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DETERMINANTS OF LAPLACIANS ON HILBERT
MODULAR SURFACES
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Abstract: We study regularized determinants of Laplacians acting on the space
of Hilbert—Maass forms for the Hilbert modular group of a real quadratic field. We
show that these determinants are described by Selberg type zeta functions introduced
in [5, 6].
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1. Introduction

Determinants of the Laplacian A acting on the space of Maass forms
on a hyperbolic Riemann surface X are studied by many authors. (See
for example [15, 2, 11, 10].) It is known that the determinants of A
are described by the Selberg zeta function (cf. [16]) for X.

On the other hand, two Laplacians A, A® act on the space of
Hilbert—-Maass forms on the Hilbert modular surface Xg of a real qua-
dratic field K. For this reason, it seems that there are no explicit for-
mulas for “Determinants of Laplacians” on X g until now. In this article
we consider regularized determinants of the first Laplacian A acting

on its certain subspaces Vrg), indexed by m € 2N. We show that these
determinants are described by Selberg type zeta functions for Xy intro-
duced in [5, 6].

Let K/Q be a real quadratic field with class number one and Og
be the ring of integers of K. Let D be the discriminant of K and
€ > 1 be the fundamental unit of K. We denote the generator of
Gal(K/Q) by o and put ' :=0(a) for a € K. We also put 7' = (‘C‘: Zi)
for v = (25) € PSL(2,0k). Let T = {(7,7) | v € PSL(2,0k)} be
the Hilbert modular group of K. It is known that I'x is a co-finite
(non-cocompact) irreducible discrete subgroup of PSL(2,R) x PSL(2, R)
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and I'x acts on the product H? of two copies of the upper half plane H
by component-wise linear fractional transformation. I'x has only one
cusp (00, 0), i.e. I'g-inequivalent parabolic fixed point. Xp = I'x\H?
is called the Hilbert modular surface.

Let (,7") € T'k be hyperbolic-elliptic, i.e., [tr(y)| > 2 and |tr(v")] < 2.
Then the centralizer of hyperbolic-elliptic (v,v’) in T'k is infinite cyclic.

Definition 1.1 (Selberg type zeta function for I with the weight (0, m)).
For an even integer m > 2, we define

(L1) Zu(s)= ] ﬁ(H“m—?)wN(p)—<n+3>f1 for Re(s)>1

(p,p")€EPTHE n=0

Here, (p,p’) run through the set of primitive hyperbolic-elliptic T -
conjugacy classes of I'x, and (p,p’) is conjugate in PSL(2,R)? to

o0 (( ) G )

Here, N(p) > 1, w € (0,7), and w ¢ 7Q. The product is absolutely
convergent for Re(s) > 1.
Analytic properties of Z,,(s) are known.

Theorem 1.2 ([6, Theorems 5.3 and 6.5]). For an even integer m > 2,
Zm(8) a priori defined for Re(s) > 1 has a meromorphic extension over
the whole complex plane.

In this article, we also consider “the square root of Zs(s)”.

Definition 1.3 (1/Z2(s)).

Zy(s) = ] H (1 . <n+s>>

(p,p")€PTHE =0

1/2

(1.2) . N
—exp< Z Z% k) for Re(s) > 1
(s

By [6, Theorem 6.5] and the fact that the Euler characteristic of X is
even (see Lemma 2.2), we see that <= log Z5(s) has even integral residues
at any poles. Therefore, we find that \/Z5(s) has a meromorphic con-
tinuation to the whole complex plane.

Let us introduce the completed Selberg type zeta functions 22%(3)

and Zp,(s) (m > 4), which are invariant under s — 1 — s. (See [6,
Theorems 5.4 and 6.6].)
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Definition 1.4 (Completed Selberg zeta functions).

1 1
(13) 2§ \% Z2 Zld Zc2ll ) )Zlfar/sct(s; 2)Zh§y1;>2/sct(8; 2)
with
. N vi—1 vy—1-2
Z4(s) == (Ta(s)Ta(s + 1)), =TI TI e
j=1 1=0
szar/sct(s; 2):=¢"" Z}fpr/sct(S’ 2) :=((9).

(L) Zin(s) 1= Zn(5) Zia(s) Zen(5im) Zigpojsca(sim) - (m = 4)
with
Zia(s) := (Da(s)T2(s + 1))24K(—1)7

N v;j—1 vj—1—ay(m.5)—ag(m.5)
Zen( =11 I r %3 ;
j=1 1=0 N
m m -
Zhyp2/sct(3;m) = Q-E (S + 5 - 1) Cs (S + E - 2) .
Here, I'y(s) is the double Gamma function (for definition, we refer to [12]
r [7, Definition 4.10, p. 751]), the natural numbers vq,vs,..., vy are

the orders of the elliptic fixed points in X and the integers ay(m, j),
a;(m,j)€{0,1,...,v;—1} are defined in (2.1), (x (s) is the Dedekind zeta
function of K, (.(s) := (1 —¢72%)"! and ¢ is the fundamental unit of K.

Let m € 2N. We recall that two Laplacians
0? 02 02 0? 0
1.5) AlM:=— Z ), A®—_
( ) 0 yl(axl—i_ay%)? m ax2+82 +m928 7o

are acting on L3 (I'x\H?;(0,m)), the space of Hilbert-Maass forms
for 'k with weight (0, m). (See Definition 2.6.) We consider a certain
subspace of L3, (I'x \H?; (0,m)) given by

(1:6) Vi@ ={F (o1, 20) € LA (Dac\HE% (0,m) | AR =T (1= 2 1

The set of eigenvalues of Aél) |V<2> are enumerated as
0 < Aog(m) < Ai(m) <--- < A\p(m) <

Let s be a fixed sufficiently large real number. We consider the spectral
zeta function by using these eigenvalues.

oo

(L7)  Cnlw,s) = ,;J e +1s(5 iy (Bew) > 0)

We can show that ¢, (w, s) is holomorphic at w=0. (See Proposition 4.3.)
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Let us define the regularized determinants of the Laplacian A(()l) |V(2).

