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CORRESPONDENCE OF HERMITIAN
MODULAR FORMS
TO CYCLES ASSOCIATED TO SU(p,2)

Y. L. TONG & S. P. WANG

In the previous papers [11], [12] we have given a correspondence, in the form
of a lifting through a theta function, from Hermitian modular forms of degree
r to codimension r geodesic cycles in the locally symmetric spaces associated to
SU( p, 1). Our purpose here is to extend this correspondence to the case where
the target is associated to a unitary group of rank greater than one: SU( p, 2).
In [11, §1] we have defined geodesic cycles of codimension 27, l <r<p — 1,
associated to SU(p,2). In this paper we make the further restriction that
r = 1. This has the merit that while exhibiting some of the new phenomena in
higher rank, it is basically differential forms of degree (2,2) we are dealing with
and some steps are manageable by direct calculations.

The theory of Weil representation and theta functions for dual reductive
pairs has been utilized to construct liftings of automorphic forms in abundant
cases (cf. the references to [5], [8], [11], [12]). All these give correspondence of
automorphic forms associated to two different groups. Other than some
accidental lower dimensional cases it is considerably more surprising, and
technically more subtle, that this machinery embodies a lift from automorphic
forms to harmonic forms dual to special cycles. The technical subtleties appear
inevitable since one is trying to link automorphic objects with higher dimen-
sional geometric objects.

As first found for SO(p, 1) in [8], and then a modified version found for
SU(p, 1) in [11], [12], this link to geometry comes from two ingredients.

(i) A construction of the harmonic form dual to such a cycle as a special value
via analytic continuation of a one (complex) parameter family of dual forms. Let
%) be the bounded symmetric domain for G = SU( p,2) and T' a cocompact
discrete subgroup of G. In §1 we consider a particular subdomain ), C % of
codimension 2. Denote by G, C G the subgroup leaving %), invariant and
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T, =T N G,. The cycle of interest is the image of T',\%), via the projection
T \D - I'\D. One constructs a family w(s) of dual forms in I')\% and then
descends to the dual form in T'\ %) by the sum
a(s)= X rrels).
yETN\T

The construction of w(s), as in [11] (cf. [7] for a different method), is to
compare the Bott-Chern singular forms of two canonical metrics on a natural
vector bundle on T')\ %D, which has a section vanishing precisely on I',\%,. The
resulting explicit formula of w(s) is in terms of G, invariant forms. For
analytic continuation of &(s) we study the action of Laplacian on the various
families of G, invariant forms. In general with increasing ¢ (in SU( p, q)) and
codimension the number of G, invariant forms increase rapidly and the
calculations of their Laplacians become unwieldy (cf. Lemmas (1.8)-(1.11) and
Proposition (1.12)).

(ii) Identification of the special value w(p — 1) with polynomials which are
admissible as the coefficients of certain theta functions. For this the differential
forms are pulled back from ) to a vector space and the main point in [12] as
well as §2 below is a splitting of the appropriate tensors into K @ £ (we have
interchanged the symbols K, £ of [12] so that K is in the kernel and £ is where
lifting takes place) where (a) w(p — 1) vanishes on K, and (b) the special
values w(p — 1)|c give precisely the admissible polynomials. It is also the
differential operators corresponding to tensors in £ which have the correct
action on the basic Schwartz function (cf. Proposition (2.10)). We carry
through (a) and (b) by an explicit evaluation which is manageable in the
present case. In general a systematic use of invariant theory seems necessary.

After (i) and (ii) it remains to compare the lifted family

> v*((4/B) " (w(p - 1))
yEINT
(cf. (4.1)) with &(s). In the rank one case [12] there is a simple relation
P(w(s)) = (A/B)* P*'w(p — 1) where P is the projection to leading primitive
component and is expressible in terms of the Kahler operators L, A. In the
present higher rank case a new G invariant form a appears (other than the
Kéhler form and its powers cf. (4.14)(i)) and is essential to the construction of
w(s). It leads us to the following main result:

s—p+1
(*) analytic continuation of { Y, y* ( i) w(ip—1)
yEI\T B

atp — 1= P(&(p - 1))
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where P, is the cohomology operation (4.14)(ii)

(%) P(x) =x—-—pj_—2(Aa)(Ax) 5 Ma(Ax))

1 2,
TG ry A

This displays the lifting explicitly as a harmonic form. We also prove that
P (&(p — 1)) is primitive and is orthogonal in Hodge inner product to all forms
on T'\9) arising from G invariant forms. The last result is a consequence of K
containing all the G invariant tensors.

From the present result it is reasonable to guess in general there is a lifting
from Hermitian modular forms of degree r to the cohomology spanned by
geodesic cycles of codimension rg associated to SU( p, g). Furthermore the
image should lie in the subspace which is both primitive and orthogonal to all G
invariant forms. It is harder to see how the various G invariant forms intervene
to bring a generalization of (*x).

The lifting derived from (*) has as its main consequence (cf. (4.18)) the
equality of Fourier coefficients of Hermitian cusp forms (in the image of
adjoint of lifting) with intersection numbers (cf. [3], [6], [8]). Siegel has proved
via his Main Theorem that volumes of analogous cycles in arithmetic quotients
associated to indefinite quadratic forms are the Fourier coefficients of Eisen-
stein series (cf. his papers on indefinite quadratic forms, particularly [9, §§1,
12]). Siegel’s results are exactly complementary to ours since volumes are
obtained by pairing with powers of Kéhler forms which vanishes in our case
since we have primitive cohomology. This is also reflected in the cusp forms
that we obtain in contrast to Siegel’s Eisenstein series. We know of a more
direct approach to Siegel’s type of results based partly on the geometric forms
developed here.

Finally it is intriguing to observe that the two ingredients (i) and (ii)
described here are exactly analogous to the two steps involved in the proof of
the Riemann Roch Theorem based on intersection theory [10]. Namely, there
one makes a canonical construction of the dual cochain of a cycle and then
uses invariant theory to identify the restrictions of this cochain. In fact, the
general problem in (ii) is also to make fuller use of invariant theory. This
analogy renders more interesting the question of the image and kernel of the
lifting and perhaps also of the eventual applications of these correspondences.
In this respect we note that the analogous Hirzebruch-Zagier cycles on Hilbert
modular surfaces play an important role in the recent work of Harder,
Langlands, and Rapoport on Tate’s conjectures for these surfaces.
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1. Harmonic forms dual to geodesic cycles

Let G = SU(p, q) and % be the symmetric space associated to G which is
realized as the bounded domain

D={zeM,,(C)|ZZ<E,}.

For g € G, g = (&%) with 4 € M, (C), BE M, (C), C € M,,(C) and D €
M, (C). G acts on 9D by

gZ = (AZ + B)(CZ + D).

We have an automorphic factor j(g, Z) = CZ + D and the linear action of G
is related to its action on ) by

Z gZ
1.1 = i(g,7Z).
(1) o 2) (%) te2
On 9) the Kahler metric is
(1.2) k=u((E—2Z'Z)"'dZ(E—'ZZ)"dZ).

We decompose Z as

Z

0 2= (2]

with Z, e M,_, (C), Z, € M (C) and denote by ), the subsymmetric do-
main

(1.4) P, ={zeD|z,=0}.

Letey,---,e,,, be the standard basis of C? *4 and G, the isotropy subgroup of

G at the line Ce,,. g € G, has a block form

A, 0 B,
(1.5) g=10 A O

with 4, € M, |, (C), D, € M,(C), |\|= 1. From [11, Lemma (1.2)] G,
leaves 9, invariant and its action on 9 is given by

_ (4,2, + B))(C,Z, + DI)-I

(1.6) gz
}\ZZj_l(g’ Z)

, B8€G,,Ze9.
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We order the coordinates of Z by zyy,* - +,2y4, Z315" " 325407 * 325107 * 52, At
Z, = 0 the coefficient matrix of the metric (1.2) is given by
(¢ 2% 0 0
(1.7) Iz
8ap ) = 'Z,Z,
(&) 0 e B2 0
1=12,]
=
0 0 ! E,+ 222
l_|Zz|2 1_'22|2
and its inverse is
E,~'2,Z, 0
1.8) (g*)= _
(1.8) (&) E,~'2,7,
0 (1-12,?)E,-'2,Z,)

Asin [11, §1] we introduce functions
A(Z) =det(E-'2Z),
(1.9) B(Z) = det(E —'2,Z,),
C(Zz)=B(z)—-A(Z).
Now since
E—-'ZZ=E—-'Z,Z,—'Z,Z,
= (E _tzlz_l)l/z{E “(E —‘ZIZ_I)—VZ’ZZZ;(E _’ZIZ_I)-]/Z}
(E~-2,Z,)"*
we have

(1.10) 2(2)=1-Z(E—2Z)"'2,.

Let H, = (E —'Z,Z,)" and H, = (E —'Z2Z)".
Lemma (1.1) [11].

ngzj(g’ Z)HZt.](g’ Z)’ gEGl’

ﬁgZ:j(g’Z)ﬁth(g’Z)’ gEG
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It follows that B/A is G, invariant. By [11, Proposition (1.7)] B/A has the
geometric meaning

(1.11) g(z)zcoshld(z,ébl)
where d(Z,%,) is the distance from Z to °),. Now consider the bundle

E =9 X C?where C71is viewed as the space of complex column g-vectors. We
define an action of G, on E. For

A, 0 B,
g=|0 A 0|€G, (zVY)€EE,
C, 0 D,
(1.12) g(Z,Y) = (gz,Xj\(g, 2)Y).

