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FLOER HOMOLOGY AND ARNOLD CONJECTURE

GANG LIU & GANG TIAN

1. Introduction

Let V be a closed symplectic manifold with a symplectic form w.
This means that w is a closed non-degenerate two-form. Because of the
non-degeneracy of w, with any time-dependent periodical Hamiltonian
function H : V x S — R, we can associate a §-dependent vector field
Xp, given by:

w(Xp,, ) =dHy,

where § € R is the usual angular coordinate of S and Hy = Hl g1y 10y
Consider the Hamiltonian equation:

dz
do

Let P(H) be the set of periodic-1 solutions of (0.1). Clearly P(H) is
one to one correspondence to the set of fixed points of the time-1 flows
@ of V associated to (0.1). For a “generic” choice of H, the graph
Lym of ot is transversal to the diagonal Ay in V x V. It follows that
P(H) is finite in this case. We refer this as a nondegenerate case. By
the Lefschetz fixed point theorem, the algebraic cardinality of P(H) is
just the Euler characteristic x(V) of V, which is the alternating sum
of the Betti number b;(V) of V. However, it has been conjectured by
V.I. Arnold in [1] that the geometric cardinality of P(H ) should satisfy
a Morse inequality, #P(H) > > .b;(V). This yields a much stronger
estimate than what is expected by algebraic topology and reflects the
remarkable symplectic rigidity (see [2] and [9]). This famous conjecture

(0.1) = Xu,(2).
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has been a major driving force for the developments of various the-
ory and techniques in symplectic topology and many special cases have
been proved. The first breakthrough was made by Conley and Zehnder
in 1982, who proved the conjecture for the torus 72" with the standard
symplectic structure. In the subsequent years, this result was extended
by Floer and Sikorav to certain other quotients of R™, which include
all the two dimensional orientable surfaces. When (b{l is C%-close to the
identity, the conjecture was proved to be true in general by Weinstein
(See [21]). However, despite of various interesting results, the subject
did not achieve a unified framework until the advent of Floer homology.
In 1985, Gromov introduced the idea of using J-holomorphic curves in
symplectic topology, which yields many important new results in the
subject. In the very next year, combining the variational method pre-
viously used by Conley and Zehnder with the theory of J-holomorphic
curves, Floer introduced his celebrated Floer homology theory for closed
monotonic symplectic manifolds, and consequently proved the Arnold
conjecture for this class of symplectic manifolds. Later on, this result
was extended by Hofer and Salamon in [10] to semi-positive case with
a mild extra restriction on the minimal Chern number, which includes
all Calabi-Yau manifolds. Soon after that, this extra condition was
removed by Ono in [17]. However, there were serious obstructions to
extend the Floer homology, hence to prove the Arnold conjecture in
general, because of the appearance of multiply covered J-holomorphic
curves with negative first Chern class. Unlike the semi-positive case,
the moduli spaces used in the general case to construct Floer chain
complex are not compact any more. Their natural compactifcation may
contain strata whose dimension may be greater than that of the moduli
space itself. It was completely unclear whether or not a cohomology
theory of Floer-type could be ever assembled from Hamiltonian sys-
tems because of these wild strata. One has to develop a new method of
counting contributions from those strata in the boundary of the natural
compactification of the moduli space, so that a cohomology theory of
Floer-type can be well-defined and consequently, the Arnold conjecture
can be proved. In fact, a similar difficulty also appeared in establish-
ing a mathematical theory of quantum cohomology and GW-invariants
beyond the scope of semi-positive symplectic manifolds.