Definition 1.5 (Determinants of restrictions of Aél)). Let m € 2N. For
s> 0, define

oo

(18>I**(A5”M¢?+s“‘1»::exp<_5iJw_o§:<anon>+2(s1»”)’

n=

We see later that Det (A(()l)lvm + s(s — 1)) can be extended to an

entire function of s. (See Corollary 1.7.)
Our main theorem is as follows.

Theorem 1.6 (Main Theorem). Let O, := Agl)|v(2) for m € 2N. We
have the following determinant expressions of the completed Selberg type
zeta functions.

~

2ex(—1)+0, Det(lz + s(s — 1))

s)=elsm2
() s(s—1)

—~
—
—
N o)

5 C1y2e(— — 1) Det(0y + s(s — 1))
9 7 _ 2(5— 1)k (—1)+Cq s(s
(2) Zafs) = e Det(Oz + s(s — 1))

7 1 _ Det(O,, + s(s — 1))
3) Fi > 6, Zn(s) = 2573k (=1)+Cm m
(8) Form >6, Zn(s) =e e

Here, the constants Cy, are given by

N 2
2
Co=—=1 P —
’ e 12 oY

<o

€= 3 L 12000 — aom))

61/j

logv; (m>4),

the natural numbers vy,va,...,vNy are the orders of the elliptic fized
points in Xg, and the integers ag(m,j) € {0,1,...,v; — 1} are defined
in (2.1).

We know the following Weyl’s law:

NA(T) = #{5 | Nj(m) Ty ~ 250 (1) T (T — o).

(See [6, Theorem 6.11].) Therefore, we may say that Z,,(s) (m > 4)
have “more” zeros than poles.
We have several corollaries from Theorem 1.6 by direct calculation.



DETERMINANTS OF LAPLACIANS ON HILBERT MODULAR SURFACES 619

Corollary 1.7. Let [, = Aél)|v(2> for m € 2N. For m € 2N, we have
(1) Det(Oa + s(s — 1)) = s(s — 1)6—(3—%)241((—1)—0222% (s).
(2) Det(Dm—l—s(s—l)) :e—(m—l)(s—%)2CK(—1)—(02+C4+~.+Cm)AQ%(S)Z4(5)

~

<+ Zm(8) form > 4.

It follows from the above corollary that Det(Od,, + s(s — 1)) (m € 2N)
can be extended to entire functions of s.
By putting s = 1 in the above, we have

Corollary 1.8. For m € 2N, we have
~1
(1) Det(dy) = e3¢ (-D=C2 Res,_; Z2 (s).
~1

(2) Det(0ly) = e~ #6x(-D=(C24C) Res,_y Z7 (5)Z4(1).
(3) Det(l]m) — e—mZ1CK(—I)_(CQ+C4+“'+Cm) Resg—1 2%(5) A&(l)Z@(l)

e Zp(1) for m > 6.

Here, O,, = A81)|V(2) for m € 2N.

Finally, we have a few comments on related works. Let Zy (s) be the
Selberg zeta function for a modular curve Y. As kindly pointed out
by the referee, the special value Zi (1) is evaluated by an arithmetic
Riemann—Roch formula in the realm of Arakelov geometry in [3, 4].
Therefore, we might imagine that our results on regularized determinants
and special Selberg type zeta values should play the role of the missing
holomorphic analytic torsion of sheaves of higher weight Hilbert modular
forms, in a conjectural arithmetic Riemann—Roch formula a la Gillet—
Soulé.

For this reason, to work out the case for congruence subgroups of I'x
of a quadratic field K with arbitrary class number would be interesting
and make the range of application wider. We hope to treat this problem
in a future paper since our results depend on “explicit Selberg trace
formulas” for Ik with class number one in [6].

2. Preliminaries

We fix the notation for the Hilbert modular group of a real quadratic
field in this section. We also recall the definition of Hilbert—Maass forms
for the Hilbert modular group and review “Differences of the Selberg
trace formula”, introduced in [6], which play a crucial role in this article.

2.1. Hilbert modular group of a real quadratic field. Let K/Q be
a real quadratic field with class number one and Ok be the ring of inte-
gers of K. Put D be the discriminant of K and € > 1 be the fundamental
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unit of K. We denote the generator of Gal(K/Q) by o and put ¢’ := o(a)
for a € K. We also put v/ = (‘;,’ Zﬁ) for v = (2%) € PSL(2, Ok).

Let G be PSL(2,R)? = (SL(2,R)/{41})? and H? be the direct prod-
uct of two copies of the upper half plane H := {z € C | im(z) > 0}. The

group G acts on H? by

arz1 + bl, azze + bz) c 12
c121 +d1’ coze + do
for g = (g1,92) = ((2 gi) , (i; Z;)) and z = (21,27) € H2.

A discrete subgroup I' C G is called irreducible if it is not com-

mensurable with any direct product I'y x I's of two discrete subgroups
of PSL(2,R). We have classification of the elements of irreducible T

9.2 = (91,92)-(21, 22) = (

Proposition 2.1 (Classification of the elements). LetT' be an irreducible
discrete subgroup of G. Then any element of I' is one of the following:

(1) v=(I,1I) is the identity.

