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Abstract

Using the mirror theorem [15], we give a Landau-Ginzburg
mirror description for the big equivariant quantum cohomology of
toric Deligne-Mumford stacks. More precisely, we prove that the
big equivariant quantum D-module of a toric Deligne—-Mumford
stack is isomorphic to the Saito structure associated to the mir-
ror Landau—Ginzburg potential. We give a Gelfand-Kapranov-
Zelevinsky (GKZ) style presentation of the quantum D-module,
and a combinatorial description of quantum cohomology as a quan-
tum Stanley—Reisner ring. We establish the convergence of the
mirror isomorphism and of quantum cohomology in the big and
equivariant setting.
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1. Introduction

This paper is the last in a series of papers [14, 15] that study the
genus-zero Gromov—Witten theory of toric Deligne-Mumford stacks.
Let X be a toric Deligne-Mumford stack, or toric stack for short, that
satisfies a mild semi-projectivity hypothesis (spelled out below). In [15]
we proved a mirror theorem that says that a certain hypergeometric
function, called the I-function, lies on the Givental cone for X. This
determines all genus-zero Gromov—Witten invariants of X. The present
paper builds on this mirror theorem to establish Hodge-theoretic mirror
symmetry for toric stacks in a very general setting — without assuming
that X is compact, or imposing any positivity condition on c¢;(X). We
prove that the big and equivariant quantum cohomology D-module of X
can be described as the Saito structure of the Landau—Ginzburg model
mirror to X.

It has been proposed by Givental [32] (see also [46]) that the mirror
of a toric manifold X is a Landau—Ginzburg model, or more precisely, a
Laurent polynomial function F' = F(zy,...,x,) with Newton polytope
equal to the fan polytope of X. In particular, Givental [37] showed that,
for weak Fano toric manifolds X, oscillatory integrals [ el'/zdydry

T1Tn
give solutions of the small quantum cohomology D-module of X. His
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result also implies that the quantum cohomology ring of X is isomor-
phic to the Jacobian ring of F'| via an isomorphism which matches the
Poincaré pairing with the residue pairing. Givental-style mirror sym-
metry has been extended to big quantum cohomology by Barannikov,
Douai-Sabbah, and Mann [3, 27, 60]; this compares the Frobenius man-
ifold structure [28] defined by the big quantum cohomology of X with
K. Saito’s flat structure [71, 72] associated to a miniversal unfolding of
F.

Let us briefly review our main construction. Let X be a toric Deligne—
Mumford stack with semi-projective coarse moduli space. (This means
that the coarse moduli space is projective over affine and contains a
torus-fixed point.) We introduce an unfolding F(z;y) of Givental’s
Landau—Ginzburg potential by choosing a finite subset G in the fan

lattice N: .
Y Q@+ Y Mk,
i=1 keq

where b1, ..., by, are generators of one-dimensional cones of the stacky
fan of X, @ is the Novikov variable, A(b;) and A\(k) € Hy(X, Q) are cer-
tain curve classes, © € Hom(IN, C*) is a torus co-ordinate, and y;, yi are
deformation parameters. See §4.2 for details. Generalizing the construc-
tion in [52] to stacks, we introduce a formal and logarithmic Landau—
Ginzburg model (see §4.4)

(z3y)

y
where J — Mis a degenerating family of affine toric varieties over the
base M = Spf C[A ] x Spf C[y] with C[AL] the Novikov ring (i.e. the
completed semigroup rlng of the monoid AL C Ha(X,Q) of effective
curves). The spaces Y and M have natural log structures defined by

their toric boundaries. We then consider the logarithmic twisted de
Rham complex

(Qy/ﬂ{z}, 2d + dF/\)

and define the Gauss—Manin system GM(F) to be the top cohomol-
ogy of this complex. In the equivariant case, we consider the potential
F, = F =% " xilogz; in place of F, where x; are torus-equivariant
parameters. The equivariant Gauss-Manin system GM(F) ) is equipped
with the Gauss-Manin connection V, the grading operator Gr® and the
higher residue pairing P: GM(Fy) x GM(F,) — St[z][A+][y]. We call
the quadruple

(1.1) (GM(Fy),V,Gr®, P)
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the Saito structure associated with the Landau—Ginzburg model.

Theorem 1.1 (see Theorems 4.28, 6.11 for the details). The Saito
structure (1.1) is isomorphic to the big and equivariant quantum con-
nection of the toric stack X together with the Poincaré pairing, under
the identification of the base spaces given by a mirror map.

One of the important aspects in our construction is that the Landau—
Ginzburg model is partially compactified across the large radius limit
point @ = 0; the Gauss—Manin connection then has logarithmic sin-
gularities at ) = 0. The choice of a partial compactification is sub-
tle when X is a toric stack, rather than a toric manifold, because
the family )A) — M then carries an additional Galois symmetry of
Pic®(X) := Pic(X)/Pic(X), where X is the coarse moduli space of
X. The Galois symmetry has stabilizers alogg the compactifying divi-
sor, and the quotient family Y/ Pic®t(X) — M/ Pic®(X) gives a partial
compactification of the traditional mirror family! . Our construction
gives a generalization of the work of de Gregorio-Mann [22] who studied
the Jacobian ring at the limit Q = 0 for mirrors of weighted projective
spaces (see also [23] for a related partial compactification). The new
ingredient for us is the refined fan sequence (2.6) for stacky fans.

Our results yield a combinatorial description for the quantum D-
module of toric stacks which is closely related to the better-behaved
GKZ system of Borisov—Horja [6]. We introduce a fan D-module for a
stacky fan (Definition 5.1) and show that the quantum D-module of the
corresponding toric stack X is isomorphic to the (@, y)-adic completion
of the fan D-module (see Theorem 5.6). By taking the semiclassical
limit z — 0 of the D-module, we obtain a quantum Stanley—Reisner
description of the big and equivariant quantum cohomology of X as fol-
lows, generalizing the previous works [4, 5, 30, 34, 37, 41, 48, 50, 62]:

Theorem 1.2 (see Theorem 5.13 for the details). The big and equi-
variant quantum cohomology of X is isomorphic to the Jacobian ring of
F, under the identification of parameters given by the mirror map. The
latter ring is isomorphic to the space @yenns CIA+][y]1x equipped
with the following product and Hi(pt, C)-module structure:

m
Ly x 1 = QU1 oy, X = (x-bi)yily, + > _(x - L)yele
i=1 LeG
with x € H3(pt) = N*®@ C. See (2.5) for the definition of d(k,£) €
H2 (Xa Q) .
In the last part of the paper, we discuss the convergence of the mirror
map and the mirror isomorphism in Theorem 1.1. Beyond the weak

!The correct mirror family should be thought of as a formal stack [37 / Pic®® (X)] —
[M/ Pic™(%)].
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Fano case or small quantum cohomology, it was known [48] that the
mirror isomorphism is not fully analytic: it is only defined over formal
power series in z in general. We prove a partial analyticity result for the
mirror isomorphism which in turn shows that the big and equivariant
quantum cohomology itself is convergent and analytic.

Theorem 1.3 (see Theorem 7.2, Corollary 7.3 for the details). The
mirror map and the isomorphism in Theorem 1.1 satisfy the following:

(1) The mirror map is analytic in (Q,y, X).

(2) With respect to a basis of the Gauss—Manin system GM(Fy) formed
by polynomial differential forms, the mirror isomorphism is a for-
mal power series in z with coefficients in analytic functions in

(@9, x)-

It follows that the structure constants of the big and equivariant quantum
cohomology of semi-projective toric stacks are analytic functions in their
arguments (T, x).

The proof uses mirror symmetry in an essential way. We combine the
fact that the formal asymptotic expansions of oscillatory integrals are
Gevrey series of order 1 with a gauge fixing result from [48, Proposition
4.8].

Remark 1.4. Hodge theoretic mirror symmetry for toric varieties or
stacks has been studied by many people. We explain how our results fit
with this earlier work.

(1) In singularity theory, our Gauss—Manin system has been stud-
ied for isolated hypersurface singularities under the name of Brieskorn
lattice. K. Saito [72] and M. Saito [73] constructed flat (Frobenius
manifold) structures on the base of miniversal deformations of isolated
singularities. This was generalized to global singularities by Sabbah,
Barannikov, and Douai-Sabbah [3, 26, 27, 70], and applications to
mirror symmetry are discussed there. See also Mann [60].

(2) More recently, Reichelt—Sevenheck [68, 69] constructed nc-Hodge
structures, which roughly speaking correspond to the Saito structures
here, for mirrors of weak Fano toric manifolds and discussed their rela-
tion to the GKZ system. They also used log structures on the mirror
to define the twisted de Rham complex; more precisely, they put log
structures along the toric boundary of each fiber of the mirror family
Y — M, but not along Q = 0. They described a logarithmic extension
of the mirror D-module across @ = 0 using a GKZ-style presentation.
See also T. Mochizuki [63].

(3) Mirror symmetry for non-weak-Fano toric manifolds and its con-
vergence were analysed by Iritani [48]. Fukaya—Oh—Ohta—Ono [30] gave
a Jacobian description of the quantum cohomology of general toric mani-
folds using Lagrangian Floer theory (see Chan-Lau-Leung—Tseng [9] for
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an explicit computation in the weak Fano case). Gross [43] constructed
mirrors of the big quantum cohomology of P? by counting tropical discs.

(4) A mirror theorem for weighted projective spaces was proved by
Coates—Corti-Lee-Tseng [16] and was generalized to toric stacks in our
previous work [15]; see Cheong—Ciocan-Fontanine-Kim [12] for a more
general result. Based on these works, Landau—Ginzburg mirror sym-
metry for small quantum D-modules was described by Iritani [50] for
weak Fano toric stacks, and by Douai-Mann [25] for weighted projec-
tive spaces. Iritani [50] also described the natural integral structure on
the mirror in terms of the Gamma class (see also [57]); a missing piece
in the present work is the identification of the integral (or rational, or
real) structure for mirrors of general toric stacks.

(5) Gonzédlez—Woodward [41] used gauged Gromov—Witten theory
and quantum Kirwan maps to give a Jacobian description for quantum
cohomology of toric stacks.

(6) After we finished a draft of this paper, we learned that Mann—
Reichelt [61] studied closely related logarithmic degenerations of mirrors
of weak-Fano toric orbifolds along ¢ = 0. They used an extended
version of the refined fan sequence in the case where N has no torsion
(see [61, equation 2.17]) and obtained a logarithmic extension of the
mirror D-module via a GKZ-style presentation (see [61, Definition 4.9,
Theorem 6.6] and Remark 5.11).

Remark 1.5. It should be possible to construct the mirror map and
the mirror isomorphism for toric stacks via the Seidel representation
[74] and shift operators [7], as [40, 52] did for toric manifolds.

Acknowledgements. We thank Thomas Reichelt for his interest in our
paper and helpful comments. A.C. was supported in part by EPSRC
grant EP/E022162/1. T.C. was supported in part by a Royal Soci-
ety University Research Fellowship, ERC Starting Investigator Grant
number 240123, and the Leverhulme Trust. H.I. was supported in
part by EPSRC grant EP/E022162/1 and JSPS Kakenhi Grant Num-
ber 17H06127, 16K05127, 16H06337, 16H06335, 25400069, 26610008,
23224002, 25400104, 22740042. H.-H.T. was supported in part by NSF
grant DMS-1506551 and a Simons Foundation Collaboration Grant.

2. Toric stacks

In this section, we establish notation for toric Deligne-Mumford
stacks (toric stacks for short) in the sense of Borisov, Chen and Smith
[5]. For the basics on toric stacks or varieties, we refer the reader to
[5, 21, 29, 53, 54].

2.1. Definition. A stacky fan [5] is a triple ¥ = (N, X, 8) consisting
of

e a finitely generated abelian group N of rank n;
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e a rational simplicial fan ¥ in the vector space Ngp = N ®7 R;

e a homomorphism 3: Z™ — N such that {R>ob1,...,R>0bp} is
the set of one-dimensional cones of ¥, where b; = f((e;) is the
image of the ith basis vector e; € Z™.

Abusing notation, we shall identify a cone o of ¥ with the subset {i :
b; € o} of {1,...,m}. For instance, we write I € ¥ for I C {1,...,m}
if the cone spanned by {b; : i € I} belongs to 3, and we write i € o for
a cone o € X if b; € 0. Define

us:=cm\ |
1, mN\I¢s
where C! = {(Z1,...,Z,) € C™ : Z; =0 for i ¢ I}. Define the group
G by
G := H (Cone(B) @ C*).
This is isomorphic to the product of the algebraic torus (C*)™~™ and a
finite group. The group G acts on C™ via the connecting homomorphism
H~'(Cone(B) @~ C*) — HYZ™ @ C*) = (C*)™. A toric Deligne-
Mumford stack X associated to the stacky fan X is defined [5] to be the
quotient stack
X = [Us/G].
We assume that
e X contains a cone of maximal dimension n = dim Ng;
e the support |X| of the fan ¥ is convex;
e the fan admits a strictly convex piecewise linear function f: |¥| —
R which is linear on each cone.
These assumptions are equivalent to the condition that the coarse mod-
uli space X of X is semi-projective [21], that is, X is projective over an
affine variety and has a torus fixed point. We set

L := Ker(5), M := Hom(N, Z).

By definition, L is the lattice of relations among by, ...,b,. The fan
sequence is the exact sequence:

(2.1) 0 L zm L N
and the divisor sequence is its Gale dual [5]:
(2.2) 0 M 2 @y 2Ly,

where LV := H'(Cone(3)*) = Hom(G,C*) and the map D: (Z™)* —
LY is induced by the natural map (Z™)* — (Cone(B)[—1])* =
Cone(B)*[1]. The ordinary dual L* = Hom(IL,Z) can be identified with
the torsion-free part LY/(LY)to of LY and the torsion part of LY is
given by (LY)¢r = Hom(Cok(3),C*). Note that Cok(8) = m(G) is
isomorphic to the orbifold fundamental group of X. The torsion part
Nior of N is isomorphic to the generic stabilizer Ker(G — (C*)™) of X.
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We write u; = e € (Z™)* for the ith basis vector and D; := D(u;) for
the image of u; by D.

Notation 2.1. By the subscripts Q, R, C, we mean the tensor prod-
ucts with Q, R, C (over Z), e.g. Ng = N®R, Lg = L ® Q. For an
element k € N, we denote by k the image of k in Ng (or in Ng). By
abuse of notation, we write NN |2| = {k € N : k € ||}

2.2. Torus action and divisor sequence. The (C*)™-action on Us, C
C™ naturally induces the action of the Picard stack T = [(C*)"/G]| on
X [29]. A line bundle on X corresponds to a G-equivariant line bundle on
Us,, which is determined by a character of G. Similarly, a T-equivariant
line bundle on X corresponds to a (C*)™-equivariant line bundle on Us,,
which is determined by a character of (C*)™. Therefore we have the
following natural identifications:

Pic(X) = Hom(G,C*) =LY,
Pic* (%) = Hom((C*)™,C*) = (Z™)*.

The natural map Pic*(X) — Pic(X) can be identified with the map
D: (Z™)* — LY in the divisor sequence (2.2). Let T := (C*)™/Im(G —
(C*)™) =2 N ® C* be the coarse moduli space? of T. The torus T acts
on the coarse moduli space X of X. Taking first Chern classes of (equi-
variant) line bundles, we obtain the following canonical identifications
over Q:

(2.3) H%(X,

such that the divisor sequence (2.2) over Q is identified with
0 —— Hi(pt,Q) —— Hi(X,Q) —— H*(X,Q) —— 0.

Via the identification (2.3), we regard u; = ¢; € (Q™)*, D; € L
as (equivariant or non-equivariant) cohomology classes. These are the
(equivariant or non-equivariant) Poincaré duals of the toric divisor

[{Zi = 0}/G] C [Us/G], where Z; is the ith co-ordinate on C™.

2.3. Inertia stack, Box and orbifold cohomology. Recall that the
inertia stack IX is defined to be the fiber product X xa xxx A X of the
diagonal morphisms A: X — X x X. A point of IX is given by a pair
(z,9) of a point € X and an automorphism g € Aut(z). There is a
map inv: IX — IX that sends (x,g) to (x,¢~!). Borisov, Chen and

2There exists an exact sequence of Picard stacks: 1 — BNior -+ % — T — 1 and
this sequence splits: T 2 BNior X T; see [29, Proposition 2.5]. Thus the T-action on
X lifts to a T-action on X.
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Smith [5, Lemma 4.6] showed that connected components of the inertia
stack IX are indexed by the set Box:

Box := U Box(0),
oex

Box(o) := {U eN

veo, V= Zcigi, c; € [0, 1)} .
i€o

Let X, denote the component of IX corresponding to v € Box; then

we have IX = || cgox Xv- The component X, is isomorphic to the

closed toric substack of X associated with the minimal cone o(v) € ¥

containing v € Ng. See the proof of Lemma 4.7 below for the description

of the stabilizer g, € G along X,.

Notation 2.2. We introduce a function ¥: N N |X| — (Q>0)™ by

¢ 1€ o

(k) = (Vi(k)icicm,  Pi(k) := {0 ie{l,....m}\o

where k € NN[X[, o € ¥ is the minimal cone containing k and we write
k = > ., cibi. The age function |- |: NN |X] = Q> is defined to be
k| =225 Wilk).

Let X, denote the coarse moduli space of X,,. The orbifold cohomology
group [11] of X is defined to be

Heg (%) = @ H?M(X,,C).

vEBox
The T-equivariant orbifold cohomology group is defined similarly:

Hegp(X) = @ H{;_Q‘”'(XU,(C).

veEBox

Chen and Ruan [11] introduced a super-commutative product structure
on orbifold cohomology, called the Chen—Ruan cup product. For toric
stacks, the Chen—-Ruan product is commutative. The orbifold cohomol-
ogy ring of the toric stack X has been computed by Borisov—-Chen—Smith
[5] in the complete case, Jiang—Tseng [55] in the semi-projective case,
and by Liu [58] in the equivariant case. The T-equivariant orbifold
cohomology ring is:

Hepp(X) = P Cox,
keNN|z|
where the product structure is given by:

if k1, ko lie in the same cone of 3;
0 otherwise

(2.4) Pk, * Pky = {¢k1+k2
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and the Ry := Hj(pt,C) = Sym*(Mc)-module structure is given by
X — oy (x - bi)gy, for x € Mc. The non-equivariant orbifold co-
homology ring is the quotient of HEp p(X) by the ideal generated by
equivariant parameters x € Mg, i.e. 7

@keNmm Cox
(X212 (x - bi) ¢, + X € M)’

For a box element v € Box, ¢, represents the identity class 1, € H%(Xv)
supported on the component X,. The element ¢,, 1 < ¢ < m, repre-
sents the class u; (or D; in the non-equivariant case) of a toric divisor;
see §2.2. In particular, we have

(bk — (H UZL‘I’z(k)J> 1,
=1

for v=k—>",[¥;(k)|b; € Box.

Hep(X) =

Remark 2.3. Since the odd cohomology of X, vanishes, the Serre
spectral sequence for X, xp ET — BT degenerates over Q at the Es
term, and we find that H¢g £(X) is a free module over Ry = Hp(pt) of
rank dim H¢ g (X).