On E, H, and H, define Hermitian fiber metrics which give admissible
connections of type (1,0). We have a canonical holomorphic section v: ) - E

(1.13) v(2)=(2,2,), (ZeD).

Note that the fiber metrics defined by H, and H, respectively, and the
holomorphic section v are all G, invariant. From the constructions of %), and
v, it is easy to observe

D, ={ZeD|v(Z)=0}.

Let C(E) and C(E) be the g-th Chern forms of the Hermitian structures given
by H, and H, respectively. By the construction in [11, §2] there exist forms ¥
and , defined outside 9,, of type (¢, ¢ — 1) such that

3y =C(E) and 3y = C(E).

We recall briefly the construction. The connection and curvature matrices are
given by

w=dz(E— 72" Z,

o=d'Z(E—-2'2)"'Z,

Q=-d'z,(E - Z'z,) 'dz,(E —'2,Z,) ",

¢ =-d'z(E-Z'z)'dZ(E-'2Z)"".

(1.14)
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Let us introduce
e = (el .-.eq),
t
v=_(e - re)Z, =€z, + - +e,z,,
a =dvodo, K= -eQH'%,
(1.15) 5, = ddvakTIKITK,
== Sk g Kkl 9q
C¥iXX = |oP*’ ¥ = /El (-1) (k)ﬁbk,

where x = B'/%, --- e, and ¢, = (-1)7°/27'g1(27)4. There are also the corre-
sponding objects &, K, §,, ¢, and ¢ for the metric H given by the same
formulas as (1.15). At Z, = 0

. _
dz,)Z -
w=0, &= (—ii dv = e'dZ,, dv= B .
1-12,7 A
Hence
_~ B _ . (B)?
(1.16) vdv—Avdv, @= (Z) «
and also
— .~ B _
QH™'=-'dZ, NdZ,, QH'=QH™" — (Z)’dZZdZZ.
Consequently
(1.17) I€'=K+(§)a.

From (1.15)—(1.17) the following lemma is straightforward.

Lemma (1.2). ¢ =y — 2{_,({(C/A) Y.

For the rest of this section we assume ¢ = 2. Regrouping the above formula
we have

o a(2) - (o e

This leads us to the form depending on s € C.

(1.19) cb(s):%—éww (_2(;4111): + (A/SB)S)C(E)

ALy
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Proposition (1.3). Let T, be a discrete subgroup of G, such that L \D, is
compact, and m a T, invariant 9 closed (2(p — 1),2(p — 1)) form on D with
bounded norm. Then for Re(s) >p + 1,

/r,\opq)(s) A= s(s+ 1)(s +2) fr,\@ln'
Proof. Let
_ (/B - (-24/B) L (4/B)") . 2(4/B)
¥(s) = s+ 2 ll/-*-( s+1 + s ) s ( 4")

From (1.18) we have dy(s) = ®(s) on D — 9,. Let T(r) be the tubular
neighborhood of distance r of 9, in .

oo An=tim ([ sy An= [y na]

AN r— oo

Now [[4(s) A qll < (4/B)*® and by [11, Proposition (1.10)]
lim Y(s) An=0.
r—oo0 Ya97(r)

By [11, Proposition (2.5)]

2
e—'O‘/(';T( )¢(s S(S +1)(s+2) /1“.\@.17‘

This finishes the proof.

Let I be a torsion free discrete subgroup of G and I'; = G, N I'. We assume
that
(1.20) I'\® and T\,

are compact. Let «: T)\ ) — I'\ %) be the projection map. Then its restriction
to T',\9D, is generically 1-1. In the following, we construct the harmonic dual
of the cycle w(I';\,) in T\ ).

We define

(1.21) w(s)=3s(s+ 1)(s +2)®(s), &(S)= rgry*w(s).

By formula (1.8), an estimation of || ®(s)I| shows

(1.22) 19(s)ll = o((%)m)”).

From [11, Proposition (1.13)], the series &(s) converges absolutely for Re(s) >
p — 1. It is an immediate consequence of Proposition (1.3) and an unfolding
argument that &(s) is a dual form of the cycle #(I',\D,). In the following, we
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discuss the analytic continuation of &(s) to obtain the harmonic dual of the
cycle #(I',\%,). For this purpose, we need an explicit formula of the Lapla-
cian.

We use the formula of the complex Laplacian

(1.23) O = i{00A — 9Ad + dAd — Add).

This is the same as [11, §4] except that to conform with standard sign
conventions [13], [14], the A operator here differs by a sign from that of [11,
§4] and [4]. Thus in local coordinates (cf. [4, p. 112])

M 00, 0 iza N NdZ )

(1.24) -
= Zg"‘ﬁ(p‘,%,.A%I;B‘z,,,,;qdzm2 Ao Ndzg .

We shall be computing [0 on G, invariant forms. The invariance implies
that it suffices to compute at Z, = 0 where g*® has the particularly simple
form (1.8). This makes the computation of iA fairly straightforward, and by
(1.23) the action of [J becomes effectively computable.

We shall use the following notations:

Zi
(1.25) w, = -], =12,
zip—l
so that Z, = (ww,) and
(1.26) 0, =2, i=12,

so that v = (v,, v,) may be used interchangeably with Z, = (z,,, z,,). We
denote by aq, b, ¢, d the G, invariant (1,1) forms whose value at Z, = 0 are
given by

a ='dw, \ dw, +'aw, N\ dw, = -39 log B,

b= (%)adz, A dZo,

(1.27)

)(dv, A B, + do, A d5,),

=
e L e )
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The following are easy to check:
—ddlogB=a, -ddlogd=a+b+c+d,

(128)  Z(E—2.Z)"az (£~ 22) dZ(E~2,Z) "7, = G e,

o(2) n3(4) = (4]0 (4] -2+ 0,

Lemma (1.4).

iMa) = (p— 1)1+,
in(b) = (- 1)1-4),
iA(c)=l+%,
iMd)=1-%.

Proof. We compute iA(b); the other ones are easier. At Z, = 0,

iN(b) = (%)mﬂ v, [*'aw, A dw, + v,0,'dw, A dw,

+0,0)dw, A dw, + | vy |*'dw, N dw, }

(o]

- Z“Ul F(p—1(1 =0, }) = 05(p — 1)0,
-0,0,(p — Doty + [0, (p — (1 = |0, )}

= (- DZ{(1-12.P) (1 -1z} = (p - D1 -3)

Again at Z, = 0 the curvature matrices 2, { take the forms

g = ‘dw, N\ dw, ‘dw, N\ dw,
‘dw, N\ dw, ‘dw, Ndw, |’
(1.29) dv, N\ dp dv, N\ do
’dw, A\ dW, + —% 'dw, AN sz + —UI—A—DZ
0 =_
dv, N do dv, N\ di
dw, A di, + ’)Z—A'i dw, A div, + UZ—A&

(E~-'2,Z,)".
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Hence we get for the Chern forms:
-1

C(E) = o {tdw, N dw, Ndwy N dwy —'dw, A diey Ndw, N aw, ),

R 1 (B
C(E) = ZF(Z) { “w, N\ dw, Ndw, N dw, —'dw, N\ dw, Ndw, N dw,
B _ _
+— | dw, N\ dw, N\ dv, N\ do, +'dw, A\ dw, N\ dv, N\ do
(130) A [ 1 1 2 2 2 2 1 1
~'dwy A @, A\ do, N db, —'dw, A dw, /\ dv, A dB |

+2(§‘)2dv1 N do, N\ do, N d62}
and by [11, (2.15)]
5(%¢1) = 8’712 { —["aw, A @, A dv, N db, +'dw, A dw, A do,
(1.31) Adb, —'dw, A dw, N do, A di, —'dw, N\ dw, N\ dv, N\ db, |
- (4n)1 —%)C(E)}.

Lemma (1.5). (i) (-472)(iA)C(E) = pA(a + b)/B.

(i) (~472)iA)YC(E) = (p + 1)@+ b + ¢ + d).

(iii) (-47°)(iA)d(Cy,/B) = 3{(—pA/B + (p — 1)(4/B)*)a + b)
+(1 — pXA4/B)*(c + d))}.

Proof. We prove (i); the other ones are similar.

iN("dw, A dw, Ndw, A divy) = (p — 1)(1 — |0, ) dw, A dw,
+(p— 1)(1 — v, |2)Idwl N dw,
+o,0,/dw, N\ dw, + v,0,/dw, N\ dw,,
iN("dw, A dw, Naw, N dwy) = — (p — 1)v,,dw, A dw,
= (p = D)B,0dw, Adw, — (1 — |v, 2) dw,
Adw, — (1= | v, 2) dw, A di.

From (1.27) and (1.30) the identity (i) follows.
For a G, invariant form f with bounded norm we define

(1.32) 1= 3 v((4)" 1)

T,\T
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The series is absolutely convergent for Re(s) > p — 1 and has at most a single
pole at s = p — 1 because the series 3 .r Y*(4/B)’*? has such a property.
From the formula of (g*#) one shows readily that a. b. c. d have bounded
norm, thus we can consider a,, b, c,, d,.
Lemma (1.6).
X -1 .
_Da(s) = (m)(s —p+ 1)3((s + Da, + b, + ¢, +d,)
— (s +2)(a, + b,)}.

