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A RIEMANNIAN BIEBERBACH ESTIMATE

FrAaNCISCO FONTENELE & FREDERICO XAVIER

Abstract

The Bieberbach estimate, a pivotal result in the classical the-
ory of univalent functions, states that any injective holomorphic
function f on the open unit disc D satisfies | f/(0)| < 4]f'(0)]. We
generalize the Bieberbach estimate by proving a version of the in-
equality that applies to all injective smooth conformal immersions
f:D — R* n > 2. The new estimate involves two correction
terms. The first one is geometric, coming from the second funda-
mental form of the image surface f(D). The second term is of a
dynamical nature, and involves certain Riemannian quantities as-
sociated to conformal attractors. Our results are partly motivated
by a conjecture in the theory of embedded minimal surfaces.

1. Introduction

A conformal orientation-preserving local diffeomorphism that is de-
fined in the open unit disc D = {z € C: |z| < 1} and takes values into
R? can be viewed as a holomorphic function f : D — C. Of special
interest is the case when f is univalent, that is, injective. The class
S of all holomorphic univalent functions in D satisfying f(0) = 0 and
1(0) = 1 was the object of much study in the last century, culminating
with the solution by de Branges [4, 22] of the celebrated Bieberbach
conjecture: for any f € S, the estimate

(1.1) |f®(0)] < k!

holds for all k& > 2. Equivalently, |f*)(0)| < kk!|f'(0)| for any injective
holomorphic function on D. The case k = 2, due to Bieberbach, yields
the so-called distortion theorems which, in turn, imply the compactness
of the class S [19, 22]. Thus, the basic estimate |f”(0)] < 4 for f € S,
most commonly written in the form |as| < 2 where f(2) = 2z + a2? +

-, already yields important qualitative information. In particular, it
follows from the compactness of S that there are constants C}, such that
|£#)(0)| < Cr|f'(0)] for every k > 2 and injective holomorphic function
f on D. The Bieberbach conjecture (the de Branges theorem) asserts
that one can take C}. to be kk!.
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The aim of this paper is to establish a generalization of Bieberbach’s
fundamental estimate |f”(0)] < 4]f’(0)| that applies to all injective
smooth conformal immersions f : D — R™, n > 2. The new esti-
mate involves two correction terms. The first one is geometric, coming
from the second fundamental form of the image surface f(D). The sec-
ond term is of a dynamical nature, and involves certain Riemannian
quantities associated to conformal attractors.

Given a submanifold of R™, we denote by V and ¢ its connection and
second fundamental form, both extended by complex linearity. Recall
also that a vector field on a Riemannian manifold is said to be conformal
if it generates a local flow of conformal maps. We use subscripts to
denote differentiation with respect to z, where 20, = 0, — i0,.

Theorem 1.1. Let f : (D,0) — (N, p) be an injective smooth confor-
mal immersion, where N C R™ is a smooth embedded topological disc,
n > 3. Let X be the (non-empty) family of all normalized conformal
attractors on (N,p), namely, those smooth vector fields X on N satis-

fying
i) X is conformal, X (p) =0, (VX), = —I;
ii) every positive orbit of X tends to p.

Then

(1.2) )S(%I;Hfzz(o) = 0(£:(0), f2(0)) + (V2X), (f2(0), £2(0) || < 411 £2(0)].

We expect to develop further the ideas in this paper and establish
analogues of the higher order estimates |f*)(0)] < kk!|f'(0)|, k > 3,
in the broader context of injective conformal immersions f : D — R™.
One would then have, in all dimensions, a geometric-conformal version
of the de Branges theorem.

Example. Taking N = R? C R” as a totally geodesic submanifold and
X(w) = —(w —p), we have VX = —I, and so V2X = 0. Since ¢ = 0,
one sees that the original Bieberbach estimate |f”(0)| < 4|f(0)| can be
recovered from (1.2).