2.4. Refined fan sequence. We introduce an overlattice A of I =2
Hom(Pic(X),Z) which contains all curve classes in X. This overlattice
A fits into a refined version of the fan sequence (2.1). Let O be the
subgroup of Q™ & N given by

0:= > Z(¥(k),k).
keNN[z|
Note that Q is a subgroup of {(A, k) € Q" @ N : B(\) = k}. We define:
A :={()\0) €0} CcQ™
The lattice A is a subgroup of Lg C Q™, and contains LL. For kq, ks €
N N |X], define an element d(ki,ks) € Q™ by
(25) d(kl, kz) = \Ij(kl) + \I’(kQ) - \If(kl + k2)

It is easy to see that d(ky,ks) € A, and moreover that A is generated
by these classes:

A= Y Zd(ki ko).
ki, koeNN|Z|

We obtain the following extension of the fan sequence (2.1):

L 7

0 N
e L

0 A O N 0
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where the map QO — N is projection to the second factor and the map
Z"™ — QO is given by sending e; € Z™ to (e;,b;) € O. We call the
exact sequence in the second row the refined fan sequence. Note that
the torsion part Qi of Q@ is isomorphic to Ny, under projection, and
hence the refined fan sequence splits.

Example 2.4. The fan sequence and the refined fan sequence for the
toric stack X = P(1,1,2) are:

112 P b1 b2 b
0 7 ( ) ,Zf (b1 b2 b3) 72 0
l 1/2
0— §Z—>Z3+Z<1é2> 72 0

where N =7% L =27, A = 1Z, by = (1,0), by = *(—1,2), by = *(0, —1)
and O = Z® + Z%(1/2,1/2,0).

Example 2.5. The refined fan sequence for the toric stack X = Bus
is

0 0 7)27 —==17/27 — 0,
where N = Z /27, O = Z/2Z and A = 0.

Remark 2.6. The set of degrees in Ha(X, Q) = Lg of stable maps to
X is generated by representable toric morphisms f: Pilm — X, where
]P’%M2 denotes the one-dimensional toric stack with coarse moduli space
equal to P!, isotropy groups fi,,, i, at 0, co respectively, and no other
isotropy groups. These toric morphisms are classified in [15, §3.5]. It
is easy to see that the degrees [(c,o,j) of such toric morphisms given
in [15, Definition 12, Remark 13] can be written as d(kj, k) for some
ki, ko € NN|X| lying in two maximal cones meeting along a codimension
one face. Therefore A contains all homology classes of stable maps. We
will prove in Lemma 4.8(2) below that A is the dual lattice of the
Picard group of the coarse moduli space. On the other hand, O should
correspond to the group generated by classes in Ho(X, L; Q) = Q™ of
orbi-discs with boundaries in a Lagrangian torus orbit L C X. The
notation @ is intended to mean degrees of “open” curves.

2.5. Mori cone and associated monoids. For a cone o € X, we
define the following cones:

Co={AeR™:B(\) €0, \; >0forido},

(2.7) -
Co=LrNCyr={A€lr:D;-A>0fori¢oc}.
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Note that D; - A is the ith component of A € Ly regarded as an element
of R™. We also define

Under the identification Lg = Hy(X,R) from (2.3), NE(X) corresponds
to the Mori cone, i.e. the cone generated by effective curves. The cone
OE(X) should be its open analogue. We define:

A, = A NNE(X),
0, :={(\k) €0: )€ OE(X)}.

Lemma 2.7. Projection to the second factor defines a map Q4 —
NN I[X]. The fiber of this map at k € NN |X| equals (¥(k),k)+A;. In
particular, the fiber at 0 € N N |X|, which is AN OE(X), equals A.

Proof. 1t is clear from the definition that the projection to the second
factor of an element in O lies in NN |X|. Also it is clear that (¥ (k), k)+
A is contained in the fiber at k € NN|X|. Let (A, k) lie in O4. We have
(A\k)=(A—=T(k),0)+(¥(k), k). We want to show that A—¥ (k) € A.
It suffices to show that A — W (k) € NE(X), since it is clear that A — U (k)
lies in A. By assumption there exist A\, € CN'U for ¢ € X such that
A= ,cx As. We have that k, = 3(\s) € 0 and k = (). Then

A=T(K) =) (A —TU(kK,)) + > U(ky) — T(k).
oEY oeY

Here A\, — U (k,) lies in Cy and Y-, o5, U(k,) — ¥(k) lies in C; for a cone
7 containing k. It follows that A — ¥(k) lies in ) . C» = NE(X).
q.e.d.

Remark 2.8. The group ring C[O4] of Q4 can be viewed as an
equivariant and orbifold generalization of Batyrev’s quantum ring [4,
34]. See Theorem 5.13 below for its relation to quantum cohomology.

3. Toric Gromov—Witten theory

In this section, we review Gromov—Witten invariants, quantum coho-
mology, the quantum connection, and the Givental cone. Most of the
arguments apply to semi-projective smooth Deligne-Mumford stacks
equipped with T-action; we restrict ourselves, however, to the toric
Deligne-Mumford stacks X from §2. We also recall the main result
of our previous paper [15].
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3.1. Gromov—Witten invariants. Gromov-Witten theory for sym-
plectic orbifolds or smooth Deligne-Mumford stacks has been devel-
oped by Chen-Ruan [10] and Abramovich-Graber—Vistoli [1]. We re-
fer the reader to [1, 10, 75| for a detailed discussion. For [ > 0 and
d € Hy(X,Z), we denote by X 4 the moduli stack of genus-zero twisted
stable maps to X of degree d (this is denoted by Ko (¥, d) in [1]). Note
that Xo;4 is empty if | < 2 and d = 0. There are evaluation maps

evi: Xo1q4 — IX,i=1,...,1, to the rigidified cyclotomic inertia stack
IX [1, §3.4]. For cohomology classes ai,...,a; € H(*ijT(%) and non-
negative integers ki, ..., k;, equivariant Gromov—Witten invariants are

defined to be the T-equivariant integrals

T

<a1¢k1’ Y al¢kl>o,l,d B /[36

where [Xg;q]""" is the (equivariant) virtual fundamental class [1, 75]
and ; is the first Chern class of the ith universal cotangent line bundle
over Xy ;4. We note that:

k.
) wil eV;(ai)a
0,1,d) VT ;4

e since the underlying complex analytic spaces of the rigidified iner-
tia stack and the inertia stack are the same, we can pull back the
cohomology classes a; via evy;

e when X is non-compact, we can define the right-hand side by the
Atiyah—Bott-style virtual localization formula [42, 58]. In this
case the integral takes values in the fraction field St := Frac(Rr)
of Rt = H}(pt,C).

A special case of Gromov—Witten invariants yields the orbifold Poincaré
pairing: it is defined by

(o, 8) == (1,0, B)g30 = /Ha Uinv* 3,

where the map inv was defined in §2.3. The pairing takes values in R
or in ST, depending on whether X is compact or non-compact.

3.2. Quantum cohomology and the quantum connection. Recall
the lattice A C Hs(X,Q) and the monoid Ay of curve classes from
§62.4-2.5. The quantum cohomology of X is defined over the Novikov
ring C[AL], which is the completion of the group ring C[AL]. We
write Q¢ € C[A.] for the element corresponding to d € Ay. The big
equivariant quantum product * is a formal family of commutative ring
structures parametrized by 7 € HER’T(%), defined by

=1
(31) (a*ﬁvf}/) = lz:l' <C¥757%7',- "7T>07l+37d Qd7

=0
where o, 5,7 € HéR,'JT(%)' Since the orbifold Poincaré pairing is non-
degenerate, this uniquely defines a x 5. Choose a homogeneous basis
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{T3} of Hig p(X) over Ry and write 7 = 3, 7'T;. We regard {7'} as
co-ordinates on H¢y ¢(X). For a ring K, we write K[r] = K[{r%}] for
the ring of formal power series in {7}. The big equivariant quantum
product defines a commutative ring structure on

Heg p(X) @Ry Rr[A][7]-

Note that we do not need the fraction field St even when X is non-
compact. This is because the evaluation map ev;: Xo;q4 — IX is always
proper, and we can define the quantum product in terms of the push-
forward along the evs. The properness of ev; is ensured by the fact
that X is semi-projective. In particular, the non-equivariant quantum
product is defined on

Heg(X) @ CIAL][7]

as the non-equivariant limit. We also note that the Chen—Ruan cup
product is the limit of the quantum product as @ — 0 and 7 — 0.

The quantum connection is a pencil of flat connections with pencil
parameter z. For ¢ € Lt = H?(X,C) and a ring K, we write £Q%5 9 for

the derivation of KA ] such that anQ QY = (¢£-d)Q?. We also fix

a splitting L — (C™)* = H2(X,C) (over C) of the composition of the
divisor sequence (2.2) with projection to the free part LY — L*, and
write € € H2(X,C) for the lift of £ € L with respect to the splitting.
The quantum connection is defined by

(32) o =25+ 1)
vai 3?" e (T*)

for ¢ € H?(X,C). These operators define maps
Hig 1 (X) ®p, Rel2)[A4][r] = 27 Hép p(X) @r, Rel2][A4][7].

The quantum connection is flat, i.e. [V Vg = V(5,5 Quantum coho-
mology has a grading structure. Define the FEuler vector field by

A _ 1
(33) EA=c(X)Q +Z 1 LdegT;) aﬁz’“ g

where ¢1(X) = Dy + ---+ D,, € L* is the first Chern class of TX,
deg T; means the age-shifted degree of T;, and (x1,...,Xn) is a basis of
Mg = H2(pt,Q) (so that Ry = C[x1,...,Xn]). E* is a derivation of
Rr[A4][r]. We define Grg € Endc(H¢g p(X)) by

(3.4) Gro(a) = %(deg a)o
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for a homogeneous element a € HéRJF(%). We note that Grp is not
linear over Hy(pt, C) = Rr. The grading on Heg 1(X) @R, Rr(z][A+][7]
is defined by the operator

Grt .= Z2 + &2 + Gy,
0z

where z% + &7 acts on the coefficient ring Rr[z][A4][y] and Grg acts
on Hg ¢(X). That is, we have

(3.5) Gri(ca) = <<Z§Z + 5A> > o+ cGroo

for ¢ € Ry[z][A+][y] and o € HEg p(X). The grading structure is
compatible with the quantum connection in the sense that

[v GrA} —0, {Vi,GrA} = (1-}degT)V o .

ort

£Qa"
There is a canonical fundamental solution for the quantum connec-

tion. Define M(7,2) € Endg, (H¢g 1(X)) ® Rr((z~ ) [AL][7] by

M(Tza—a—l—zzz '<Oé7' T, & > T,
~ | Tz =1 0,l+2,d

deA

where {1} is the basis of Hig 1(X) ®@py St dual to {T;} with respect
to the orbifold Poincaré pairing, so that (T;,77) = 527 .

Proposition 3.1. The fundamental solution M (T, z) satisfies the fol-
lowing differential equations:

M (T, z)Vaiza = ( 2)a,
M(r, )V eq gy = Qg0+ 7€) Mz, 2)a
M (7, 2)(Gr* a) = (M(T z)a)

for o € Hig (X) ®p, Rel2][A+][7]. Moreover, M(r,z) preserves the
Poincaré pairing in the sense that (M (1,—z)a, M(T,2)5) = (o, B) for
all o, B € Heg p(X).

Proof. These properties are well-known; see [35, Corollary 6.7], [65,
Proposition 2], [36, §1], [19, Proposition 2.4]. The first equation follows
from the topological recursion relations as explained in [65], the second
equation follows by combining the first one with the divisor equation
(see e.g. [19, §2.6]), and the last one follows from the degree axiom
for Gromov—Witten invariants. That M(7,z) preserves the Poincaré
pairing is shown in [36, §1], [19, Proposition 2.4]. q.e.d.
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We define the J-function to be
J(1,2) =2zM(T1,2)1
Qd Ti
(3.6) =z214+71+ Z AT T T;,
0,l+1,d

z—1
deA >0
(a,1)#(0,0)

where 1 is the identity class supported on the non-twisted sector X C
I1x.

Remark 3.2. In the non-equivariant theory, we can introduce the
connection in the z-direction by the formula:

(3.7) VZ% = Gr—Vgea — g

3.3. Galois symmetry. We introduce the Galois symmetry of the
equivariant quantum connection. This is an adaptation of [50, Propo-
sition 2.3] to our setting. The age of a line bundle L — X along the
twisted sector X, C IX, v € Box, is defined to be the rational number
f =age,(L) € ]0,1) such that the stabilizer g, along X,, acts on fibers of
L|x, by exp(2my/—1f). Recall from §2.2 that Pic(X) 2 L". For £ € LY,
we write L¢ for the line bundle corresponding to . We define a linear

map go(§): Heg p(X) = Heg p(X) by

w6 (@ =) - @ e

vEBox vEBox

with 7, € Hj(X,, C). This map preserves the orbifold Poincaré pairing.
Let g(&)*: C[A+][7] — C[A+][7] denote the action on the variables
(Q,7) given as the pull-back of the cohomology parameter 7 by go(§)
and

g(é—)*Qd — e—27r\/—71§~de

with d € A4. This defines a morphism ¢(§): Spf C[AL][r] —
Spf C[A4][r] which induces a map go(§) on cohomology at @ = 0.
We call the maps go(€), g(€)* the Galois action of £ € LY. Note that
the Galois action descends to the action of the “stacky” Picard group
(see Lemma 4.8(2))

Pic(X) := Pic(X)/ Pic(X).

The following proposition can be proved using an argument similar to
[50, Proposition 2.3].

Proposition 3.3. The quantum connection is equivariant under the
Galois action in the sense that the map go(€): HEg p(X) — Heg p(X)
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intertwines the quantum connection V with g(§)*V for £ € LV:

D) 0 V0, 0 0(E) " = (96 T), 0 = 1Q 55+ 19(E)" (19,
90(€) 0V o 090(6) 1 = (9(6)'Y) . = -+ g(6)" (0(&)Ti)),

where n € L. Moreover, the fundamental solution M(T,z) in Proposi-

tion 3.1 satisfies g(£)*M (7, 2) = go(§)M (7, 2)go(€) 1.

3.4. Givental cone. Givental’s symplectic vector space [15, 38, 39]
in equivariant Gromov—Witten theory is

H = Hégp(X) @p, Stz ") [A4]

equipped with the symplectic form:

Q(fa g) = - Resz:oo(f(_z)a g(z))d’z
The space H has a standard polarization H = H, & H_, where

Hy = Heg p(X) @ Stl2][A+],
Mo = = Hop (%) @ Sol (A 4]

are ()-isotropic subspaces. We can identify H with the contangent bun-
dle T*H via this polarization. The equivariant Givental cone Lx C H
is defined as the graph of the differential of the genus-zero descendant
potential, defined in the formal neighbourhood of —z1 € H, [15, 39].
Equivalently, we can describe it as the set of points in H of the form:

) d i i
(3.8) —zl+t(2’)+z Z Z % <t(¢)’ - Y, —ZTi ¢>0 I+1 dTZ7

1=0 deA, i

where {T;}, {T"} are the mutually dual bases of H{g 1(X) ®p, St with
respect to the orbifold Poincaré pairing, i.e. (T;,77) = 47, and t(z) €
H,. For example, the J-function J(7,—2) (3.6) is a point on Lx. A
more precise definition of the notion of points on Ly is as follows. Let
t = (t1,...,tn) be an arbitrary set of formal variables. An St[AL][¢]-
valued point on Ly is a point of the form (3.8) with

t(z) € Hilt], t(2)lg=04=0=0.

The Givental cone is a cone — i.e. it is invariant under dilation in H, —
and has very special geometric properties, which are sometimes referred
to as being “over-ruled”. We refer the reader to [39] or [13, Appendix B]
for details. In this paper, we need the following fact.

Proposition 3.4 ([39], [13, Proposition B.4]). The tangent space of
Ly at an St[AL][t]-valued point is spanned over St[z|[A+][t] by the



58 T. COATES, A. CORTI, H. IRITANI & H.-H. TSENG

derivatives of the J-function:
O0riJ (T, —2) = M(1,—2)T;
for some 7 € Heg 1(X) @r, ST[A4][t] with T|g=t=0 = 0.

3.5. Mirror theorem. We next review the mirror theorem from [15].
We fix a finite subset G C N N |X]| in this section.

Definition 3.5. Let KS; denote the set of \ = ()‘Q/\k 1 <3<
m,k € G) € Q™ x Z% such that >.7"; Aib; + > e Ak = 0 and that
{1<i<m:\¢Z}eX. ForAEKg,wedeﬁne

v(A) =) [Nilbi+ Y Ak
i=1 keG

Since v(A) = Y% (—Xi)bi, v(X) belongs to Box. We also set

dA) == (M, Am) + D M(k) € Lg € Q7
keG
where U is given in Notation 2.2.

Lemma 3.6. For A € K§, d(\) € A (see §2. for A).

Proof. Using W(v(X\)) = ((=A1), ..., (=An)), we deduce
d(A) = (Talsee s T + D (k) = B(u()).
keG
We also have > | [Ai]bi+> o Akk—v(A) = 0. Consequently, we have

(d(X),0) = D TAT((b), br) + Y Mc(¥ (), k) = (¥(v(N)), 0(N))

=1 keG
in Q™ x N. The right-hand side belongs to O, and thus d()\) € A.
q.e.d.

Definition 3.7 ([15]). Let G € N N |X| be a finite subset. The
G-extended I-function is the cohomology-valued power series

I(Qv ‘)7 t, Z) = zezgl ti“z‘/z

u; + ¢z
<3 e (T Hc<o<> o) L.

) Ui +cz
AeKS ie{1,...,m}UG HCQH t

where

t=(t1,...,tm) and h = (pi : k € G) are parameters;

tod(\) =S ti(D; - d(N) and 9 = [Teeq Dp*

e for 1 <i < m, u; is the equivariant Poincaré dual of a toric divisor
in §2.2, and for © € G we set u; := 0;

1, is the identity class supported on the twisted sector X,y).
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The G-extended I-function belongs to Hég ¢(X)@p, Rr(z~ 1) [A+][t, 1]
— see Lemma 4.18 for a proof of this in a more general setting.

Theorem 3.8 ([15, Theorem 31]). The G-extended I-function I(Q,,
t,z) is an ST[A+][v, t]-valued point on the equivariant Givental cone Lx
of the toric Deligne—Mumford stack X.

4. The Gauss—Manin system and the mirror isomorphism

In this section, we introduce a (partially compactified) Landau—Ginz-
burg model that corresponds under mirror symmetry to the toric stack
X, and show that the quantum connection for X is isomorphic to the
Gauss—Manin system associated with the Landau—Ginzburg potential.
The construction closely follows the one in [52] for toric manifolds.