Proof. By our construction w(s) is a real form which is both 9 and 9
closed. Therefore by (1.23)

~Ow(s) =30{(iA)w(s)}.
By Lemma (1.5) and (1.21), (1.19)
(1.33)  (iA)e(s)

- (Z‘;lg)(s—.,w (- (a+b)+(s+ 1)(c+d)}(

TN

) s+2
This proves the lemma.

To discuss analytic continuation we need the action of Laplacian on dda,,
etc.

Lemma (1.7). (i) iA(aAa)=2(p—2)a+ 2(p— 1)(A/B)a + 2(A/B)b.

(i) iAN(b A b) = 2(p — 2)(1 — A/B)b.

(iii) iNa Ab)Y=(p— 11 —A/B)a+ (p— 1)+ (p—3)A/B)b.

@iv) iA(c Nc) =2(A/B)(c + d).

V) iMcNd)y=(1—A/B)c+d).

Proof. We prove (i); the other ones are similar although (iii) is tedious.

iA((“dwy A dw,)” + 2idw, A di, Ndw, A dmy + (“dw, A d, )7
=2(p— 2)(1 — |, |2)'dwl A dw,

+2(p — 1)(1 — |, |2)1dW2 Ndw, +2(p — 1)(1 o, |2)IdW1 N dw,
+20,0,/dw, A dw, + 20,0,dw, A\ d,

+2(p —2)(1 - |0, lz)tdwz A dw,

=2(p—2a+2p— 1)(%)a+2(%)b.
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Remark. The contractionsof a A c,a Ad, b A c, b A dfollow immediately
from Lemma (1.4) since in these products the factors do not have common

variables.
Lemma (1.8).

(iA)aé(%)m(-aélog A)
=(+2){(s—p+Da+(s—3p+3)b+(s—3p+3)c

+(2p—Ds+(p— 1))d_(S*P+3)%(—3510g,4)}(%)’+2

=(s+2){(s—3p+ 3)(-091log 4) +2(p — 1)a

+2(p = 1)(s +2)d — (s — p +3) 5 (-3 log A)}(%)M.

Proof. We have

s+2

85(%)s+2(—8510gA) = (s+ 2)(%) (=(b+c)+ (s + 1)d)

-(a+b+c+4d).

Then the result follows from the previous lemma.
Lemma (1.9).

(iA)aﬁ(%)SH(—aélogB)
=+ 2)(4) =+ Da=(p= Db+ ) + (s + D(p - 1
+ A (s=p+3a—(p=Db=(p= e+ (s+ D(p ~ 1)d]
= (s+ z)(%)m{— (p— 1)(-03log 4) + sa + (p — 1)(s + 2)d
— (p— 1) (-03log 4)

+=[-(s—2p+4)a+2b+(p— 1)(s+2)d]}.

TN



176 Y.L.TONG & S. P. WANG

Lemma (1.10).
(iA)aé((%)md) - (%)m{(s —2p+2)(b+c)+ spd

—(s—2p+6)b-—(s—2p+4)c—(sp+2)d]}

+
TN

= (%)SH{(S —2p+2)(-3dlog A) —(s — 2p + 2)aD
+(s+2)(p— )d = (s—2p +4) %5 (-dd log A)

+%[(s—2p+4)a—2b—(s+2)(p—l)d]}
From (1.28) we have
A s+2 _ A s+1 __ . =\-1, =, - . 5\-1,
3] bv=|3) Z(E-2zZz) 4z(E-2'2) dZ(E-'2.2) 'z,
and thusat Z, = 0
4
B

aé(( )Mb) = (35

TSN

s+1 _
) )afdz, A dZ,'v
s+1

v'dZ, N\ dZ, N'dZ, N dZ,'v

S—

(1.34) _ (

s+1 _
) do N'dZ, N dZ,'dv

TN

+ (s + 1)(%) {a(%)da/\'dz1 N dZ\'

—5( % ) v'dZ, N dZ,'du} .
From this we have the following formula.
Lemma (1.11).

(iA)(aé((%)mb)) = (%)M{(s2 —2p—2)s—2p—1)b

—(p—Dsc+ (p—1)(s+ 1)sd
+%[a—(s2—2(p—4)s—(4p— 11))b

+(p—=1D(s+ )e— (p— 1)(s> + 35 + 3)d]}
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= (%)HZ{—— (p—1)s(-0dlog 4) + (p — 1)sa
+(s2=(p—=3)s—2(p—1)b+ (p—1)s(s +2)d
+(p— (s + 15 (-38log 4) + 5[~ ((p— s +p —

—(s*= (p—7s—(p—10)b—(p — 1)(s + 2)’d]}.

Now denote
_ s+2 _
a, = 88(%) (-091log 4),
(A s+2 _
B, = 68(-5) (-091log B),
_ A s+2
ys—aa((f) b),
_ A s+2
(1.35) 3s‘aa((‘§) d),
&= 3 v, B= 3 v*B.,
I,\T I,\T
%= 2 7Y, &= 3 v*8.
I,\T I,\T

These forms are holomorphic for Re(s) > p — 1. Now we show that they are
holomorphic at s = p — 1 by analytic continuation. From Lemmas (1.8) to
(1.11), the following proposition is immediate.

Proposition (1.12).

as dx dr*—l

Bs Bs Bs-f—l

—D ‘?s :M(S) .?s +N(S) .?s+1

s s gs+l

where

(5+2)(s—3p+3) 2s+2)(p—1) 0 2p—1)(s+2)°
Misy=| ~ G- (s+2)s 0 (p— (s +2)
—(p— s (p—Ds (s+2)(s—p+1) (p—Ds(s+2)

s=2p+2 -(s—2p-2) 0 (s+2)(p-1)
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and
—(s+2)(s—p+3) 0 0 0
Vo= | (P—1)(s+2) -(s+2)(s—2p+4) 2s +2) (r- 1)(3-+2)2’ ‘
(p=D(s+1) S((p=Dstp=2 -(s=(p=Ds—(p—10) -(p—N(s+2)
—(s—2p+4) s—2p+4 -2 —(p—D(s+2)

To obtain a simpler matrix equation, we make a change of basis. Let

(1.36) 6,=a,— B, %=-a +28,
1 -1 0 O 2 1 0 O
— | -1 2 0 0 1 1 0 O
L)=1" o 1 oMo 0 1 of
0 0 0 1 0 0 0 1
1 -1 0 0 2 1 0 O
_ | -1 2 0 0 1 1 0 O
T&=1"% o1 oMo 0 1 of
0 0 0 1 0 0 0 1
Then we have
As As &s+l
(1.37) _ol|’ = L(s) " + T(s) i
’ .?s a s ‘?s § ‘?s+l ’
s s 8s+|
where
(s+2)(s—2p+2) 0 0 (p—D(s+2)
L(s) = 0 (s+2)(s—p+1) 0 0
-(p—Ds 0 (s+)(s—p+1) (s+2)s(p—1)
s—2p+2 0 0 (s+2)(p—1)

Lemma (1.13). det(L(s) + AE) #0,for A >0andRe(s)=p — 1.

Proof. det(L(s) +AE)=((s+2)(s—p+ 1)+ A)PA#0 for A >0 and
Re(s)=p — 1.

Proposition (1.14). As functions of the complex variable s the differential
forms 3d(a,), 93(b,), 30(c,), 9d(d,) have meromorphic continuations to the
entire plane and their continuations are regular without poles at the point
s=p—1

Proof. Since 65(as ), 93(b,), aé(cs), aﬁ(ds) are linear combinations of §,,
%, 9., 8, with constant coefficients, it is enough to verify the assertion for 6,, 7.,
Y5 8}. Letn, (n=1,2,---) be an orthonormal basis of eigenforms of degree
(2,2) for O on I'\% and A, the corresponding sequence of increasing
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eigenvalues. Let

&(n) = (é.m,),  #(n) = (%.m,),
.?s(n): <?s’nn>’ 6As(n): <8As’1’n>’
where (46, 1, ) denotes the Hodge inner product. If X, = 0, 5, is harmonic and

since 6, 7, ¥,, 0, are exact, we have 6,(n) = 7(n) = §,(n) = 8As(n) = 0. Now
suppose that A, > 0. Then by formula (1.37) and Lemma (1.13),

6,(n) 6,41(n)

(1.38) () | __ —adj(L(s) + A\, E)T(s) 7a(n)
' W) [ A+ G+ —p+ 1) | Fen(n)
8,(n) 8+1(n)

Note adj(L(s) + A,E) is polynomial in A, of degree < 3. Applying [0/, we
obtain

(O'%,,,) (6 m,)
(O%m) | _y | (Foma)
(O'%,,m,) | (o) |’
(0's,,m,) (8,m,)

and therefore
|6s(n)| ’ I fs(n)l ’ I‘?s(n)l ’ ‘Ss(n)l

< maxs (| (D%, m, )11 (D% m,)1 1 (D'%m,)1 1 (D,.m,)1).

n

Now since A, ~ const. n'/?7 [2], given any m > 0 we can, by choosing / large
enough, find constant c,, such that
. . . . Cm
max{|6,n) | |£0n) | |9(n) | 8m)} =2
This holds for Re(s) > p — 1 and by (1.38),

4

max{| 6,(n) | .| #(n)] | %,(n) |, 8,(n)} <—2

[

for s in the complement of a disjoint union of small open disks around the
poles of 6(n), #(n), ¥,(n), Ss(n). Thus we obtain a meromorphic continuation
of these functions to the entire plane, and by Lemma (1.13) they are holomor-
phicats =p — 1.
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Theorem (1.15). &(s) has a meromorphic continuation in s to the entire
plane. The continuation is regular at s = p — 1, and &(p — 1) is the harmonic
form Poincaré dual to w(T'\\D,).