(2) v = (71,72) is hyperbolic < |tr(y1)| > 2 and [tr(y2)] > 2.

(3) v = (71,72) is elliptic < |tr(y1)] < 2 and [tr(y2)| < 2.

(4) v = (71,72) is hyperbolic-elliptic < [tr(y1)| > 2 and |tr(y2)| < 2.
(5) v = (71,72) is elliptic-hyperbolic < |tr(v1)| < 2 and |tr(y2)] > 2.
(6) 7 = (mo2) s parabolic & [tx(m)| = [tr(12)| = 2.

Note that there are no other types in I' (parabolic-elliptic, etc.).
Let us consider the Hilbert modular group of the real quadratic field K
with class number one,

onfo=(¢ 8.2 )10 2)ermcn).

It is known that ' is an irreducible discrete subgroup of G =
PSL(2,R)? with the only one cusp oo := (00,00), i.e. I'g-inequivalent
parabolic fixed point. X =g \H? is called the Hilbert modular sur-
face.

We have a lemma about the Euler characteristic of the Hilbert mod-
ular surface Xg.

Lemma 2.2. Let E(Xg) be the Euler characteristic of the Hilbert mod-
ular surface Xy = D' \H2. Then we have E(Xg) € 2N.

Proof: By noting the formula F(Xx) = 2¢x(—1) + Zjvzl VJ;/;l (see (2),

(4) in [9, pp. 46-47]), E(Xk) is a positive integer. Let Yx and Y, be
the non-singular algebraic surfaces resolved singularities, in the canonical
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minimal way, of compactifications of I'x\H? and T'x\(H x H~) respec-
tively. Here H~ is the lower half plane. Let x(Yx) and x(Y ) be the
arithmetic genera of Yy and Y respectively. By formulas (12) and (14)
in [9, p. 48], we have

E(Xk)=2(x(Yr) + x(Yx))-
We complete the proof. O
We fix the notation for elliptic conjugacy classesin I'k. Let Ry, Ra, . . .,
Ry be a complete system of representatives of the I' x-conjugacy classes
of primitive elliptic elements of . v1,v4,...,vn (v; € N, v; > 2) de-

note the orders of Ry, R, ..., Ry. We may assume that R; is conjugate
in PSL(2,R)? to

R cos = —sin T cos tl’/—” —sin tl’/—” ( )= 1
e~ ? o tivs) =1.
J sinZ  cosZ |’ \sin4T  cos LT o

j J Vj Vj

For an even natural number m > 2 and [ € {0,1,...,v; — 1}, we define
Oél(m,j),al(m,j) S {Oa 17' -V 1} by
t; -2
1+ % = w(m,j) (mod v;),
(2.1)
ti(m—2
l— % =w(m,j) (mod v;).

We divide hyperbolic conjugacy classes of 'k into two subclasses
according to their types.

Definition 2.3 (Types of hyperbolic elements). For a hyperbolic ele-
ment v, we define that:
(1) v is type 1 hyperbolic < whose all fixed points are not fixed by
parabolic elements.
(2) ~ is type 2 hyperbolic < not type 1 hyperbolic.

We denote by I'ti1, I'g, I'ag, I'rn, and I'ge, type 1 hyperbolic I' x-con-
jugacy classes, elliptic I'g-conjugacy classes, hyperbolic-elliptic I' x-con-
jugacy classes, elliptic-hyperbolic T'x-conjugacy classes and type 2 hy-
perbolic I'x-conjugacy classes of I'x respectively.

2.2. The space of Hilbert—Maass forms. Fix the weight (mq,ms) €
(2Z)%. Set the automorphic factor j,(z;) = IEZIZ\ for v € PSL(2,R)
(j=12). o
Let AY) = 2 (Z= + 3872) +im;jy; 5> (j =1,2) be the Laplacians
i i i

J

of weight m; for the variable z;.
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Let us define the L2-space of automorphic forms of weight (my,msz)
with respect to the Hilbert modular group I'k.

Definition 2.4 (L2-space of automorphic forms of weight (my,ms)).
L?(T i \H?; (m1,m2)) is defined to be the set of functions f: H*> — C,
of clagss C*° satisfying:

(1) F((r, ) (21, 22)) = jy(20) ™ Gy (22)™2 f (21, 22), V(7,7) € Tk
(i) 3D, X)) € R? such that
AR f(z1,20) = AD (21, 20), AR f(z1,20) = AP f(21, 20);
(i) [[fIIP = fronme F(2)F(2) dulz) < 0.
Here, du(z) = %% for z = (21, 29) € H2.

Then, it is known that:

Proposition 2.5. Let L3, (I'x \H?; (m1,m2)) be the subspace of the dis-
crete spectrum of the Laplacians and L2, (T \H?; (m1,ms)) be the sub-
space of the continuous spectrum.Then, we have a direct sum decompo-
sition:

L2 \H?; (1, m2)) = Lo (Tx \H?; (01, m2)) & Loy (F i \H?; (1, m2))
and there is an orthonormal basis {¢;}32 of L3 (Tx\H?; (my,mz)).

Definition 2.6 (Hilbert—-Maass forms of weight (m1,m2)). Let (m1,ms) €
(2Z)2. We call

L3 (D \H?; (mq,my))

the space of Hilbert—Maass forms for I'x of weight (mq,ma2).

