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A NOTE ON THE CONGRUENCES WITH SUMS OF POWERS
OF BINOMIAL COEFFICIENTS

ZHONGYAN SHEN, TIANXIN CAI

Abstract: Let p > 7 be a prime, [ > 0 be an integer and k, m be two positive integers, we
obtain the following congruences,

(I+1)p—-1 kp — 1>m _ (kjl)mzkm(Pfl) (mod p3)y if 2 J[ m,
3 ) = ey st 2l
and
l — — .
(Hf 1(71)s<kp71)m5 (=D!(5 )2k (mod p°), it 2 | m,
= s (-)¥( ;1) (?512) (mod p*), if 2tm.

Let p and q are distinct odd primes and k be a positive integer, we have

kpg — 1 Ekp— 1 kg — 1
((pqpi 1)/2> = ((pli 1)/2) ((q i 1)/2> (mod pq).
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1. Introduction

['he well-known identities
) < > > ) < >2 <2 )
ZS_ “\s Z’_ “\s n

Se(D)=o S () = (7))

s=0

and

are true for any positive integer n.
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In 1879, Lucas [3] proved that

("1 =0 ey

S

for any s, 0 < s < p— 1, with p prime. In 1895, Morley [4] showed that for any
prime p > 5,

R =471 (mod p?
=1 (@—1)/2)4 (mod p7).

In 2002, Cai and Granville [1] showed several arithmetic properties on the residues
of binomial coefficients and their products modulo primes powers, e.g.,

(wn2) = (6 02) (D) nodro

for any distinct odd primes p and q. They also proved that if p > 5 is a prime and
m is an integer, then

pil p—1\" _[2m®=D  (mod p*), if2{m,
s T (") (mod pt),  if 2| my

5=0 p—1
and
Pz—:l(_Ds <p - 1)’" _ {2’”(1’1) (mod p?), if 2 |m,
LEU) =) moapt), ir2gm
Let
(HDp=1 0 \™ N N
Comb= S (kps ) . Cmk )= Y (—1)5(1)5 ) :

s=lp
In this paper, we obtain the following theorems.

Theorem 1. Let p > 7 be a prime, | > 0 be an integer and k, m be two positive
integers. Then

(Y 2Em =D (mod pB), i 24m,
C(m, k1) = {(k—l)m(kmp—Q) (mod p*), if 2| m;

l p—1

and

C'(m, k1) = {(_”l(k?l)mzm(?-” (mod ), if 2| m,

(=DM (B r?) (mod pt),  if 2 m.
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When [ = 0, we have
Remark 1. Let p > 7 be a prime and k, m be integers. Then

p—1 _ m ka(p_l) 3 £ 9
C(m, k,0) =Y (k‘p 1) _ { (mod p?), if 2¢m,

s (kmp—z) (mod p*), if2|m;

s=0 p—1
and
'(m, k, 0) le (kp—1> _ J2Em D (mod p?), if 2| m,
= TG modph). ir24m

By Theorem 1 and Remark 1, it is obviously that

Remark 2. Let p > 7 be a prime, [ > 0 be an integer and k, m be two positive
integers. Then
Comppy = L1 COnk0) - (mod p?),if 24 m,
m, k1) = v .
(kl N7C(m,k,0)  (mod pt), if2|m;

and

(—l)l( . ) C’(m,k,O) (mod p*), if 2 m.

When m = 1, since (kfl) = (kIZ) + (1;712) by Theorem 1, we have

Corollary 1. Let p > 7 be a prime and k be a positive integer. Then
C(1,k, 1) = (C(1,k—1,1) + C(1,k — 1,1 —1))2P71  (mod p?).

Theorem 2. Let p and q are distinct odd primes and k be a positive integer, we

have
(or70i2) = (67 w72 (e e) (000

2. Preliminaries

In order to prove Theorem 1, we need the following lemmas.

Lemma 1 (|2, 5]). Let p > 5 be a prime and k < p — 4 be a positive integer.
Then

i
L

1k \
i=1 it~ mpo*l*k(mOd 7).
n (2 - 2)(285¢ — S22b)(mod p?),if k > 1is odd,
IR R L aE d p?),if k i
2k =\ 24Dy P p—1—k(mod p?),if k is even,
= —2¢,(2) + pga(2)(mod p?),if k =1,

where B, is the n-th Bernoulli number and g,(n) = (n?~! — 1)/p is the Fermat
quotient.
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Lemma 2 ([7]). Let p > 5 be a prime and u > v > 0 be integers. Then

(2)+() wir

Lemma 3 ([8]). Let p > 5 be a prime and n,« be two positive integers. Then

90512 ~ |0 (mod p), if2/na.