Proof. By Lemma (1.6)

(139) —Oa(s) = (4‘—;2)@ o+ D){(s + 1)33(a, + b, +c, + d)
— (s +2)33(a, + b,)}.

By the preceding proposition dda,, etc. are meromorphic in 5. By a similar
argument as in the preceding discussion (cf. proof of [11, Theorem (4.10)])
&(s) is meromorphic. Since dda,, etc. are regular at s = p — 1 it follows that
&(p — 1)isregular. Then by (1.39) O&(p — 1) = 0, i.e., &( p — 1) is harmonic,
and by our construction &(s) always has the cohomology class which is the
Poincaré dual of =(I',\%D,).

2. Polynomials as special values of the dual form

In this section we shall identify w( p — 1) with certain spherical harmonic
polynomials. To do this, the differential forms on % will be pulled back to a
vector space.

Let n = p + g, V an n-dimensional complex vector space, and W= V4=V
® .- ®V (g copies). We identify V' with M,,(C) and W with M, (C). For
X,Y € Wor V we define

(i) (X,Y)='XE, Y,
(i) (X,Y)='XE, 7Y,

E = .
P.q 0 -E,
We shall also use the notations (2.1) when say X € Wand Y € V. The product
{, ) in the sense (2.1)(ii) will only be used in this section.
Let W.={X € W| (X, X)<0} and D= (X € W|(X, X)=-E,}. For
X € W we write

(2.1)

where

(2.2) X= ())(;)
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with X, € M, (C), X_. € M (C). If X € W_, it is easy to see that X_ is
invertible. Thus we have a map #: W_— ¢ given by

(2.3) 7(X) =X, X"
Let G denote SU( p, q). Clearly = is holomorphic and G-equivariant with G
acting on W by left translation. Although ) is not a complex submanifold of

W_, one can select canonically for every X € ) a complex subspace of TX(6~D)
which identifies with 7, (D) under 7. For X € W, we define

(2.4) xX*={vyew|(x,Y)=0}.
The following lemma is straightforward.

Lemma (2.1). For X € &, X isa complex subspace of Ty(W.) contained in
TX(6~D) such that

(i) 7, identifies X* with T, x (D),

(ii) for every g € G,

g.(X5) = (gXx)".

In the rest of this section again assume g = 2. For M € V with (M, M) > 0,
we write ( M ) for the span of M and G ,,, for the isotropic subgroup of G at
the line ( M ). We define a G 5, action on the trivial bundle & X (C2® (M)).
Forg € Gy, (Z,(5) ® X) €D X (C2®(M)),

(2:5) 2(Z.(3) ® x) = (82.'(g, 2)"'(}) ® gX).

Letey, - -,e, be the standard basis of V'and G, = G, . Identifying Cc’® (e,)
with C2, clearly the action (2.5) coincides with that of (1.12). More generally
for h € G the same formula (2.5) defines a map A: D X (C*® (M)) — D X
(C* ® (hM)), and we have a commutative diagram

D X (C?® (M)) ———D X (C2® (hM))
(2.6) 1g hgh™'
D X (C?® (M)) —— D X (C2® (hM))

with g € G py.

For M € V with (M, M) >0, by [11, Definition 1.1] there is a totally
geodesic subdomain 9 . Let D, be asin (1.4) and g € G with g, = (M),
then 9, = gD,. The dual form for the cycle I\ D, is constructed from the
two Hermitian fiber metrics (E —'ZZ)™! and (E —'Z,Z,)™". Now we derive
these forms for @ ,,,. We fix an M and identify the fiber C* ® (M) with C*
via

(5) @AM (55).
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Lemma (2.2). Let g € G such that g{e,)= (M ):
() (s)(E—'2Z)" = (M, M)(E~'2Z)",

(M.(£) (1.(7) }

(ii) (g“)*(E —IZIZI)_I = (M, M){E —'ZZ+ (M, M)
Proof. (i) Let X = AM, by (2.5)
(87)*(E-2Z)((;) ® X.(;) ® X)
=(ab);j " (g2) (E-'s"'Zg"Z) j (g7, Z)(})(g7'X, g7'X)
=|AP (M, M)(ab)(E —'2Z)(5)
= (M, M)(E—'2Z) () ® X. () ® X).
The factor (M, M) arises because of different identifications of C* ® ( e,) and
C? ® (M) with C2.
(i) E—'Z,Z, = E —'ZZ +"(e,,(%))(e,, (f)). It follows that
(M, (2)) (M. (£)) }

(M, M)

E-g7'2),(g7'2),=5"(g"" Z){E —17Z +

J7' (g7, 2)
and the proof proceeds as in (i).

For X € W, we write X, for the component of X which is orthogonal to M

with respect to inner (2.1) (cf. the remark there). In terms of matrix multiplica-
tion,
(M, X)
(M, M)
Now we pull back the data to W_ via m: W_— 9.

Lemma (23). () 7*(E —'ZZ)"' = -X (X, X)7"'X_,

OGNV g iy, g

(27) X=M + XM* .

(ii) w*{E —1Z2Z +

(Xew).
Proof. (i) follows from

= -'X"V'XE, XX'=-'X_'"(X, X)X_".
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(ii) follows from

t m(X) 7(X)
E () 7R + - Izﬁ)l)(l\lM)( )
— iyl M X) (M, X) |
= _IX" {(X,X) (4. M) } :

and (X, X)= (X1, Xp1)+(M, X)(M, X)/(M, M) by (2.7).
Recall that B/A = cosh® d(Z, 9,). Choose g € G such that g(e,)= (M)
as above. We have

d(Z,D ) = d(Z,gD,) =d(g7'Z,9,) = (g7")*(d(2,9D,)).
We denote

(28) (%)= e (F):
then
(2.9) (§)<M>=cosh2d(Z,GD<M>).

Lemma (2.4). Let X € W_. Then

() o0 =T -

(M, X)(X, X)_'(X,M).

! (M, M)
Proof.

(5] Jo0 = ({30 =5
by Lemmas (2.2) and (2.3). Next,

E—'Z,Z,=E—-'2ZZ+'2,Z,

=(E-'2Z)"{E+(E—2Z)"*'2,Z,(E ~'2Z)"*}(E —'2Z)"",
thus

;42 =det(E+ (E-'2Z)*'2,Z,(E—'2Z)"")

=1+ Z,(E-'2Z) "2,

=1+ (e, () (E—2Z) " (e, (7))-
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It follows that
.((B L ML X) (X X)) (X, M)
™ ((Z)w)(x)_‘ <(M,M)
= - (M, X)X, X)X, M)
- (M, M) '

Finally since M = X(X, X) (X, M) + M,.,
(M, M) = (M, X)(X, X)"'(X, M) +(My: , Mys),
(M X)X X)X M) (M, Mys)
(M, M) (M, M) ~

We now proceed to pull back ®( p — 1) where ®(s) is defined in (1.19). For
simplicity of notation we omit the pull back #* in the following discussion. Let
M € V with (M, M) > 0. Corresponding to the cycle of the image of 6D< MY»
we have by Lemmas (2.2) and (2.3) the fiber metrics
Hy=-X (X, X)"'x_,
Hy=-X(Xpp, XY '"'X. (X EW).
From (2.10), one can compute the connection and curvature matrices. Here we
have

1

(2.10)

(X, M)(M, X)
(M, M)~

o=H"H=-Xx"{(ax, X){(X, X)X _+'X7'd'x_,
Q=9(a)
='x-Y{(dX,dX)— (dX, X){X, X)"'(X,dx)}(X, X)X,

(dX, M){(M, X)
(M, M)

(Xpe s Xpgr )= (X, X )=

w=H"9H :'X:l{ <dX, X>}<XMJ.,XML >_1'X__

(2.11) +X-d'X_,
(dX, M)(M, dX)
(M, M)

, MY{(M, X)
(M, M)

Qz’X:'{(dX, dX>_ }(XML’XMJ_>—I'X_

—'X_"{(dX, x)— (X }(XML , Xy )™

: {<X, dx)— (X, Z;fﬁ’)dn}()(w, i )X
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The formulas in (2.11) simplify considerably when we restrict to X € 9 and
the differentials to the subtangent space X* . By Lemma (2.1) our forms on 9
identify with this restriction. Note that for X € é, (X, X)=-E and on X*
both (dX, X) = (X, dX) =0.