It follows from classical results that for any injective smooth immer-
sion g : D — R"™ there is a diffeomorphism h : 0 — D, where (Q is either
D or C, such that f = g o h is an injective conformal immersion. Re-
stricting A to D in the case €2 = C, one then sees that the above theorem
applies to every injective immersion, after a suitable reparametrization.

We observe that the original Bieberbach estimate does not carry over
to the higher dimensional case. Indeed, if every injective conformal
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immersion f : D — R™ were to satisfy || f..(0)]| < 4]|f.(0)||, a contra-
diction could be reached as follows. Let g : C — R"™ be an injective
conformal harmonic immersion which is not totally geodesic, i.e., g(C)
is a parabolic simply-connected embedded minimal surface. A concrete
example is provided by the helicoid given in coordinates z = = + iy
by g(x,y) = (sinhz cosy, sinhz siny, y) (see the conjecture below). Ap-
plying the above estimate to f : D — R", f(z) = g(Rz), and letting
R — o0, one obtains

1 1

9::(0) = 7 (922(0) = 292, (0) = 9(0)) = 5 (922(0) — gy (0)) = 0.

Replacing g(z) by g(z + z,) in the above reasoning, we obtain g,, = 0,
and S0 guz, gyy and g,y are also identically zero, contradicting the fact
that g(C) is not a plane.

It is tempting to believe that the contribution in (1.2) coming from
the dynamic term can be made to vanish, regardless of the embedding,
in which case one would obtain an estimate that depends solely on the
geometry of the surface f(D). To investigate this possibility, suppose
that

Inf [[(V2X),(£:(0), £:(0)) | = 0

for all conformal embeddings f : D — R™ of the unit disc. Consider
the map g above, parametrizing a helicoid. After applying (1.2) to
f:D — R3 f(z) = g(Rz), and reasoning as above, one has

1 .
g== = 0 (920 0:) = 5 <g§fx — ngy> = 0.

In particular, the coordinates curves of g are geodesics of g(D). Since
these curves are easily seen to be asymptotic lines of g(D), one would
conclude that the traces of the coordinates curves of g are (segments of)
straight lines in R3. But this contradicts the fact that the coordinates
curves y — g(x,y) are helices. Hence, the dynamic term is essential for
the validity of (1.2).

As the reader may have suspected by now, part of our motivation for
proving a version of the Bieberbach estimate in the realm of conformal
embeddings D — R" comes from the theory of minimal surfaces. We
explain below how these two sets of ideas merge.

The past few years have witnessed great advances in the study of
simply-connected embedded minimal surfaces (i.e., minimal surfaces
without self-intersetions). From an analytic standpoint, these geometric
objects correspond to conformal harmonic embeddings of either D or C
into R3. In a series of groundbreaking papers, Colding and Minicozzi
[5]-[9] were able to give a very detailed description of the structure of
embedded minimal discs. Using their theory, as well as other tools,
Meeks and Rosenberg showed in a landmark paper [14] that helicoids
and planes are the only properly embedded simply-connected minimal
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surfaces in R3 (subsequently, properness was weakened to mere com-
pleteness).

The classical link between minimal surfaces and complex analysis has
been explored, with great success, to tackle other fundamental geometric
problems. Given the history of the subject, one is naturally inclined to
look for a complex-analytic interpretation of the works of Colding and
Minicozzi, and Meeks and Rosenberg, with the hope that more could
be revealed about the structure of embedded minimal discs. Although
this effort is still in its infancy, one can already delineate the contours
of a general programme. A central theme to be explored is the role of
the conformal type in the embeddedness question for minimal surfaces.
In particular, one would like to know, in the Meeks-Rosenberg theorem,
if parabolicity alone suffices:

Conjecture 1.2. If g : C — R? is a conformal harmonic embedding,
then g(C) is either a flat plane or a helicoid.

