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ON THE ZEROS OF THE k-TH DERIVATIVE OF THE RIEMANN
ZETA FUNCTION UNDER THE RIEMANN HYPOTHESIS

ADE IRMA SURIAJAYA

Abstract: The number of zeros and the distribution of the real part of non-real zeros of the
derivatives of the Riemann zeta function have been investigated by Berndt, Levinson, Mont-
gomery, and Akatsuka. Berndt, Levinson, and Montgomery studied the general case, meanwhile
Akatsuka gave sharper estimates for the first derivative of the Riemann zeta function under the
truth of the Riemann hypothesis. In this paper, we generalize the results of Akatsuka to the k-th
derivative (for positive integer k) of the Riemann zeta function.
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1. Introduction

The theory of the Riemann zeta function ((s) has been studied for over 150 years.
Among the topics of research, the study of its zeros has been one of the main
subject of interest, in particular, the study of the zeros of its derivatives. In fact,
in 1970, Berndt [2, Theorem| proved that

T T T
Ni(T) = - log ypw +O(logT) (1.1)

where Ni(T') denotes the number of zeros of the k-th derivative of the Riemann
zeta function ¢(®)(s), with 0 < Im(s) < T, counted with multiplicity, for any
positive integer k. In 1974, Levinson and Montgomery [7, Theorem 10| showed
that for any positive integer k,
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where the sum is counted with multiplicity and

odt

Li = —
i) 5 logt

In addition to the above result (1.2), Levinson and Montgomery [7] also studied
the location of the zeros of ( (k)(s). There are many other papers on the zeros of
¢®)(s); for example, Conrey and Ghosh [4, Theorem 1] in 1989, studied the zeros
of ¢¥)(s) near the critical line.

In 2012, Akatsuka [1, Theorems 1 and 3] improved each of the error term of the
results obtained by Berndt and by Levinson and Montgomery mentioned above
(see (1.1) and (1.2)) for the case k = 1 under the assumption of the truth of the
Riemann hypothesis. More precisely, he showed that

1 T T 1 /1
Z <ﬁl_2) :%loglogzﬂ—‘,—%(210g2—10g10g2)T

p'=p'+iv,
¢'(p")=0,0<~'<T

L (T) +O((loglog T)?)

2m
and T T T logT
og
N(T)=-log— —— 408"
i(7) or Sdr o ((loglogT)1/2>

if the Riemann hypothesis is true. In this paper, we generalize these two results
of Akatsuka for any positive integer k. Before we introduce our results, we define
some notation.

We denote by Z, R, and C the set of all rational integers, the set of all real
numbers, and the set of all complex numbers, respectively. Throughout this paper,
the letter k is used as a fixed positive integer, unless otherwise specified. Next,
let p = B+ iy and p® = B*) 4 iy(¥) be the nontrivial zeros of the Riemann
zeta function and the non-real zeros of the k-th derivative of the Riemann zeta
function, respectively. Then we define N(7T') and Ny (T") as follows:

Definition 1.1. For T > 0, we define
N(T):=t{p=B+iv[0<y<T}

and
Ni(T) := §'{p®) = B*) +in™ |0 < y®) < T}

where ' means the number of elements counted with multiplicity.
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The following results generalize Theorem 1, Corollary 2, and Theorem 3 of [1],
respectively. Note that each sum counts the non-real zeros of (*)(s) with multi-
plicity and that the implicit constant in Og(-) depends only on k.

Theorem 1. Assume that the Riemann hypothesis is true. Then for any T > 2n,
we have

1 kT T 1 /1
k) 2 ) = Zloglog — + — [ =log2 — kloglog?2 | T
Z (5 2) 5 loglog o— + o (2 og oglog

P =) iy ()
0<'y(k><T

— kLi (;;) + Ox((loglog T)?),

where the sum is counted with multiplicity.

Corollary 2 (cf. [7, Theorem 3]). Assume that the Riemann hypothesis is
true. Then for 0 <U < T (where T is restricted to satisfy T > 27), we have

1\ kU T 1 /1
# 2 ) = 5 oelog — + — (= log2 — kloglog 2
> (5 2> or 0885 T on <2 o8 oglog2 | U

I =B(R) i (k)
T<~y®LT+U

0 <T10gT) + Ok ((loglog T)%),

where the sum is counted with multiplicity and the implicit constant in the error
term O (%) does not depend on any parameter.

Theorem 3. Assume that the Riemann hypothesis is true. Then for T > 2, we
have T T T log T
og
Npy(T)=—log— — — 4+ 0 | ——— ) -
#(T) or ®4r  2n O ((10g10gT)1/2>

We write Re(s) and Im(s) (for any s € C) as o and ¢, respectively. We ab-
breviate the Riemann hypothesis as RH, and finally, we define two functions F(s)
and Gg(s) as follows:

Definition 1.2.
25
(log 2)*

F(s) == 2°7° " sin (g)m —5),  Gu(s):=(~1)* ¢®)(s).
By the above definition of F(s), we can check easily that the functional equation
for ((s) states

((s) = F(s)C(1 = s). (1.3)
Remark 1. The function F(s) appeared in [1] and [7, Section 3], and the function

Gy (s) is the (")-version of the function G(s) in [1], which is denoted by Z(s) in
[7, Section 3]. Most of the symbols used in this paper follow those used in [1].
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Before we move to the next section, we intend to give a brief outline of the
proofs. Nevertheless, since the steps of our proofs basically follow those given in
[1] with a few crucial modifications, instead of the outline of the proofs, we present
only the main needed modifications related to the proofs.

First of all, condition 2 of Lemma 2.1 of [1] is related to the functional equation
for ¢’(s). In our case, we need to consider ¢((*)(s) for any positive integer k. Thus,
we obtain a function which consists of terms that are not logarithmic derivatives
of some functions, so we cannot easily follow the case of (/(s). In the present
paper, we take care of these terms in a way that does not involve any calculation
on logarithmic derivatives.