4.1. Landau—Ginzburg model. Recall the refined fan sequence (2.6).
Applying the exact functor Hom(—,C*) to it, we obtain

1 —— Hom(N,C*) —— Hom(0,C*) —— Hom(A,C*) —— 1.
Note that Hom(N, C*) is a disjoint union of |N¢,| copies of the algebraic
torus (C*)™. The uncompactified Landau—Ginzburg model is given by

the smooth family of algebraic varieties Hom(Q,C*) — Hom(A,C*)
equipped with the Landau—Ginzburg potential f: Hom(Q,C*) — C:

f=wi+ -+ wn,

where w; € C[Q) is a function on Hom(Q, C*) given by the evaluation
at (e;, b;) € O.

Next we introduce a partial compactification of the above construc-
tion using the cones and monoids from §2.5. The partially compactified
Landau—Ginzburg model is given by the flat family of algebraic varieties:

Spec C[O4] — Spec C[A4]

induced by the inclusion Ay — O4 of monoids, equipped with the
potential function f: Spec C[O4] — C as above (since (e;,b;) € O, w;
extends to a function on Spec C[O4]). When we refer to the Landau—
Ginzburg model, we will mean the partially compactified one unless
otherwise stated.

We introduce a co-ordinate system on the Landau-Ginzburg model.
We write wA¥) e C[0,] for the element corresponding to (X, k) € Q..
Define functions w;, wy for k € NN ||, and Q* € C[O,] for A € A by

w; = w(ei,bi)’ Wy 1= w(\I’(k),k), QA — w()vo)‘
See Notation 2.2 for ¥. We have that w; = w, and wy =
(I, sz‘lji(k)J)wv for v ="%k—>1",[Vi(k)]b; € Box. By Lemma 2.7,

we have

(4.1) Co4]= P ClA{]w
KeNNS)|
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We choose a splitting ¢: N — O of the refined fan sequence (2.6). Using
the splitting ¢, we let ¥ € C[Q] with k € N N |X| denote the element
corresponding to ¢(k) € O. (Note that ¢(k) may not lie in O4.) Then
we have:

wie = QNI gk w; = Qi) b
with k € NN |X|, A(k) := (¥(k),k) — ¢(k) € A. Finally, by choosing
an isomorphism N = Z™ x Ny, we write ¥ = xll’“ . '-xfﬁxc for k =

(k?l,...,k‘n,C) € N.

Remark 4.1. For a maximal cone og € X, we can define a splitting
¢: N — O by the requirement that <(b;) = (e;,b;) for all i € op. For
this choice of ¢, A(k) = (¥(k), k) — ¢(k) lies in A .

With this choice of co-ordinates, we define the equivariant Landau—
Ginzburg potential to be the multi-valued function on Spec C[O.]:

n
fX=w1+-'-+wm—ZXilog1%
i=1

where x = (x1,...,Xxn) € Lie(T) = N¢ = C" are equivariant parame-
ters. (We can also view x;, 1 <1i < n, as a basis of M = N*.)

Remark 4.2. The equivariant potential f, depends on the choice of
splittings ¢ and N /Ny, — N. If we choose different splittings then the
equivariant potential is shifted by a term of the form ;" ; x;(log Q% +
log w(O’C")) for some d; € A, (; € Nyor.

Example 4.3. Recall from Example 2.4 that the fan sequence and
refined fan sequence for the toric stack X = P(1,1,2) are:

0 7 112 ,Zf (b1 b2 b3) 72
1 1/2
OH%ZHZZJ’—FZ(%?) 7?2 0

where N =72 L =2, A = 1Z, by = (1,0), by = }(—1,2), by = (0, —1)
and O = Z3 + Z*(1/2,1/2,0). When we construct a mirror Landau—
Ginzburg model using the (unrefined) fan sequence as considered in
[32, 50], we obtain a family

C?® = Spec C[Z%,)] — C = SpecC[L4], (w1, wa, w3) — Q = wiwow?

equipped with the potential f = w; + ws + w3, where we set Ly :=1LN
NE(X) = Z>o. When we pull back this family via the map Spec C[A ;] —
SpecC[L4], t = Q = 2, we obtain the family

{(wy,we,ws, t) € ct: w1w2w§ = t2} = C, (w1, wq,ws,t)—1
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with non-normal total space. The Landau-Ginzburg model (based on
the refined fan sequence) is given by the normalization of this: it is

4 2
{(wy, w2, w3, u) € C*: wywy =u"} — C, (w1, ws, ws,u) — uws,

where t = wws. This is the same as the family constructed by de
Gregorio-Mann [22].

Example 4.4. Recall from Example 2.5 that the refined fan sequence
for X = Bus is

0 0 7.)27. —>17.)27. — 0,

where N = Z/27Z, O = Z/27Z and A = 0. Thus the Landau-Ginzburg
model is the identity map from the two-point set to itself, equipped with
the zero potential.

2. An unfolding of the Landau—Ginzburg potential. We con-
sider an unfolding of the Landau—Ginzburg potential given by choosing
a finite set G C NN|X|. We assume that G is disjoint from {by, ..., by}
and set S := {b1,...,b,} UG. Introduce co-ordinates yy for each k € §
and set y = {yx : k € S}; we sometimes write y; = yp, for 1 < i < m.
Define

Z YWk = Z Yiw; + Z YWk = Z QMK

keS keG keS
Fy(z;y) := F(x;y) szlogxz

We call F(x;y), Fy(x;y) the G-unfolded Landau—Ginzburg potentials.
The unfolding F'(x;y) is an element of C[O4][y]. Under the specializa-
tion

¥ =1 for 1 <i <m,

(4.2) k=0 fork e G

the potentials F'(x;y), F\(z;y) become, respectively, the original ones
f(x), fy(x). We refer to the shifted origin (4.2) of y as y*.

Remark 4.5. The deformation parameters yi, ...,y for F(z;y) are
redundant in the sense that those deformations can be reduced to a
deformation along @ € Spec C[A] via a rescaling of the variables z.
It is, however, convenient to keep 1, ..., ¥m as deformation parameters
when we use C[A.] as a ground ring. See also Remark 5.4.

Remark 4.6. The paper [52] introduced infinitely many deformation
parameters yy for all k € NN|X|; each k corresponds to a basis element
¢k for Hi(X) over C. This gives a natural identification between the
deformation space of F' and equivariant cohomology. On the other hand,
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in the present paper, we restrict to finitely many deformation terms; this
is compensated for by working over the ground ring Rt = H}(pt, C).

4.3. Galois action on the Landau—Ginzburg model. Similarly to

the Galois symmetry in quantum cohomology (§3.3), we can define an

action of Pic®*(X) = Pic(X)/ Pic(X) on the Landau-Ginzburg model.
Recall that Pic(X) 2 LY and introduce a bilinear pairing

age: LY x 0 — Q/Z=1[0,1)NQ

as follows. We recall an explicit description of LY = H'(Cone(3)*) from
[5, §2]. Choose a free resolution 0 — K -+ F — N — 0 of N and a
lift 3: Z™ — F of 3. Then Cone(/3) is quasi-isomorphic to the complex
L® fB: K @®Z™ — F of free modules, and

LY = Cok (L* ®f: F* > K* @ (Zm)*).

Let £ € LY and (A, k) € O be given. We choose a lift £ € K* @ (Z™)*
of ¢ and a lift k € F of k € N. Then k — S(\) € Fp lies in the
kernel of Fp — Ng and thus lies in Kg. Hence we obtain the element
(k — B(N),\) of Ko @ Q™. We define

age(§,(A k) = (£ (k= B(X),\) mod Z) € Q/Z.

It is easy to see that this is independent of the choices made and defines
a bilinear form.

Lemma 4.7. (1) Let L¢ denote the line bundle corresponding to & €
LY. For v € Box, age(¢, (V(v),v)) equals the age age,(L¢) of the line
bundle L¢ along the sector X,.

(2) age(&, (N, k) =0 for all £ € LY if and only if (\, k) € O lies in
the image of the inclusion Z™ — Q, e; — (e, b;).

(3) We have age(, (A, k)) = 0 for all (\, k) € O, if and only if the
line bundle L¢ corresponding to & € LY is the pull-back of a line bundle
on the coarse moduli space X.

Proof. (1) Recall from §2.2 that the line bundle L¢ is given by the
quotient of Us; x C by the G-action g - (Z,v) = (¢ - Z,£(g)v), where we
regard £ € LY = Hom(G, C*) as a character of G. On the other hand,
the stabilizer g, € G associated with v € Box is defined as follows (see
[5, Lemma 4.6]). We use the notation in the paragraph preceding this
lemma. Choose a lift # € F of v. Then 9 — 5(¥(v)) € Fg lies in the
kernel of Fy — Ng, and thus (& — 3(¥(v)), ¥(v)) lies in Ko ® Q™. The
stabilizer g, € G = H~!(Cone(3) @ C*) is then given by

gy = 2TV I(I-BE).¥®) ¢ Kep ((K BZMRC* 5 F® @x)‘
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Therefore g, acts on fibers of L¢ along X, by exp(2mv/—1 age(¢,
(¥(v),v))), and part (1) follows.

(2) Suppose that age(&, (A, k)) = 0 for all £ € LY. With notation as
above, we have that (k — 3(\),\) € K ® Z™. This implies that A\ € Z™
and B(A\) = k. Thus (A, k) = >, Ni(e;, b;) lies in the image of Z™.

(3) Note that O is generated by (V(v),v) with v € Box and (e;, b;), i =
1,...,m. Therefore, by parts (1) and (2), we have that age(¢, (A, k)) =0
for all (A, k) € O if and only if the age of L¢ along each twisted sector
X, is 0. This happens if and only if L¢ is the pull-back of a line bundle
from the coarse moduli space. q.e.d.

The above lemma says that the bilinear pairing age(-, -) descends to
a perfect pairing age: Pic®*(X) x O/Z™ — Q/Z. We define the action
of Pic®(X) on C[O4] by

£ MK — 2TV Tage(€.(AK)) (NI

for ¢ € Pic®™®(X) and (A\,k) € O;. This defines the Pic*(X)-action
on the total space Spec C[Q4]. The group Pic*(X) also acts on the
unfolding parameters y = {y;,yx : 1 < i < m,k € G} of the G-unfolded
Landau—Ginzburg potential by
5 . yz — yi’ g . yk — e_QW\/jlage(Ev(le(k)vk))yk'

The G-unfolded potential F(x;y) is invariant under the Pic™(X)-action.
The equivariant potential F (z;y) is not Pic®(X)-invariant, but the
Pic™(X)-action shifts F (z;y) only by a (constant) linear form in x1, . . .,
Xn, hence its derivative in z is Pic®*(X)-invariant.

Lemma 4.8. (1) For £ € LY and A\ € A, we have age(£,\) = £ - A
mod Z, where we regard A as an element of Q@ by the inclusion A C Q.
In particular, £-Q* equals the Galois action (g(€)*)~1Q* for the Novikov
variables defined in §3.3.

(2) For & € Pic(X) and A € A, we have € -\ € Z. Moreover, we have
Pic(X) 2 A*.

Proof. With notation as above, we have the exact sequence 0 — L. —

Kaozm ‘28, F, where the map L — K@Z™ is given by A = (—B(\), \).
Thus the natural pairing between LY = Cok(F* — K* & (Z™)*) and
Lg is given by € - A = € (=B()\),\) where A € Lg and £ € K* @
(Z™)* is a representative of £ € LY. Part (1) follows from this and the
definition of age(&, \). The first statement of part (2) follows from part
(1) and Lemma 4.7(3). This gives a natural map Pic(X) — A*, which
is injective since Pic(X') has no torsion [21, Proposition 4.2.5]. To show
the second statement, we embed both Pic(X) and A* into Pic(X) 2 LVY;
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the natural map A* — LV is given by taking the Gale dual of (2.6):

0—M— (Z")* —=L"

]

0 M O~ A* 0

Via these embeddings, we have Pic(X) C A* C LY. To see the converse
inclusion A* C Pic(X) it suffices, in view of Lemma 4.7(3), to show that
an element £ € A* C LY satisfies age(¢, (A, k)) = 0 for all (\, k) € O.
Note that £ € A* comes from an element of Q* in the above diagram. By
the definition of the age pairing, it follows easily that age(&, (A, k)) = 0.
The conclusion follows. q.e.d.

4.4. The Gauss—Manin system. In this section we fix a subset G C
N N 3] disjoint from {b1,..., by}, and construct a Gauss—Manin sys-
tem associated to the G-unfolded Landau-Ginzburg potential (§4.2).
The Gauss—Manin system constitutes, together with the higher residue
pairing introduced in §6, the Saito structure of the Landau—Ginzburg
model.

4.4.1. Definition. We consider a formal completion of the total space
Spec C[04] along the fiber at {Q = 0} € Spec C[A4]. Let K be a ring,
and let m denote the ideal of K[A ] generated by Q* with A € A\ {0}.
Let m C K[O4] be the ideal generated by m. We set

K[A.]:=thecompletion of K[A ] withrespect tothe m-adic topology,
K{Oy4 } :=the completion of K[O] withrespect tothe m-adic topology.

Note that we have (cf. (4.1))

—

(4.3) E{0:}= @ K[A ],
KeNN[Z|

where the right-hand side is the completed direct sum with respect to
the m-adic topology. We also write

Klyl= K[y —1,...,ym — L {yx : k € G}],
K[x] = K[x1,- -+ Xnl-

Note that we use the completion at the shifted origin (4.2) of y. In this
section we consider the formal Landau—Ginzburg model given by the
G-unfolded potential F(x;y)

y

M

(4.4)

F(z5y)

C
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with Y = Spf C{O, }[y] and M = Spf C[A4][y]. We regard Y, M as
formal log schemes whose log structures are given by their toric bound-
aries (see e.g. [44, Ch. 3]); the family J — M is then log smooth. The
Gauss—Manin system is given as the top cohomology of the logarithmic
twisted de Rham complex (Q;A) //Q{Z}’ zd 4+ dFA\) where
dx;, - - -dz;
% Gl = @ RO
11 <o <tp ik
In what follows, we give a more concrete definition. Introduce the rela-

tive differential forms® w := \Ntor\_ldz—? A A dm" and w; 1=t o w.
'LBa:

Definition 4.9. (1) The equivariant Gauss—Manin system GM(F))
is defined to be the cokernel of the map

zd + dFyn: @ Cl{ 04 ] IXJws — Clz{O04 }Hyl [x]w,
i=1
where d denotes the differential in the variable  which is linear over
Clz][A+][¥][x]; we define dwy = >, kjwk d"”' and the map zd+dF\, A
is given explicitly by

(4.5) (zd + dF\N)wyw; = (zk:i + Z Liyewe — Xi> WKW,
LesS
where k;, l; denote the ith components of k, £ € Ng = Q" respectively.
(2) The non-equivariant Gauss—Manin system GM(F') is defined to
be the cokernel of the map

zd + dFA: @ Cl{04 M yJw: — Cl2{04 }Hylw.
i=1

Clearly we have GM(F) = GM(F,)/ > ", xi GM(F,).

Remark 4.10. The quantity (4.5) gives a relation in GM(F,) which
can be viewed as defining the action of x;. In fact, it is easy to check
that

(4.6) Xi: Wew — <zki + Zli gwg> wpw, 1<i<n

Les
defines commuting Clz][A+][y]-module endomorphisms x; on
C[z]{O4 }[y]w, and that there is a canonical isomorphism:

—_

(4.7) GM(F,) = Cz{0  }[ylw = B Cl[A][y]wiw.
kENN|S|

3The volume form w is normalized so that the integral against the maximal com-
pact subgroup of Hom(N, C*) equals (27rv/—1)™. The factor |No| ™" plays a role in
§6, when we show that the pairings match.
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It is also easy to see that, under the action (4. 6) GM(Fy) =C[z]{0+}[y]
is a module over Rry[z ][[A+]] lyl, where Rt = H}(pt, C) Clx]-

4.4.2. The Gauss—Manin connection and the grading opera-
tor. The equivariant Gauss—Manin system is equipped with a natural
flat connection V, called the Gauss—Manin connection, and a grading
operator. For £ € L, let £Q55 9. he the derivation of K[A,] such that

£Q8Q Q = (£-N)Q*. For a vector field ¥ in the parameters (Q,vy),

the connection operator Vy: GM(F)) — 2z~ GM(F,) is defined by the
formula:

Vs =0z+ zfl(UFX),

where we use the splitting from §4.1 and think of elements in GM(F),) =

C[z]{O4}y] as functions in (z,z,Q,y). More precisely, we define the

actions of va%’ Vai on the topological C[z][A+][y]-basis wxw of
ve

GM(Fy) — see (4.7) — by

Veg 2 wiw = (& Alk)Jwiw + % (Z@ : A(ﬁ))yewe) wyw,
(4.8) es

V o wyw := 1wgwkw = de(k e)wka
dyg z
where k € NN X, £ € S, { € L, and extend them (continuously) to
the whole of GM(F)) by the Leibnitz rule. Recall that A(£) € A was
introduced in §4.1 by choosing a splitting ¢: N — O and that d(k,£)
was defined in (2.5). Define the Euler vector field by

(19) &= a®Qgg + (1 Ky, + sz .

keS
where ¢1(X) := Di+---+D,, € L* and k| = > " | ¥;(k) is the age func-
tion from Notation 2.2. Define the grading operator GrP: GM(Fy) —
GM(Fy) by requiring that

Gr®(wiw) = |k|wyw,

4.10
(4.10) GrP(cQ) = (22 + EB) ¢) Q + cGrP(Q)

for ¢ = ¢(2,Q,y) € Clz][A+][y] and @ € GM(Fy). The following
proposition is an immediate consequence of the definitions.

Proposition 4.11. The connection operators V., o and V_a are
gQaQ I

linear over R, that is, they commute with the action (4.6) of equivariant
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parameters x;. Moreover:

[VEQBBQ’VWQ(%}:[VSQQ%’va]:[v@ik’va]:O’

Y de

Ay % ;

B| __ B| _ _
[VgQ%,Gr | =o. [Va,Gr } = V1o ex] = Vi
GrB(eQ) = ((2% +EB)c) A+ cGrP(Q),

where £, n € Lt; k, £ € S; ¢ = c(z,x,Qy) € Rrlz][A{]ly]; and
Qe GM(FY).

Remark 4.12. We canNa]lgso work with a different Euler vector field
&P and grading operator Gr defined by

) i ) —B
G SIS o R O
l;ykayk ;X8Xi (wiw)

together with GrB(cQ) = ((z%+gB)C)Q—|—cGrB(Q) for c € C[z|[A+][y],
2 € GM(F),). This choice of Euler vector field and the grading operator
was made? in [52]. It has the advantage that they are linear over
C[A+], whereas the current choice has the advantage that the origin
@ =0, y = y* — where y* is the shifted origin in (4.2) — is a fixed point
of the Euler flow. The two choices are, however, essentially equivalent.
We can easily check that

—~B K
G —Gr' = Vs _go +

where k € My is the equivariant parameter defined by x = (e} + - - - +
er)os: N — Q, and ¢(k) = (5(k), k) with <: N — Q™.