There is a compelling analogy between the theory of conformal har-
monic embeddings of the open unit disc D C C into R? and the very rich
theory of holomorphic univalent functions on D. It is an easy matter to
use a scaling argument, as it was done above, together with the (clas-
sical) Bieberbach estimate to establish the scarcity of univalent entire
functions: they are all of the form f(z) = az 4+ b, a # 0. One ought
to regard this statement as the complex-analytic analogue of the above
conjecture.

A major hurdle in trying to use similar scaling arguments to settle
the above conjecture is that one does not have an a priori control on
the dynamic term in (1.2). Nevertheless, a first step in the program
of using complex analysis toward studying embedded minimal discs has
been taken in [12], where a new proof was given of the classical theorem
of Catalan, characterizing (pieces of) planes and helicoids as the only
ruled minimal surfaces. The proof of Catalan’s theorem is reduced,
after careful normalizations, to the uniqueness of solutions of certain
holomorphic differential equations.

The present work is in fact part of a much larger program, going well
beyond minimal surface theory, whose aim is to identify the analytic,
geometric and topological mechanisms behind the phenomenon of global
injectivity; see, for instance, [1]-[3], [11], [13], [1L5]-[18], [21], [23], [25].
The reader can find in [24, p. 17] a short description of some of the recent
results in the area of global injectivity.

In closing, we would like to point out that the main result in [23]—a
rigidity theorem characterizing the identity map of C” among injective
local biholomorphisms—is also based on ideas suggested by the original
Bieberbach estimate.

Acknowledgements. This paper was written during an extended visit
of the first author to the University of Notre Dame. He would like to
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2. Proof of the generalized Bieberbach estimate

The proof of Theorem 1.1 will be split into a series of lemmas, re-
flecting the dynamical, complex-analytic and Riemannian aspects of the
argument.

Lemma 2.1. Let X be a smooth vector field defined in an open set
UcCR" If X(p) =0 and (dX), = —1, then the local flow n; of X
satisfies
() (dn)y = 1, ¢ > 0; )

(i) Jim |[(dn)pll = (@) (0, w) = (P X)p(0,w), 0,0 € R

Proof. (i) For all x € U and v € R",

d d [d d d
<) = G gl oo} = g (Gt + o)
(2.) = | Komla+sv) = (X)) 0 [dn)alv).

Since )A(:(p) =0, n:(p) = p, for all t. Setting x = p in (2.1), one obtains

(22) L)) = (@X), o (dn)y(v) =~ (dn)y(v).
Since no(x) = « for all z, (dny), = I and, by (2.2),

(dnt)p(v) = e_t(dno)p(v) = e_t’u, v e R”.
(ii) For all x € U and v,w € R™,

d d
2 = — _
(2.3)  (d*n)z(v,w) = 75 o { - ‘hzom(x + sv+ hw)} .
Thus,
d, d d d
E(d Tlt);c('v, U)) = % o0 {_h‘h:(] E?’]t(fx + sv + hw)}
d d ~
= 2l {—h h:oX om(x+ sv+ hw)}
(2.4) = (X ony)z(v,w).
It follows that
(2.5)

@) (0,0) = (@ Xy, o) (), (@)a0) + (0K ) o) ()00
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Taking x = p in (2.5) and recalling that (d)?)p = —1I, we have

CPmy(o,w) = (@) ((dm)ye, (dn)yw) + @)y (@) (v, w)

(2.6) = (®X)p((dno)pv, (dne)pw) = (d*ne)p(v, w).
From (i) and (2.6), one has
(2.7) %(d%t)p(%w) = e (d*X)p(v,w) — (dm)p(v, w).

Letting V (t) = (d?n),(v,w) and W = (d>X),(v,w), the last equation
becomes

(2.8) CZV() ~V(t) +e W,
so that

d, _ -t
(2.9) ZEVE) =W,

and, by integration,
(2.10) V() —V(0)=W(1 —e).

Since no(z) = x, x € U, it follows that V(0) = (d?no), (v, w) = 0. Using
this in (2.10), we have

(2.11) V() =W —e™).
Taking the limit as ¢ — oo and using (i), one obtains (ii). q.e.d.