Let {$;}52, be an orthonormal basis of L3 (T \H?; (m1,ms)) and
A AP € R? such that

AW g =AVg; and AR g; = 2Py,

We write )\( =1+ J(l)) and T§i) are defined by

O 1 051
(2.2) ;) SEEE
. Tj =

i/ L -al Al <
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2.3. Double differences of the Selberg trace formula. Let m be
an even integer. We studied and derived the full Selberg trace formula for
L?(T' ¢ \H?; (0,m)) in [6]. Let h(ry,72) be an even “test function” which
satisfy certain analytic conditions. Roughly speaking, [6, Theorem 2.22]
is as follows:

Z h(r 2y = 1(h) + TLa () 4 Iy (R) 4 ITI(R).

Here, the rlght hand side is a sum of distributions of h contributed from
several conjugacy classes of I'x and Eisenstein series for I'. Assuming
that the test function h(ri,r2) is a product of hi(ry) and ha(rs), we
derived “differences of STF” [6, Theorem 4.1] and “double differences
of STF” [6, Theorem 4.4]. We explain for this.
Let us consider the subspace of L2, (I'x \H?; (0,m)) given by
v = {f e Li i \B% 0,m) | A2 = 2 (1= T) £}

)

Let hq(r) be an even function, analytic in im(r) < § for some ¢ > 0,

hi(r) = O((1 + |7°|2)_2_6)
for some § > 0 in this domain. Let gi(u) := 5- f_ e~ dr. Then
we have

Proposition 2.7 (Double differences of STF for L?(I' \H?;(0,2))).
Let m = 2. We have

ghm@» -1 (3)

vol(T' i \H?)

= T/ rhy(r) tanh(zr) dr
T _

e i o0 w _ _2i0,
- Z 82679/ gl(u)e_u/2 [2620} du
R(6:.,05)er O B OTTL oo coshu — cos 26,

1 log N(70)g1(log N (7))
= Z —logeg1(0)
172 _ —1/2
et NOVE=N()
— 2log£Zgl(2klogs)€_k.
k=1
Here, {)\;(2) = 1/4 + p;(2)*}52, is the set of eigenvalues of the Lapla-

cian Agl) acting on V2(2)
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Proof: See [6, Corollary 6.3]. O

Proposition 2.8 (Double differences of STF for L?(T'x\H?; (0,m))).
Let m € 2N and m > 4. We have

Zhl(pj( Zhl pj(m )) + Om,ah1 <)
§=0

= vol(Tr\H) /OO rhy(r) tanh(mr) dr

82

L —i01 i(m—2)0y oo w_ 2i0
_ Z %/ gl(U)e—u/2 |:f1629:| du
R(61,62)€lg VR S0y —00 coshu — cos 204

log N (70) i(m—2)

- > g1(log N ())etm =2
1/2 _ Z1/2

=) N(v)

—2loge Z g1 (2klog ) (e Fm=1) _ c=k(m=3))
k=1
Here, {\;(¢) = 1/4+p;(q)* 720 is the set of eigenvalues of the Lapla-

cian A(()l) acting on Vq(2) (

Proof: See [6, Theorem 4.4] and [6, (5.3)]. O

qg=m,m—2).

3. Asymptotic behavior of the completed Selberg zeta
functions
We have to know the asymptotic behavior of the completed Selberg

~1 ~
zeta functions Z3 (s) and Z,,(s) (m > 4) when s — oo, to prove Main
Theorem (Theorem 1.6). We calculate their asymptotic behavior in this
section.
Lemma 3.1 (Stirling’s formula for I'y(z)). We have
3 4 22 1
(3.1) logI‘g(erl):Zz BT logz+o0(1) (z— o0),

where T'a(z) := exp (& a0 2mm—o(m +n 4 z)7*%) denotes the double
Gamma function.

Proof: Let G(z) be the Barnes G-function defined by

Glz+1) = (2m)Fe 42 ﬁ {(1 + Z)ke—z+25} .

k=1
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(See [1, p. 268].) Here, v = —I"(1) is the Euler constant. By using the
relation

Ta(z) = eV (2m) = G(2)
(see [14, Proposition 4.1]) and the asymptotic formula

3 21

log G(z—|—1):E log(2m)4-¢'(—1)— =2+ SN log z+o(1) (z — o),
2 4 2 12

(see [1, p. 269]) we have the desired formula. O

Lemma 3.2 (Asymptotics of the identity factors). We have

(3.2) log Z2(s) =Cx(~1) {2525 <5 5+1> 10g5}+0(1) (5= 00),

3 1
(3.3) log Zia(s)=2¢k (—1) {232—3— (52—s+3) logs}—i—o(l) (s —00).
Proof: By Definition 1.4,

1
log Z2(s) = Cx(—1)(log'z(s) +1log'z(s 4 1))
and Lemma 3.1, we have the desired (3.2). We see that the relation
1
log Zia(s) = 2log Z2(s) implies (3.3). It completes the proof. O
Lemma 3.3 (Asymptotics of the elliptic factors). We have
N o2

1
(3.4) log Z2,(s;2) :—Z 121» logi +0(1) (s —00),
j

o
j=1 J

(3.5) log Zen(s;m)

N .
1/ —1-12ap(m v; —ag(m,
s 2enm )oY

=1 61/j l/j

for m € 2N and m > 4. Here apg(m,j) € {0,1,...,v; — 1} are defined
in (2.1).