Remark 4.13. By Remark 4.2, a different choice of the splitting
¢ shifts F\(z;y) only by a quantity which does not depend on z, and
thus the Gauss-Manin system GM(F)) is independent of the choice of
splitting as an Rr[z][A4][y]-module. This shift of F\(z;y), however,
depends on ). Therefore the Gauss—Manin connection VgQ 2 in the

(-direction depends on the choice of ¢; the difference of the connec-
tions ng o corresponding to two splittings is the multiplication by
29Q

%2?21 Xi(§ - d;) for some d; € A.

Remark 4.14. The connection operators and grading operators de-
scend to the non-equivariant Gauss—Manin system. In the non-equivari-

“The Euler vector field in [52] does not contain the term Y., Xia%. since the x;-

direction is contained as part of the (infinite-dimensional) y-directions in the setting
of [52].
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ant case, the operator VgQ o does not depend on the choice of splitting
0Q

¢. Also we can introduce the connection V L0 In the z-direction by the
Oz

formula:
V.o =G® Ve - %

Compare with the quantum connection in the z-direction (3.7).

4.4.3. Galois symmetry. Since dF), is invariant under the Galois ac-
tion in §4.3, the Pic®*(X)-action on C[z]{O4}[y] induces a Pic®(X)-
action on the equivariant Gauss—Manin system GM(F) ) such that w is
Pic®(X)-invariant. It is easy to check that the Gauss—Manin connection
satisfies

Voo (60 =V, 00 0,

Voo (£-Q) = e 2V Tage (VM N)e . g ,

Oyp Ayp

where ¢ € Pic®™(X), n € Lk, £ € S, Q € GM(F). Moreover, the Galois
action commutes with the grading operator Gr®.

4.5. Solution and freeness. We next describe a cohomology-valued
solution (localization map) to the equivariant Gauss-Manin system
and show that the equivariant Gauss-Manin system is free over

Rr[2][A]ly]-

Definition 4.15 (cf. Definition 3.5). For k € NN 3|, let K¢ denote
the set of A = M\, ¢ 1 1 < i < m,£ € G) € Q™ x Z% such that
k+ 37" Aibi + > pe A =0 and that {1 <i<m:\ ¢ Z} € X. For
A€ KE, we define

v(A) :=k+ > [Nilbi+ > Ak
=1 Led

Since v(A) = Y% (=Xi)b;, v(X) belongs to Box. We also set

AN = () + (Ars o A) + 3 A(8) € Lg € Q7
LeG

where U is given in Notation 2.2.

The proof of the following lemma is similar to Lemma 3.6, and is
omitted.

Lemma 4.16. For A € K¢, d()\) € A.
Definition 4.17 (cf. Definition 3.7). The localization map Loc
Loc: GM(Fy) = HEg o(X) ®r, Re((=~ )[A+][Y]
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is a C[z][A+][y]-linear map defined by

(4.11) Loc(wgw) = e2ivy uilogyi/z

I1. u; + cz
% Z Qd()\)yA H <0,{c)=(As) Loy,

u +cz
AeKE i€{1,...m}G HC</\17 ()= '

where
A m A Ak.
o v =11 v7 " Tliea U
e for 1 <i < m, u; is the equivariant Poincaré dual of a toric divisor
in §2.2; for ¢ € G, we set u; := 0;

e 1,()) is the identity class supported on the twisted sector X, ).
For 1 < i < m, )\; is a (possibly negative) rational number, and both
log y; and y?l should be expanded in Taylor series at y; = 1 — see (4.4).

The following lemma shows that the localization map takes values in
Heg p(X) ®r, Rr(z~ ") [A] ]

Lemma 4.18. Take A € Kf If either A\p < 0 for some £ € G or
d(N) & Uyex, Co, then the summand corresponding to X in the left-hand
side of (4.11) vanishes (see (2.7) for Cy).

Proof. If A\p < 0 for some £ € GG, then the summand contains a factor
H/\l<c<0 cz = 0 and thus vanishes. Suppose that A\p > 0 for all £ € G
and that d(\) € J,cx Co. Let 09 € ¥ be the minimal cone containing
v(A). Note that g = {1 < i < m: \; ¢ Z}. By assumption we have
I'={1<i<m:D;-d\) <0} ¢X.Set J:={1<i<m:\ €Z}.
Since Dj - d(A) = W;(k) + X\i + > pc AeVi(£), we have

I C JUaoy.

This implies that JUoy ¢ ¥. The summand corresponding to A contains
a factor [[;c;ui- But ([[;c;ui)1yn) = 0 since

ﬂ{Zi = 0} ﬂ%v()\) = ﬂ {Zi = 0} =9
i€J i€JUoo

by the definition of Uy, in §2.1. The conclusion follows. q.e.d.

Remark 4.19. Loc(w) is essentially equivalent to the G-extended
I-function in Definition 3.7. This will be explained in the next section.

Remark 4.20. The name “localization map” stems from Givental’s
heuristic argument [32] involving S'-equivariant Floer theory. In fact,
we can compute Loc via equivariant localization on polynomial loop
spaces, generalizing the method in [16, 33, 47].
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Remark 4.21. Let St cx denote the fraction field of H}. . (pt) =
Rr[z], where z is regarded as the equivariant parameter for C*. The
localization map takes values also in Heg 1(X) ® g, Stxcx [A+][y]. This
fact will be used in §6.3 below.

We show that the localization map gives a solution to the Gauss—
Manin system. Recall that we introduced a splitting ¢: N — O in §4.1.
We write ¢(k) = (5(k), k) for k € N. The map 5(k): Ng — Q™ defines
a Sphttlng of the fan sequence (2.1) over Q, and thus induces a splitting

— (C™)*, € > € of the divisor sequence (2.2) such that ¢ vanishes
on the image of <.

Proposition 4.22. The localization map is linear over Ry[z][A+][y]
and satisfies the following differential equations:

0
Loc(VgQ%Q) = (gQaQ 1§> Loc(Q2), ¢ e LE,
Loc(V _a Q) = i Loc(9), Les,

9yp 0Ye

Loc(Gr2 Q) = (z(,i + &8+ GI’(]) Loc(92),
where Q@ € GM(F,), € € (C™)* = HZ(X,C) is the lift of & described
above, and Grg € EHdC(HCR,T(:{)) is the grading operator in (3.4). We
note that z% + EB acts on the coefficient ring Rr[z][AL][y] and Grg
acts on Hig 1(X), cf. (3.5).

Proof. 1t suffices to establish these formulas for 2 = wyw. For A €
Q™ x ZC, we set

O H [Te<o,()= <A>Uz+02
A =
ity myue Lleshiia=pu i + ez
For notational convenience, write Ay, = A; for the 7th component of

A€ Q" xZC% 1<i<m,and think of A as an element of Q°. Hence
Kf is regarded as a subgroup of Q°. We also set up, = u; for 1 <i < m.
For £ € S, we have the natural identification

Kk—‘rf_Kk’ )\'—))\/:)\"_6[.

Under this identification, we can easily check that

dN) = d(\) +d(k, £), v(\)=v(\), Oy = (ug+ Noz)Oy.
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Using this, for £ € S, k € NN |X|, we have

LOC(V%wkw) = LOC(Z_IQd(K’k)wu_k)
Ye

= 1 QUEK) 2y wilogyi/2 Z Qd()‘)y’\D,\lv()\)

AEKY,
(412) —1_ 5™ w;logy;/z / —1d(\), N
=z telei=1 %ilO8Yi Z (ue + Np2)y, QW y” Onlyan
NeKE
= — Loc(wyw).
Ye ( 8 )
For £ e Ly and k € NN ||,
LOC(VEQ%ka)
(4.13) = Loc ((f AK) ) wew + 271 Y g (€ A(@).wvagwkw)
e

= (6 M®)) + Cees(€ - A(0)yezd; ) Loc(wiw),

where we used the previous calculation (4.12) in the second line. By the
choice of the lift ¢, we have for A € KC,

MK+ (E MDA =8 T(k)+ ) (£ T()Ae =£-d(N),

Les Les
D (€ A@))ug =Y (€ W(bi)u; =&,
Les i=1

This implies, for A € K¢,

a u/z
<€ A+ Y (€ A(f))yea> Y7 QINV A
tes ye
g 1
_ v - u/zd(A), A
<§Q8Q+Z€)y Q™Y
where we write y"/* = eXiZ1%i108i/2  Therefore (4.13) equals (5@% +
271€) Loc(wyw) as required. Note that we have for A € K¢,

0 0
(Zaz + Gr0> Uy = —(ZD\H)DA, <Z(9z +EB 4 Gr0> yu/z —0.

Les
EBQM™Wy) = <|k| +)° /\z> QWyr, Grol,y) = <Z<—>\e>> 1y(n)-
tes tes

These formulas imply that (z% +E&B 4+ Gro) Loc(wiw) = |k| Loc(wiw) =
Loc(GrB(wyw)). Finally we check that Loc is linear over Ry. We have,
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for1<i<mn,

Loc(y; - wxw) = zk; Loc(wyw) +leyg Loc(zV o WiWw)
Les

0
=z | k + liye=— | Loc(wyw),
( ; yeayg) (wyw)

where we again used (4.12). Since

(k +>° lzZ/E) vyt = xay

£es

for A € KE , the conclusion follows. q.e.d.

Proposition 4.23. The localization map is equivariant with respect
to the Galois action in §3.3 and §4.3, that is, we have

Loc(§ - Q) = go(&) (£ - Loc(Q2)),

where ¢ € Pic™(X), Q € GM(F,), and & on the right-hand side acts on
the coefficient ring Rr((z~ ") [A+][y]-

Proof. By the definitions of Loc(wyw) and the Galois action, it suf-
fices to check that

age(&, (¥(k), k)) = age(&,d(N) — Y Aeage(€, £) +age, g (Le) mod Z.
LeG

Since agev(k)(Lg) = age(&, (U(v(k)),v(k))) by Lemma 4.7(1), this re-

duces to showing that

(T(k), k) =d(N) = Y Al + (T(v(k)),v(k)) mod Z™
eG

by Lemma 4.7(2). This is straightforward. q.e.d.

Let Loc® denote the restriction of Loc to Q = 0, y = y* (where

*

y* is the shifted origin from equation 4.2). Write m& for the ideal of
C[A+][y] generated by m, y; —1 (1 < i < m) and y; (£ € G). Then
Loc® defines a map:

Loc®: GM(F,)/m“GM(F) = P Clzluw
keNN|X|

Proposition 4.24. The image of Loc®) is H¢g 1(X) ®ry Rrl2] and

Loc® is an isomorphism onto its image.
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Proof. Only the summand with A = (—¥(k),0) € Q™ x Z in (4.11)
contributes to Loc?) (wyw). For k € NN |%|, we have

LOC(O) (wkw) = H (uZ + CZ) 1k—2;’;1 LW (k) |b;
—‘I’Z(k)<C§O,<C>:<—\I’1(k))

= ¢k + O(Z),

where recall that {¢x : k € NN |X|} is a C-basis of Hj(X) (see §2.3).
Since Loc®) (wyw) is homogeneous of (2% + Grp)-degree |k|, the con-
clusion follows. q.e.d.

Remark 4.25. The map Loc® determines a “limit opposite sub-
space” at the large radius limit Q = 0,y = y* of the Gauss—Manin
system, in the sense of [73], [20, Definition 2.10], [18, Definition 4.103].
This together with the limit primitive section w at Q = 0, y = y*
determines a Frobenius manifold structure corresponding to quantum
cohomology.

Theorem 4.26. The equivariant Gauss—Manin system GM(Fy) is a
free module over Rr[z][A4][y] of rank dim Hi g (X). Moreover, we can
choose an Rr[z|[A4][y]-basis Q1,...,Qn of GM(Fy) which is homoge-
neous with respect to the Gr®-grading.

Proof. Using Proposition 4.24, we can choose GrP-homogeneous el-
ements Qy,...,Qx in GM(Fy) such that Loc®(Q;),...,Loc®(Qy) is
an Rr(z]-basis of H{g 1(X) ®r, Rr(2], where N = dim H¢g(X). We
claim that Q,...,Qx give a free Ry[z][A4][y]-basis of GM(Fy). That
Q,...,QnN generate GM(F,) is implied by the following well-known
fact. Let K be a commutative ring with an ideal m C K such that
K is complete with respect the m-adic topology. If a K-module M
is Hausdorff with respect to the m-adic topology (), m"M = {0})
and Qy,...,Qxy € M generate M/mM over K/m, then Qj,...,Qn
generate M over K. See for instance [76, Corollary 2, §3, Ch.VIII].
That Q,...,Qy are linearly independent over Rry[z][A+][y] follows
from the fact that Loc(21),...,Loc(Qy) are linearly independent in

Heg (%) ®r, Re((z~)[A+]y]- q.e.d.

Corollary 4.27. The non-equivariant Gauss—Manin system GM(F')
is a free module over C[z][A][y] of rank dim Hy (X).

4.6. Mirror isomorphism. In this section we prove the following the-
orem.

Theorem 4.28. There is a mirror map

T =17(y) € Hig 7(X) @r, Rr[A4][Y]
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with 7(y*)|g=0 = 0 (see (4.2) for y*) and an Ry[z|[A][y]-linear mirror
isomorphism

0: GM(F,) = Hp (%) ®p, Rr[2][A+][y]

with ©|Q=0,y=y* = Loc® such that the following holds.

1) © intertwines the Gauss—Manin connection with the pull-back 7V
of the quantum connection by T;

2) the Euler vector fields (3.3), (4.9) correspond under 7: 7,EB = £4;

3) © intertwines the grading operators: @oGrB = (z%+5B+Gro)o®;

4) 7 and © intertwine the Galois symmetries: T7(y) = go(&)(€ - 7(v))
and ©(£-Q) = go(€)(£-0(Q)) for £ € Pic*®(X), where & on the right-
hand side acts on the coefficient ring C[z][A+][y], and go(§) €
Endg, (Hég (X)) is defined in §3.5.

Remark 4.29. Recall that we chose a splitting Lt — (C™)* when
defining the quantum connection in the @-direction (see §3.2) and we
chose a splitting ¢: N — O when defining the Landau—Ginzburg poten-
tial F) (see §4.1). In the above theorem, it is assumed that these two
choices are compatible in the sense explained before Proposition 4.22.

Remark 4.30. The construction of the isomorphism © in the proof
below gives the following commutative diagram:

GM(F) © > Hip 2 (%) R, Rrl2)[AL ][]

Loc W)

Hy]

where H = H{g 7(X) ®p, Sr((z71)[A4] is Givental’s symplectic space
from §3.4 and M/(r,2) is the fundamental solution in Proposition 3.1.
Note that the images of Loc and M(7(y),z) lie in the smaller space

Heg (%) ®pp Rz 1) [A+][y]-

Remark 4.31. The Galois action & - (—) on C[A4][y] corresponds,
under the mirror map, to the pull-back of functions by g(&)~!:
Spf C[AL][7] — Spf C[AL][7]. We have already seen in Lemma 4.8(1)
that the Galois actions on the Novikov variables () are the same on both
sides.

First we explain the relationship between the I-function and the lo-
calization map. Let I(Q,9,t, z) denote the G-extended I-function from
Definition 3.7. For convenience, we denote by Ly = Lx|._,_. the Given-
tal cone with the sign of z flipped.
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Lemma 4.32. The functions z Loc(w) and I(Q,1,t,z) coincide un-
der the change of variables

m

-, (£

ti=logyi,  ve=uye[[u "
i=1

Therefore z Loc(w) defines an St[A][y]-valued point on the equivari-
ant Givental cone Lyx. Moreover, Loc(wyw) lies in the tangent space of
Ly at this point for every k € NN |X|.

Proof. The first statement follows from a straightforward computa-
tion. We show that Loc(wyw) lies in the tangent space at z Loc(w). If
k € S, Proposition 4.22 gives that Loc(wygw) = %z Loc(w), and thus
Loc(wgw) is a tangent vector. Suppose k ¢ S. We consider the (G U
{k})-extended version of the equivariant Gauss—Manin system GM'(F))
and the localization map Loc’. It is obvious that GM'(F) )|y =0 =
GM(F)) and that Loc’ |, —o = Loc. Hence we obtain

Loc(wiw) = Loc’ (wyw) = —2zLoc (w)
Yk=0 e yk=0
This, together with the fact that z Loc’(w) lies in Lz, implies the lemma.
q.e.d.

The above lemma implies that for every @ € GM(F)), the vector
Loc(Q) lies in the tangent space at z Loc(w) € Lx. By Theorem 4.26, we
can take a GrB-homogeneous Ry[A][y]-basis Q, ...,y of GM(F)).
Since Loc(€);) is a tangent vector, Proposition 3.4 implies that there
exist 7(y) € Hega(X) O, StIALIY] and T,(y.2) € Hipp(X) O,
St(z][A+][y] such that 7(y*)|g=0 = 0 and

(4.14) Loc(€) = M(7(y), 2)Yi(y, 2) 1<i<N.

This 7(y) gives the mirror map. First we claim that 7(y) and T;(y, z) are
defined over Rr, i.e. they are elements of H¢g 1(X) ®p, Rr[2][A+][y].
As noted in [17, 45], we can view the relation (4.14) as a Birkhoff
factorization [67] of the matrix (Loc(£21),...,Loc(Qn)):
(4.15)
| | | |
LOC’(QQ e LOC(|QN) =M(r(y),z) | T1(y,2) --- TN(|y, z)

Here we regard both sides as elements of the loop group LGLy(C)
with loop parameter z; note that M(7(y),z) = I + O(z~!) and that
(Y1(y,2),..., Tn(y,2)) does not contain negative powers of z. The
left-hand side belongs to

Endg, (Hég 1(X)) ®r; Rr(z7")[A+][Y]
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and is invertible (over Rr) at @ = 0 and y = y*, by the choice of
Qq,...,Q5. Therefore the Birkhoff factorization can be performed over
Rt uniquely and recursively in powers of y —y* and ). This shows that
Ti(y, z) and M (7(y), z) are defined over Ry. Moreover, the asymptotics
J(1(y),2) = 2M(7(y), 2)1 = 21 +7(y) + O(2~!) shows that 7(y) is also
defined over Rr.

We define an Rp[A4][y]-linear isomorphism © by

That © intertwines the quantum connection follows from the fact that

Loc and M (T, z) are solutions (see Propositions 3.1, 4.22). By differen-
tiating (4.14) by SQ% + 27 1¢ and aiyl (with € € S), we obtain

Loc(ng% Q) = M(7(y), Z)ng% Ti(y, 2),
Loc(V o Qi) = M(7(y), 2)(7"V) 2 Ti(y, 2),

9yp

where note that (7°V) s = B%e + 27 1(27%). This implies that
Oyp

O(Vego )=V QL T, (y, z) and O(V _ o Q;) = (7*V) s O(€;). Thus
oQ 9yp 9yp
O intertwines the ﬂat connections.

Next we show that © preserves grading. By the choice of €, T; :=
Loc(€)|g=0,y=y*,2—0 with 1 < i < N form a homogeneous basis of
H¢g 7(X) over Ry. Expanding in the basis {T}}, we regard (4.15) as an
equation in matrices whose entries lie in Ry((271))[A+][y]. Proposition
4.22 implies that the matrix L := (Loc(£24),...,Loc(Qy)) satisfies the
homogeneity equation:

gL + [grOa L] = 07

where € = 22 + &P and gry = diag(|1],[2],. .., |N|) with [i| =
This implies the following equation for the matrices M = M
and Y = (Tl(ya Z), <e 7TN(y7 Z))

MY (EM + [gry, M]) = —(EY + [gry, Y)Y L.