Lemma 2.2. Let f : D — R" and g : D — R" be two conformal
embeddings of the unit disc into R™ such that g(D) C f(D) and f(0) =
g(0). Assume that the orientations induced on g(D) by f and g are the
same. Then there exists C € C, |¢] =1, such that

H gzz N fzz(o) < 4 ]
192 H2 “TLOP| = Te0

Proof. The function ¢ = f~1og : D — D is well defined, confor-
mal, and orientation preserving. Hence ¢ is holomorphic, ¢(0) = 0.

Using g:(0) = £:(0)¢:(0) and g..(0) = £::(0)¢2(0)* + £:(0)¢:2(0), one

computes

(2.13) gzz(O) — fzz(o) (Pz(o)z + fz( )(Pzz()

lg=O)1> 120 le=(0)[* "~ [I/2(0)[1* [z (0) >

(2.12)

But
4

) ¢22(0) _ 4
“LO)e=0)]  1lg=(0)]

(2.14)
H”fz 0)[1? [=(0)[?
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by Bieberbach’s inequality |¢”(0)| < 4[¢'(0)|, valid for all univalent
holomorphic functions v : D — C. Hence,

92:(0) p:(0)*  f:2(0) 4
2.15 - < )
C1 o " Te-OF 1EOF| = T
and the lemma follows from (2.15) with ¢ = %E. q.e.d.

Lemma 2.3. Let N C R, n > 2, be a smooth surface and f :
(D,0) — (N,p) an injective smooth conformal immersion. Let U be an

open neighborhood of N in R™ and X a smooth vector field on U such
that

(i) X(p) =0, (dX), = —I;

(il) X is tangent to N, X|n is conformal and every positive orbit of
X|n converges to p.

Then

(2.16) (@ X)p (£2(0), £2(0)) + F22(0)[| < 4] £-(0)]-

Proof. We may assume that f(D) has compact closure in N (the
general case follows by replacing f(z) by f(Rz), with R < 1, and letting
R — 1). Since every positive orbit of X |y converges to p, there exists
to > 0 such that the positive flow 7, of X satisfies n,(f(D)) C f(D) for
all t > ty. Since X | is conformal, so is g®) = g = n, o f. It follows

easily from Lemma 2.1(i) that f and g induce the same orientations on
g(D) C f(D), as required by Lemma 2.2. We have

(2.17) 9:(2) = (m o f)=(2) = (dne) y() (f=(2))

and

(2'18) gzz(o) = (d277t)p(fz(0)a fz(o)) + (dnt)P(fzz(O))
By (2.12),

o=@l _ 4, [£2(0)]

lg=(O)I* ~ lg=(O)I ~ [l£=(0)[1>"
From (2.17), (2.18), and (2.19), we then have

(2.19)

”(d277t)p(fz(0)7 fz(o)) + (dnt)P(fzz(O))H
(2.20) (), I T7-(0) 2
1 O)]

<
—

+ .
(dno)pll /200 1£=(0)11?
Multiplying the last equation by ||(dn:),|l|| f=(0)]?,

1(d*ne)p(f=(0), £:(0)) + (dne)p(f2(0)) ]
[[(dne )|
< A2 + [ (dne)pl 1] £= 0)]]-

(2.21)
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Taking the limit as ¢t — oo and using Lemma 2.1, one obtains (2.16).
q.e.d.

In the next lemma we denote by V and V the Riemannian connections
of R™ and M, respectively, and by o the second fundamental form of
M.