Proof: We use Stirling’s formula of I'(z) (see [13, p. 12]):

logT'(z) = (z - ;) logz —z + %log(%r) +o(1) (2= o0).
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By Definition 1.4,

N Vj*l

1- . l
log Zen(s;m) Z Z Y ol WZ_]) a(m,J) logT <S+ >
J

U
j=1 1=0 J

We see that {oy(m,5) |0 <1 <v; -1} ={a(m,j) |0<I<v;, -1} =
{0,1,2,...,v; — 1} for each j. Thus we have Z;jigl(uj —1—ay(m,j) —
@;(m,j)) =0, and find that

vi—1
’Z vj —1—ai(m,j) —a@i(m,j) logF(SH)
1=0 Vi Vi
V7‘ 1
_ N Y L= au(my ) —aa(m, )
1=0 Vi
s+1 1 s+ s+1 1
—— 1 — —log(2 1
X{( vj 2> 0g<”j> Vj +2og(ﬂ)}+o()
l/j 1
:valfozz(md) ai(m,j)
Vj
=0

s+1 1 l l
X {( ” —2> log(s—kl)—ylogz/j—u}%-o(l)

J

= = 1-au(m,j) — @i(m. j) 1 !
Vi—1—o(m —orm S S
= J am, J (am, g {(—) 10gs+log}+0(1)
=0 l/j Vj 2 Vj I/j
vi—1
J L 1 _ . = . l
_ Vj al(maj) al(m"])—logi +O(1)
1—0 Vj vj Vj
vi—1
—1)2 : )+ ai(m, j) 1
— (VJ ) logi _ Z O‘l(mvj) +al(ma])7logi +O(1)
2v; vi o v; v; vj

(s = 00).

By (2.1), we can check that

i) = Joomd) L Oy —an(mg) < 1),
o ao(m,j) —v; +1 (vj —ao(m,j) <l <v;—1),
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hence we calculate further,

vi—1 . vij—ag(m,j)—1 .
La(m,j) 7 & ag(m, ) +1)
Z y2. - Z V2-
=0 J =0 J
" Uao(m, ) — v+ 1)
ag(m,)) —v;
+ D PR

l=vj—ao(m.j) J

(5 =1 =1)  aolmoolm.1) =)

By noting ao(m, j)(ao(m, j) — v;) = @5(m, j)(@(m, j) - v;), we have

vi—1 . — .
Z Vi — 1- O([(m,]) — Oél(m,j) IOgF (S+Z)
1=0 Vi Vi
vi—1
1 2 J . — Nl
_ (VJ ) lOgi _ Z al<m7]) +al(m’j)f10gi +0(1)
2I/j v =0 vy vj vy
S 1)
— (VJ ) logi
21/]‘ Vj

o { (v = 1232% - ao(myj)(az(m7j) — ) } log ——+o(1)
v? — 1 —12a9(m, j){v; — ao(m, j)}

s
= — 1 — 1 .
o, og ” +o(1) (s = 00)

Thus we have (3.5). In addition, we note that

1 1
log Z2/(s;2) = 3 log Zen(s;m)

m=2

Since ;(2,7) = [, we see that ay(2,7) = 0 for any j. Therefore we
have (3.4). It completes the proof. O
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Proposition 3.4 (Asymptotics of the completed Selberg zeta functions).
We have

log 22%(3) =(k(-1) {252 —s— (32 —s+ ;) logs}

(3.6) N o
- Vj_llo 2 slo e+o(1) (s = 00)
Z 12Vj g Vj g ’

Jj=1

log Zm(s):2<}((—1){382 —5— <32 —s+ ;) logs}

3.7 N o2_1-12a m, J){v;—ao(m,j
(37) 5 ol )y —eom i)} s
61/]’ l/j

(s — 00),

for m € 2N and m > 4. Here ag(m,j) € {0,1,...,v; — 1} are defined
in (2.1).

Proof: We note that log \/Za(s), log Z,,,(s) = o(1) (s = o0). By Defini-
tion 1.4 and Lemmas 3.2 and 3.3, we complete the proof. O

4. Asymptotic behavior of the regularized determinants

To investigate the analytic nature of the spectral zeta function ¢, (w, )
at w = 0, we introduce the theta function 6,,(t) in this section. Since the
regularized determinants of the Laplacians Det(0,,, +s(s—1)) are defined
by the derivative of —(,,(w,s) at w = 0, we need to know the asymp-
totics of f%%(w, s) |w:0 when s — 0o. We calculate their asymptotics
in this section.

Definition 4.1. For m € 2N and ¢ > 0, define

(4.1) O (t) == ie*“ﬂm).

Jj=0

We investigate the asymptotic behavior of 6,,(t) as t — +0 by using
Propositions 2.7 and 2.8, which are called “Double differences of the Sel-
berg trace formula for Hilbert modular surfaces” introduced and proved
in [6].
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Proposition 4.2. We have the following asymptotic formulas.

0a(t) = 50k (<17 — g
(4.2)
+ <—é§K(—1) +0o(2) + 1) +o(l)  (t— +0),
Onlt) = " (1) — e
(4.3) +(— 1CK(—1)+bo(2)+bo(4) +-~-—|—bo(m)) +0(1)
" (t — +0), (m € 2N, m > 4).

N oy
J
224%7

Jj=1

i —1—12ap(m, j){v; — aw(m, j)}

> 4).
120, (m 2 4)

Jj=1
Proof: For t > 0, let us take the pair of test functions hy (r) = e~ (" +1/4)

and g1 (u) = \/ﬁ exp(—i — Z—i) in Proposition 2.7, then we have

(44)  02(t) — 1 = Ly(t) + Eo(t) + HE(t) + PSa(t) + HSs(t).

