ (=the last breaking point over [0, g)) is above the second segment of £ for (IL;>2).
This will be proved with a help from geometry: Grothendieck-Katz ([9], Theorem
2.3.1). From now on we shall use a line graph which may not be lower convex: for
segments o; = (m;,n;) (i = 1,...,t), putting P; := (3 7_,(m; + n;), Y 1_, n;) for
0<j<tlet L= 911) e —_|—>gt denote the line graph passing through FPy,..., P in
this order. We call £ symmetric if A(0;) +A(0t+1-:) = 1foralli =1,...,¢t. Obviously
we have

LEMMA 8.19. Let L = Q11> e ——I—)Qt and ¢ the Newton polygon o1+ -+ 0¢. Then
we have L < ¢, and moreover if L # (, then there exists a breaking point P of { which
is below L, i.e., L3 P.

PROPOSITION 8.20. For the type (I) we have r > 1. Put
C/ = ZfzfrJrl Cia

é’/ = (m(l) — mir, n(l) i n*’l") _|_ (m(2),n(2)) _|_ (n(2)7 m(z))
+(nM —n_p,m® —m_.),
o = (M_p,n_p)+ (noyp,m—_;).

(See the figure (6.3.5). Note (' < &' is of type (B).) Then we have 2 o = Ve @ ,.

Proof. We define my,n;,my and ny by my + mo = m®, n; +ny = n and
ming —NiMeo = 1. We put

0" = (m2,n2) + (n2, ma),
¢ = (my,n1) + (Mm@, n®) + (0@, m®) + (ny, my).

There exists a unique symmetric Newton polygon ¢” with ¢” < &” satisfying (S) and
(my+ny,ny) &€ ¢”. Clearly ¢ < &” is of type (B). Let £ be the symmetric line graph

(m2,n2) ¥ ¢” ¥ (ng, ma). (8.4.8)

Note there is no lattice point @ with £ 2 @ 2 £ by the construction.
By Lemma 8.18 (1) and Corollary 6.7, we obtain

@ pe = Wopen @ ¢y, (8.4.9)

since we have [(p¢) = J + ¢ — 1 and [((Mpg) = J + ¢ —2.
In order to showr > 1, (" = ¢/, £’ = ¢ and ¢’ = o, it suffices to check £ = o' +(”.
By the induction hypothesis, we have ¢¢» < (Ven; hence by (8.4.9) we have

1 (2)

oo ® oy < Mg ® py = Poe <

thus we get o + ¢” 2 £ by Grothendieck-Katz ([9], Theorem 2.3.1). If £ # o' + (",
then by Lemma 8.19 there exists a breaking point P of ¢’ + ¢” such that £ 2 P 3 &.
This is a contradiction. O
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PROPOSITION 8.21. For the type (1I1) we have s > 1. Put

C/ = Ez:_ir <i7
€ = (m®,n) + (0 — 0 — ) + (0 — s ml® )+ (0D, ),
0 = (ms, ns) + (n57m8)-

(See the figure (6.4.3). Note (' < &' is of type (B).) Then we have (2 pe = Mo @p,.

Proof. We define my,n;,my and ny by m; + my = m®, n; +ny = n® and
mine —NiMme = 1. Put

o' = (my,n1) + (ng,my),
¢ = (m(l)jn(l)) + (ma,n2) + (ng, ma) + (n(1)7m(1))_
There exists a unique symmetric Newton polygon ¢” such that (" < &” satisfies (S)

—

and (m® +nM pM) & ", Clearly (" < ¢ is of type (B). We write ¢ = ¢” + (/
with ht(¢”) = ht(¢}) and set

L= C// I’ Q/ I’ "
=" v
Note by the construction there is no lattice point @ with £ 2 Q 3 &.
By Lemma 8.18 (2) and Corollary 6.10, we have

D oe = Voen @ gy, (8.4.10)

since we have [(p¢) = J and (M) = J + 1.
In order to show s > 1, (" = (', £ = & and ¢’ = p, it suffices to check £ = (" +0'.
By the induction hypothesis we have ¢ < <1><p5~; hence by (8.4.10), we have

Qe ® g < Mopen @ oy = Ppe <

thus we get ¢ + ¢’ 2 € by Grothendieck-Katz ([9], Theorem 2.3.1). If £ # (" + ¢/,
then by Lemma 8.19 there exists a breaking point P of (" + ¢’ such that £L 3 P 3 €.
This is a contradiction. O

PROPOSITION 8.22. For the type (1l2) we have r,s > 1. Put

—1
C/ = Zj:—r-l—l Ci’

5/ = (m(l) —m_, n(l) — n_r) + (m(2) — Mg, n(2) — ns)
+(® —ng,m® —my) + (M —n_,,m® —m_,),
0 = (m—Tu n—r) + (msu ns) + (nsu ms) + (n—ram—r)-

(See the figure (6.5.3). Note (' < &' is of type (B).) Then we have 3 e = Ve @ ,.