Secondly, similarly to condition 2, in condition 3 of Lemma 2.1 of [1], the factor
to be estimated was % (s) which is just the logarithmic derivative of F'(s), whereas

in the present paper, we need to take care of @(s) which is not a logarithmic
derivative of any function. Thus, as in condition 2, we estimate this term for any
k in a way which does not require any calculation on logarithmic derivatives, and
hence we need to take a suitable logarithmic branch of the function log @(s)

The next is condition 4 of Lemma 2.1 of [1]. For {’(s), the term we need to

estimate was %(s) which is just the logarithmic derivative of {(s). In [1], the in-

equality Re (% (s)) < 0 was obtained, however for (%) (s), the sign of Re (C—) (s))

does not seem to stay unchanged in any region defined by « < 0 < 5, t >y for

some r < —1 and large y > 0. Nevertheless, since it is sufficient to show that
PN . . .

CT(s) is holomorphic and non-zero, and has bounded argument in some region of

the above kind, we shall modify the condition in such a way.

Furthermore, with the modifications of these conditions of the first lemma, the
. . . . () .
choice of logarithmic branch of the function log <F(k1)()<g(s)> in the proof of
F S
Proposition 2.2 (which generalizes Proposition 2.2 in [1]) must be taken more care-
fully so that these conditions can be used in our calculations. In order to evaluate

the function log < = = C(C) (s)> , we first define the functions log (F(I})(s) C(:>(8)> )
F

log @(s), and log CT( s) independently. ~ Then using the continuities of

arg (Fl %(8)), arg F;) (s), and arg C(k)
¢

) (s), we observe the difference
I (s)

arg <F<k>1()(:)(s)> — ( arg £ ( )+arg 2 (s )) in the region under evalu-
7 (S0
ation (see the evaluation of I;5 in Proposmon 2.2).

Finally, the region 3 < o < a considered in Lemma 2.3 of [1] does not work

)
well for %(s) The reason is that the current best estimate of & C ( ) depends

on the usage of Cauchy’s integral formula, and hence we need to keep a certain
distance between % and the infimum of o in the region. Therefore, we put here
a small distance €y > 0 (see the statement of our Lemma 2.3).
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2. Proof of Theorem 1 and Corollary 2

In this section we give the proofs of Theorem 1 and Corollary 2. For that purpose,
we need a few lemmas and a proposition which are analogues of those in [1].

The following lemma is a generalization of Lemma 2.1 of [1] for the case
of ¢ (s).

Lemma 2.1. Assume RH. Then there exist ap > 10, o, < —1, and tp >
max {a3, —o} such that the following conditions are satisfied:

2
L |Gr(s) =1 < § (2)7", for any o > ax;
4 )
2. E?:l (?)(_1)]—1W%(1 - 5)‘ <29, for o <o and t>2;
F(k=3)

3. #(s) > 1 holds in the region o < o < %, t >ty — 1. Furthermore, we
can take the logarithmic branch of log %(5) in that region such that it is
holomorphic there and = < arg %(s) < 5"7'” holds, where

5,7) if k is odd,
(g = { BT IR
(=1,1) if k is even;
4. %k)(s) # 0 holds in the region o < o < %, t > tp — 1. Furthermore, we

o
can take the logarithmic branch of log %(s) in that region such that it s

holomorphic there and %’T < arg %(s) < dkTﬂ holds;

5. (o +ity) #0, (¥ (o +ity) #0, for all o € R.
Proof. 1. See [7, (3.2) (p. 54)].

2. We start by estimating %(s) (j=1,2,--- k) in theregion o < 1, ¢ > 2.
We set f(s) := (3 —s) (log (1 —s) —log (2m) + ) 4+ s 4+ O(1), where f(s) is an
analytic function and

fl(s)=—log(1—s)+0(1), fPs)=0(1) (j=>2)
As in [7, pp. 54-55], we can write

F(s) = exp(f(s)).

Using methods similar to [6, Lemma 6 (p. 133)] and [7, pp. 54-55|, we can show
that

FOE) = PO Y (140 (1)) (2.1)

|log s[?

holds for any positive integer j. In consequence, for j =1,2,---  k, we have

s 0] = (10 (1))
> (log|1 — s)’ — |0 ((log |1 — s])I~1)] .
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Certainly, this also holds in the region o < —1, ¢t > 2, so for any positive integer k,
we can take op, < —1 sufficiently small (1.e. sufficiently large in the negative
direction) so that for any s with o < o, and t > 2, we have

F() 1 ) 1 .
]W<s> > (o1 = sy > -(lox (1= )" (22)
Next we estimate & (1 —s)(j=1,2,--- ,k). In the region o < —1, t > 2, we
have
- log 2)7 2. (logn)? 1 < (log )’
(1 — il o
‘C ’ (1 S)’ = ’ 921—s + nz:?) nl-s 2(10g2)]2 +/2 xrl-o dx

J log2
_ (J l)'
= ( (log2)’ + Z o)+ )

1=0
and
=1 =1 w2
1-5)|>21- 1-— =9
C(1 = 9)] 2::2 - nZ;; — o
Thus,

’C(j)

R (1-s5)|<——

ko sk 1w
> ;) EUT“‘S’

j=1 =
k ¢ ])
Z ( ) ’ F(k) ‘ ‘
Jj=1 F(k— J)
k J j—1__3!
2k k 1 1 : (log 2)" ™" 755,
<2°0— — [ =(log2)! - _UEDh)
¥ 3 () wea=ap <2< 082+
6 j=1 =0
Since for any positive integer k,
k J j—t__3
2k k 1 1 : (log 2)" ™" 755,
I L (Lgpgap 4SBT G
e () ma=y (2( 82+ )y |

we can take o < of, (< —1) so that

% & 1 L (log 2y Ly
% () o (3o + 5T ) <0

2
6 j=1
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holds for any o < 0. This implies that

ok _ 1 W
E 1)yl > (11— <2°
B g e«

holds for o < o, t > 2.

Now with the above o), we are going to find ¢, > max {a?,—o%} for which
conditions 3 to 5 hold.