Lemma (2.5). Restrictingto X € ) and to X* , the connection and curvature
matrices are given by

&='X"d'X_,
@ ="x"'(dx,dx)'x_,
W :'X_'ld'X_-i-’X_-l <dX’ @@4’ X> <XM.L , XM* >_I'X_,

(M, M)
Q =’X_’l{<dX, ax) - (dX,<MM>’<A7>, ax) (%)<M>}

A Xpge s Xy )X

Proof. The expressions for &, { and w are immediate from (2.11), and only
the formula for £ needs justification. From (2.11), we have

Q ='X"(dX, dX){ Xpps , Xppe )X

iy {4 M) {1+ (M. X)Xy, Xy )y M) }

- <M,M>l/2 <M,M>l/2 <M’M>l/2
'M<XML,XML>_ltX_-

<M, M>l/2

However, we have the identities

1+—i——LM’X (XML,XML)"J——LX’M

(M,M>l/2 <M,M)'/2
_ 12X M)(M, X) XL )2
on) -—det(E—i-(XM;,XM ) a0 (Xpps s Xppo ) )

<X,M><M,X>)

:det(XM,L,XMJ.>_1dCt(<XM;,XML>+ <M M>

__ det(X, X)
det(XM¢ s XM*>

= (%)W) (by Lemma (2.4)).

This proves the formula for €.
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The space %) is contained in M, ,(C). For X € M, ,(C), we write X = (X 1 X5)
where X, is the i-th column of X. From Lemma (2.5), we have the following
explicit formulas for Chern classes:

(-47*)C(E) = det(dX,dX),

(-47%)C(E) = (%)(mdet{(dX, x)— (%) MMM_‘”Q}

(M) (M, M)
(dX,, MY{M, dx,)

(dx,, dx,)

(M, M)
(2‘13) :(%)aw det(dX. dX') = % (M) {(dX,, M){M,dX,)

<dXZvdXI> <M,M>

{dX;, MY{M,dX;)
A (M, M) (X, dX, ) AV g L% MY(M, dX)
B (§)<M> (dX,, MY{( M, dX,) * (§)<M> M, MYy '
M, MY {dX,,dX,)

To compute ®( p — 1), it remains to evaluate 5(Cx,lzl /B). For this purpose, we
examine K, K and a = dvdv. By (1.15), we have

K=eX"(dX,dX)X ",

and by (1.17)

_(AV (X, M)(M,dX) &\,
a——(B)<M>eX_ (M,M) X~ ''e.

By definition [11, 2.6], w, = aK, w, = K2 and by [11, 2.15]
= 1 A
(s;)) =w, + —(1 - —)wo.

Since
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it follows that
= C -1 w 1 A
(50) =30 (), o
BY') T xx 2 B ) (m)y (E)
_ (;1_)(.4)3 2(&) o[ £9% M)(M, dX )
B/ (my B ] (my

8 <M M)

(dX,, MY(M, dX,)
(M, M)
(X, M) (M, dX,)
(M. M)

(dx,, dX,)

(2.15)
(dX,, dX, )

(dX;, M){M, dX,)
(M, M)

| (ax,, My(M, dx,)
(M, M)

1 A
—5(1 B (§)<M>)C(E).
From (2.13) and (2.15), we have
IRCANCRS

5(%%):( <M> (M, M)

) é(E) + (‘71+ (%)<M>)C(E).

(dx,,dX,)

(dX,, dx,)

(2.16)

2
By (1.21) and (2.16), we have

1(_4
B
(217) w(s) =+ {2(s+1)(%) C(E)+2(s+2)( )s:)c(E)

+(s+1)(s+ 2)(4_—7:2)(%)::)de {aX, (MM><A/IM) dﬁ}

By Lemma (2.4), (B/A)yy= det(My., My.)/(M, M), whose value is
(M, M) + (M, X)(X, M))/(M, M) on &, thus (M, M)(B/A) ,, for fixed
X is a polynomial in M. Now from the expressions of C(E), C(E) and w(s) it
follows that the form

(2.18) F(M, X)= (%)::(M, MYw(p—1)

is a polynomial in M. Moreover F(M, X) is defined for every M € V.
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In the following we study the evaluation of F(M, X) on ®2X* ®2XT. Let
X €, ie, (X, X)= (39 and Xi = {v € V| (X, v) = 0). Since (,) has
signature ( p, 2), (,) induces a positive definite metric on Xj;. Let e, - "€ be
an orthonormal basis of X;. As W =V @ V, X* has a basis

(e1,0),-+ (e,,0),
0,0+, (0,e,).

Denote by X;" and X; the subspaces of X* spanned by (e,,0),- - -,(e,,0) and
(0, €y),---,(0, e,) respectively. We write m; = (M, e;), (i = 1,---,p). Then we
have 22, mm, = (My., My.) and

(2.20) (%)= S, mym; / (M, M),

i=1

(2.19)

We give below a table of values of C(E), C(E) and
det(dX;Al)(Al,dX}
(M. M)

on the tensors listed in the left-hand column.

TABLE
(-472)C(E) (-472)C(E) detﬁL'(Mh%—ax'Jz
®1xt @2yt
®'x; o 0 0 0
@ ® K}
®Lxt @2 X3
(e,,O)(O,ej)(Ek,O)(O,é,)
(€:-0)(0. ¢;)(0. 2,)(.0)
(0. ¢,)(e;.0)(&.0)(0.¢))
(0. ¢)(€,:0)(0, ) (&,.0) 0 (1)3 e (MM XY (X MY(M. dX)
(ijyn{kl}=2 B/ (my (M, M) (M. M)
A A ;n_lml
2( = -4 =
(e.00.e)(E00.8) (5 (B)<M>2<M'M> (i,m,)’
(0. ¢,)(€;,0)(0, ¢,)(¢;.0) +2(1)3 (m;m,) (M, M)
B {M)(M‘M>2
e
(,.0)(0.¢,)(2,.0)(0. ¢,). 0 B <M><A1.MZ zﬁlm,n—z,m]
i +2(%)3 m;m,m;m; (M, M)l

M (M M)
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TABLE (CONTINUED)

(,4 )2 m;my
(e:.0)(0. ¢;)(&.0)(0, &,). 0 By (M, M) Py
i.j. k distinct +2(i)3 mym;m;m (M. M)
B /(M) (M,M)
14
2 (€.0)(0. ¢;)(,,0)(0. &,). 0o - (i) m;my NE m;nmy
= B)my(M, M (7) (M. M
Jj k distinct ¢ ) ) (M. M)
(,4) (,4)2 m;m; + m;m,
(e,-‘O)(O.ej)(E,-,O)(O.E]), | B J¢m)y B /(M) (M, M> 2m,m,mjm]
i, j distinct 4 (,4 )3 m;m;m;m; (M, M)2
By (M, my?
S (€.00.0)XE00.2)  p+1 (%) (4) o o(2) o
e, , e )e;, , € p 2l 5 -rl5 —)
i=1 ! ! By “\BJmy (M. M) ALy (M. M)

For simplicity, we use the following notation:

a(i, ji k,1) = (e;,0) ® (0, ¢;) ® (¢,,0) ®(0,2)),

221) b(i, j; k, 1) = (e;,0) ®(0, ¢;) ®(0,¢,) ®(¢,,0),
' e(i, j k. 1) = (0,¢,) ® (¢,,0) ® (¢,,0) ®(0,2)),
d(i, j; k, 1) =(0,¢;) ® (e;,0) ® (0,¢,) ® (&,,0).

Here we introduce two subspaces of ®2X+ ®2X". Let K be the subspace of
®2X* ®2X* spanned by

(222) @®2X; @2X*, ®2X; @*X*, ®2X'®22X’, ®2X'®X;,
SPa(i, j; i, k) (j # k), 2P, a(i, J; i, j) and corresponding elements in terms

ofb,c,d.
We denote by £ the subspace of ®2X* ®2X" spanned by

a(i, sk, 1) ({1, )} N {k, 1} = 2),

a(j, j; j, k) —alk, jik, k) (j#k),

a(i, jyi k) = 3a(j, js j. k) (i & {Jj, k} andj # k),

a(i, j; i, j) — #{ali,isi,i) +a(j, j3 1, 7)) (i #))

and correspondmg elements in terms of b, ¢, d, which are permutations of the
tensors a(i, j; k l)

(2.23)
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Proposition (2.6). We have the following conditions on £ and K.
(i) HerL=2x' X,

(i) F(M,x)|e=(4‘—712)“’—4“‘)§P—”ldet<dx,M><M,dx>,

(iti) K is contained in the kernel of F(M, X).