Since M = I + O(z7!) and Y does not contain negative powers of z,
both sides have to vanish. Therefore we have

<z8 + &84+ Gr0> M(7(y),2)1 =0,

%degT
((y

): %)

0z

0
(zaz +EB 4 GI‘()) Yi(y, z) = |i| iy, 2).

The second equation implies that © o GrP = (z% +EB 4 Grg) 0O. The
first equation gives

(EP 4 Gro)7(y) = 7(y)
which is equivalent to 7.EB = A,
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Finally we show that 7 and © intertwine the Galois actions. We
may assume that the basis i,...,Qy of GM(F)) consists of simul-
taneous eigenvectors for the Pic®(X)-action. The relation Loc(£2;) =
M(7(y), z)O(§;) implies

M(7(y), 2)O(& - i) = Loc(§ - €4) = go(§) (€ - Loc(€%))
= 90(&)(§ - M(7(y), 2))(§ - O(%))
= (£ (9()" M(7,2))lr=r(y)) 90(§) (€ - O()),

where we used Proposition 4.23 in the first line and Proposition 3.3 in
the third line. From uniqueness of Birkhoff factorization, we conclude
that

M(7(y),2z) = & (9(§)"M(7,2))lr=ry),  O(E- i) = g0(§)(§ - O(KL)).

It follows that ©(£ - Q) = go(£)(£ - ©(Q)) for all @ € GM(Fy). Using
M(7,2)1 =1+ 2717+ 0(272), we find that 7(y) = go(¢)(€-7(y)). The
theorem is proved.

5. Presentations of the quantum D-module and quantum
cohomology ring

In this section, we recast the construction of the equivariant Gauss—
Manin system in combinatorial terms, and give presentations of the
quantum D-module and the quantum cohomology ring of X.

5.1. The fan D-module. Recall that the equivariant Gauss—Manin
system has a topological basis {wxw : k € NN |Z|} over C[z][AL][y] —
see (4.7). In this section, replacing wyw with the symbol 1y, we define
the fan D-module in an abstract and combinatorial way. This is closely
related to the better-behaved GKZ system of Borisov and Horja [6], also
known as the multi-GKZ system [51].

Recall the following notation from §2 and §4.2:

e the stacky fan X = (N, X, 3) (see §2.1);
e the map §: Z™ — N sending e; to b;;

e the fan sequence 0 — L — Z™ 5 N from (2.1);

e the divisor sequence 0 — M — (Z™)* — LY from (2.2); tensored
with Q, this yields 0 — H2(pt,Q) — H3(X,Q) — H*(X,Q) — 0;

e the monoid and lattice A1 C A C Lq (see §2.4-§2.5); we write Q9,
d € A, for the element in the group ring C[A] that corresponds to

d;
e the finite subset G C N N |X| disjoint from {b1,...,by}; set S :=
GU{bl,...,bm};

e deformation parameters yx with k € S; we also write y; := 3, for
1< <m.
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To avoid the use of a splitting of the divisor sequence over C (see §3.2),
we introduce a vector field 27, corresponding to an equivariant coho-
mology class p € HZ(X,C) = (C™)*. We require that 20, acts on the
parameters Q%, i as

ZﬁP'Qd:Z(ﬁ'd)de zﬂp-yk:O,
where d € A, k € S, and p € L is the image of p under (C™)* — L.
We identify an equivariant parameter xy € Mc with the vector field 29,
via the inclusion M¢ C (C™)*, i.e. x = 2¢,. By choosing a splitting of
the divisor sequence, we can write
9
oQ’
where p € H2(X,C) = (C™)* corresponds to (x”,p) € Mc¢ & L under
the splitting. Set

(5.1) 20, = X" + 2pQ

20 1= 2y, 1<i<m,
where u; € HZ(X,C) corresponds to the ith standard basis element
er € (C™*. We write K[y| for the polynomial ring in the variables
{yk : k € S} over a ring K, and write dx := 0/0yk for the partial
derivative in yi. We also write 0; := 0, = 0/0y;.

Definition 5.1. The fan D-module is the C[z][A][y]-module
M(E,6):= @ ClA]ly)Lx

keNN[3|

equipped with the action of differential operators zvq,...,z10,,, 20
(with £ € S) as follows:

2 - 1y = Z\I/i(k)]lk + Z \I/i(E)ngd(k’e)]lk_i_g,
Les

20p - Ty = QIO 1y,

where k € NN [X], U: NN |E| — (Q>0)™ is defined in Notation 2.2,
and d(k,€) € Ay is defined in (2.5). These actions on the basis 1y
are extended to M(3X,G) by the standard Leibnitz rule. Equivariant
parameters y € Mc act via the identification x = 21, as follows:

X - Lk := 20y - 1 = z(x - k)1k + Z(X ) yeQ O 1y .
Les

Remark 5.2. The fan D-module arises from the Gauss—Manin con-
nection in §4.4. The generator 1y of M(3X,G) corresponds to wxw €
GM(Fy) and the actions of z1,, 20k correspond respectively to the

Gauss—Manin connections x” + zVﬁQ 0,2V _s once we choose a split-
oQ Oy

ting as in (5.1) — compare the above definition with (4.6) and (4.8). It
is easy to check that the actions of z¢;, z0x commute with each other.
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Remark 5.3. The fan D-module is graded with respect to the fol-
lowing (complex) grading:

degly = [k|, degz=degx =1, degyx=1- [k,
degQ? = c1(X)-d, degzd, = deg 20y = 1,

where |k| = >_7 | W;(k). This corresponds to the grading operator Gr®
— see (4.10) — on the Gauss-Manin system.

Remark 5.4 (reduced fan D-module). As noted in Remark 4.5, there
is redundancy among the parameters (Q,vi,...,Um,{yx : k € G}).
Defining new parameters and basis as

m

Dj-d = Ye = T, (k

(Hy )Qd o= g k= <Hyl ( )) L,
1121 v; i=1

where d € A4, £ € G, and k € N N |X], we can remove yi, ..., Yy, from

the presentation of the D-module. Indeed, the vector fields correspond-

ing to these new parameters (Q),7,) are given by

20, =129, 20p= (H yfji(e)> 20,
i=1

with p € (C™)*, £ € G, and we have

— —d(k,b;)

20; - I = 2 (k)1 + Q ( ]lk+b + Z ng ]lk+€7
e

200 1k = Q T

with 1 < 4 < m and £ € G. We also have zy;0; - Ty = (20; —
>vec Vi(€)ye0p)Lk for 9; := Oy, = 9/0y;. This implies that the fan
D-module descends to the space of the parameters (Q, {7, : £ € G}).
We can alternatively get this reduction by setting y1 = -+ =y, = 1
in the definition of 2¥;, z0,. We call M,eq(X,G) := M(X,G)/(y1 —
1,...,Ym — 1) the reduced fan D-module.

Tite

Definition 5.5. Let m denote the ideal of C[z][A4][y] generated by
Q¥ withd € A, \ {0}, y1 —1,...,ym — 1 and g with k € G. We define
the completed fan D-module to be the m-adic completion of M (%, G):

M(Z,G) = lmM(Z,G) [ M(2,6) = @ ClJ[A] [y,
k keNN|X|
where we used the convention (4.4) for the ring of power series in {yx :
k € S}. This naturally becomes a module over Ry[z|[A+][y], where
Ry = Sym*(Mc¢), and is equipped with the action of 29, ..., z0,, and
20 with k € S. We can similarly define the completed reduced fan

D-module ./\//Yred(E, G).
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It is clear from the definition that the completed fan D-module is
isomorphic to the equivariant Gauss—Manin system. The equivariant
quantum D-module of X is defined to be the module Hiy 1(X) ®@p,
Rr[2][A+][7] equipped with the action of the quantum connection V
multiplied by z — see (3.2). Note that the quantum connection 2V, 2
in the @-direction and equivariant parameter y together give the action
of H3(X,C) = (C™)* similarly to (5.1); the action of H2(X, C) is canon-
ical in the sense that it does not depend on the choice of a splitting.
Theorem 4.28 gives the following:

Theorem 5.6. The completed fan D-module M\(E, G) is isomorphic
to the pull-back of the equivariant quantum D-module of the toric stack
X by the mirror map T = 7(y) from Theorem 4.28. The isomorphism
here preserves the grading.

5.2. GKZ-style presentation. We give a Gelfand-Kapranov—Zele-
vinsky-style presentation [31] of the (completed) fan D-module. The
following two propositions follow immediately from the definition.

Proposition 5.7. We have the relations R;x = Pd, do:a,a’:k1 ke = 0
in the fan D-module, where

Rix = 20; - 1y — <Z‘1fi(k‘) + 2y;0; + Z Zyzae) Ty,
e

Py dssa,a ki ko = le H(Zaf)azjlkl - Qd2 H(Zag)%]l]q.
Les Les
Here 1 < i < m, k € NN |X|, and (d1,d2,a,d’, ky,ks) ranges over
all dy,dy € Ay, a,a’ € (Zx0)®, ki,ka € NN || such that ky +
Yovesael =k + > g apl in N and that dy + Y pcq aeV(€) + U (k) =
do + ZEGS a'z\I/(f) + \I/(kg) m @m

Proposition 5.8 (reduced case). In the reduced fan D-module in

Remark 5.4, we have the relations Ptlil,dg;a,a’;kl,kz = 0 with
,Pcllth;a,a’;kl ko
m a;—1
= le H z@g H H ( ¥ — Z(V+ v, k1 Zzyg85> 1y,
LeG i=1 v=0 LeG
m aé—
— Q% [ (200" H 11 (Zi‘/lz' —2(v + Wi(ky)) = > Z?Jﬁe) i,
LeG i=1 v=0 LeG

where (dy,da,a,a’,k1,ke) ranges over the same set as in Proposition
5.7.
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These relations give a presentation of the (reduced) fan D-module.
We set

D = C2][A][y] (zY1, ..., 20m, {20¢}ees)
D' = Cl2][A4]{ye}eec] (201, . . ., 20m, {20¢}eca) »

where the standard commutation relations [20;,Q% = z(D; - d)Q?,
[Za£7yk] = Z(sk,£7 [Zﬁ’byk] = [Zakqu] = [Zﬁhzlﬁj] = [2192',28[] =
[20p, 20x] = 0 are implicitly imposed. The fan D-module M(X,G)
(resp. Myed(E,G)) is a D-module (resp. D’-module).

Theorem 5.9. Let ky,...,ks be elements of N N || such that for
every mazimal cone o € X(n) we have

NnNno= U k1+ Z Zzoe

1<i<s:k;€c LeS:kco
Then we have the following.
(1) As a D-module, the fan D-module M(X,G) is generated by 1y,
., 1x,. All the relations among 1y, ..., 1k, are generated by
Rx;.is Pdy dasasaiik; k, with 1 < j,1 < s in Proposition 5.7.
(2) As a D'-module, the reduced fan D-module Mieq(X,G) is gen-
erated by ly,,...,1k,. All the relations among 1y,,..., 1k, are

S

generated by 77(’11 dosa,a’k; K with 1 < 5,1 < s in Proposition 5.8.

Proof. We give a proof of part (1). The proof of part (2) is similar
and is left to the reader. Our assumption on ki,..., ks implies that
for any k € N N o, there exist 1 < ¢ < s and £;,...,£4; € S such that
k=Xk;+4#£ +---+#£ and that k;, £1,...,£; € 0. Then we have 1, =
20y, - - - 20p,1k,. Therefore M(3X, G) is generated by 1y, ..., 1k, asa D-
module. Suppose that we have a relation Z§:1 fi(z,Q,y, 29, 20)1y, =0
with f; € D in the fan D-module. Modulo the relations Ry; ;, this
relation can be reduced to a relation which does not involve z1;. Thus
we may assume that f; does not contain z14,...,29,,. Then we can
expand

fi= Y. fialzQy) [] (200"
a€(Z>0)° Les
for some f;, € C[z][A4]y]. The relation implies that
(52) Y FalnQuu)QU ) Thes ek O-¥0 — g
(J,a):k; +Eees apl=k

for every k € NN [X|. The relation »%_,; fjlx; = 0 is the sum of the
relations

> FaQu [[0)% 1 =0,

(4,0):kj+D"pc g ael=k £es
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One can easily see that each of these is generated by Pa, dya.a/k; k'
over C[z][y] by using (5.2). q.e.d.

The completed fan D-module is described in terms of the closure of
relations in the m-adic topology. We introduce the following rings of
differential operators:

D= Cl2|[A+][y]{z01, - . -y 20m, {200 }ecs),

D' = Cl2|[A+][{ve}ecc] (291, - . ., 20m, {200 }ecc),

where we use the convention (4.4) for the ring of power series in {y; :
£ € S}. We define the topology on D (resp. D ) by the decreas-
ing C[2][A4][y]-submodules mPD (resp. C[z][A4][{y}ecc]-submodules
m’PD’), where m C C[2][A4][y] is as in Definition 5.5 and m’ := m N
Cl2][AL][{ye}ecc]. Note that mPD and m’PD’ are only right ideals. Note
also that D and D’ are not complete with respect to their topologies.

Theorem 5.10. Let ki,..., ks € NN |X| be elements satisfying the
condition in Theorem 5.9. Then we have the following.

(1) The completed fan D-module M\(E,G) has the following presen-
tation as a D-module:

M(E,6) = éﬁ]lkj/j,
j=1

where J is the left D-submodule of @jzl ﬁﬂkj generated b;y Rik;
Py dy;a,ak; k, v Proposition 5.7 with 1 < j,I <'s, and J is the
closure® of J in @;_, Diy;. N

(2) The completed reduced fan D-module M,eq(%, G) has the following
presentation as a D'-module:

S
Mred(zv G) = @D/ﬂ-k]-/?a
j=1
where 3 is the left D' -submodule of D, ﬁ’]lkj generated by
73&1 dy:asa’k; kg in Proposition 5.8 with 1 < j,1 < s, and J' is the
closure of 3" in Pj_, ﬁ’]lkj.

Proof. We only give a proof of part (1). The proof of part (2) is
similar. The fact that 1y,,..., 1k, generate M(E G) as a D-module
follows from the discussmn in the proof of Theorem 5.9. It is easy to
show that elements of J are relations in M(Z G). Suppose we have a

relation Y2, fi(2,Q,y,29,20)1lk;, = 0 in M(,G) for some f; € D.

5One can check that the closure of a left D-submodule in @;Zl ﬁllkj becomes a

left D-submodule using the fact that zﬂimpﬁ C mPD and zagmpﬁ C mP1D.
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For each p € Z>¢ we can write f; = f}p) + Tj(-p) with f](-p) € D and
rj(-p ) € mPD. Then we have that

ri=3 £ = =Y,
j=1 j=1

belongs to MPM(X,G) = Dyenny ™1k By the surjectivity of

@D, DLy, » mPM(E, G), we can write z =37, gj(.p)ﬂkj for some

gj(-p) € mPD. We now have that Zj.:l(f;p) - ](.p))]lkj = 0, and thus

hP) = @jzl(f;p) — g](-p))]lkj belongs to J by Theorem 5.9. Since h(?)

converges to €P;_; fjlk, as p — oo, we have that P]_, fjlk, € 3.
q.e.d.

—

Remark 5.11. When X is a toric manifold, M(X, G), M(X, G) and
their reduced versions are generated by 1. The relations Pg, dy:q,a%:0,0
then define the standard GKZ system [31] and also appear as relations
in the quantum D-module [32, Theorem 1]. (For general X, these D-
modules are generated by 1y for a sufficiently large G.) The closure
of the GKZ ideal appeared in [48, Proposition 5.4] for compact toric
manifolds. A closely related presentation has been discussed in [50,
§4.2], [2, §5.2], [61, Theorem 6.6] for compact toric stacks. The relations
Pél1,d2;a7a’;0,0 for 1p in the reduced fan D-module also appeared in [61,
Lemma 4.7].

Remark 5.12. The same result as Theorem 5.10 holds, with the
same proof, when we replace D and D’ respectively with

Ry[2][A4][yl (201, ..., 20m, {208} ecs)
and  Ry[2][A4][{ye}ecc] (201, - ., 20m, {200 }ecc) »

where the relations x = 29, with x € Mc are implicitly imposed.

5.3. Quantum cohomology ring. We next give a quantum Stanley—
Reisner (or Batyrev-style) description of the quantum cohomology al-
gebra of X.

Theorem 5.13. Let 7 = 7(y) be the mirror map from Theorem
4.28.  The pull-back of the big and equivariant quantum cohomology
ring (HéR,T(%) @ry Rr[A4][yl, 75 (%)) by 7 is isomorphic to any one
of the following rings as an Rr[A][y]-algebra:

(a) the Jacobian ring of the equivariant Landau—Ginzburg potential
Fy,

Jac(F) = CLOAIN [ (552 10 <n) = CEO
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(b) the vector space ékeNﬂ\m C[A+][y]1k equipped with the following
product and the Rr-module structure:

Lexle = QM p, X =D (x-Ouele,
tes

where @ denotes the completed direct sum with respect to the m-
adic topology (see Definition 5.5), x € Mc, and d(k,£) is defined
in (2.5).

Remark 5.14. In part (a) above, we follow the notation from §4.1—
§4.2 and define co-ordinates z1, .. ., z, by choosing an isomorphism N 22
Z" x Nior; we have xi%% = Y kes Ykkiwy — x; with k; being the ith
component of k € N/Nior =2 Z™ and x; being the ith basis of M = Z".

Remark 5.15. Note that the presentation in part (b) yields the
description of the Chen—-Ruan cup product in §2.3 at the classical limit
Q=0,y=y*—see (4.2) for y*.

Remark 5.16. A presentation of the quantum cohomology of Fano
toric manifolds was originally found by Givental [34] and Batyrev [4],
and generalizations to arbitrary toric manifolds were discussed in [8,
30, 37, 48, 62]. The Jacobian description of the quantum cohomol-
ogy of toric stacks, in the non-equivariant case, was also given in [41,
50].

Proof of Theorem 5.13. We remark that for an extension G; C Gs of the
finite set GG, the corresponding mirror maps and mirror isomorphisms
in Theorem 4.28 are related by restriction. Therefore we can define
the partial derivative (07/0yx) € Hig r(X) ®@r, Rr[A+][y] for every
k € NN |X| by adding k to G (if necessary) and then restricting to
ye = 0if k ¢ S. We claim that the C[A4][y]-module homomorphism
sending wy, € Jac(F) to (07/0yx) gives® the desired isomorphism
in part (a). The mirror isomorphism © induces the isomorphism of
Rr[A+][y]-modules:

®|z=0

Jac(Fy) -w = GM(Fy) /2 GM(Fy) “=% Hy (%) ©p, RelA-l].