3. We start by examining condition 3. We first consider the region o < 0 < %,
t > 99. It follows from (2.1) that in this region,

F®F)(s) = F(s)(—log (1 —s) + O(1))* (1 +0 ( ! )> (2.4)

| log s|?
holds. This gives us,

F(k)
T(S)

> |(log (1 = 5))"| = [O0q, ((log )" )| = (log )" — O, ((log )" )|

for o, <o < % and t > 99. Thus, for any integer k > 1, we can take ¢, > 100
such that

‘F(k)

()] >1 (2.5)

(s

forakgoééandt>tkl—1.

We note from (2.4) that £ (s) = (=1)F(logt)* + O((logt)*~1) when o}, <

o< % and t > 99. Consequently, for odd integer £ > 1, we can find sufficiently

large ¢} > 100 such that
2

57r<a F(k)()<77r
T < ar §) < 1T
6 87F 6

holds for o, < 0 < % and t > t;cz — 1. Similarly, when k is even, we can also find
sufficiently large tg2 > 100 such that

T F k)
_E < arg I

(s) <

holds for 03, < 0 < % and t > t;; — 1. Since all zeros and poles of F(s) lie on R,

#(s) has no poles for ¢ > 0. This along with (2.5) implies that log #(5) is

holomorphic in the region with this branch. Thus setting

(5,7), if k is odd,
(—1,1), if k is even;

(g, Br) == {
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and

.., if k is odd,
ley =19, ey .
7 if k is even;

we find that log #(s) is holomorphic and that

QT F(k) ﬂkw
5 arg I (s) 5
holds in the region o5 < o < %, t>tg, — 1.

By the above calculations, we see that max {tx,,tx,,as, —0ox} is a candidate
for ¢),. Thus we have proven that ¢; > max {a}, —o} for which condition 3 holds
exists. Since we want ¢ to also satisfy conditions 4 and 5, we need to examine
those conditions to completely prove the existence of tj.

4. Referring to [7, Corollary of Theorem 7 (p. 51)], we know that RH implies
that for any positive integer j, ¢ (j)(s) has at most a finite number of non-real
zeros in 0 < 1. Hence we can count all the non-real zeros of ¢ U)(s)in o < 1 as

pgj),péj), gj), e ,p% (pl(j) = ﬁl(j) + ifyl(j)) for some integer m; > 2 (note that if

¢ (p(j)) =0, then ¢ (W) =0, so m; > 2) in the order such that fyl(j) < 71(1)1

for all 1 <1 < mj — 1. Therefore, (¥)(s) # 0 when 0 < % and t > 'yy(ﬂbj) + 1. We
(

set tg, 1= max ﬁ,{z + 2), then for all j =1,2,--- |k, we have

<ji<k

¢9)(s) £ 0 (2.6)
in the region o < 3, ¢t > tj, — 1.
Next we show that we can take the logarithmic branch of log %(s) in the

region o < 0 < %, t > ty, — 1 for some tz, > 100, so that it is holomorphic there
and

k
%T < arg C(C)(s) < 3/4;771
holds there by first claiming that we can find some ¢, > ¢, for which
¢ 1
Re <<(j1) (s)> <0 (op <o < 3 t>ty, — 1) (2.7)

holds for all j =1,2,--- , k. We first note that for any j =1,2,--- , k, %(s) is

holomorphic and has no zeros in the region defined by o < % and t > g, — 1.
To show this, we refer to [7, pp. 64-65] and we can show that for any
j: 1a2a"' 7k7

2 2
Re (C(j_l) (s)) < ~3 log|s| + O, (1)

holds when o) < 0 < %, and t > ty, — 1. Thus, we can take tj, > tx, such that

(2.7) holds for all j =1,2,--- , k.
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The above immediately implies that for each j = 1,2,--- |k, there exists an
integer [; such that

¢ 3

holds for a <o < ,t > tr, — 1. We then choose the logarithmic branch of each

g +2l;m < arg

of log =& C(J 1) (s) such that each [; in (2.8) is zero and take the logarithmic branch

of log T( s) so that
(’f)
arg Zarg C(] 1)

%, t > ty, — 1. Note that from (2.6) and the

holds in the region o, < o0 <
(also note that we are assuming RH thus ((s) # 0

analyticity of ((*)(s) in o < 1
when o < § and ¢ > t, — 1), log %(s) is holomorphic in this region with this

(k)
branch. We then obtain a holomorphic function log %(s) with inequalities

(k)
%T < arg CT(s) < Skm
in the region o < 0 < %, t >ty — 1.
Combining the proof of condition 3 and the above calculations, we find that
max {t, , tk,, tky, a2, —0x } is a candidate for t;. Therefore we have proven that
tr, > max{a?, —o}} for which conditions 3 and 4 hold exists.

5. Now we set tg, := max {tg,,tky, thy, a2, —Ok -

e Since we are assuming RH, ((o +it) # 0 for any ¢t > 0 if 0 # %

e According to [10, Table 1 (p. 678)], {'(c +it) # 0 for any t € Rif o > 3
and C”(cr +it) #0 for any t € Rif 0 > 5. According to [10, Theorem 1], for
k>3, ¢F(o+4it) #0 for any t € Rif o > Tk + 2. Indeed, we can check
that for k = 1, 7 +2 > 3 and for k = 2, 7 + 2 > 5, thus for any positive
integer k,

(Bo+it)y#£0 (o> ka, t €R).

e Since ty, > ty,, from (2.6), we have (") (o +it) # 0 for o < 3 and t > t,,.

Hence, for any positive integer k, we only need to find ¢ € [tg, + 1, tx, + 2] for
which
¢ §+Ztk #0 and ¢ o +ity) #0  for §<0<Zk+2
hold. Note that this is possible by the identity theorem for complex analytic
functions. Thus, we have shown that ¢; defined above satisfies ¢; > max {a%, —ok}
and also conditions 3 to 5. |
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Remark 2. For k = 1 and k = 2, more precise results are known. Refer to [1]
and [12], respectively. These results are obtained based on the works of Speiser
[8], Spira [11], and Yildirim [15] (also [16]) on the zeros of ('(s) and ¢"'(s).