Here,

1T \H?) [
o Ih(t) = %/ exp(t(r? 4 1/4))r tanh(7r) dr,
Tr — 00
ie” "
E =— -
* Balt) Z 8vg sin 01
R(01,02)€Ts
2 u 2101
o Y A P T P
oo VAT t cosh u—cos 26,
1 logN(vo)
* HEx(t) = —3 Z 1
/2 ~1/2
2 e NO) N(v)
1 t  (logN(y))®
X\/mexp< 1 4t ’
1 t
PSy(t) = —loge e —=,
* P80 = e o (-1)
1 t  (2kloge)?
o HSH(t) :_210gez \/7 (——W) ek,
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Firstly, we see that HFEs(t) and HS5(t) are exponentially decreasing
as t — +0. Secondly, by changing the variable u to v/tu in E5(t), we see
that there is a constant by(2) such that Fs(t) = bo(2) + o(1) (¢t — +0).
Thirdly, PS2(t) = —loge=(1 — t/4 + o(t)) (t = +0). Lastly, noting

2
% = (x(—1) and integration by parts, we have

1(t) = 5k (-1)y; /: exp (t (rz N i)) e

> ntn 1 2 1\n
_ Z / D",
= —oo cosh®(7r)

_ 7“—;(2) +a0(2) + o(1) (t = +0),

We calculate the coefficients a,,(2) (n = —1,0).

a_1(2) = %CK(_U/,OO COSIEZ;(W)

T 4 [ x 1
=T 2 [ i de = 5o,

a0(2) = =7 (~1) {/z h(ﬂ) i+ rfl@r)}

—~Tae(-1) (g + 1 2) = el

47

Here, we used the formula

/°° r? (2= 11
0

dr — -
cosh?(mr) " (2m)2mr 6 127w

in [8, 3.527 no. 5]. Besides, we calculate the coefficient by(2) appearing
in E2 (t)

je—101 > 1 u? 1 — e2ith
bo(2) = — — ) | —d
0(2) Z 8vp sin 0y /_OO A exp( 4) |:1C08291:| "
E

Summing up each terms appearing in the right hand side of (4.4), we
have the desired formula (4.2).
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Let us prove (4.3) with m = 4. For ¢t > 0, we also take the pair of
'lL2

test functions hy(r) = e~t*+1/4 and g,(u) = \/ﬁexp(—i — %) in
Proposition 2.8 with m = 4, then we have

(4.5) 04(t) — 02(t) + 1 = 14(t) + Ea(t) + HE4(t) + HS4(2).
Here,

2 o0
o Iu(t) = %/ exp(—t(r? 4 1/4))r tanh(zr) dr,
je—i012i02
E = — - -
* Ba®) Z 4uvg sin 6

R(@l,ez)EFE

><\/()O 1 t u2 )2 el — 62i91 p
exp| —— — — e I ——
oo VATt Pl7g 4t cosh u—cos 20, ’

e HE,(t) = —

Z log N'(70)

(v,w)€luE
1 t  (log N(’Y))2> 24w
——exp| —- - ———7 | &,
VAt p( 1 m
=1 t (2klog5)2> sk —k
o HS,(t) = —2loge ——exp|—-— —7 | (e7F —e7%).

Similarly, we see that HE,(t) and HS,(t) are exponentially decreasing
as t — +0, and there is a constant bg(4) such that E4(t) = bo(4) + o(1)
(t = +0), and I4(t) = Cx(—1)(1/t —1/3) + o(1) (t — +0). Summing
up each terms appearing in the right hand side of (4.5) and using (4.2)
in the left side, we have the desired formula (4.3) with m = 4. One can
prove (4.3) for m > 6 similarly. We complete the proof. O

Proposition 4.3. Let s be a fized sufficiently large real number. For
m € 2N, let

> 1
Gnlw:9):= ) e (e >0

be the spectral zeta function for O,,. Then (p(w, s) is holomorphic at w=
0.

Proof: We follow [2, p. 448]. For w € C with Re(w) > 0, we have

(4.6) (ol 5) = ﬁ /000 0, (£)e (s~ Dtpw %
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We consider the first three terms of 6,,(t) in Proposition 4.2. Let

np(w, 8) == ﬁ /0Oo tPes(s—tpw—1 gt
(4.7) .
— S (50— 1T =)

with p =0, %, 1. Then we see that n,(w, s) (p =0, %, 1) are holomorphic

at w = 0. The reminder term is

dt

(48) w,s) = o [ gt

with f(t) = o(1) (¢t = 40) and O(1) (t — o0). Since ﬁ vanishes
at w = 0, it completes the proof.

Proposition 4.4. Let m be an even natural number. We have

)] = a0 (2= s 5 Ylogs + po(-1)52
(4.9) — sloge + (2b9(2) + 2)log s — %CK(fl)
+%10g5+0(1) (s — 00),
and for m > 4,
f%gm(w,s) _ =—(m—1){x(-1) (525+£1))) log s
L= 1CK(—1) s? —sloge
(4.10) 2

+ (200(2) + - - - + 2bp(m)) log s

m—1
4

CK(—l)—&—% loge+o(1) (s — 00).
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Besides, we have for m > 4,

7i<‘m(w75) + %Cm—Q(wVS)

ow w=0

w=0

=—2(k(-1) <32 -5+ ;) log s

(4.11)
+ Cr(=1) 8% + (2bg(m) — 204,m)log s

—%CK(—l)—&—o(l) (s = 0).

Proof: By the formulas (4.7) and (4.8), we find that

D, s)| =~ loa(s(s — 1)) =~2logs + o{1) (s = o0),
G| = —2valsts = 1) =-2v7 (s 1) +olt) (s cc)
D )| = s(s— 1) log(s(s 1)) ~ 1)
:23(5—1)log8+%—82+0(1) (s — 00),
2 p(ws)| = o) (s = o0).