Again by adding k to G if necessary, we can show that this intertwines
the action of wy with the quantum multiplication by 07/0yx (since
© intertwines the Gauss-Manin connection 2V /g, with the quantum
connection 2(7*V)g/ay, ). Part (a) follows. Part (b) follows easily from

part (a) by noting that C{O }[y] is isomorphic to @keNm\m CIAL][v]
— see (4.3). q.e.d.

®This is well-defined, since {wk}xenn|s| is a topological C[A;][y]-basis of
Jac(Fy).
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5.4. Examples. We give several examples of the fan D-module.

5.4.1. The case where X = P! and G = @. The stacky fan is given
byN=2Z,by =1,by = —1. WehaveL = A = {(I,]) € Z* | | € Z} C Z*.
Let @ € C[A] correspond to the positive generator (1,1) € A4 and let
X € M = Hom(N,Z) = Z be the standard generator. We have the
identification

X = 2zt — zts.
By choosing x1, x2o € M¢ with x1 — x2 = x, we can also write
0 0
—tx1, 292 =2Q-~ + X
ag T A2 ZQ&Q X2

The action of these operators on the reduced fan D-module M eq(Zp1)
is shown in Figure 1.

z91 = z2Q)

Q_lzﬁl\ Q1291 Q 1z 2z zh—z 201—2z
—————e o L Po—— o
9 1 0 1, P
29922 299—2 209 Q1299 Q1299 Q1299

Figure 1. M, oq(Xp1).

From the relation (z¢; 2192 — @)1y = 0, we obtain the presentation:
Mred(E]pl) = (C[Z, Q]<2’191, ZT92>/<Z1912’(92 - Q>

The Clx,z,Q]-basis 1,11 of M;eq(Xp1) corresponds to the basis
{1,u1} C H%(P') under the mirror isomorphism. (In this case, we
do not need the completion.)

5.4.2. The case where X = P(1,2) and G # @. The stacky fan
is given by N = Z, by = 2, bp = —1. We choose G = {1}. Then
L ={(,20):1€Z} C A=1iL. Let @ € C[A] be the variable corre-
sponding to (1,2) € Ay and let y = y; be the variable corresponding to
1 € G. We write x for the standard generator of M = Hom(IN, Z) = Z.
We have

(5.3) 2211 — 2199 = X.

The actions of 291, 2092, 20, on the reduced fan D-module M eq(Zp(1 2),
{1}) are shown in Figure 2.

Equation (5.3) gives relations among consecutive 4 basis elements,
for example:

0= (2201 — 202 — x)1o = —1_1 — x1p + yl; + 21,
0= (2201 — 209 — X)1 1 = —1 5 — (x + 2)11 +yQ71p +2Q21.
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Q—l(zﬂlfézyay) Q‘%(Zﬂl_%zyay) 21917%zy8y7%z
Q’l(zﬁl—%zyay) z191—%zy8y z191—%zy8y—z
Q" % 20y Q7 % 20y Q7 % 20y 20y 20y 20y
-3 -2, -1 0 1 2 3
2092z z¥02—2 202 Q_%zﬁz Q_%zﬂg Q_%Z’ﬁ2

Figure 2. Mca(Zp(1,2), {1})-

In fact, {1o,1_1,1;} gives a free (C[z,x,Q%,y]—basis of Mied(Zp(1,2)
{1}). The actions of 2> and zd, in this basis are represented by the
following matrices:

0 yQ: Q2 0 Q7 Ix
0 20z 0 1 0 —1y

The basis {1y, 11,11} corresponds to {1,u, 11} C Hg ¢(P(1,2)) un-
der the mirror isomorphism, where 1; is the twisted sector supported on
P(2), and the above matrices represent the quantum multiplication by
ug and 1. Here the completion is (again) unnecessary and the mirror
map is given by
7(y) = yl1.
The reduced fan D-module is generated by 1y and defined by the fol-
lowing relations:

1
R1 = <Z’l91 — 2zy8y) 2192(27_92 — Z) — Q,
Ry = 20,295 — Q2,

1
Rg = 201 — izyﬁy — (zﬁy)Q,
1
Ry = Q%zay — <2191 — 2zy3y) 2109.

5.4.3. The case where X = [C?/u5] and G # @. The stacky fan is
given by N = Z2, by = (0,1), by = (2,1). We choose G = {b3} with
bs = (1,1). We have A = 0 (all curves in X are constant). Let y be the
variable corresponding to b3 € G and let x1, x2 be the basis of M¢ dual
to b1, ba. We have
x1 =201, X2 = z0s.

We have the following relation in Myeq(E(c2/,,), G), illustrated in

Figure 3:

1 1
(z(?y)Qllo = <z191 - 2zy8y> (2192 — 22y8y) 1g.
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Figure 3. Mred(z[(CQ/ug]a {(17 1)})

Thus, if we invert 4 — y2,

4x1X2 (z—=2(x1+ x2))y
210 + 2
4—y 4—y

Loy, = (20,)°10 = 1,

The elements 1o, 1y, generate Mea(Ec2/z,), G)[(4 — y*) '] freely over
Clz,x1,Xx2,¥, (4 — ¥*)7!]. In an analytic neighbourhood of y = 0, we

define
iy, = V1= ()1,

and make the co-ordinate change y = 2sin(6/2). In the basis {1, 15, },
the action of z(0/06) is represented by the following z-independent ma-
trix:

0 X1X2

1 —(x+x2)sin(9)
The basis {1, 1y, } corresponds to {1,1p,} C HEg 7([C?/u2]) under the
mirror isomorphism, and the mirror map is given7by 7(y) = 01p,. The
above matrix gives the quantum multiplication by 1;,.

5.4.4. The case where X = P? and G # @. We take N = Z2, b; =
(1,0), by = (0, 1), by = (—1, —1) and G = {b4} with by = (1,1) = b1 +ba.
Let @ be the variable corresponding to (1,1,1) € A =L = Z(1,1,1)
and let y be the variable corresponding to by € G. We have
X1 = 21 — 203, X2 = 202 — 203.
In the reduced fan D-module M eq(Zpz, G), we have the relation
(209 — 2y0y) (291 — 2ydy) — 20y) Lp = 0,
(Z193(Z’l92 - zyay)(zﬁl - Zyay) - Q) 1o = 0.

Let us consider the non-equivariant limit where x; = x2 = 0. Then
we have 21 := 21 = 2199 = 203 = 2Q(0/9Q). We can see that the D-
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module Myeq(Ep2, G)/(x1, x2) is of rank 4 at y # 0. On the other hand,
the y-adic completion of this D-module has a basis {1g, 201, (20)%10}
over C[z, Q][y] and is isomorphic to the quantum D-module of P2. For
example, z0,1g can be expressed as a linear combination of these basis
elements, by using the above two equations recursively.

6. The higher residue pairing and the Poincaré pairing match

We now construct a version of K. Saito’s higher residue pairing [71]
on our (equivariant) Gauss—Manin system, and show that it matches the
(equivariant) Poincaré pairing on quantum cohomology under the mirror
isomorphism in Theorem 4.28. As in §4.2, we fix a finite subset G C
(NN |E[)\ {b1,...,bn} and consider the unfolding F)(x;y) associated
with G. We again set S := {b1,..., b} UG.

6.1. Critical points. We start with a description of critical points of
F,. The (logarithmic) critical scheme of F) is defined to be the formal
spectrum of the Jacobian ring

Jae(F) = {0 / (s 1< i<n).

where xi%% = > kes Ykkiwx — xi, with k; being the ith component of
k € Ng = R". The mirror isomorphism © in Theorem 4.28 induces, at
z =0, an isomorphism between Jac(Fy) and Hg ¢(X) @py Rr[A+][y]
as Rr[A4][y]-modules. In particular, Jac(F)) is a free module over
Rr[A4][y] of rank dim H{g (X). Set N := dim H{ gz (X). Let St be the
algebraic closure of the fraction field St of Rt. We show that, after base
change to St[A+][y], the critical scheme consists of N distinct points
over St[A.][y], each of which is characterized by its limit at Q =
0,y = y* — see (4.2) for y*. We write Jac(Fy)g, = Jac(Fy) @py[a, ][]
St[A][y] for the base change.

Notation 6.1. Recall that maximal cones o € ¥ are in one-to-one
correspondence with T-fixed points 2z, of X. We write u;(0) € H2(pt) =
My for the restriction of the toric divisor class u; to the fixed point z,.
We set N(o) := N/} .., Zb;; this gives the orbifold isotropy group at
the fixed point z,. We also write X(n) for the set of n-dimensional
(i.e. maximal) cones in X.

Lemma 6.2. (1) The ring Jac(Fy)z_ is isomorphic to St[AL][y]®N
as an St[A4][y]-algebra, with N = dim Heg ¢(X).  In other words,
the critical scheme Spf(Jac(Fy)g.) consists of N distinct points over

St[A][y]-
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(2) For a mazimal cone o, define Crit(o) to be the set:
Crit(o) := {c = (ck) € SN CkCe = Ck+e, Cp, = ui(0) Vi € 0} ,

where we set NNo = {k € N:k € o}. Then Crit(o) is a torsor over
the character group N(o) = Hom(N(c),C*) of N(o).

(3) Note that a critical point p over St[A][y] is by definition an
St[A][y]-algebra homomorphism Jac(Fy)g, — StlAL]], [wk] —
wk(p). For each mazimal cone o € ¥ and an element ¢ € Crit(o), there
exists a unique critical point p such that

( )} ck keNnNogo,
w =
kP Q=0,y=y* 0  otherwise.

This gives a bijection between critical points over St[Ay][y] and the
set Uyes(n) Crit(o).

Proof. Part (2) is obvious. Note that Jac(F)y)g,_ is a free StlA+][y]-
module of rank N. Therefore Jac(Fy)z, is a direct sum of copies of

St[A][y] as a ring if and only if the restriction to @ = 0,y = y*
Jac(Fy)g, o = Jac(Fy)g, @5, g1 o1

is a direct sum of copies of St as a ring. To establish (1) and (3),
therefore, it suffices to prove that Spec(Jac(Fy)g, ) is a finite set of
reduced points and equals [, Crit(o). Note that we have Fy |g—oy—y* =
Wi+ -+ Wy — >y Xilogz; and

o~ @keNm\m Srwi
ST,O - <X7, _ Z;ﬂ;l b‘jﬂ,w‘] . 1 S Z S n>7

2

Jac(Fy)

where the product structure on @keNlegka is defined as in (2.4)
(the Stanley-Reisner presentation of H{y (X)), but replacing ¢y with

wyg, and b;; denotes the ith component of Bj € Nr = R™. Therefore
an St-algebra homomorphism J ac(FX)gT 0= St is specified by a tuple

NN|3|

(ck) € St satisfying the conditions:

cxre if k, £ are in the same cone of 3;
CkCe = .
0 otherwise

m
and Xi = Z bi,jcbj'
j=1

The first condition implies that the support {k : cx # 0} has to be
contained in some maximal cone o of 3. The second condition then
determines ¢, ..., cp,, uniquely. Notice that uj(c) = 0 for j ¢ o since
the toric divisor {Z; = 0} does not pass through the fixed point z,, and
that E;nzl bjiu; = x; by the description of the Rp-module structure of
Hig 7(X) in §2.3. It follows that ¢, = 0 for j ¢ o and ¢, = uj(o) for
j € 0. Thus closed points of Spec(JaC(FX)gmo) correspond bijectively



90 T. COATES, A. CORTI, H. IRITANI & H.-H. TSENG

with elements of [ J, Crit(c). Since we have dimg_Jac(Fy)g o= N =
# U, Crit(o), Spec(Jac(Fy)g, o) consists only of reduced points and is
identified with |, Crit(o). q.e.d.

Remark 6.3. In the above proof, we have shown that

(6.1) Zb] iuj(o ij iuj(o

j€o

for any maximal cone o.

We study the @ — 0, y — y* asymptotics of critical values of F).
The problem here is that the critical value Fy(p) of Fy does not lie in
the ring St[A 4 ][y] because of the log z; term. Let p be a critical point
corresponding to ¢ = (cx)keNnno € Crit(o), where o is a maximal cone of
¥, as in Lemma 6.2. We extend the function k — ¢ € St for arbitrary
k € N by requiring that cxce = ¢y for all k, £ € N. This is possible
since ¢k # 0 for all k € NN o. Recall that we chose a decomposition
N =2 Z™ X Nyor in §4.1. We write e;, 1 < ¢ < n, for the element of N
corresponding to the ith basis vector of Z". Let ¢,: Ng — Q™ denote
the splitting of the fan sequence defined by $,(b;) = e; for i € 0. Then
we have

(62) T; = w(f(ei)7ei) — Q@_fv)(ei)w(fo(ei)vei)
and B B
w(€)e) (p) = co, + mOSr[AL][y]
by the extension of the definition of ¢ above. (Recall that m“ is the

ideal corresponding to @ = 0, y = y* introduced before Proposition
4.24.) Therefore we can decompose the critical value F) (p) as

Fy(p) = Fy'(p) + F{(p),
where the classical part FCI( ) given by

F(p) = Z%fzm@m“%wﬂwg

j€o =
and the quantum part Fy"(p) belongs to m“St[A][y]:

(6.3) F'(p) =Y _wewn(p) = D _en, + sz log(cg w(S (€021 (p)).

jes j€Eo

Lemma 6.4. Let p be a critical point corresponding to ¢ € Crit(o),
where o is a mazimal cone of X. Write bj = > | bje; + (; with
¢j € Nior. Then we have

W@—ZQWﬂ <mg§§+m@

j€o J
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where X € H3(X,Q)® L = Hom(L@,H%(X, Q)) denotes the element
corresponding to the splitting Ly — (Q™)* = H2(X,Q) dual tos (in the
sense explained before Proposition 4.22), and X(o) € Mg ® L denotes
the restriction of X to the T-fized point z, € X.

Proof. Recall that ¢, = u;(o) for j € o. Using (6.1), we find that

n n
D xilogee, = > > uj(o)bjilogee, = > ;o) log(cs uj(0)),
=1

i=1 jco j€o

bii :
where we used u;(0) = ¢y, = c¢; [[;2; ce)”- It remains to show that

(64) ZX’L So e’L - el))

Evaluating the right-hand side at £ € ILf), we obtain

n

> xi(€- o - Zx@( "So(ei —f-f(ei))
=1
:ZUJ'O' -6]' :é(U),

j€o

where £ € (Q™)* = H2(X,Q) denotes the lift of & with respect to the
splitting Ly — (Q™)* and £(0) € Mg denotes the restriction of £ to
2y. We also used (6.1) and the fact that ¢ vanishes on the image of

$. Evaluation of the left-hand side at £ gives the same answer, and the
conclusion follows. q.e.d.

We also study the limit of the Landau—Ginzburg potential at the
central fiber Q = 0, y = y*. The fiber at = 0 of the total space
Spec C[O4] of the mirror is reducible and decomposed as follows:

Spec C[O4] ‘Q:O = U U Asp,

o€X(n) 0cHom(Nor,CX)

where A,y = Spec C[(N/Nyor) N o] is an affine toric variety. The re-
striction of F, to the central fiber is ill-defined because of the loga-
rithmic term, but we show that for each critical point p, the difference
Fy(x;y) — F;él(p) has a well-defined limit as y approaches y* and (z, Q)
approaches the component A, g on which the critical point p lies.

Lemma 6.5. Let p be a critical point of F\ corresponding to ¢ €
Crit(o), where o is a mazimal cone of . Let A, g be the component of
the central fiber determined by the character 6 defined as the restriction
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of k — ¢k to k € Nio,. Then we have

B ROy, = B (1 ) -5

ico uj(o)

Proof. Let p, ¢, o, 0 be as given. We have

by = Z YWk — sz log(QE—5o)(ei)y(Solei).ei)y

keS

— X(o

= Z yewy + log QX Zuj )log ——— OC])’
keS j€o

where we used (6.2), (6.4) and (6.1). (The quantity (; € Nior here is
given in Lemma 6.4.) Note that wy|a, , equals u;(o) if k = b; € o and
is zero otherwise; also w(O,Cj)| Ayg = ¢¢;- The conclusion follows easily
from this and Lemma 6.4. q.e.d.

2. Higher residue pairing via asymptotic expansion. We define
the higher residue pairing in our setting in terms of (formal) asymptotic
expansion, following the method of Pham [66, 2éme Partie, 4]. We first
recall asymptotic expansion in analytic setting. Let f(t) = f(¢t!,...,t")
be a holomorphic function on C" with a non-degenerate critical point
p. Let I'(p) denote a stable manifold for the Morse function R(f(t))
associated to p and consider the oscillatory integral:

/ O Zgt)dtt - - dt™
I'(p)

with z < 0 and g¢(¢) a holomorphic function. As z * 0, the integral
is dominated by the contribution near the critical point ¢ = p, and we
obtain its asymptotic expansion by expanding the integrand in Taylor
series at p (under appropriate assumptions on f and g). A concrete
method is as follows: we expand the functions f(t), g(¢) in Taylor series
at p as

f(t) = Z% > fiin(p)s™ 8™,

E>0 i1, ig

g(t) = Z% Y G (p)s st

E>0 i1,

with s¢ = t' — p’, and make a linear change of variables s’ =

\/ — 5 i 1c]v] such that
1 o 1 )
_ . te) — 1)2
- At == Y
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Then the above integral can be expanded as:

n/2

(6.5) 6f(p)/ZL

det(fi;(p))

X / e (v’ Z o Ei) LS k2 ot do™,
" k>0,
k=l mod 2
where ;5 %ag)%v“ .- v 2!/2 is the expansion of
2)k/2-1

S EO I M D e A R

k>3 01,00k J1se0Tk

(TN A N, )2
DD D = PR R Ry

k>0 21,050k J15e-0Jk

By performing the above Gaussian integral termwise, we obtain a formal
asymptotic expansion of the original oscillatory integral (note that half-
integer powers of z vanish automatically). We denote this expansion
as

el 07272 Asym,, (ef(t)/zg(t)dt)

so that Asymp(ef(t)/zg(t)dt) is of the form:

1
det(fi;(p))

We remark that the formal asymptotic expansion vanishes if e/ (*)/# g(t)dt
is an exact form (regardless of the formal asymptotic expansion being
the actual asymptotic expansion, in which case the remark is obvious),
since the integrand of the corresponding Gaussian integral (6.5) becomes
also exact, and it is straightforward to check that the termwise Gaussian
integral of a formal exact form is zero.

Note that the above procedure only involves the Taylor expansions
of the functions f(t), g(t) at p and an orthogonalization of the Hes-
sian form (f;j(p)). Therefore we can generalize the above procedure
to our setting where f(t) is given by F\(z;y) and g(t)dt is an ele-
ment of C[z][{O04}[y][x]w, by using (logz1,...,logzy,) as co-ordinates
(t',...,t") here. To be more precise, we work over the ring St[A.][y]
and consider the asymptotic expansion at one of N non-degenerate crit-
ical points over ST[A;][y] from Lemma 6.2. Let p be a critical point
of F, over St[A4][y]. Then the Taylor expansion of a function in
C[z[{O4+}Hy]lx] at p (with respect to the co-ordinates logzy, ..., logx,)

(9(p) + a1z +ag2® +---).