Proposition 2.2. Assume RH. Take ai and ty which satisfy all conditions of

Lemma 2.1. Then for T > t;, which satisfies (*®) (o +iT) # 0 and (o +iT) # 0
for any o € R, we have

1 kT T 1 /1
k)~ ) =2 loglog — + — [ =log2 — kloglog?2 | T
Z (ﬁ 2) 5 loglog o— 4 o (2 og og log

P =B(R) i (k)
o<~y LT

T 1 [
— kLi (> + — / (—arg((oc +1iT) + arg G (o + iT)) do + Og(1),
27 2w J1/2

where the logarithmic branches are taken so that log((s) and log Gr(s) tend to
0 as 0 — oo and are holomorphic in C\{p + X|{(p) = 0 oroo, A < 0} and
C\{p®) + X[ ¢F) (pF)) =0 or 0o, A < 0}, respectively.

Proof. The steps of the proof generally follow the proof of Proposition 2.2 of [1].
We first take ay, o, and t; as in Lemma 2.1 and fix them. Then, we take T > t,
such that () (o +iT) # 0 and ((o +iT) # 0 (Yo € R). We also let § € (0,1/2]
and put b := % — 0. We consider the rectangle with vertices b + ity, ax + it,
ar,+1T, and b+4T, and then we apply Littlewood’s lemma (cf. [13, pp. 132-133])
to G(s) there. By taking the imaginary part, we obtain

T T
DY (ﬁ(k)—b)z/ logle(b+it)\dt—/ log |G (ar + it)|dt
PR =g (R jn (k) tk tk
te<~yF LT

ag af
- / arg G (o + ity )do + / arg G(o +iT)do
b b

ak
= I1+IQ+L§+/ argGk(U—i—iT)dU
b

(2.9)
where the sum is counted with multiplicity. By the same reasoning as in
[1, p. 2246], we have

I, = O, (1), I3 = Oy, 1, (1).

Now we only need to estimate I;. From the functional equation (1.3) for {(s),
we can deduce that

k , )
(W)= FO(s)ca—s) [1-3 (’“) (1t

=1 M 7o (5) S
(k) ) (4)
= ) e =) | 1222 () 10 s )
j=1 Fo—\S
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Hence,

b
|C®) (b + it) |dt

T T
I :/ log |Gk (b + it dt:/ log
1 ” | ( )| i (10g2)k

’ 2° ’ (k)
= lo dt—l—/ lo b+ it)|dt
/tk 5 (gt [ leslc i)

T
= (blog2 — kloglog 2)(T — t1) —|—/ log | F(b + it)|dt

tr
/ s |[
+ og | ——
tk F

T
b—l—z’t)’dt—i—/ log |¢(1 — b — it)|dt

ty
AT [0 o 4 [T N
+ [ log|l— ()—1—1— —it)|dt
122 j=1 J Ff}iil)(b—kit) ¢
=: ((blog2 — kloglog2)T + Oy, (1)) + Iio + Iz + I14 + I15. (2.10)
As shown in [1, pp. 2247-2249],

1 T

ar
Ly = _/ arg ((o +iT)do + Ogy 1, (1)-
1-b

Below we estimate I3 and Iy5.

We begin with the estimation of I;3. We consider for 0 < o < % and t > 100.
We first show that

PO = Fe ) (140 (15 ) 10 (mrmr)) )

holds in the region o < 1, ¢t > 100. It is obvious that the above error estimate is
more precise than that in (2.1). The proof is similar to the proof of condition 2 of
Lemma 2.1. We begin by taking the logarithmic branch of log (sin %) as

s TS iy e
1 (‘7>:_7_1 2 f_E:
og sm2 5 og +2 "

Tins

(2.12)

in the region 0 < ¢ < 1,¢t > 2 and analytically continue it to the region
o < 1, t > 2. Next, we apply Stirling’s formula to I'(1 — s) in the region
—% <arg(l —s) < 7. Substituting these into F'(s), we obtain

Fe)=ew (T -1+ (5= s +o o) o 1))

Tins
e .

m

for o < 1 and ¢ > 100, where the term O(e™") comes from the term > 7,
(2.12) and the term O (ﬁ) originates from the Stirling’s formula.

n

79
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We now write f(s) :== (3 — s) log %JrerO(e’t) +0 (ﬁ) and differentiate

it with respect to s to obtain

, 1—3s) 1 4 1
f(s)z—log( 27r) +2(1—s)+0(€ )+O(|s|2)

and
1) =0 +0 (15

for j > 2. (2.11) immediately follows. As a consequence to (2.11),

F®) t+ (1 —b)i 1 1\\"
- i) = [ —1 -
7Tt ( T on +2(1bit)+o<t2>)

(10 (e

= (Ftog g+ P20 o (1))

This gives us

F® b+1 klogl ¢ k1 1
fa (b+it) = klog og%-i- og(—1)

2 —2(1 =b)((1—b)2+12) . 1
+klog <1 o 2((1—b)2 + 12)tlog o= ito <t2 logt) )

4c=

t
= kloglogz— +klog(—1)—k
™

i)

Consequently we have

log

2 —2(1 = b)((1 —b)% +t?)
2((1 = b)2 +t?)tlog 5=

Re (1 —F(k)b ) kloglog -~ + O =
e(og 7 ( —i—zt))— oglog o+ (t(logt)2>'
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T
F
.[13 = / log
tr

(k)b it)|d TR 1 F(k)b it) | d
T( —Ht)’ t_/tk e(ogF( +zt)> t
T T
t dt
:k/ loglog —dt + O / —_—
i 8598 on (tk t(logt)2>

T T
= kT log log o 2kLi (27‘r> + Oy, (1).