Therefore, by using (4.2), we have

—i@(uh 8)’ 0:_%CK(_1) (25(3—1) log s+% - 52) — (s — ;) log e

ow w=

+ (_éCK(—l)-i-bo(Q)—f—l) 2logs+o(l) (s — o0)

=—(k(-1) (32 — s+ ;) log s + %(K(—l) s2

—sloge + (2b9(2) +2)log s — iCK(*l)

1
+§log5+0(1) (s = ).
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For m > 4, by using (4.3), we have

*%Cm(w,s) o= —(m —1)Cx(-1) <52 — s+ ;) log s

-1
Cr(—1)s* —sloge

+ (2b0(2) + - - - + 2bo(m)) log s

_1CK(—1)+%logs+o(1) (s — 00).

We complete the proof. O

5. Proof of Main Theorem

In this section we prove Theorem 1.6. We prove the following two
propositions. The first proposition connect the completed Selberg zeta
functions:

23 (), 24(s), - Zns)
with the regularized determinants of Laplacians:

Det(03 + s(s — 1)), Det(04 + s(s — 1)), ..., Det(0,, + s(s — 1)).
The second proposition determines the explicit relations among them.
Theorem 1.6 is deduced from these two propositions.

Proposition 5.1. Let O, := Aél)|v<2) for m € 2N. There exit polyno-
mials Py(s),..., Pmn(s) such that
51 Det(ds + s(s — 1))
2 — PQ(S) 2
2 (S) e S(S — 1) )
Zu(s) = P s(s —1)Det(04 + s(s — 1))
Det(0z + s(s — 1)) ’

Zn(s) = P Det(O,, + s(s — 1))
Det(O,—2 + s(s — 1))
Proof: Let k be a sufficiently large natural number. We note that

(m > 6).

1 d\""
(25—1(13) Cm(w, s) =w(w+ 1) (w+k)Cn(w+k+1,s).

Taking —;’ . of both sides, we have
w lw=

oo

k+1
1
5.1) [ — — log Det (U, — .
( )< 25—1d5> og Det(Dhnts(s Z m)+s(s—1))k+1

Jj=
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Let m = 2, we use the following double differences of STF with the
certain test function (see [6, Theorem 6.4]):

00 1 2 cn(s)
Z LJ'(Q)2 +(s—3)? +2 ;(2)% + 57,

1
Si]‘ +Zﬁhi]

1 % ZQ(S)
2s —1 Zz(g)

2
cn(s) d 1
Z; 280 dﬁhlog{(l_g—(%hﬂ))}'

Here, ¢(z) is the digamma function, 51 # 2 are constants and ¢ (s), c2(s)
are quadratic polynomials invariant under s — 1—s. Operating (— L di)k
on both sides, we have

1 d\" 1 d. -1
~(gra) oo ()s(s - 1)

By (5.1) and (5.2), we have

1 d k+1
(— 55 1 ds> log Det(Oz + s(s — 1))

1 a\*t! .
N _ 2 —
~(gtrg) w1,
Therefore, we find that there exists a polynomial P(s) such that
~1
(5.3) log Det(0s + s(s — 1)) + Pa(s) = log(Z3 (s) s(s — 1)).
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Thus we have

A%(s) _ epz(s)Det(Dg +s(s—1))
2 s(s—1)

Let m > 4 be an even integer. We use the following double differences
of STF with the certain test function (see [6, Theorem 5.2]):

> 1
+
; [Pj(m)2 + (s — hzl pi(m + 5h

1 Z,(s) Z cn(s) Zi, (% + Bn)

s—1Zpn(s) 26n Zm (% + Bn)
1 Ly — 1 —au(my ) —ai(m,j) | (s +1
+25,1Z ’ v? w( vj )
j=1 1=0 J
cn(s) o= e v — 1 — ag(m,5) — @i(m,j) [+ Bn+1
gy Y uet e, (AR
h=1 j=1 1=0 J

N 1 ilo (1 767(25+m74))
2% —1ds ° (1 — e~ (@stm=2))
2
1— —(2Bp+m—3)
L3l d [ @)
at 25h dﬁh (1—5 (2Brn+m 1))

Here, 31 # [ are constants and ¢ (s), ca(s) are quadratic polynomials
invariant under s — 1 — s.
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Operating ( 25 T ds)k on both sides, we have

= k! > k!
jzz;) (A\j(m) + s(s — 1)F+T ; (Aj(m —2) +s(s — 1))+

k
_ <_251_1;i) 5ot o108 Zin(s) — 4 oB(5(s — 1)),

By (5.1) and (5.4), there exists a polynomial P,,(s) such that

(5.5) logDet(T,, + s(s — 1)) —log Det(Ty,—2 + s(s — 1)) + P(s)
= log Zm(s) - 5m,4 lOg(S(S - 1))

We complete the proof. O

Proposition 5.2. We have

1 2 1 N o2
P(s)=[s— = —-1)—=1 1 1
2(3) (3 2) CK( ) B Og5+g 121/] ogrj,
2 N 2 1 1
1 vi—1—12a0(m, j){v; — ao(m. )}
Pm(s)_2<s — 2> CK(_1)+; 61/_7' IOg v

(m > 4).