Proof. This can be shown in the similar way as in the cases (I) and (II). Use
Corollary 6.12. O
For the type (II;>2) we define {}p¢ by

, we(i for i#J+4,
Wpe(i) = E(.) .7
pe(i)—1 for i=J+¢

fori=1,...,g, and for type (Il;>3) we define {2}y, by

e = {7

for i£J+L J+L0—1,

)
Y—1 for i=J+0 J+L—1
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fori=1,...,9. Note % g = (0 ({1hp,) for (Ips2) and Ppe = V({2 pe) for (1y>3).
PROPOSITION 8.23. For the type (1ly>3), we have r > 1. Put

C/ = ZfzfrJrl Ci’

5/ = (m(l) —m_, n(l) — n_r) + (m(2), n(2))
+(n(2)7 m(z)) _|_ (n(l) —N_yp, m(l) — mi,r),
o = (Mm_p,n_p)+ (Nor,m—_;).

(See the figure (6.3.5). Note (' < &' is of type (B).) Then we have 3 o = P pe @ ,.
Moreover we have p¢r < 2.

Proof. We define my,ny,my and ny by m; + my = m®, ny +ny = n and
mine — Mo = 1. We put

o' = (mg,n2) + (ng, my),
& = (my,ng) + (m(2),n(2)) + (n(z),m(z)) + (ng, my).

Let ¢” be the symmetric Newton polygon such that ¢ < £ satisfies (S) and (m; +
ny,ny) € ¢”. Clearly ¢” < & is of type (B). Let £ be as in (8.4.8). Note by the
construction there is no lattice point Q with £ 2 Q 3 &.

Let 2B, B, = (B1,01) and Br,, be as in §6.3. Clearly the final type of {Q}cpg
is equal to 2B @ PIBY, and the final type of e is equal to By. Moreover the
decomposition By = Br,, @ Cz is the decomposition “B = C; @ C2” for p¢r. Recall
byi1 € Cy (Lemma 8.17 (4)); then applying Lemma 5.7 to x,y € C; C B, we see
that by is an element of T'yz \ {y}; hence we have by € By. Clearly the four elements
by byy1,x and z of By satisfy by < by < x < z and

(61 (BJ), 51(5J+1), 61 (LL'), 51(2)) = (0, 1,0, 1) (8411)
Hence @¢» is of type (IIy>2). By Lemma 8.18 (1) and Corollary 6.7, we have
{2}905 = {1}@5// @ SDQ" (8412)

Applying (1) to the both sides of (8.4.12), we have

B oe = Ppen @ gy (8.4.13)

Let (", ") be the “(r,s)” for " < £”. Then by (6.2.4) and (8.4.11) we have (r", s") #
(0,0). Hence we have ¢¢» < (2)pen by the induction hypothesis.

It remains to show r > 1, (" = {/, £ = ¢ and ¢’ = p. For this, it suffices to
check £ =o' 4+ ¢"”. By (8.4.13), we have

(2) (3

e D g < W per Doy = e < e

thus we get o’ + (" 2 £ by Grothendieck-Katz ([9], Theorem 2.3.1). If £ # o' + (",
then by Lemma 8.19 there exists a breaking point P of ¢’ + ¢” such that £ 2 P 3 &.
This is a contradiction. O

Proof of Proposition 8.14. For r = s = 0 this is nothing but Lemma 8.15. If { < ¢
is of types (I) and (IIy<3), then the proof can be done by the same way as that of
Corollary 8.7 thanks to Propositions 8.20, 8.21 and 8.22.

Assume ¢ < £ is of type (II;>3). Let ¢’ < & be as in Proposition 8.23. Put
c=c(&¢) and ¢ = ¢(¢';¢"). Note ¢/ = ¢ — 1. By the induction hypothesis, there are
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elementary sequences ¢f) < --- < ¢, , such that ¢} = ¢ and ¢, _, = P e We

put ¢; = @, @ p, fori =0,...,c—3and set p._o = P e, po_1 = Mo and g, = ¢.
Note o = p¢r @ @, = @¢. It remains to show ¢; < ¢;41 for all 0 <4 < ¢. This means

OB P < @i Dy, for0<i<c—3,
Qoo @p, < Ppe  fori=c—2,

2 pe < Wipe fori=c—1,
Mpe < ¢ for i = c.

The first, the third and the fourth inequalities are obvious. The second inequality
follows from Proposition 8.23: <3><p5 = <2>905/ D p,. O
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