Hence,

Finally, we estimate I15. Again from the functional equation (1.3) for {(s), we
have

ko /E - 1 Il
(¥ (s) = FO) (s)C(1 — 5) 1;@(1% o 1)
_F® ko sk i 1w
= ) lg(j)u) 0
which gives us
SN (k)_ a1
e < TRl e e

It follows from condition 2 of Lemma 2.1 that the right hand side of (2.13) is
holomorphic and has no zeros in the region defined by ¢ < o, and ¢ > 2. Moreover
from conditions 3 and 4 of Lemma 2.1, the left hand side of (2.13) is holomorphic
and has no zeros in the region defined by o, < 0 < % and t > t; — 1. Thus, we
can determine log (1 - Z?:l (?)(—l)j_1%¥(1 — s)) so that it tends to
0 as & — —oo which follows from condition 2‘7 of Lemma 2.1, and is holomorphic
in the region o < %, t >t — 1.

Now we consider the trapezoid C with vertices b + itg, b + i1, —T + T, and
—tg + ity (as in [1, p. 2247]). Then by Cauchy’s integral theorem,

ko lk i 1w B
/Clog 1-> (j)(_m —————(1—s) |ds=0. (2.14)

j=1 o7 (8) ¢

By using condition 2 of Lemma 2.1, we can also show that (cf. [1, p. 2248])
—T+iT —tr+ity or+ite
Jovw S 7]
or+iT —T+:T —tptite

u , ()
log | 1— Z (f) (—1)7_1F(%C—(1 —3) |ds=0(1).

j=1 7o (5) ¢




82 Ade Irma Suriajaya

Next we estimate the integral from oy, + ity to b+ ity trivially and we obtain

b+its k
/ log [1-)" (%)(—1)3'—1“,52_] (1—5) |ds = Oy, (1).

ktite =1 M Fa= (5)

Substituting the above two equations into (2.14) and taking the imaginary
part, we obtain

1 2
I[is = I 1-— _ 1—0b—1t)|dt
N /t " ;10 Fif"% (b+it) € 3 "
b kL rh | 1 @)
= 1-— )yl = > (11— —iT) |d Oy, (1
L“g ;(}) Py e o Jde - ou)
b
(2.13) 1 ¢ .
e - ) |d @) .
/ rg< o >> o+ 04, (1)

Now we determine the logarithmic branch of log @(s) and log #(s) in the

region o < 0 < %, t >t — 1 as in conditions 3 and 4, respectively, of Lemma 2.1.
Note that

(k) (k)
log —_— —log d CT(s)

(s)

+ log

)
holds in the region o, < 0 < %, t > tp—1. Furthermore, since log < L C: (s))

B () >
(= log (1 S (B < s>)> 6 7 (s),

w77 (8)

F

1 Cf
F(k) ¢
<

holomorphic in this region, we know that arg

(k) .
arg CT(S) are continuous there. Since the region oy o

connected, there exists a constant n € Z such that

(k) Jald) (k)
arg <F<1<>Cc<>> — —arg T (s) + arg () + 207
F

holds in oy, <o < 3, t >t — 1.
From this choice of logarithmic branch, we have

1 ¢

(3k — Br)
F (k) ( + ZT) C

6

T+ 2nmw < arg ( >—(o+ T)) %w + 2nm
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for o, <o < % Here, ay, and Sy are the constants given in Lemma 2.1, that is,

(5,7), if k is odd,

(g, Br) = {(_17 1), if k is even.

Since n does not depend on s, n = Oy (1). Therefore

1 —C(k)( /T) Or(1)
arg - o+ = U .
EX (o +iT) €
From this, we can easily show that
Iis = Ok(1),

for o} and t are fixed constants that depend only on k.
Inserting the estimates of 12, I13, I14, and 15 into (2.10), we obtain

1 T T
I = (blog2 — kloglog2)T + | = —b | [ Tlog — — T | + kT loglog —
2 27 27

— 2krnLi (T> - /ak arg ((o +iT)do + Ok(1),
1

27T —b

since ay and t; are fixed constants that depend only on k.
To finalize the proof of Proposition 2.2, we insert the estimates of I, I, and
I5 into (2.9) to obtain

T T
k) _p) = il _ _ i
2m E (8 b) = kT log log o + (blog2 — kloglog 2)T — 2krLi (27r>

o8 =g (k) iy (R
o<y® LT
1 T ok .
+z-b)(Tlog—-T) — arg ((o +iT)do
2 2T 1—b
ak
+ / arg Gy (o + iT)do + Og(1).
b

Taking the limit § — 0, we have b — %7 thus

1\ kT T
k) _ ) = X2 oo log —
2 (6 2) or 8% 9n

p(lv‘):5(’V)_’_Z‘.}/(’V)7

o<y LT
1 /1 (T
+ o <210g2 — kloglogZ) T — kLi (271-)
1 e
+ — (—arg((oc +iT) + arg Gi(o +iT))do

+ Or(1). | |
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Remark 3. The proof of Proposition 2.2 (and thus of Proposition 2.2 of [1])
actually, more or less, follows the proof of Theorem 10 given in [7, Section 3.
One obvious difference is that we did not estimate the fourth integral in (2.9)
while Levinson and Montgomery estimated the corresponding integral (the fourth
integral in (3.1) of [7, Section 3]) as O(log T"). As in Akatsuka [1], it turns out that
this term contributes to the integral appearing in Proposition 2.2 which will be
estimated in the following few lemmas. This integral will contribute to the error
term to Theorem 1 and in the proofs of the following lemmas, we shall use the
assumption of RH to reduce the upper bound of this integral.

Remark 4. In contrast to the proof of Theorem 10 of [7], in this paper (and
in [1] as well), we describe some important estimates, such as those on G(s),
*(s), and &(s), which are related to the existence of fixed constants ag, o,
and t; in Lemma 2.1 for the sake of clarity. Furthermore, we also explicitly state
Proposition 2.2 since it clearly points out the main terms of Theorem 1 and thus
this gives the readers clear information of the term that in the current research

contributes to the error term which is to be possibly improved in future research.

To complete the proof of Theorem 1, we need to estimate

1
2

/ " (Carg (o +iT) + arg Gy (o + iT))do

in Proposition 2.2. For that purpose, similar to the method taken in [1], below we
give two bounds for —arg ((o +iT) 4+ arg Gy (o +iT). We write

—arg((o +iT) + arg Gi(o +1iT) = arg%(o—i—iT)

where the argument on the right hand side is taken so that log %(s) tends to 0
as o — oo and is holomorphic in C\{z + \| (¢ /¢)(2) = 0 or 0o, A < 0}.