Z 1 _{0 (mod p?), if 24 na,

1<hi<l2 < <ln<p—1
Lemma 4. Let p > 3 be a prime and r be an integer, we have
p—1 s =
1 1 1
S —
DD =D
s=1 i=1 i=1

Proof. Exchange the order of sums, we have

p—1 S 1 p—1 1 p—1
PCID ISP IFD P C I
s=1 =1 i=1 s=1
p—1 p—1
If ¢ is odd, then > (—1)° = 0. When ¢ is even, then ) (—1)° =1, let ¢ — 2i, we
obtain N B
BEDREINEES S
L 1 Lt S Ly
=1 s=1 =1
Therefore,
p—1 s 2zt
1 1 1
SEIDIEER DI
e g7 27 i
s=1 =1 =1
We complete the proof of Lemma 4. [ |

Lemma 5. Let p > 7 be a prime, we have
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Proof. By harmonic shuffle relation, we have

p—1 s 2 p—1 s
NSO I WETH EID VIR RS oF:

s=1 i=1 s=1 1<i<j<s i=1
p—1 1 p—1 s 1
SO M T RETD o
s=1 1<i<j§sz = i1
=2 ) Z )y Z Z
1<i<j<p— 1 i=1
= > +Z DIF
1<i<j<p—1 i=1
1 j p—1 s
DI TD M DD ot
1<i<j<p—1 1<i<j<p—1 s=1 i=1
By Lemma 3, we have
% =0 (mod p).

1<i<j<p—1

By (101) in [6], we obtain

I<i<jsp—1

By Lemma 1 and Lemma 4, we get

p—1 5.1
> (1) Z 5 =0 (modp).
s=1 i=1
Therefore, we complete the proof of Lemma 5. |

Lemma 6. Let p > 3 be a prime and r be an integer, we have

p—1 s ) —p+1 (mod p3), ifr=1,
Z — Z - = 0 (mod p?), if r is even,
s=1i=1 Isisssp—1 0 (mod p), if v > 1 is odd.

Proof. Exchange the order of sums, we have
p—1

11 Gt S e R Sk |

s=1 i=1 i=1 2

p—1 s

s=11i=
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When r = 1, by Lemma 1, we have

S

ZZi —pzf—21——p+1 (mod p°).

s=1 =1
When r is even, then r — 1 is odd, by Lemma 1, we have

p—1 s

ZZ% =0 (mod p?).

s=11i=1

When r > 1 is odd, then r — 1 is even, by Lemma 1, we have

We complete the proof of Lemma 6. ]

Lemma 7. Let p > 5 be a prime and r be an integer, we have

p

-1
1 1
S loy Loyt wa, )
s=11<i<j<s J 1<i<j<s<p—1 t
p—1 1
Z — = 1 (mod p),
s=11<icj<t<s
p—1 1
— =0 (mod p)
125
s=11<i<j<s
and
L 20 (modp)
— = mo
02 P

Proof. Exchange the order of sums, we have

)SIDIETIED SRR ST D=

s=11<i<j<s 1<i<j<p— 1 s=j 1<i<j<p—1 J
p—1

1 1 1

=P E - E -+ -

= ¥ N 1 ‘ 1
1<i<j<p—1 1<i<jsp—1 i=1

By Lemma 1, Lemma 3 and Lemma 6, we have

Z Z %E —1 (mod p?).
=11<i<j
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Exchange the order of sums, we have

p—1 p—1
o iyt A z]t A iyt
s=11<i<j<t<s 1<i<j<t<p— s=t 1<i<j<tLp—1

1 1
=D m— Z — + Z —.

) )
1<i<j<t<p—1 1<i<j<t<p—1 J 1<i<j<p—1 J

By Lemma 3 and (1), we have

p—1
Z Z i—l,tz—p—}—lzl (mod p).

s=11<i<j<t<s

Similarly, we deduce that

p—1 1 p—1 1
—- =0 (mod p), — =0 (mod p)
s=1 1§1<]§92 J s=11<i<j<s L
We complete the proof of Lemma 7. |

3. Proofs of the theorems

Proof of Theorem 1. Let s — Ip + s, then

p—1 m  p—1llp+s kp—z 3
conro =3 (0) - (7)
lp kp — i m p—1 Ip+s kp—i m
(=) = 1 (=) | e
i=1 s=114i=lp+1