Lemma 2.4. Let M C R" be an m-dimensional submanifold and X
a smooth vector field on M such that X(p) = 0 and V,X = —v, for

some p € M and all v € T,M. Then, for any estension X of X to an
open neighborhood of p in R" and all v,w € T,M, one has
(222) (dz)z)l?(q% w) = (V2X)p(va ’LU) - vo(v,w) 5(: - 2U(U7 ’LU)

Proof. Writing w1, ..., u, for the canonical basis of R, one has, for
all v,w € R™,

- OPX
(2.23) (de)p(v7 w) = Z (p) (v, u;){w, uj>7
st 0x;0x;

so that the coordinates of this vector are given by
T 92X, n B
8xax(p)<vvul><w7uj> = Z ('U,U2><w,’LLJ>heSSXk(p)(u“uj)
hj=1 """ ij=1

(2.24) = hessX;(p)(v,w), k=1,...,n

Choose an orthonormal frame field {ey, ..., e,} in an open neighborhood
of p in such a way that ey, ..., e, are tangent along M, e;,+1,...,e, are
normal along M, and Ve;(p) =0, i,j =1,...,m. Hence, by (2.24),

n 2 v n _
S PX o (w,ug) =S viwghessTa(p) i, ¢5)

ij=1 ij=1
(2.25) = Z (V.,grad X;(p), e;(p))viw;,
ij=1

where the v/s and wjs are the components of v and w in the basis
{e1,...,en}. Tt follows that

. 0°X
(220) Y oo a:'; (v, ui)(w, us)

7.]_

= Z VW (ei(grad)zk, ej) — (grad)?k,veieﬁ)(p)
ij=1

= Z V;Wj (62‘6]‘()}]6) - veiej()zvk))(p)'
ij=1
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From (2.23) and (2.26) we obtain

(227)  (d*X),(v,w)

= 'Zl (veiVeij) (p)vzwj - 'Zl (Vveiej)?) (p)’[)lu)j
,]= i,j=

Suppose now that v and w are tangent to M. Since the restriction to
M of {e1,...,e,} is an adapted frame satisfying V¢,e;(p) = 0, i,j =
1,...,m, and X restricted to M is X, it follows from (2.27) and the
Gauss equation [10]

(2.28) VyX =VyX +0(X,Y)
that
(dQ)A(:)p(v,w) = Z (veiver) (p)viw; — Z (VU(%EJ')X)UZ'MJ
i,j=1 4j=1
(2.29) = Z (Ve, Ve, X) (p)viw; — VJ(U@)X’.
ij=1

We will now determine the first term on the right-hand side of (2.29).
From

Ve, X = Vo X +0ole;, X),
we have at p, for 1 <i,5 < m,

veiver = veiver +v€i0(ej7X)
= Ve Ve, X +0(e, Ve, X) + Veo(ej, X).

Hence
Z (veiver)(p)inj = Z (Veiver)(p)inj
1,j=1 i,j=1
+ Z U(Gi’ver)(p)'inj
ij=1
(2.30) + > (Ve,o(e, X)) (p)viw;.
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The third term on the right-hand side of (2.30) involves the quantity
Ve,0(ej, X), which can be computed using the normal connection vt

Veo(ej, X) = Vgo(ej, X)+ (Veo(e;, X))

= (véa)(eij)—i_U(ej?v@iX)—i_
= (Véd)(ﬁj,X)—l-U(ej,VeiX)—l-

= (Véd)(@j,X) + U(ej7v€iX) -

(231) = (Vio)(ej, X)+o0(ej, Ve, X) —

NE

((Ve,o(ej, X)T en)er

B
Il
—

(Ve,o(ej,X), ex ey,

<U(ej7 X),vei€k>€k

Mz T2

e
I
—_

NE

(o(ej, X),0(ei, er) ek

B
Il
—

From (2.30) and (2.31),

m

Z (veiver)Ui’wj =

i,j=1

(Ve,Ve; X)viw; + (v, Vi X)

:MS

-

&
Il
i

(Ve,0)(ej, X)viw;

n
M:

-

S
Il
i

n
Mz

O’(ej, VeiX)fu,-wj

S

&
Il
-

M

e
Il

<<‘7(€j7 X),o(e, ek)>€k) VW,
1

.