Lemma 2.3. Assume RH and let T > t;,. Then for any e > 0 satisfying eqg <
ﬁ (since T >ty > 100, ¢ < %), we have for % + e <o < ag,

log T
arg %(0 +iT) = Og, 1, (10g1€0> .
¢ P
Proof. To begin with, we note that %(s) is uniformly convergent to 1 as 0 — oo
for t € R, so we can take a number ¢; € R satisfying arp + 1 < ¢ < % and
1 <Re <%(s)) < 2 (when o > ¢;). In fact, we can check that taking ¢, = 10+k?
is enough.

The proof also proceeds similarly to the proof of Lemma 2.3 of [1]. We
let 0 € (1/2 + €o,ax] and let qg, /¢ = qg,/¢c(0,T) denote the number of times

Re (%(u + ZT)) vanishes in u € [0, ¢;]. Then, ‘arg %(a + zT)’ < (gGppc +1)
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Now we estimate qg, /¢c. For that purpose, we set

Hi(z) = Hyp (2) = < < (z€0)

and ng,(r) = #H{z € C|Hg(z) = 0,|z — c&| < r}. Then, we have qg, /0 <
np, (cp — o) for % + € < 0 < ai. For each 0 € (1/2 + €9, ax], we take € = €, 1
satisfying 0 < ¢ < 0 — % — €9, then Hp(z) is holomorphic in the region {z €
C|lz —ck| < e —o +€}. Asin [1, p. 2250], by using Jensen’s theorem (cf. [13,
pp. 125-126]), we can show that

1 Cp—0o+e€ ny (T)
ng, (ckg — o) < 0716/0 %dr

1 2w

) 1
- log | H, - 9|do — — log |H,
Crear s og |Hy(c + (cr. — o+ €)e’”)] Cre og |Hy ()|

for some constant C; > 0, which by our choice of ¢; gives us

1 27

i 1
< Creon ; log |Hi(ck + (e, — o+ €)e 9)|d0 + EO%tk(U, (2.16)

n, (ckp — o)

Finally we estimate - f027r log |Hy(cp + (cx — o + €)e??)|df. From [14, Theo-
rems 9.2 and 9.6(A)] (similar to what stated in [1, p. 2250]),

Cosn=o()
g3

= (o £ it)
holds for % < 0 < 2¢; and % <t € 2T. Thus, for %—&— € < o < 2¢;, and

¢
% <t < 2T, we have

g(oiit)O(IOgT>. (2.17)

€0

With this estimate, we show that

holds for 2 + €y < 0 < 2¢; and T < |t| < 27. We use induction on k in the
equation. For k = 1, %(0’ +it) =0 (loﬂ) follows from (2.17). Suppose that

€0
(n n
%(s) =0 (%) hold in the region 1 + €y < 00 < 2¢;, T < |t| < 27T for a
0
positive integer n, then

(4“”@)' 0 wd20<<lgﬂ) (2.18)

C 2mi |z—s|=¢€0 (Z - 8)2 €g+1
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Meanwhile,

!

((n) _ C("H) B @ ) g )
<<(8)> e CEL R

holds in the region.
Therefore, by (2.18) and by the induction hypothesis,

0 <(log T)”“)

n+1
€o

holds for % < o0 < 2¢;, and % < |t| < 2T'. Hence, by induction, we find that
¢k (log T)*
TP

€0
holds in the region defined by %—i—eo < 0 < 2¢;, and % < [¢| < 2T. This immediately
gives us

i log T')*
|Hi(cr + (ck — 0+ €)e)| <a, .ty %,
0

and so ( )k
, logT
_ 0
|Hi(ck + (e — 0 + €)e™)| < Colag, tx) o

for some constant Cy > 0 which depends only on a; and t;. Thus,

log T

€o

1 [ 4
2—/ log |Hy,(ck + (ck — o + €)e'?)|df < log Cy(ay, tx) + klog
T Jo

logT
Ly ty, log ) .
€0

Applying this to (2.16), we obtain

1 logT
ny, (cp —0o) = gOak,tk <10g fo )

which implies

G 1 logT
arg—k(a +iT) = =Oq, 1, (log ) ) .
C € €0

Taking € = % (0 — % — 60) (< o — % — 60), we obtain

G log s T
arg Tk(a—i—iT) = Ogy ta (gEO . [ |
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Lemma 2.4. Assume RH and let A > 2 be fixed. Then there exists a constant
Co > 0 such that

log T)2(1=9)
(k) . ‘ < (log log T)1/10
‘( (o +it)| < exp (C’o <log log T + (logT')

holds for T > ty, %gtéQT 1

1
727 loglogT <0<A

Proof. Referring to [14, (14.14.2), (14.14.5), and the first equation on p. 384] (cf.
[1, pp. 2251-2252]), we know that

. (log T)*(1=7) 1/1
)] < Cy | ——L—— log T)*/10 2.19
clo+in) < e (€ (FELZ) + oeT) (219)
holds for % — 710g120gT <o<A+1, % < t < 3T for some constant C3 > 0.

Applying Cauchy’s integral formula, we see that

CYRLA ) 0 for 0 1
¢\ (s) /|z—s|=e( z or 0<e<y

2mi z — §)ktl

<o < A and % <t < 2T. Applying
, we obtain Lemma 2.4. |

holds in the region defined by % —
(2.19) and by taking € =

1
loglog T
1 1
2(loglog T)1/* (< 2)

Lemma 2.5. Assume RH and let T > t;. Then for any % <o < %, we have

(log T)2(1=2) >

G iT) =0, | ———~
arg Gi(o +1T) * <(10g10gT)1/2

Proof. The proof proceeds in the same way as the proof of Lemma 2.4 of [1].
Refer to [1, pp. 2252-2253] for the detailed proof and use Lemma 2.4 above in
place of Lemma 2.6 of [1]. |

Remark 5. The restrictions of the lower bound of T' we gave in Lemmas 2.3, 2.4,
and 2.5 are not essential, but they are sufficient for our purpose. We may let T be
any positive number in Lemmas 2.3, 2.4, and 2.5, however in that case, we need
to modify some calculations in the proofs. Thus we used these restrictions for our
convenience.