In (2), the first product

fi(=) -

i=1

kp—1\™
Ip
by Lemma 2,

() {5 0F

Let i —» Ip + i in (2), then

s=1i=Ilp+1 s=1i=

(1) moap 3)
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Since

1 p  (p? (p)? s
-2 U d
1+ i - (wodpl),

we have

p—1 lIp+s kp — i m p—1 s k Kl 2 le 3\ M
> (%) =xeor (- 7+ -5 g

s=1i=lp+1

p1 1 1 ‘1
= (—1)Sm{1—kpzi+p2 Y Tj““l;?z

s=1 i=1 1<i<j<s
3 k3 LIRY ! ! ki -] d p*
—P > mtP X mtE) T (mod p*).
1<i<j<t<s 1<i<j<s i=1
By harmonic shuffle relation
S 2 S
1 2 1
(&) - .5
i=1 1<i<j<s i=1
3
i = ¥ G T (frm) i
e ) A gjt  \ij2 " i2j L 43’
i=1 1<i<j<t<s 1<i<j<s i=1
S S S
1 1 1 1 1
= = R<IXS 1=
S
1 1 3 1 1
= IS LI<j<t<s 1<i<j<s

and applying the following multinomial theorem to (4)

(1 + a0+ +a,)" = Z < n >x§”m;2"‘$?5,

nit+ng+--tng=n n17 n27 e ’n‘s
ny,ng, - ,ng=0
where ( " ) is the generalized binomial coefficients, and ( ") =
n1,m2, - ,Ns ni,mz, - ,Ns
n!

nilngl--ng!”
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It is not hard to see that

S ()

s=11i=Ip+1
p—1 1
= _1ysmdq g 2122 4
3 (O WL

1<i<5<s

>k2+mkl) ié—m?’k?’pg’ > L

= 19t
i=1 1<i<j<t<s

m 3 27.2 3 1 1
<2>mk +mkl> Z (ﬂy+w2>
1<i<j<s

r;z) E* 4+ m(m — D)kl + mk12> z:: 13} (mod p*). (5)

When m is odd, (—=1)*"™ = (—1)%, from (5), we have

ST (kp_l) S {1—kmp§j ; 2k22<§:1>2

s=1i=lp+1 i=1

m2k? 9 1 3
+ (— 5 +mkl)p FZIZ—Z} (mod p°).

By Lemma 1, Lemma 4 and Lemma 5, we obtain

p—1 lIp+s 27.9
S II <kp_z> = _kmp (~24,(2) + pg2(2) + i P’qy(2)
s=1i=Ilp+1 2 2

— kmpg,(2) + (’“;”‘)qu,m (mod p?). (6)

Combining (2), (3) and (6), we have

C(m,k,l) =
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When m is even, (—1)*" = 1, from (5), we have

i (o)

s=1i=lp+1
p1 1 1
=S {3 et 3
s=1 i=1 t 1<i<j<s t
1 1
(LD SERAD i
i=1 ¢ 1<i<j<t<s RY
m 1 1
— ((2)mk3+m2kz21) pS Z (22+22)
1<i<j<s J J

_ ((7;) K +m(m — 1)k + mk;ﬂ) zzj 13} (mod p*).

By Lemma 6 and Lemma 7, we deduce that

i (o)

s=1i=Ilp+1

=p—1+kmp(p— 1)+ k*m°p*(p — 1) — K’m?®p® (mod p*). (7)

Combining (2), (3), (7) and Lemma 2, we have

C(m, k1)

k—
) (p+ kmp(p — 1) + K*m?*p*(p — 1) — K>m?p®)

E—1\"
) (1 — km)p(1 + kmp + k*m?p?)

("

L)
GRE=—"
(]

()

E—1\"( lfkmp 1 [(kmp
1—FEkmp km P
n" 2
k- ) (kmp ) (mod p*).

As for the proof of C’(m,k,l), only add (—1)"?** in (2) and change (—1)*™
into (—1)*(™+1) in (4) and (5).
This completes the proof of Theorem 1. ]

Proof of Theorem 2. For non-negative integers m and n and a prime p, Lucas’s
congruence relation holds,

@Fﬁ@)mm
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where m = mup® + mp_1p* " + - + mup + mo and n = nEp® + np_1pF "t +
-++ 4+ nip + ng are the base p expansions of m and n respectively. This uses the
convention that (') =0 if m < n.

By Lucas’s congruence, we have

((;‘Ipzl)lﬂ) - <(pk]il)1/2> ((qq—1)1/2) (mod g)

<(qki_1>1/2> - <k 0 1) <<qq—_1;/2) -

and

(") ot

Hence, we can obtain

(o 072) = (o ) (gt e) oo

Similarly for prime p, we have

<<zfqp3_1>l/z> - (J ]:f/z) (Jf})l/g) (mod p).

Since p and ¢ are distinct primes, we have

((}quI;ﬂ) - ((5 p1>1/2> <<qqu>1/2> (mod pg).

This completes the proof of Theorem 2. ]
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