Proof. (i) Due to our _construction, KnNnL=0o, ‘hence it suffices to show
that X + £ = ®2Xi®52Xl. We show that a(i, j; k, 1) € X+ L. If {i, j} N
{k,1} = @, a(i, j; k, 1) € £. Thus we may assume that {i, j} N {k, [} #* @.
Forj # k,

a(j, js j k) = a(k, j; k, k),
a(i, jyi k) =3a(j, js j. k) i€ {j,k},

14
> a(i, j;i,k)=0 (modXK+ L),
i=1

hence it follows that a( j, j; f, E) € K + £ and consequently a(i, j; i-, E) eX
+ £fori=1,2,---,p. We have that

a(i, jii,j) —4{a(i,isi, i)+ a4, j; j, 1)} =0 (i #)),
(224) Sa(i,j;i,7)=0 (mod¥ +R).

i=1

As a consequence

p - - - -
Sa(i,izi i)+ (p+2)a(j, js j,j) =0,

i=1

j=12,--- p.Since

p+3 1 1
1 p+3 - 1
. #0,
1 -5 p+3

we now conclude by (2.24) that a(i, i; 7, J) € K + £ for every i, j. Therefore
we have shown that a(i, Lk DE ‘JC_+_B. By a similar argument, we also have
that b(i, j; k, 1), c(i, j; k, 1), d(i, j; k, 1) € K+ £.
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(ii) From the table
(-472)C(E) | K+ 0,

(dX, M )Y{M,dx)
(M, My

(-4n2)C(E) |% = (%)imdet

and by (2.17) and (2.18), (ii) follows.
(iii) is immediate from the table and (2.23), (2.24).
We summarize the results in the following theorem.
Theorem (2.7). F(M, X) is a differential form of degree (2.2) whose coeffi-
cients depend polynomially in M such that if (M, M) > 0,
p+3
§)<M>(M’ M)z"-’<M)(P - 1);

furthermore ®2*X* ®2X* has a splitting K + £ such that
G) F(M, X)|%=0,

(i) F(M, X)|B=(4_—7:2)Wdet<dX,M><M,dX)

F(M, X) = (

where K, £ are given by (2.22) and (2.23).

For applications to §4, it is useful to know that all the invariant (2.2) tensors
of X* are contained in K. At a point X € 9 the isotropic subgroup of G is
isomorphic to S(U( p) X U(2)), and its action on X* can be expressed in terms
of the standard basis (2.19) and matrix product by

(2.25) (gl ng)(“l,“z) =81(“1’“2)'82,
where g, X g, € S(U(p) X U(2)) and
(elaO) (0, el)
u = : > Uy = :
(ep,O) (0, ep)

Lemma (2.8). The G invariant (2.2) tensors of X* are contained in XK.

Proof. We prove that in fact the S(U(p) X I') invariant tensors of type
(2.2) are already in XK. By invariant theory (cf. [1, Theorem (3.12)] and [15]),
under the standard action of SU(p) on C?, Hom gy ,(®"C”? ®*C?,C) is
spanned by the “elementary contractions” and the determinant function. In
the present case S(U( p) X I) acts identically on the two columns of X*, and
the invariant tensors of type (2.2) are the following, which correspond to the
contractions:

{’ua®ﬁﬁ®'us®ﬁy}, 1<a,B,8,y<2.
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It is easy to check that all these tensors lie in K, e.g.,
P

uy ®u, ®'u, ®u, = 2 a(i, J; i, j_)’
ij=1

P
‘U ®it, ®u,®i, = 3 bli,jsi,j),
ij=1
‘W, ® i, ®u i, € XL ®2XH, etc.
This finishes the proof.
For u, z € V, let D,, D; be the differential operators

1,9 o~ 1,9

=5 um =5

¥ 2qi 09z’ DE_27ri 9z’

We use the notation e[x] = exp(2wix).
Lemma (2.9). Leta, b, c,d € V and t be an indeterminant. Then we have

e[-t(M, M)]D,D,D:Dje[t (M + z, M + z)] |,
— ?
— (@) d)+ Cad)(0.0))
+(—2%{<a,d><M,c><b, MY+ (a,c) (M, d)(b, M)
(b, dY(M, Y (a, MY+ (b,c)(M, d)(a, M)}
+t4{a, M){b, M){M,c)(M,d).

Proof. Straightforward.
Now W=V&V=M,C) and for §{=(a},a;)® (b, 5,)®(¢,c;)®
(d,, d,) € @W @2W, we define

(2:26) D, =D, D,,D;D; — D, D, D;D; — D,D, D: D; + D, D, D; D .

Proposition (2.10). Let 3/_ A,¢, € L C QW Q*W; then
]
ZADee[t(M+ 2z, M+ z)]|,-
i=1

= %t“(det(dX, M)(M, dX>)( .

1

_l Aigi)e[t(M, M)].

Proof. This follows from the definition of £, the fact that (M + z, M + z)
= (M +z, M + z), and a simple calculation making use of Lemma (2.9).
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3. Theta functions and the lifting

In this section we shall use freely the results on the Weil representation and
theta functions for the Hermitian pair U(r, r) X U(p, q) described in [12,
§1,3]. For the present paper we restrict to r = 1 and ¢ = 2. Let k, be a totally
real algebraic number field with [k,:Q]=m, m > 1 and k an imaginary
quadratic extension of k,. Let n = p + 2, V] be an n-dimensional vector space
over k, and (,): V; X ¥} - k be a nondegenerate Hermitian form. Set R = k
®qR, V="V, ®R and extend (,) to a Hermitian form (,): VX V - R.
Clearly R ~C @ - - - ©C (m copies). Let e}, - -, e, be the irreducible idempo-
tents of R and V) = ¢V, 1 <;j < m. We assume that the signature of V" is
(p,2), and those of V), j > 1, are (n,0). Let G = SU(V, (,)); then

G= ﬁ sU(v®,(,)).

=

By our assumption, [I7, SU(V") is compact, thus the Hermitian symmetric
space associated to G coincides with that of SU(V'™). Let D =(Z € V" &
v |(Z,Z)= (719} asin §2. For Z € %, we denote

(3.1) Ziow={X e VO |(X,Z)=0}.

Recall that by [12, (1.14)] we have a majorant associated to (,) and Z,

m
(X,X) ifXEZin®PVY,
(3.2) (X, X);= =2

~(x,X) ifxe(z),
where (Z) is the R-module spanned by Z,, Z, with
Z=(2,2,) EVO oy,
Now we choose a fixed element i in R with i = —1. The Hermitian symmetric
space associated to S(R) = {g € GL(2, R) |'5(_%)g = (30} is realized as
1 -
(3.3) %(R)={TeR|7(T—T)>o}.
Here an element v € R is positive if e;o0 € C (j = 1,---,m) are all positive.
Clearly 3C(R) = J(C)™. On JC(R), § acts by fractional linear transformation
gr = (ar + b)(cr + d)™
for g = (¢%). We have the automorphic factors

j(g,7)=cr+d, j(g 1)=cTt+d.
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For 7 € 3C(R) we write

(3.4) T=u+iv
withu = #, v = 0 > 0. As in [12, (1.15)] we define a Schwartz function on V'
(3.5) fr,z(M) = e[trR/R(“(Ma M)+ iv(M,M)Z)],

T € H(R), Z € D, M € V. We denote M" = ¢, M which is the component of
M in VO, Now let MV > F(M®, Z) be the polynomial in ¥V given by
(2.18) with differential forms on D of degree (2.2) as values. We have the new
Schwartz function

(3.6) frz(M) = F(M®©, Z), ,(M).

Recall the notation: for x € R, and x, the i-th component in the decomposi-
tionR~C® --- ®C (m copies) and t = (¢,,- - -,¢,,) € Z™, then x’ stands for
xiv -+ x!= For g € §(R) we also recall that ¢(g) is given by [12, Proposition
(1.4)] with r = 1. Let K(R) be the isotropic subgroup of §(R) at i, and x be a
character of K(R) given by

x(g) =j(g. ).
Let Q°, @, Q be the sets defined in [12, §1], and let (g), r,(g) be the unitary

operators defined in [12, (1.10)] and [12, following Proposition (1.4)].
Proposition 3.1). Forge Q°U Q' U Q,

r(8)f (M) =e(g)i(g, 7) " ju(g 1) F 2(M),

where P=(p+4,p+2,---,p+2) and Q = (2,0,---,0). In particular for
k € K(R),

ro(k)fiz(M) = x"P*2(k) f (M),
where x P2 stands for x (P2 P2,

Proof. Let Z € %) and let #(Z) be its image in 9. By Lemma (2.1), Z* is
identified with the tangent space of 9 at (Z). By Theorem (2.7), ®2Z* @22+
has a decomposition K @ £ on which F(M ", Z) satisfies the following condi-
tions:

(i) The restriction of F(M", Z) to ¥ vanishes identically.

(ii) For its restriction to £, we have

F(M®M,Z) o= (4’712) (p+ 1)2(” +2) det(dzZ, MV Y(MD, dz).

Therefore it suffices to show the proposition for f, ,(M)|£. For § = TA¢, €
LCc Ve r®) @4(V®M e r®) we define the 4-th order differential
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operators D; = 3, A Dy by (2.26). By Proposition (2.10), we have
D{e[trg n(M+ Z, M+ Z)cYd] £, (M + Z)},_,
(3.7)_ (47 (et )<“v°~"'°>

(p+D(p+2)\ c

Then by [12, Proposition (1.4)] and a standard argument as in [5, Proposition
(4.2)] and [8, Lemma (8.3)], we have the relation

r(8)f,.2(M)(§)
=e(g)j(g, 1) TR (g, 1) @0 TOF L(M)(E),  ter.