94 T. COATES, A. CORTI, H. IRITANI & H.-H. TSENG

is well-defined as formal power series with coefficients in St[2][A+][y].
When the critical point p corresponds to an element of Crit(c) (under
the bijection in Lemma 6.2),

O*F.
(D)
Olog x;0log x; Q=0,y=y*

= Zbk,ibk,juk(0>

keo

is diagonalizable by the matrix (b ;\/uk(0))keo,1<i<n, and thus the Hes-
sian form is diagonalizable over St[A;][y]. Thus we obtain a well-
defined map:

Asym,: "> *Cl{04}[y]Jw — St[A+][Y]IZ]

for each critical point p over St[A4][y]. By the remark above,
Asym, (e x/#Q)) vanishes if efx/#Q) is exact, and thus Asym,, descends to
cohomology:

Asym,,: e™/7 GM(F\) — St[A4][y][]-

Definition 6.6. We define the higher residue pairing P: GM(Fy) x
GM(Fy) — St[A+][yl[=] by

P(QlaQQ) - ZASymP(eFX/ZQI)Asymp(eFX/ZQ2)
p

for Q1,0 € GM(F)), where Asym,,(efx/#Q) = Asymp(eFX/zﬂl)]z%_Z,
and the sum is over critical points p of F over St[A+][y] in Lemma 6.2.
Note that the higher residue pairing is invariant under the Galois group
Gal(ST/St), which permutes critical points, and thus P takes values
in ST[A4+][y][z]. (In fact it takes values in St[z][A+][y] by Theorem
6.11.)

We establish standard properties of the higher residue pairing. We
first observe that Asym,, gives another solution to the equivariant Gauss—
Manin system (cf. the localization map Loc in §4.5). We remark that,
despite the fact that e’ X (@/7 is a formal power series in 2! and that
Asym,,(€2) is a formal power series in z, the product X0/ Asym,,(€2)
is well-defined as an element of St(2))[A+][y] because FY"(p) €
mSr[AL][y]-

Lemma 6.7. Let p be a critical point of F over St[A4][y]. The
map Asym,, is linear over Rr[z|][A+][y] and satisfies the following dif-
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ferential equations:

()2 Asymp(eFx/ngQ%Q)

— (60 + 260 (50 sy e )

oQ
_ 0 ( Fp)e o)
~ Oy (e X P Asymy (e Q))’
Asym, (/2 Gr® Q) = (83 +E+ Z) Asym, (eP/*Q),

where € € L%, € € (C™)* = H2(X,C) is the lift of & introduced before
Proposition 4.22, and f(o) € Mc¢ denotes the restriction ofé to the fized
point 2, € X. Moreover, the quantum part F\"(p) of the critical value
is homogeneous of degree one, i.e. EEF (p) = F\"(p).

Proof. It is clear from the definition that Asym, is linear over
Clz][A+][¥][x], and since Asym,, is continuous with respect to the m&-
adic topology (see the discussion before Proposition 4.24 for m®), it
is linear over Ry[z][A+][y]. The first two differential equations follow

from:
e the fact that efx/2Q — efx(P)/2 Asymp(eFX/ZQ) commutes with
differentiation in the parameters (y, Q);
° ag(eFX/ZQ) = efX/2v;Q; and
. fQ%eFil(p)/z = %é(a)eF)?(p)/z, which follows from Lemma 6.4.

Let us establish the third equation. Recall that the grading operator
on C[z]{O4 }[y]w is induced by e} + --- + e}, € (Q™)* = Hom(O,Q),
degz =1, degyk = 1 — |k|, degw = 0. The potential function F) (x;y)
is not homogeneous because of the logx; term, but the logarithmic
derivative xia%in(x?y) is homogeneous of degree 1. Thus the critical
point p is homogeneous in the sense that £Bwy(p) = |k|wy(p) for all
k € NN |X|, and so the quantum part F\"(p) (6.3) of the critical
value is homogeneous of degree 1. We can also see that the variables v;
appearing in the Gaussian integral (6.5) is of degree zero. Therefore, if
Q is of degree k, (—2mz)"/2efX"(#)/= Asymp(eFX/ZQ) is of degree k, and
Asymp(eF x/2Q)) is of degree k — 5. The conclusion follows. q.e.d.

In view of Definition 6.6, Lemma 6.7 implies the following.

Proposition 6.8. The higher residue pairing satisfies the following
properties:
1) P(C(—Z)Ql,Qg) = P(Ql,C(Z)QQ) = C(Z)P(Ql,Qg) for C(Z) S
Rr[z][A+][y];
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2) £QapP(0h, ) = P(Veq 2, ) + P(, Vg o (12) for € €
L;

3) %P(Ql,gg) :P(Vin,QQH—P(Ql,Vng) forkes;
Yy Oy

4) (24 + EB + n)P(, Q) = P(GrP® Q1, Q) + P(Q1, GrP Q).
6.3. The pairings match.

Proposition 6.9. Let p be the critical point of F, that corresponds,
via Lemma 6.2, to ¢ € Crit(o) where o € ¥ is a mazimal cone. We
have:

(66) eF)‘élu(p)/Z Asymp (eFX/ZQ) — Z LOC(Q)|(U7’U) CU A(O’,U) (Z)
vEBox(0)

for Q € GM(Fy), where (---)|(5.) denotes the restriction to the fized
point z, € X, on the sector X, C IX, and

1 L5 Bew) (= o
A(a,v)(z)—’N(J)‘H\/m p( = k(k—1) <Ui(0)) )

€0

with By(h) the Bernoulli polynomial defined by > po o Bk(h)% = etfftl
and v; = V;(v).

Remark 6.10. Equality (6.6) here should be interpreted with care.
Each coefficient of Q*(y —y*)! of Loc(2)](4,0) is a rational function in z
(Remark 4.21). We expand these rational functions as Laurent series at
z = 0 and multiply by A,(z), obtaining an element of St((2))[A+][y],
and equate with the left-hand side. As discussed just before Lemma 6.7,
the left-hand side is also well-defined as an element of St((2)[A+][y]-

Proof. Recall from Proposition 4.22 and Lemma 6.7 that Loc and
efX(0)/= Asym,, satisfy similar differential equations. From this we de-

duce that efX" )/ Asymp(eF x/%Q)) can be written as a linear combina-
tion of Loc(§2)|(, .y, with coefficients independent of @ and y,. We
regard Loc as a map taking values in H (%) ®g, St((2))[A+][y] as
discussed in Remark 6.10. Extending the ground ring, we obtain an
isomorphism

Loc: GM(Fy)® g, [[a. 15T (2) [A+][Y]
= Hog 1(X) @r; S1(2) [A+1 Y]

We set Cp(a) == N ()/2 Asymp(eFX/Z Loc™ta) for a € Hig 7(X). The
differential equations in Proposition 4.22 and Lemma 6.7 show that

iC'p(oz) =0.

(6055 + 1) Gyle) = L6y(6a
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Note that C, belongs to Hom(H¢g 1(X), Rr) @, St(2)[A+][y]- The
second equation shows that C), is independent of y,. Expanding C),, =
Z/\GA+ > owez € ;,\7kQ/\zk, we find from the first equation that

(€ - NCpink = &(0)Cpirget1 — Cpret1 © -
For a fixed A, C),» x vanishes for sufficiently negative k € Z. Therefore,
if £- A # 0, repeated applications of the operation C +— é(a)C — C’oé on
Hom(Hgg 1(X), Br) ®py St to the coefficients C).5  yield zero. On the
other hand, it follows easily from the Atiyah-Bott localization theorem
that this operation is a semisimple endomorphism, and thus we must
have f( )Cpxk+1—Cp:x k+10& = 0. This implies that Cp, , = 0 for non-
zero A and that C), is independent of Q). Therefore we have shown that

eF;g“(p)/ZASym X/ZQ Z C (o' ) LOC(Q)‘(J’Jﬂ)

for some C,, (57 ) € S1((2)) 1ndependent of @ and yp.
Let us take © = wxw and evaluate the coefficients C), (,+ ) by taking
the limit as @ — 0, y — y*. In that limit, Loc(wyw) becomes

H H (ui(0') —cz) if v ="1" € Box(c'),

Loc©® (wkw) ‘(U’,v’) = i50'0§<05;1/£i(k)

0 otherwise,
where v :=k — Y 1" [ ¥;(k) | b;.

It remains to compute the limit as @ — 0, y — y* of
efX (0)/z Asym,, (eFX/Zwkw). The limit of efX ®)/% is 1. We have
seen that Asym, (eF X/Zwkw) has a well-defined limit, because
Asym,, (eFX/Zwkw) lies in St((2)[A+][y]. Also

Asym,, (eFX/Zwkw) = Asym,, (e(FX_Fil(p))/zwkw),

and we saw in the discussion before Lemma 6.5 that F (z;y)—F¢'(p) has
a well-defined limit as y approaches y* and (x, Q) approaches the compo-
nent A, g of the central fiber on which p lies. When v ¢ Box(o), the re-
striction of wy to A, g is zero, and thus Asymp(eFX/ZwkwﬂQ:O,y:y* =0.
We can therefore assume that v € Box(c). On the component A, we
have

/ B FL 02 4,
I'(p)

B wi—ui(0) —ui(0) log (5755 det(bB) » dw;
B /F(p) o <Z : ke |Ntor| /\ w;

€0 €0

Here T'(p) is an appropriate cycle in A, g through p, the precise choice
of which is irrelevant as we calculate the formal asymptotic expansion
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of this integral at p, and (b*%) are the entries of the matrix inverse
to (ba). Proceeding as in §6.2, we set w; = u;(0)elt, so that wy =
ck exp (Y ;e, Wi(k)T;). Thus the integral becomes

i€o 1€0 1€0
where we used det(by,3) = |N(0)|/|Nior|. This is essentially a I'-
function. To see this, assume that z < 0 and u;(c) > 0, and make
the change of variables T; — T; + log ( o )) The integral becomes

|N, ’[I %”)(“”) = _%“qr<kay—ﬁ§ﬂ)

Using the functional equation for the I" function (which is also satisfied
by its asymptotic expansion) and the fact that cx = ¢, [[;¢, ui(0) [i(k)]
this is

moy LI (42) | TL (o) ez | oo - ),

i€o 0<c<; (k)
(e)=v;

Replacing the I" function by its asymptotic expansion, using [24, 5.11.8]

2L (=) By(h
8T\ 4 1) ~ (=4 = ) logs — =+ Jlog2m) + 3 D0
k=2

where By(+) are the Bernoulli polynomials, yields:

(—27z) "/2 Cv o] H H ui(0) — cz
€0 | 0<c<¥;(k)
(e)=v;

« I1 \/Te p( l(gg(ijzi) (uzfa))k_l) '

Thus the limit as ¢ — 0, y — y* of Asym,, (eFX/Zwkw) is

]N ‘H H ui(o) — ez

t€o | 0<c<¥;(k)
(e)=v;

T (S ()

if v € Box(o) and zero otherwise. The result follows. q.e.d.
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Theorem 6.11. (1) The mirror isomorphism © from Theorem 4.28
intertwines the higher residue pairing on GM(Fy) with the Poincaré

pairing on H(*jR,T(:{) ®ry Rrlz][A+][y]:
P(Qy, Q) = (@(Ql)\ZH_Z,@(QQ)).

(2) The localization map intertwines the higher residue pairing on
GM(Fy) with the Poincaré pairing on the Givental space:

P(Q1, Q) = (Loc(Ql)|zH_Z,Loc(Qz)>.

Proof. First we prove (2). Using Definition 6.6 and Proposition 6.9,
we find that P(€q,Qs) equals

YooY Y el on(—2)AGw(2)

(67) oe€X(n) ceCrit(o) v,weBox (o)

xLoc()],_ ., Loc()|

(o,0)
where Loc(€;) = Loc(21)|,——-. Recall that Crit(o) is a torsor over
N(o). Choose a base point ¢* € Crit(c) and write a general element

¢ € Crit(o) as ¢ = 0 - ¢* for § € N(o). Orthogonality of characters
implies that

Yo ccw= Y ccb)(w) =y N©)[6-u,

c€Crit(o) 0eN(0)

(o,w)’

where d, _, equals 1 if v = —w in N(o) and zero otherwise. Let o(v) C
o be the minimal cone of ¥ containing v. We have

Copw = H uj(o
jeo(v)

whenever v = —w in N(o). Using the fact [24, 24.4.3] that Bi(1 —h) =
(—1)*By(h), we find that the quantity (6.7) equals

Z Z 1 ) Loc(Q1)|(o7v) LOC(QQ)‘(O_7_U)~

- U
ceX(n) veBox(o) ‘ H]EU\U(U) J

The Atiyah-Bott localization formula now yields part (2) of the Theo-
rem. In view of Remark 4.30, and the fact that M (7, z) in Remark 4.30
is pairing-preserving (see Proposition 3.1), we have that (2) implies (1).

q.e.d.

7. Convergence

In this section, we discuss convergence of the mirror isomorphism and
the mirror map from Theorem 4.28. Recall that () is a Novikov variable,
y = {yk : k € S} is a deformation parameter, and y is an equivariant
parameter. The main result in this section says that the mirror map is
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analytic in all the parameters (Q, y, x) and that the mirror isomorphism
is a formal power series in z with coeflicients in analytic functions in
(Q,y,x). This implies the convergence of the big equivariant quantum
product, and thus generalizes the convergence result [48] for compact
toric varieties to arbitrary semi-projective toric Deligne-Mumford stacks
in the big and equivariant setting.

7.1. Result. In order to state the convergence result, we introduce a
co-ordinate system. We choose a Z-basis of A such that A is contained
in the cone spanned by the basis. This basis defines a co-ordinatization
Q= (Q1,...,Q,) of the variable @ (where r = rank A). Note that any
power series in () whose exponents are supported in A can be expressed
as a nonnegative power series in @1, ..., Q,. Choosing a basis of M, we
have co-ordinates x = (x1,...,Xn) on LieT = N¢ as before (so that
Rt =Clx1,...,xn]). We write

q¢:=(q,-,q) = (Q1,...,Qr,logy1, ..., 108 Ym, {yx : k € G})

with s = r + m + |G|. Note that ¢ = 0 corresponds to Q = 0 and
y = y* — see (4.2) for y*. We also choose a homogeneous basis {T;}
of Her,r(X) over Rt and homogeneous algebraic differential forms Q; €
@Drennz) Clz]wkw on the Landau-Ginzburg model (see §4.4) such that

Loc©(Q;) = T; 1<i<N.

Here Loc® is the restriction of the localization map (see §4.5) to the
origin Q = 0,y = y*; such ; exist by Proposition 4.24. By The-
orem 4.26 (and its proof), {Q;}Y, form a basis of the equivariant
Gauss-Manin system GM(F)) over Ry[z][A{][y]. Let N ={0,1,2,...}
denote the set of nonnegative integers and write ¢¢ = qfl . --qgs for

d=(dy,...,ds) € N>

Definition 7.1. We define O to be the space of (possibly divergent)
formal power series in ¢ = (q1,...,¢s) and z of the form

> > aar()e’,

deNs k=0
where the coefficients aq 1 (x) are holomorphic functions of x = (x1,...,
Xn) defined in a uniform neighbourhood of y = 0 and satisfying the
following estimate: there exist positive constants Cq, Cy, € > 0 such
that we have

(7.1) laas ()] < CLOYFIdF for [x| <,

where |x| = (31, |xi|?)/? and |d| = 3°;_, |d;|. We adopt the conven-
tion that |d|¥ = 1if |d| = k = 0. The constants Cy, Cs, € here are allowed
to depend on the element of O*. Note that the condition (7.1) implies
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aok(x) = 0 if K > 0. Note also that the subseries Y ;ns aqr(X)q?
coverges on |gg| < 1/C4, |x| < € for each k € N.

It is easy to check that OF is a ring; moreover, it is a local ring — see
Lemma 7.6.

Theorem 7.2. Ezxpand the mirror map 7(y) and the mirror isomor-
phism © in Theorem 4.28 with respect to the bases {T;}, {2} as follows:

N N
=S FQuy 0T 0() = 0l(Q,y, v, 2)T;
i=1

j=1
Then:

(1) the coefficients 7(Q,y,x) € Rr[A+][y] are convergent and ana-
lytic in a neighbourhood of @ =0, y =y* and x = 0;

(2) the coefficients @;(Q,y,x,z) € Ry[z|][A+][y] lie in the ring O%;
in particular they are formal power series in z with coefficients in
analytic functions of (Q,y,x) defined in a uniform neighbourhood

of @Q=0,y=y" and x = 0.

Corollary 7.3. The structure constants (a x 3,7) of the big and
equivariant quantum product (3.1) of a semi-projective toric Deligne—
Mumford stack are convergent power series in T, Q) and X.

Remark 7.4. To motivate the definition of O%, we give the following
example. Suppose for simplicity that ¢ is one variable. If Y7 apt® is
a convergent power series, the differential operator ).~ ak(zqa%)k ap-

plied to 302, ¢% = 1/(1 — q) yields a power series "3 Y22, apd*q?2*
that belongs to OZ.

Remark 7.5. The coefficients ©% of the mirror isomorphism are in
general divergent power series in z. If we restrict ourselves to the “ex-
tended weak Fano” situation [50, §3.1.4], that is, if X is weak Fano and
the extension G is contained in Box=! := BoxN{v € NN || : |v| < 1},
then the mirror isomorphism © becomes fully convergent [50, Proposi-
tion 4.8]. On the other hand, if X is not weak Fano or G is not contained
in Box=!, the I-function and the mirror isomorphism are typically diver-
gent (see [48, Proposition 5.13]). The convergence issue is also related
to “good asymptotics” of the I-function, see [14, §2.6].

Lemma 7.6. The space O is a local ring.

Proof. We claim that if © = Y cns D oo @ak(X)q%2F € O satisfies
ao0(0) # 0, then it is invertible in O%. Without loss of generality we
may assume that ago(x) = 1. There exist constants Cq, Co, € > 0 such
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that |aqr(x)| < ClC|2d|+k\d]k for |x| < e. We have

- Z Z Ad(1),k(1) """ Ad(1) k(1)

d(1)#0 7d(l)750
k(D). k(1)20
s q1D++d(0) k(D) +4k()
The coefficient of ¢%z* can be estimated as:
|d|
Z Z @d(1),k(1) "+ Ad(l),k (D)

|d|

<2 > () Oy i
< |d|FCy C‘d‘+kz S

=1 d(1)4--~+d(l)=d

d(1)#0,...,d(1)#0
where " means the sum over all d(1),...,d(l]) € N* and k(1),...,
k(1) € N such that d(1) # 0,...,d(l) # 0, d(1) + --- + d(l) = d and
k(1)4---+k(l) = k. It is easy to check that the sum in the second line
is of exponential growth in |d|. q.e.d.

The rest of this section (§7) is devoted to the proof of Theorem 7.2 and
Corollary 7.3. The proof of Theorem 7.2 consists of two steps: first
we give an estimate for the connection matrices of the Gauss—Manin
connection in the basis {€2;}, and then we use a theorem on gauge fixing
to show that a gauge transformation that transforms the Gauss—Manin
connection into the quantum connection is defined over OZ.