Proof of Theorem 1. First of all, we consider for T > t¢;, which satisfies ((k)(UJr
iT) # 0 and ((0 +iT) # 0 for any o € R. By Lemma 2.3, we have

" G ar log AT logT | 1
/ arg —k(a +iT)do <, 1, / —g—do <, log g log —.
%+260 < %+260 0—35 —€ €0 €0

Next, by Lemma 2.5,
o (log T)2(1=) 1 3
arg Gk(Cf + ZT) = Oak <(10g10W for 5 <o < 1
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and from (2.23) of [1, p. 2251] (cf. [14, (14.14.3) and (14.14.5)]), RH implies that

(log T)Z(l—a) >

Ty
arg (o +iT) O( loglog T

holds uniformly for % <o < %. Thus,

%+260 Gk logT
. g
/l arg R (o +iT)do <, (loglog )12 €0-

2

Now we take €y = ﬁ (< %loéT), then we have

ag G
/ arg Tk(a +4T)do <, 1, (loglogT)?.
1

3

Applying this to Proposition 2.2 and noting that a; and t; are fixed constants
that depend only on k, we have

1\ kT T 1 (1
LY A 10g L Slog2 — Kloglog2 ) T
> (5 2) o 8807 T on (2 o8 T ion 8

pU)=g(R) iy (k)
o<y T

T
— kLi (2> + Oy ((loglog T)?). (2.20)
m
Secondly, for 47 < T < tj, we are adding some finite number of terms which
depend on tg, and thus depend only on & so this can be included in the error term.
Thirdly, for T > t;, such that ¢¥) (0 44T) = 0 or {(o+4T) = 0 for some o € R,
there is some increment in the value of Zp(k)zﬁ(&)f”(k)v (5(@ — %) as much as
o<y LT

3 <5<k) _ 1>.
09 Zg(K) iy () 2
’y(k>:T

Now we estimate this and we show that this can be included in the error term
of (2.20). We start by taking a small 0 < e < 1 such that (%) (o 4+ (T +¢)) # 0
and ((o +i(T £ ¢€)) # 0 for any o € R. According to (2.20),

1 k(T +¢) T+e
> (M- ) — = loglog
09— g () 4 o (R) 2 27 27
0<y*F T +e

1 /1 (T +e€
+27T<210g2k10g10g2> (T+e)kL1< o )

+ Ok ((log log T)2),
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1 k(T —¢€) T—¢
) _ 2) = 2= Z Y6000
) zk: G or 88 Ton
P9 3R iy (R
0<yF LT —e

1 /1 (T —c¢
+27T(210g2—klog10g2> (T—e)—kLl( )

2m
+ O((loglog T')?).
Thus,
1 k(T T k(T — T—
Z gk — ) = ﬂloglog e ( 2 log log
2 2 27 27

pF) =) 4~ (k)
Tfe<'y<k)<T+e

1
+ € <log2—kloglog2>
T\ 2

(T +e (T —e€ 9
—k(Ll( 5 )—Ll( o >)+Ok((10glogT))
k T k 1

—Gloglog+6T+6(log2k10glog2>
T T 7 5= 7 2

ke €2
_— loglog T')?
7rlog2:’;r+O<T10gT>+Ok((Og ogT)")

k T 1
:—Gloglog—JrE —log2 — kloglog 2

™ 27 wm\2

+ O((loglog T)?).

This gives us

> (6%-3) = Oultioglog )

pF) =) iy (k)
T—e<y ™ LT +e

which implies

1
> <5<k> - 2) = Or((loglog T)?).
() —g(k) 4 (F)
p ﬁk):-%T"/

Therefore, this increment can also be included in the error term.

Hence,

1 kT T 1 /1
*) 2 ) =2 Joglog — + — [ Z1log2 — kloglog2 | T
*) % *) (ﬁ 2) o o Og27r+27r (2 % o808
pt =gt iy (B

0<’Y(k)<T

— kLi (2T7T> + Ox((loglog T)?)

holds for any T' > 2n. |

89
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Proof of Corollary 2. This is an immediate consequence of Theorem 1. For the
proof, refer to [7, p. 58 (the ending part of Section 3)]. [ ]

3. Proof of Theorem 3

In this section we give the proof of Theorem 3. We first show the following propo-
sition.

Proposition 3.1. Assume RH. Take ti, which satisfies all conditions of Lemma
2.1. Then for T > 2 which satisfies ((o 4 iT) # 0 and () (o +iT) # 0 for all
o € R, we have

T T T

1 1 1
N (T) = lg47T2+argGk( +zT>+arg(( +1T>+Ok(1)

where the arguments are taken as in Proposition 2.2.

Proof. The steps of the proof also follow those of the proof of Proposition 3.1
of [1]. We take ag, ok, tk, T, §, and b as in the beginning of the proof of Proposition
2.2. Welet b/ := 1 — 2. Replacing b by V' in (2.9), we have

T T

LD (B““—b’)z/ log\Gk(b’—i—itﬂdt—/ log |G (ax + it)|dt
() =g (k) 4y (k) tk tk
o<~yF LT

’ /

ag ak
—/ arg Gk(a—i—itk)da—i—/ arg Gi (o +iT)do.
b

Subtracting this from (2.9), we have

T T
73(NW(T) — Ni(t)) /log|Gk(b+it)|dt—/ log |G (V' + it)|dt

tr tr

v b
—/ argGk(a—i-itk)da—i—/ arg Gy(o +iT)do  (3.1)
b b

b/
:J1+J2+J3+/ argGk(a—FiT)da.
b

Referring to the estimate of I5 in the proof of Proposition 2.2 (cf. [1, p. 2246]),
we can easily show that