Let O be the ring of integers of k, L an O-lattice of ¥, and L* its dual lattice
given by L* = {v € V| trg ,g(v, L) C Z}. Now as in [12], we can define our
basic theta function. For 1 = u + iv € JC(R), let

1/2 -1/2
= (00 lzﬁ_l/z ) € 9(R),

so that o,(i) = 7. By Proposition (3.1),
r(k)f.z = x**2(k)f, 2.
We construct a theta function for # € L* /L by

@(T’ h’ Z) = 2 NR/C(O)—((p+2)/2)r(o'r)f;,Z(M)
M=h(L)

= o003 ] ().
M=h(L)

e[tr (M, M)c™d] f, ,(M)(£).

[

T

(3.8)

By [12, Proposition (1.6)], there exists a positive integer N such that
(3.9) O(yr, h, Z) =j(y,7)" " *0(r, h, Z),
fory € I'(N) € 8(0), where p + 2 stands for (p + 2,---,p + 2).
Lett = u + iv € J((R) and g € §(R). From
—_ -1 -y . -
gr—gr=j(g 1) (1—7)j(g )"

one deduces Im(g7) = Im(7)(j(g 7) j(g_,Tr))“. The invariant measure on JC(R)
is given by

(3.10) Ng r(v) ™ {dv} {dv}.
Lemma (3.2). Letn € Rwithij =17 > 0. Then

m
fe—ZvrtrR/c(no)v(l;,w-,I,,,){du} = [ T,(1, + 1)g @t dmt D),
i=1

where Fl(lj +1)= (277)‘(’j+1)I‘([j +1).
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Proof. This is a special case of [12, Lemma (3.2)].
Now let

I =T(N),
S(k)={ack|a=a},
S (NO) = {a € NO|a=a},
(3.11) SHNO) = {n € $,(k) | trgc(nS,(NO)) C Z},
Cy = vol(S,(R)/S,(NO)),

f =7fn {( iol tl)l,&esl(N@)}.

For 7 € J((R), s € Cand n € S¥(NO) with n > 0 define
(3.12) ¢,,(n) =G 2 (v, T)-(p+2)(NR/C Im(Y")Z)'e[tfR/c(ﬂY"')],

T \T
where p+2=(p+2,---,p+2). As in [12, §3] this series is absolutely
convergent for 2re(s) + p + 2 > 2, and ¢, , is the holomorphic Poincaré series
associated to 7. The functions ¢, 5, 7 > 0, n € SF(NO) span the space Sz + 2(f‘)

of Hermitian (Hilbert) cusp forms of weight (p + 2,---,p + 2) for I'. The
Petersson product on §, , ,(T') is given by

G13) (910)= [ BD ()07 Iy (o) ) (o),

for ¢,, ¢, € Sp+2(f‘). The Fourier expansion for ¢ € 5, ,(I') is

(3.14) ¢(r) = Sg( 0)a(n)e[trk/c(nfr)],
sy
and

(3:15) (&5 0)=2""PF I (p+ 1+ 5) "y PrIFs 2T 4 90(y).
Finally, by (3.2), for M € V

(3.16) (M, M)+ (M, M), =2(M$2, MR) +2 3 (M?D, MD).
i=2
Theorem (3.3). Let © = O(r, h, Z) be as in (3.8). Then forp +2=(p +
2,--,p + 2)and Re(s) > 1,
<¢,,,5, o(r, h, Z)> = 27(m=Ds+p+D=(s*+P+IT (5 + p + l)m_‘I‘,(s +p+3)
A

Nese@ 7 (L) wan(p— D).
/ x=h(L) By~ M0

(M, M)=nq
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Proof.

(4.5 9) =ff\%(m®(n h, Z)&, (7)o@ " P {du} {dv}

=Cg! O(r, h, Z)exp(-2mitr u—2wtr v
Nj;'“w\ﬂC(R) ( ) P( R/CT R/C(ﬂ ))

~oCFP st P gy} (do} .
Let the fundamental domain of T, be
{r=u+iveI(R)|u€eS(R)/S(NO)}.

The integral becomes

' 3 FMO,z)f

/ exp(27i(u(M, M) — 1))
M=h(L) 0>07S,(R)/S(NO)

- {du}exp(-27 trg (v + (M, M) 70)) 0@ 0 O+ s4p) gy

= 3 F(MO, Z)/ exp(-27trg (M, M) + (M, M) )v)
M=h(L) v=>0
(M, M)=nq

. v(s+p+2,s+p,A .- ,s+p){dv}

_ ( S F(MO, Z)( (MO, MOD)

)(s+p+3)

Ngc((M, M))CHPTD
M=h(L) (M2, MQ2) R/¢

. m )2
(MD, MD)

Q- n= VP HIT (5 + p + 1) 'Ty(s + p + 3)
= 2 (=D HP D+ I (s + p + 1) 'Ty(s + p + 3)

s

—(s+p+1 A
Neye(m) "0 3 (§)<M)w<u>(p—1)

X=h(L)
(M, M)=n

= (4r) "I (s + p + 1) 'T(s 4+ p + 3)Ng c(n) TP
A )‘
— w —1).

MEEML) ( B My <M>(P )

(M, M)=n

As in [12] we need re(s) > 1 to guarantee the interchangeability of integral and
summation signs.
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Recall G = SU(V,(,)) =TI/~ SUV?). Let T={yEG|yL=L and v
acts trivially on L* /L}. Replacing I by a subgroup of finite index if necessary,
we may assume that T is torsion free. Since [I™, SU(V") is compact, we
identify T with its image in SU(V™"). By our hypothesis SU(V")/T is
compact, or equivalently I'\%) is compact (this can be achieved by assuming
that (¥}, (,)) is anisotropic). We are thus in a position to make use of the dual
form c‘o<M>(s) constructed in §1. For h € L*, let

L ,={MeL*|M=h(L),(M, M) =n}.

s

We know that L, , is [-invariant and has only finitely many I'-orbits,

i
(3.17) L,,=UTM,.
i=1
We denote
(3.18) o,(s) = 2 @ (s).
MeL,,

Then it follows readily that
i

GJ,,(S)=E 2 ‘°<M<')>(S)

i=1 METM,
!

2 2 Y*‘*’(M,‘”) (s)

i=1 Ty \T

é‘.[raw) ] E Y*w<M,!')>(S)

Temgny ST

/
= E [F<M,_>Z FM,]‘:)(M,‘“)(S)'
i=1

By §1, & pmy(s) converges for Re(s) > p — 1 and is dual to the cycle Cpm,
which is the image of D 5, in T\ . Thus &,(s) is dual to

(3.19) C,= 2 [r<M> ] Commy-
Similarly the result in Theorem (3.3) can be expressed as
<¢n‘s_, @('T, h, Z)>: (4ﬂ)-m(s+p+1)—2r(s +p + l)m—l

T(s+p+ 3)NR/C(n)_(s+p+l)

' é [F<M,>: FM.] )y 7*((%):”.,)“’(%”)(1’ - 1))-

i=1 Ty \T

(3.20)
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Note that since the series (3.18) defining &,(s) does not converge at
s = p — 1, one must compare its analytic continuation at that point with the
continuation of (¢, ;, ©(7, h,Z)) at s = 0. This is carried out in the next
section.

4. Cohomological interpretation of lifting

From (3.20), to give a geometric interpretation to the lifting we need to
study 2, crar Y*((4/B)'w(p — 1)) ats = 0. We denote

(41) 19=3 v((4) " etr-).

yel)\T

From (1.30) and (1.31)

5(S0) = LA 6L (- 4)ein
42) C‘(E)'—‘%C(E)+£, +2¢,,

whereat Z, =0

B 2
(-472)¢, = (;1_) ['dwl N dw; N do, N\ do, +'dw, A dw, N\ dv, N do,
(4.3) —dw, A dw, A do, A db, —'dw, A dw, A dvo, A dB],
3
(-472)¢, = (%) do, N\ do, A dv, N dv,.

Substituting (4.3) in (1.21) we have
Lemma (4.1).

w(s) =%(%)M[s(s + 1)E(E) + (1= s)(s + 2)§c(5)
—(s+1)(s+ 2)51}
- (%)s“{— (s + DE(E) + (s + ) Zc(E) + (s + 1)(s + 2)8,).

For a G, invariant differential form 4 with bounded norm, we define

(4.4) h,= 3 y*((%)mh).

I,\T
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The series is absolutely convergent for Re(s) > p — 1 and has at most a simple
pole at s — p — 1 since this is so for the series 3 .r y*(4/B)**2. We write

(4.5) res(h) = residue of h ats = p — 1.
Lemma (4.2). The residue of 2p~r Y*(A/B)Y'*?ats =p — lis
a2 vol(T,\D,) /vol(T\D);

in particular it is a constant function.
Proof. From results of §1,

Mols) = (“"A){(f,,li)(s —p+D-(a+b)+(s+1(c+ d)]}(%)‘“

:(S~p+12)7f:—p+2)(%)s+2'

It follows that

A s+2
res| > Y*(E) =272A%(p — 1),
I\T
and it remains to prove
o :vol(I‘,\GD,)
Nolp = 1) =)

This equality follows from (cf. [12, proof of Corollary (4.4)])

2
A2~ -1 = 2p—2’
(P = 1) = ) Z 2 vl T @) fr,\@."

and the fact [4, p. 90]
kP72 g =22P72(2p — 2)!dvg, .

Corollary (4.3). For a G invariant form v,
res(v) = ov, where s = 72vol(T,\D,)/vol(T'\D).