7.2. Estimates for the Gauss—Manin connection. Let A4, =
(As7i(q, x, 2)) denote the connection matrix of the equivariant Gauss—
Manin system with respect to the basis {Q;}}; defined by

zvqa 8(; Q; = Z A (g, x, 2)8Y

where Ay7;(q, X, 2) € Rr[2][A4] [[yﬂ C Clz,x][q1,---+qs]. In this section
we prove the following proposition.

Proposition 7.7. There exist open neighbourhoods U C C%, V. C C"
of the origin such that the following hold. FEntries of the connection
matriz A, can be expanded in power series > reo ax(q, x)2"* that satisfy

(1) for every k, ax(q,x) is convergent and holomorphic for (q,x) €
UxV;
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(2) there exist contants C1,Cy > 0 such that
(7.2) lax(q, x)| < C1C5E! for all (g,x) e U x V.

Remark 7.8. Power series >t ax2” satisfying the estimate (7.2)
are called Gevrey series of order 1. The same estimate also appears as a
convergence condition for microdifferential operators (see [56, §2]). We
write

C{z}} = {Zakzk cap € C,3C,, Cy > 0 s.t. |ag| < clcgk!} .
k=0

It is well-known that C{{z}} is a local ring.

We start by noting that the Landau-Ginzburg potential F) is a glob-
ally defined (multi-valued) analytic function in the arguments z, y, @, Xx.
Therefore the (finitely many) critical points of F over St[A][y] de-
scribed in Lemma 6.2 depend analytically on the parameters (Q,y, x)-
Recall from Lemma 6.2(2-3) that the co-ordinates wy(p) of a critical
point at @ = 0, y = y* are analytic functions of y defined on (C™\ D)™,
where ~ means the universal cover and D = (J;”, Usesmy{ui(o) = 0}
(see Notation 6.1). Thus co-ordinates of each critical point are power
series in ¢ = (Q, y) with coefficients in analytic functions on (C"\ D)™,
We fix an arbitrary compact subset K C (C" \ D)™, and then choose
a sufficiently small neighbourhood U C C?® of the origin such that co-
ordinates of these critical points are convergent on (x,q) € K x U.

Let p be an analytic branch of the critical scheme of F) defined over
K x U as above. Recall from §6.2 that Asymp(eFX/zQi) € Stlz][A+][v]
is defined as a formal asymptotic expansion of an oscillatory integral at
the critical branch p:

/ GFX/ZQi ~ eFx(p)/Z(_Qﬂ'z)n/2 Asymp(eFX/ZQz‘)-
I'(p)

By the definition of the formal asymptotic expansion in §6.2 and the
analyticity of F), it follows that Asymp(eF x/% €2;) is a formal power series
in z with coefficients in analytic functions in (x,q) € K x U (where we
also used the fact that €; is an algebraic differential form). Moreover,
these coefficients satisfy the following:

Proposition 7.9. After shrinking U if necessary, we can find con-
stants C1, Ca > 0 such that the power series expansion y oo a(q, X)zk
of Asymp(eFX/zﬁi) satisfies the estimate |ax(q,x)| < C1C5k! for all
k>0 and (q,x) €U x K.

This proposition follows immediately from:

Lemma 7.10. Let f, g be holomorphic functions on C" and let p €
C™ be a non-degenerate critical point of f. (It suffices that f, g are
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defined near p.) The formal asymptotic expansion at p, as defined in

86.2:
/ef(t)/zg(t)dt1 e dt" ~ eF P27 2 (ag + arz 4 ap? + - )

satisfies the estimate |ay| < CIC§/<:! for some constants Cy, Co > 0. If
Bi, By > 0 are constants such that the Taylor expansions f(p +t) =
Sorert!, g(p+t) = S drt! atp satisfy max(|eq], |dr|) < BlBg‘, then the
constants Cy,Cy here depend only on B; and Bg. Here I € N" denotes
a multi-index and we write t! = (1) - (t")n and |I| = iy + -+ + iy,
for I = (i1,...,ipn).
Proof. By the holomorphic Morse lemma, we can find local co-ordi-

nates v = (v',...,v") centered at p such that f(¢t) = f(p) + 3((v!)* +

.-+ (v™)?). Changing co-ordinates, we get

/ T OL g1\t -t = )/ / S @922 ) O8) v g

o(v7)

where h(v) is a holomorphic function near v = 0 and 9(¢')/0(v7) denotes
the Jacobian of the co-ordinate change. Let ), e vl denote the Taylor
expansion of h(v)(9(t')/0(v7)); then we have an estimate |e;| < C’lC|2[|
with constants C1, Cy > 0 depending only on By and By. The asymp-
totic expansion of the above integral gives

(7.3) > er(—2)12 T (ia — 1M

T=(i1,..nyin ) E(2N)" a=1
multiplied by ef(P)/*(—272)"/2, where (2k—1)!! = (2k—1)(2k—3)---3-1
(we set (—1)!! = 1). The coefficient in front of z¥ in (7.3) has the
estimate

S eu(-DII @i -1 < crcgie 3

IeN™:|I|=k a=1 IeN™:|I|=k
< CyC2kok (k + e 1) K

which gives the desired estimate since (Z) < 2% q.e.d.

Proof of Proposition 7.7. We use the fact from Lemma 6.7 that Asym,
is a solution to the Gauss—Manin system. Let R be the square matrix
with entries R),; = Asymp(eF x/%Q);) where p ranges over all critical
points in Lemma 6.2 and 1 < ¢ < N. Let U be the diagonal matrix
with entries Fy\"(p) with p ranging over the same set. The differential
equation in Lemma 6.7 shows that

(ana?] + §a) (eU/ZR) =eY/* R A4,

a
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for some &, € H2(pt,C) = P!, Cx;. This is equivalent to

Ay =& +R " 2qq R | R’lqaa—UR,
94a 9qa

where I denotes the identity matrix. Proposition 6.9 together with the
fact that Loc(®(Q;) = T; shows that R|,—p is invertible for x € (C"\
D)~. Recall from Proposition 7.9 that R, ; is a Gevrey series of order 1
as a power series in z (see Remark 7.8). Since C{{z}} is a local ring, we
conclude that the entries of R™! satisfy estimates similar to Proposition
7.9, after shrinking U if necessary. Also, the entries of zqag% satisfy
estimates similar to Proposition 7.9 after shrinking U if necessary; this
follows from the Cauchy integral formula for derivatives. The matrix U
is convergent and analytic on (g, x) € U x K. Therefore each entry of A,
can be expanded in a series Y 72 ax(q, x)z* that satisfies the estimate
lax (g, x)| < C1C5K! for (¢,x) € U x K. On the other hand, we know
that ax (g, x) here lies in C[x][q1,---,¢s], i-e. coefficients of the Taylor
expansion of ax(q, x) with respect to ¢ are polynomials in x. Expand
ak(q,X) = Y gens ak,a(x)q?. Then we have the estimate

lara()| < C1OeRT kL vy e K

for possibly bigger constants C, Co > 0. Recall that K can be taken to
be an arbitrary compact subset in (C™ \ D)~ (the constants C7, Cy de-
pend on the choice of K); we can choose K so that the holomorphically
convex hull (or polynomially convex hull) of the image of K in C"\ D
contains the origin in its interior. Then the above estimate holds in a
neighbourhood of the origin x = 0. This shows that each entry of A,
satisfies the estimate in Proposition 7.7. q.e.d.

Remark 7.11. The consideration of critical points in this section
together with the study of the Jacobi ring in the non-equivariant limit
in [50, Proposition 3.10(ii)] shows that the non-equivariant quantum
cohomology of a compact toric stack is generically semisimple. See also
[48, §5.4], [50, Corollary 4.9].

7.3. Gauge fixing. We begin with the following lemma.
Lemma 7.12. Matriz entries of A, belong to OZ.

Proof. Since the basis {€;} is homogeneous with respect to Gr® — see
(4.10) — it follows from Proposition 4.11 that the connection matrices A,
have homogeneous entries with respect to the grading deg Q¢ = ¢1(X%)-d,
degykx = 1—1k|, deg x; = degz = 1. Since there are finitely many matrix
entries of A,’s, we have a uniform constant C' > 0 such that every entry
S gak(g, x)2* of A1, ..., A, satisfies deg ay (g, x)+k < C for all k € N.
Expanding ax(q, X) = > gens aak(X)q?, we obtain degg? + k < C since
aqr(x) € Clx] has non-negative degree. This implies & < C + C’|d|
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for a uniform constant ¢’ > 0. On the other hand, the estimate in
Proposition 7.7 gives |aq(x)| < ClC'ng'k! for x € V. Combining the
two inequalities we obtain, whenever d # 0,

(7.4) |aar()| < CLCE(C 4+ ')k < oy with x e v

for C3 = 2max(C,C’,1)Cy. We claim that agx(x) = 0 for £ > 0. Since
Loc(o)(Qi) = T;, Proposition 4.22 implies that Aq|q—¢ is conjugate to
the multiplication by &, on H{g p(X) for some = HZ(X) (€a=0if g4
corresponds to logy, . .., log ym, or to yx with k € G). Therefore A,|,—0
is independent of z, and the claim follows. The claim implies that the
estimate (7.4) also holds for d = 0. The lemma is proved. q.e.d.

We now give a result on gauge fixing, which says that a logarithmic
flat connection defined over O% with nilpotent residue at ¢ = xy = 0 can
be made z-independent by a unique gauge transformation defined over
O%. This result is a refinement of [48, Proposition 4.8] which proved a
similar result in the absence of the parameter y. The proof is almost
parallel to [48, Proposition 4.8], but is different from it in a subtle way.
We repeat the argument for the convenience of the reader.

Theorem 7.13 (gauge fixing). Let V be a logarithmic flat connection
of the form
dgi

1 S
= -y 4
\Y d+Z; o

where A; = Ai(q,x,2) € Maty(O?) is a square matriz with entries in
O% (see Definition 7.1). Note from the definition of O% that A;(0, x, z) is
independent of z. Suppose that the residue matrices A;(0,0, z) are nilpo-
tent. Then there exists a unique gauge transformation G = G(q,x,2) €
GLN(O?) with entries in O® such that G(0,x,z) = I and A; =
G_lzqig—g + G7'A;G is independent of z for all 1 < i < s. In par-

ticular A; is convergent and analytic near ¢ = x = 0.

Proof. 1t is easy to see that such a gauge transformation G exists
uniquely over the formal power series ring C[x, z,¢]; G is given as a
positive Birkhoff factor of a fundamental solution” of the connection
V. (See [17], [45, Proposition 3.2] and [49, Theorem 4.6] for the discus-
sion in the context of quantum cohomology.) Note that the following
argument also gives a recursive construction of G/.\ R

We expand 4; = ¥y ity Aua (0002, & = T e Aa(0)d”
and G = > jens 2o Gar(x)q?2*. Note that we have Goj = 6ol,

"We use the nilpotence of A;|q=y=0 to construct a fundamental solution in the
formal setting.
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Ai;O,k = 5k,OAi;O,O ind A\i;D = A\Z’|q:0 = Ai;070. Expanding the relation
2q; gg + A;G = GA;, we obtain

GGar1+ Y. Y. AwawGapr = > Gapdiar.
d'+d"=d k'K =k d'+d"=d

This can be rewritten as follows:
(7.5a) diGap—1 +ad(N;))Gar = Hiak for k > 1,

~

(7.5b) Aj.q = ad(N;)Gao — Hiap,

where we set N; = N;(x) := Ai0,0(x), ad(X)Y = XY — Y X, and

(7.6) Higp = Z G pAiar — Z Z Ak Gar g
l+d”:d d/-‘rd//:d k/+kl1:k
|d’|>0,|d"|>0 |d'|>0

Suppose that we know Gg4j and Ei;d for all (i,d, k) with |d| < e (for
some e). This information determines H;.q, for all (i,d, k) with |d| = e.
Then we can determine G4, and A;.4 recursively as follows:

(1) we can solve for G4, with |d| = e for all k using (7.5a) — see (7.8)

below;
(2) next we can solve for A;.q with |d| = e using (7.5b).

We need to give estimates for G, sz‘,d~ We set, for (e, k) € N2,

aer(x) = max > [AiaxCl:  ger(X) = D> IGar(l;
|d|=e

1<i<s

|d|=e
hew(x) = max > [ Hian (0l ae(0) = max > [Aia(0)l;
|d|=e |d|=e
where || - || denotes the operator norm. By assumption there exist con-

stants C1, Ca, € > 0 such that a.(x) < eFC1O5T for |x| < e (we set
ek =1 for e = k = 0 as before). Let C' > 0 be a constant such that
IN: OOl = 1 Ai0,000)[| = [[Aio Q) < C for all 1 <i < s and [x] < e
Suppose by induction that

ek 1

BSBY and ao(x) < 57CB] whenever |y| <4

ek (X) < ( W

e+ 1)M
for all (e, k) with e < ep. Here we set By := 2C3 and the other positive
constants B1, M, § > 0 are specified later; they depend only on C, C1,
Cy and N;(x). We will choose é so that 0 < 0 < e. Note that this
induction hypothesis holds for ey = 1 since go 1, = ||Gok(X)|| = Or,0 and
ap = maxi<i<s ||[Vi(x)|| < C. Under the induction hypothesis, we have
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from (7.6) that, whenever |x| <4,

k
heg,ké Z ge,kdeo—e+ Z Zae,lgeo—e,k—l

0<e<eg 0<e<ep I=0
o BBY OB
1+eM(1+e—e)M

IN

(77) 0<e<eq
s Ze(; Ce+l€0——>“3eo ekl
0<e<eo 1=0 (1+eo—e)™
k

o e k
(1 +60)M 1 2

where we omit x from the notation and set

(1 + eo)M
€1(M) := sup ,
(M) ozt (T+e)M(1+eg—e)M

e2(B1, M) :=sup ) (e (C2>e

14+e—e)M \ B
80210<e§60( +€o ) 1

< (Cer (M) + 2C1ea(By, M))

Next we estimate g, . For d € N* with |d| = eg, we choose 1 <i <'s
such that d; = max{dy,...,ds}. Then we have from (7.5a) that

1 ad(V;
(7.8) Gax = - Hiar — El )Gd 1
1 ad(IV;) (—ad(N;))!
= EHlydyk - 7H17d7k+1 + . + THlyd,k"rl + e,

Note that this infinite sum converges in the y-adic topology since
ad(N;|y=o) is nilpotent, and hence Gg}’s are uniquely determined by
(7.5a). We will see that this sum is convergent in the classical topology.
Using d; > ep/s, we have

00 +1
o =3 (s 10a)1) (2) g

1=0
Since N;(0) = Nj|y—o is nilpotent, we have N;(0)! = 0 for some Iy > 0;
then we have ad(NN;(0))? = 0. This implies the following estimate:

max || ad(N; (x))']| < C(Calx)!/ ) if x| < e

1<i<s

for some C3, C4 > 0. Thus we get

2lp—1 oo 2lpj+1+1
G < 3 S Gy () heo s 210 1
=0 j=0
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Using the estimate (7.7) for he, j and after some computations, we find
that the infinite sum converges if 520 B2°Cy|x| < 1 and that
k

€ e k
————BB
(1 + eo)M 12

(7.9) Geo kt < €3(B1, M, x)
with

Cs
63(31, M, X) = (Cel(M) + 20162(31, M)) T SZZOBSZOC4|X|
and C5 := sCs 2210 Y(sBy)l. Finally we estimate ée, by (7.5b). We
have for |x| <4,

(7.10)
Qe < 20960,0 + heo,() <

2063(31, M, X) + Cel(M) + 20162(31, M)
(1 + eo)M
where we used (7.7) and (7.9) in the second inequality.

We now specify the constants Bi, M, § > 0 to complete the induction
step. We use the following fact [48, Lemma 4.9]:

lim El(M) = 0, lim EQ(Bl,M) = 0.
M—c0 Bi

—00

eo
B,

We can choose By, M,§ > 0 in the following way.

(1) Choose & > 0 so that § < e and s20B20Cy6 < 1/2.

(2) Choose M > 0 so that e;(M) < 1/3 and 2C5Ce; (M) < 1/12.

(3) Choose B; > 0 so that 2Cye2(B1, M) < C/3 and 4CCsea( B,
M) < 1/12.

Then we have, when |x| < 4,

63(Bl,M, X) < 2C5C€1(M) + 4C5Chea(B )

2063(31,M, X) +C€1(M) +20162(Bl, ) §C+ 3C+ 3C < (.

These inequalities together with the estimates (7.9), (7.10) complete the
induction step. The theorem is proved. q.e.d.

@\H

Remark 7.14. Theorem 7.13 could be viewed as an analogue of
Malgrange’s theorem [59, Theorem 4.3]. There a similar analytification
of a flat connection is discussed when the connection has no singularities
at g =0.

7.4. Proof of Theorem 7.2 and Corollary 7.3. First we prove The-
orem 7.2. Recall that the connection matrices A, of the Gauss—Manin
connection are defined over 0% (Lemma 7.12) and the connection matri-
ces of the quantum connection with respect to the basis {7;} are inde-
pendent of z. The matrix (0](Q,y, X, z)) gives a gauge transformation
which transforms the Gauss-Manin connection into the quantum con-
nection; it also satisfies ©7],—o = &7 since O(;)|4=0 = LocV () = T;.
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As remarked in the proof of Theorem 7.13, the uniqueness of such a
gauge transformation holds over the formal power series ring C[z, x, q],
and thus Theorem 7.13 shows that ©7(Q,y, x, z) belongs to O*. Theo-
rem 7.13 also shows that the pull-back 7*V of the quantum connection
via 7 is analytic in (Q,y, X)-

Since O intertwines the Gauss—Manin connection with the quantum
connection, we have
or 1 = qaﬁ

o7 ’
#Ga 0qa 8qa

(7.11) @0V, o 0O H(1)=V

2qa 540

where 1 is the identity class in H¢g p(X). Since O® is a local ring

(Lemma 7.6), the inverse matrix of (©]) has coefficients in O%. Thus
the left-hand side can be written as an O?-linear combination of {7;}.
Since the right-hand side is independent of z, this shows that qag—; is
analytic in (g, x). Therefore the mirror map 7°(Q, v, x) is analytic in all
the arguments.

Next we prove Corollary 7.3. We claim that the mirror map 7 is

submersive when the extension G is sufficiently large. Indeed, using the
formula (7.11), we have for k € §,

or
o7 = 00V, 5 00 H(1
el = (©@0Veg 007
-0 (Vzaa(w + O(Q)))
Yk q=0
= O(wkw + O(2) + 0(q))| =9
:¢k+0(z)7

where we used O|,—g = Loc® and the computation in Proposition 4.24.
Since the left-hand side is independent of z, it is equal to ¢x. Since
finitely many ¢x’s span Hig r(X) over Ry, the claim follows. We al-
ready showed that the pull-back 7*V of the quantum connection and the
mirror map 7 are analytic in a neighbourhood of @ =0, y = y*, x = 0.
This immediately implies the analyticity of the big equivariant quantum
product.
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