Js = Oy, (5).
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Now we estimate J; + J2. From (2.10), we have

T T
J1—|—J2:/ log|Gk(b+it)|dt—/ log |G (V' + it)|dt

tr Tk

T
= ((b—b")log 2)(T — t) +/ (log |F(b+it)| — log |F (b’ + it)|)dt
F®

(k)
S (b+it)

T F
+ / <log
tr

7 — log
T
+/ (log [¢(1 — b —it)] —log [C(1 — b —it)|)dt

tr
T k i
k o 1 2 _
+/ log |1 — <) Y2 (1 - b — it
b ( ; i)Y s +it) € ( )
aye - 1 2 .
—log |1 — (> Y2 (1 —it)| |dt
2 ) Em ¢ :

)
=: <<—2 log 2) T + Oy, (5)) + Ji2 + Jiz + Jia + Jis.
Referring to [1, pp. 2255-2256], we have

) T
Ji2 = 5 (Tlog% - T) + Oy, (0),

1-b
Jua = / arg C(o + iT)do + Oy, (6).
1-b

We only need to estimate Jy3 and Ji5. We begin with the estimation of Jy3.

(k

We determine the logarithmic branch of log FT)(S) for0 <o < % andt >ty —1 as
in condition 3 of Lemma 2.1. We then have arg %(s) € (agm/6, Brm/6), where

the pair (ag, Ox) is defined as in Lemma 2.1.

As in [1, p. 2255], we apply Cauchy’s integral theorem to log %k)(s) on the
rectangle with vertices b+ ity, b’ +ity, b’ +4T, and b+ 4T and take the imaginary

part, then we obtain

b’ F(k) b F(k)
Jiz = / arg (o +ity)do — / arg (o0 +iT)do = O(9).
b F b F
Finally, we estimate Jy5. We determine the logarithmic branch of

€)
1 (73(

o [1-3° (’j)(—l)f‘—lm

j=1 7o (5) ¢

1—3)

91
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in the same manner as that in the estimation of I15 in the proof of Proposition 2.2,
then it is holomorphic in the region 0 < o < %, t >t — 1. Applying Cauchy’s
integral theorem to it on the path taken for estimating Ji3, we have

k

bl
k . 1 (4)
s :/b arg | 1= Z < ')(1)j1 FR : (-0 —ity)

= oy (0 +ite) S

b/ .

k . 1 ¢W .
- arg [ 1 — < > (-1 e 2> (1 -0 —iT) | do.

/b ; J s (e +iT) €

Again using (2.13),

p /b’ 1 C—(k) ( ) o

= arg | =———-=>——(0 +it
2 ED (5 4 ity) € g

F

' v T) |d
- mm e e

Applying (2.15), we obtain

Jis = Og(9).

Hence, since tj, is a fixed constant that depends only on k,

5 T 1-b
Ji+Jo = (Tlog4 —T> / arg ((o +4T)do + Oy (9).
1-b/

Inserting the estimates of J; 4+ Jy and J3 into (3.1), we have

1-b g (3.2)
+— </1 arg((o—l—iT)da—i—/b argGk(U—&—iT)dU) + Or(1).

—b

Taking the limit 6 — 0 and applying the mean value theorem,
1ot 1
lim—/ arg ((o +iT)do arg(( +2T>

by noting that b = % —dand bV = % g And similarly,

1Y 1
%i_l}r(l)%/b arg G(o +iT)do = 2aurgGk< —l—zT)
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Substituting these into (3.2), we have

T T T 1
N (T) = 27T1g47r—2+2ag6'k< +2T)+2argﬁ( +2T>+Ok(1).

If 2 < T < tg, then Ni(T) < Ni(tr) = Oy, (1) = Ox(1). Hence the above equation
holds for any T > 2 which satisfies the conditions of Proposition 3.1. |

Proof of Theorem 3. Firstly we consider for T' > 2 which satisfies (%) (0 +iT) #
0 and ((o +4T) # 0 for any o0 € R. By Lemma 2.5,

1 logT
~+iT) =0, [——=
arg G (2 o > Oas ((loglogT)1/2>

and again from (2.23) of [1, p. 2251], we have

logT
arg ¢ < + ZT) o <log10gT> .

Substituting these into Proposition 3.1, we obtain

T ) T T logT
N (loglog T)1/2

Next, if ((o +iT) = 0 or (¥ (g 4+4T) = 0 for some 0 € R (T > 2), then we
again take a small 0 < € < 1 such that (*) (o +i(T'+¢€)) # 0 and ¢ (o +i(T+e€)) # 0
for any o € R as in the proof of Theorem 1. Then similarly, we can show that the
increment of the value of N (7T) can be included in the error term of the above

equation.
Therefore
T T T logT
Np(T) = —log — — — —_—
+(T) or 8 4 271'Jr <(1oglogT)1/2)
holds for any T' > 2. |

Remark 6. It is well-known that in the case of the Riemann zeta function ((s),
the number N(T) of zeros of ((s) is estimated as

N(T)—gl g%—2£+3( )+O<1)

where S(T) = Larg( (3 +4T) with a standard branch (cf. [14, Theorem 9.3]).
Thus, the function S(T') determines the error term in the estimate of N(7T'). Under

RH, we have
logT
T) = — .
S(T) O(loglogT) (3:3)
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(cf. [14, (14.13.1) of Theorem 14.13]). In comparison to the above estimate, the
term that determines the error term of Ny (T') is

1 1 . 1 1 .
%argGk (2 —HT) + gargg (2 +2T>

by Proposition 3.1 and under RH, they are currently estimated as follows:

1 - logT 1 - logT
e () -0 ). () o250

(3.4)

This estimate of arg Gy, (3 + ¢T) determines the error term of N (T) and it results
in Ni(T) having error term slightly greater in magnitude than that of N(T).
However, this is the best known estimate on Ni(T') under RH at present.

Furthermore, the size of the implied O-constant in (3.3) has been studied in
many papers, such as [3] and [5]. In contrast to this, we currently have no infor-
mation about the implied O-constant in the first equation of (3.4).
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