Lemma (4.4). The form f(s) is regular at s = p — 1 and moreover

f(p=1) = a(p = 1) + oC(E) — res( G C(E)) = (2 + Dres(£y)

=a(p—1) _o_(2_£2—_1)C,(E) + (2P—2_1—)res(§C(E))

+ %(2p + Dres(,).
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Proof. We have that
(4)" atr-1
=2(4)" (o~ 1pcB) — (o= Do+ D EC(E) -~ p(p + 12

- (%)”2{—,,6(5) +(p+ )2 C(E) +p(p+ 1)&}-

It follows that

(%)S_pﬂw(P —1)=w(s —%(s+ 1—p)(s +p)(%)s+2é(E)
|
)"

—o(s) + (s+1 —p)(%)s+ &(E)

+36+1-p6+o) (%) gc(E))

+%(s+l—p)(s+p+2)(%

s+2

ool 3) Bece)

~+1-p)s+p+2)(5) ks

and the assertions for f( p — 1) are immediate.

In the following, we study res(BC(E)/A), res(§,) and res(£,). Their
cohomological meaning will give us the desired interpretation. Since &(s) is
regular at s = p — 1, we derive easily from Lemma (4.1) the following lemma
on residues.

Lemma (4.5).

0 (Eg)ocm)+3

res( C(E)) —res(¢,) =

(ii) (P_"‘l ] )aé(E) + %res(ZC(E)) + res(¢,) =0

The following lemma is an easy consequence of Kuga’s formula of the
Laplacian operator on symmetric spaces.

Lemma (4.6). Let ) be a symmetric space, and G the identity component of
the group of isometries of ). Let f and h be differential forms of %) such that f is
harmonic and h is G invariant, then f /\ h is harmonic.
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We now let a, b, ¢, d denote the G, invariant forms defined in (1.27). For
forms f and & we denote

(4.6) e(f,h) = (iA)(fAR)—(iANf)NR—fA(iAR).
We also recall from Lemmas (1.4) and (1.5) that
(4.7) (iAN(a+b)=2(p—1), (iA)(c+d)=2,

(iA)E(E) = (Z%)(p 4 1)(-03log 4).

We list below a table of values of ¢( f, h) which are proved in the same way as
Lemmas (1.4) and (1.5).

f h e(f, h)
B B
a+b < C(E) ~4()C(E)
c+d %C(E) 0
a+b & -2¢,
c+d & 2§,
at+b ¢ 0
(c+d)

c+ d §2 —252 - m

Lemma (4.7). The form (iA)(&(p — 1)) is harmonic and
-1
(iA)(@(p — 1) = (m)res{— (a+b)+p(c+d)).

Proof. Since &(p — 1) is harmonic, (iA)®&(p — 1) is also harmonic. The
second assertion follows from (1.33).

The form C(E) is G invariant and by Lemma (4.6), ((iA)&(p — 1)C(E) is
harmonic. In the following, we compute (iA) {((iIA)&(p — 1)C(E )}. By the
preceding lemma, we have

@8) (M)a(p = () = (5 Jres{[= (a+8) + p(c + DIE(E))
for C(E)is G invariant. Thus

(M{LN)a(p = DIC(E))
(5 res{ (= (a+8) + ple + (]},
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and from the table the above value is

(4; )res{ZC(E)+(4 )(p+1)[ (a+b)+p(c+d)]

(49) = (4W )20C(E)+ (41 ) p+ D((iA)a(p — 1))(-03log A)
+ (4_—7:2)4res(§C(E)) + (4—;—2-)2(1 — p)res(¢,)

-1
—8p ( ) res(&,).
Lemma (4.8).

4res(§-C(E)) +2(1 — p)res(¢,) — 8pres(£,)

= (-47)’(iA){[iAa(p — 1]C(E))
—20C(E) — (p — D[iAa(p — 1)](-0dlog 4).
From Lemmas (4.5) and (4.8) we have a system of three linear equations in
the three unknowns res(§,), res(¢,) and res(BC(E)/A). Solving this system we
obtain

res(%C(E)) +@2p + Dres(&,) =1 oC(E)

)4
NrEDES)

(-47?) )(,A){[zAw(p— DIC(E)}

(4.10) RS

(P+1) 1o 3
— A ~1)]|(-0dlog 4).
2Np£2) [iA&(p — 1)](-03log 4)
We now summarize all the known results concerning f( p — 1).

Theorem (4.9).  The family of differential forms Z_ cr <t Y*((4/B)'w(p — 1))
is regular at s = 0 and its value there is the harmonic form

a(p—1) - [Aw(p — 1)][AC(E)]
(4. 11)

27
p+t2

- DI&E) ~ b [ ~ D]e(E).
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This harmonic form is primitive, and is orthogonal in the Hodge inner product to
all G invariant forms

Proof. The regularity at s = 0 follows from Lemma (4.4). Also by that
lemma and (4.10) and (4.7), f(p — 1) has the value (4.11) if one notes that in

the proof of Lemma (4.2),
2l = vol(T,\ D, )
(4.12) ANo(p—1) Zvol(T<®)

To prove the last statement of the theorem, we first show A f(p — 1) = 0. For
this we use the first formula in Lemma (4.4) and Lemmas (1.5)(i)(ii), (1.7)(iv),
and (4.7) to derive

iNf(p—1) =i—ﬂ%res{— (a+0b)+p(c+4d)}
+o(i:3)(p + 1)(-091log 4) — res{(z%)p(a + b)}

-Q2p+ 1)(‘—1)res(c +d)=0.
472
Finally let
p: T*(D) > T(D)

be the antilinear isomorphism defined by the G invariant metric. Then p takes
invariant forms to invariant tensors, and by [4, pp. 92-93]

(4.13) f(p=DA«h=f(p—1)(p(h))2*?dVq.

To prove the orthogonality of f( p — 1) to invariant forms, it now suffices by
(4.1) to show that w(p — 1) vanishes on invariant tensors, but that is a
consequence of Theorem (2.7) and Lemma (2.8).

This theorem shows that it is appropriate to introduce a normalized G
invariant form and a linear operator on J**(I'\9), the space of harmonic
forms of degree (2, 2), given by (cf. (4.6))

(i) a=27%C(E),
.. 1 1
(i) Py(x) =x—m(A“)(Ax) +mA{a(Ax)}

1
(pt1)(p+2)

1
=x+ p—+—2'£(0(, Ax) +

(4.13)

a( A%x)

p 2
D +2) )
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Theorem (4.9) proves that if x is the harmonic dual of a complex geodesic
cycle, then P(x) is primitive and orthogonal to all invariant forms. It can be
readily shown that in the present situation the only invariant forms of degree
(2,2) on ) are spanned by k2 and a. Note that the image of P, is not just the
primitive forms since a is an eigenvector of P, and not primitive. We now
apply these results to (3.20). By the duality of C, and &,(p — 1) and the
linearity of P, we denote
i

(4.15) P(C,) =P (a,(p—1)=3 [F<M,>= er] P& o (p —1)).
i=1
Theorem (4.10). The family of differential forms (¢, ;, O(, h, Z)) has an
analytic continuation to s = 0, and its value at s = 0 is the harmonic form

@m)™ P D20 (p 4+ 1) 'T(p + 3)Ngc(n) 7TV P(C,),

where P(C,) as given by (4.15) is primitive and is orthogonal in the Hodge inner
product to G invariant forms.

As remarked before, the Poincaré series ¢, , span Sp +2(f‘) where p +2 =
(p+2,:-,p+2). We now use Theorem (4.10) to define a lifting or corre-
spondence:

L:S,.,,() - AT D),
L(¢) = (9,0(7, h, Z)).

Let L* be the adjoint of L defined by the Petersson product on Sp +2(f‘) and
the Hodge inner product on H**(I'\). For ¢ € I**(I'\9D) we have by
(3.15)

(4.16)

L‘Ibn,o N* 47: <¢7,,oaL*4’>

(417) 9

= (4n) " (p) " Ne ()" Va(n)
where

Ly= 3 a(n)eftrg, c(n7)].
nESHNO)
1>0
It follows by (4.17) and Theorem (4.10) that
— (472 0

18)  a(n)=@n) (p+ D(p+ D[ R(G)A*Y.

Via Poincaré duality, this gives the desired geometric interpretation of the
Fourier coefficients of the cusp forms in the image of L* as intersection
numbers.
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Now define

419) Q7. Z)=@m)(p+1D(p+2) T P(G)eltre cnrl.

nESF(NO)
n>0

Theorem (4.11). (i) L(¢) = (¢, U7, Z)),

(i) L*(¢) = [ra Q(7, Z) A >4,

Proof. Let
K(7,1)
= @n)""" ’r(p+ 1™ I NR/C(”I)p+I¢n,o("')e [trR/C(TIT,)] .
>0
negi‘(Ne)

By (3.15), K(7, 7’) is the reproducing kernel of Sp +2(f‘), namely,

(K(r,7),0(7))=o(7").

It follows that

<K(‘r, ), O(1, h, Z)) =Q(, Z),

and consequently,

(6(7),9(r, Z2))= ($(7), (K(7,7),0(7, h, Z)))
= ((K(7',7), (7)), 0(r, h, Z)) = L(9).

This proves (i), and (ii) follows formally as in (4.17).
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