Proof: Substituting (3.6) and (4.9) in (5.3), we have

Py (s)=log(Z;

{3 1 DAL
=(r (1) 98 =8 s —S+ og s Z 120, og —

v
j=1 J

m\»—A

(s) (s — 1)) — log Det(0s + s(s — 1))

1 1
—sloge +2log s+ (x(-1) <32 —-s+ 3) log s — §§K(—1) s

1 1
+ sloge — (2b0(2) + 2) log s + ZCK(—l) ~3 loge + o(1)

(e - 357

Since Py(s) is a polynomial, we have the desired formula for Ps(s).

logy7 o(1) (s — o0).
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Let m > 4. Substituting (3.7) and (4.11) in (5.5), we have
Pou(5)=108 Zn(5) — s log(s(s — 1))

—log Det(Od,,, + s(s — 1)) + log Det(d,,—2 + s(s — 1))

+§: v2—1—12a9(m, j){v; —ao(m, 5)}

o0, logrvj+o(1) (s — o0).

Since P,,(s) is a polynomial, we have the desired formula for P,,(s). It
completes the proof. O

Acknowledgement

The author would like to thank the referee for careful reading of the
first version and many helpful suggestions for the revision of this paper.

1]
2]

References

E. W. BARNES, The theory of the G-function, Quart. J. 31 (1900),
264-314.

I. EFRAT, Determinants of Laplacians on surfaces of finite volume,
Comm. Math. Phys. 119(3) (1988), 443-451; Erratum: “Determi-
nants of Laplacians on surfaces of finite volume”, Comm. Math.
Phys. 138(3) (1991), 607.

G. FrREIXAS 1 MONTPLET, An arithmetic Riemann—Roch theorem
for pointed stable curves, Ann. Sci. Ec. Norm. Supér. (4) 42(2)
(2009), 335-369. DOI: 10.24033/asens.2098.

G. FREIXAS 1 MONTPLET AND A. VON PIPPICH, Riemann—Roch
isometries in the non-compact orbifold setting, Preprint (2016).
arXiv:1604.00284.

Y. GON, Selberg type zeta function for the Hilbert modular group
of a real quadratic field, Proc. Japan Acad. Ser. A Math. Sci. 88(9)
(2012), 145-148. DOI: 10.3792/pjaa.88.145.

Y. GoN, Differences of the Selberg trace formula and Selberg type
zeta functions for Hilbert modular surfaces, J. Number Theory 147
(2015), 396-453. DOI: 10.1016/j.jnt.2014.07.019.

Y. GON AND J. PARK, The zeta functions of Ruelle and Selberg
for hyperbolic manifolds with cusps, Math. Ann. 346(3) (2010),
719-767. DOI: 10.1007/s00208-009-0408-7.


https://doi.org/10.24033/asens.2098
https://arxiv.org/abs/1604.00284
https://doi.org/10.3792/pjaa.88.145
https://doi.org/10.1016/j.jnt.2014.07.019
https://doi.org/10.1007/s00208-009-0408-7

8]

[15]

[16]

DETERMINANTS OF LAPLACIANS ON HILBERT MODULAR SURFACES 639

I. S. GRADSHTEYN AND I. M. RyzZHIK, “Table of Integrals, Series,
and Products”, Translated from the Russian, Translation edited and
with a preface by Alan Jeffrey and Daniel Zwillinger, With one
CD-ROM (Windows, Macintosh and UNIX), Seventh edition, Else-
vier/Academic Press, Amsterdam, 2007.

F. HIRZEBRUCH AND D. ZAGIER, Classification of Hilbert modular
surfaces, in: “Complex Analysis and Algebraic Geometry”, Iwanami
Shoten, Tokyo, 1977, pp. 43-77.

S. Kovyama, Determinant expression of Selberg zeta functions. I,
Trans. Amer. Math. Soc. 324(1) (1991), 149-168. DOI: 10.2307/
2001500.

N. KUROKAWA, Parabolic components of zeta functions, Proc.
Japan Acad. Ser. A Math. Sci. 64(1) (1988), 21-24. DOI: 10.3792/
pjaa.64.21.

N. KuroKAwA AND S. KovyAMA, Multiple sine functions, Forum
Math. 15(6) (2003), 839-876. DOI: 10.1515/form.2003.042.

N. N. LEBEDEV, “Special Functions and their Applications”, Re-
vised edition, Translated from the Russian and edited by Richard
A. Silverman, Unabridged and corrected republication, Dover Pub-
lications, Inc., New York, 1972.

K. ONODERA, Weierstrass product representations of multiple
gamma and sine functions, Kodai Math. J. 32(1) (2009), 77-90.
DOI: 10.2996/kmj/1238594547.

P. SARNAK, Determinants of Laplacians, Comm. Math. Phys.
110(1) (1987), 113-120.

A. SELBERG, Harmonic analysis and discontinuous groups in weakly
symmetric Riemannian spaces with applications to Dirichlet series,
J. Indian Math. Soc. (N.S.) 20 (1956), 47-87.

Faculty of Mathematics

Kyushu University

744 Motooka, Nishi-ku

Fukuoka 819-0395

Japan

E-mail address: ygon@math.kyushu-u.ac.jp

Primera versié rebuda el 27 de gener de 2017,
darrera versié rebuda el 18 d’abril de 2017.


https://doi.org/10.2307/2001500
https://doi.org/10.2307/2001500
https://doi.org/10.3792/pjaa.64.21
https://doi.org/10.3792/pjaa.64.21
https://doi.org/10.1515/form.2003.042
https://doi.org/10.2996/kmj/1238594547

	1. Introduction
	2. Preliminaries
	2.1. Hilbert modular group of a real quadratic field
	2.2. The space of Hilbert–Maass forms
	2.3. Double differences of the Selberg trace formula

	3. Asymptotic behavior of the completed Selberg zeta functions
	4. Asymptotic behavior of the regularized determinants
	5. Proof of Main Theorem
	Acknowledgement
	References