2T
m

= > (Ve Ve, X)viw; + o(v, Vi X)
i,j=1
+ (Vio)(w,X) +o(w, V,X)

m

(2.32) - Z<O‘(ZU,X),O‘(U, €k ))ek-

k=1
Since, by assumption, X (p) =0 and (VX), = —I, we have

(233) 3 (Vo T, X)p)osws = 3 (Ve Ve, X) ()i — 200, w)
i,j=1 i,j=1
It follows from (2.29) and (2.33) that

(2.34) (d2)~()p(v,w) = Z(VUVQjX)(p)wj —20(v,w) — VJ(U@))N(.
j=1
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Let V and W be arbitrary smooth extensions of v and w to an open
neighborhood of p in M. Using again X (p) = 0 and (VX), = —I and
recalling that V. e;(p) = 0, we have, from the definition of the curvature
tensor R,

m

S (Vo X)p)w; = Y (R(V,e)X + Ve, Vi X + Vi1 X) (p)w;
j=1 j=1

(2.35) = VwVvX(p) +VwV(p).

From (2.34) and (2.35) we obtain

(2.36) (d*X),(v,w) = Ve Vy X (p) + Vw V(D) = Vouuw X — 20(v,w).
On the other hand,

(V2X)p(v,w) = (VuVX)() = (VwVX(V))(p) — VX (VwV)(p)
(2.37) = VwVvX(p) - Vv, vX(p).

Since (VX), = —I, we thus obtain
(2.38) (V2X)p(v,w) = Vi Vv X(p) + Vi V(p).
Formula (2.22) now follows from (2.36) and (2.38). q.e.d.

Proof of Theorem 1.1. We begin by showing that X # (). Being simply
connected, the Riemannian surface N is globally conformally flat and
so is isometric to (2,g), where  is either D or C, § = ¢?*#¢ for some

smooth function ¢, and g is the standard flat metric on Q2. Writing v
and V for the Riemannian connections of g and g, respectively, one has
([20, p. 172]):

(239)  VyX =VyX +Y(0)X + X(0)Y — (X, Y)Ve.

Being holomorphic, X(z) = —z generates a flow of conformal maps
that clearly leaves € invariant. It now follows from (2.39) that Vy X =
VyX = —Y at 0, thus showing that X € X.

We now proceed to establish the estimate (1.2). Since N is con-
tractible, one can choose a global orthonormal frame {;,...,&,—2} of
the normal bundle of N in R". Extend X to an open neighborhood of
N in R" by

n—2

n—2
(240) X <q +)° Sz‘Ez’(Q)> =X(q) = ) _si&ila), |sil <e(q),
i=1

i=1

with €(q) sufficiently small, ¢ € N. For all v € T,N, we have

(dX) =V, X =V, X =V, X +0(v, X(p)) = —v,
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since X (p) =0 and (VX), = —I. On the other hand,
_ - - d -
Ve X = @60 = | X(p+s6m)

E s=0
) (x0) - s60) = &)

It follows from the last two equations that (VX )p = (dX )p = —1. By
Lemma 2.3, we have

(241) (@ X)p(£:(0), £2(0)) + f2(0)] < 4ll=(0)].
Also, from Lemma 2.4 and (VX)p —1I,

(d25(:)p(fu,w) = (V2X) (v,w) — U(U,w)f—2a(v,w),
(2.42) = (V2X),(v,w) — o(v,w), v,w € T,N,

which, in particular, implies that (VX )p is symmetric. From f,(0) =

L(f(0) —if,(0)) and

s=0

(PX)(£-00),120)) = FPR)p(£0) ~ i, (0), £(0) — i, (0))
= {@x >( (0) = (@), (£,(0). £,(0)
(2.43) — 2i(d?X),(f 0)}

we obtain, applying (2.42) to each term in (2.43) and rearranging the
terms,

(244) (@X)p(£-(0), £2(0)) = (V*X)p (£2(0), £:(0)) = o (£=(0), £(0))-
Formula (1.2) follows from (2.41) and (2.44). q.e.d.
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