Recent development in theory of GW-invariants casts new light on
the subject and reveals the possibility to overcome the difficulty. In
1995, J. Li and the second author of this paper introduced the method
of constructing virtual moduli cycles in the setting of algebraic geome-
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try ( see [12] ). Their idea is to use the global two-term free resolutions
of the deformation-obstruction complexes. Inspired by this, J. Li and
the second author of this paper constructed virtual moduli cycles and
defined G-W invariants for general symplectic manifolds in [13], while
we developed in this paper a different method of constructing virtual
moduli cycles in our dynamic setting of Hamiltonian system. As a
consequence of this, we extended Floer (co-)homology to all symplectic
manifolds without any positivity assumption and proved Arnold conjec-
ture in general. One of the main techniques of this paper is the gluing
of J-holomorphic curves for which the transversality may fall. Gluing
of J-holomorphic curves under transversality assumption was developed
before in [11] and [19]. The method we used in this paper was based
on the work of the first author in [11]. The method in [19] can also be
adapted here.

To motivate our construction, we first need to introduce some ideas
and notations prevailed in previous Floer (co)homology theory.

Recall that the question of finding 1-periodic orbits of (0.1) has a
variational formulation.

Let £ be the space of contractible loops in V' and £ be its universal
covering with covering group w3 (V). Each element [z, w] of £ can be rep-
resented by a C°°-map w : D* — V with boundary value z = w|5p2_g:1.
We denote this representation by (z, w).

However, we will introduce a weaker relation for the definition of
L, namely, we define [z, w;] ~ [z2,ws] if 21 = 25 and wy and wy are
homologous to each other. Under this equivalence relation, we have
L(V) = L(V)/T, where T is the image of m5(V) under the Hurewicz
map m3(V) — Hy(V). The symplectic action functional az : £ — R is
defined by

aH([z,w]):/D2 wot [ Ho(:(0))ds

The critical points of ay are just those [z, w] with z being the 1-periodic
solution of (0.1). We will use P(H) to denote the set of critical points
of azr, which is just the “lifting” of P(H) in L£(V).

Let J be a w-compatible almost complex structure in the sense
that for any z,y € T,V,w(Jz,Jy) = w(a,y) and the symmetric bi-
linear form g¢j(z,y) = w(z,Jy) is positive on T,V for any v € V.
Clearly, ¢ is a J-invariant Riemannian metric on V', which, in turn,
induces an L2-metric on £(V). With respect to this metric, a gradi-
ent flow line of ay is just a connecting orbit f : R x S' — V with
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bounded energy, satisfying the equation 5J7Hf = 0 and the limit condi-
tion along the ends of R x St namely, lim, 1. f(s,0) = 2 (6), where
Oy f € DAY (f*TV)) is given by

- J af af

—) == — +H(f, 0

3J,Hf(88) 85+J(f)80+v (f,0)
and 2% € P(H). We will use MPT(J, H;27, %) to denote the space
of the connecting orbits defined as above with 2=#f = 77. Now the
energy F(f) of fis defined by

1 f 9, 0f 2
B =5 [ [ OFF + 155~ Xuy (1) P)dsas,
and any element f € MDT(J, H;z7,2%) has a fixed energy

E(f)=an(z7) —au(z7).

Let
MPT(J H 2 21 = MPT(J, H: 5, 5T) /R

be the moduli space of unparametrized connecting orbits, where R acts
on MP7(J H;3 3%) by s-translations.

For a “generic” choice of (J, H), MVDT(J7H;2_,Z+) is a smooth
manifold of dimension pu(2t) — p(27), where p : P(H) — Z is the
Conley-Zehnder index.

With such data one can attempt to develop a Morse theory for ap
to get an estimate on #P(H). The “classical” Floer cohomology is just
a such device constructed for some ideal situations, such as in the case
of semi-positive symplectic manifolds.

The idea is to construct a chain complex (C*(H), 87 ), whose ho-
mology H*(C*(H),d75) is isomorphic to H*(V), in such a way that
C*(H) is generated by the elements of P(H) as a Q-vector space,
and the coboundary operator 05 is defined by “counting” the num-
ber of discrete connecting orbits. More precisely, we define C*(H) =
©rC*(H), and any element & € C*(H) is a formal sum & = ZM(E):k &2
with & € Q, such that for any ¢ > 0,

2{2]&#0, am(3) <) <o

In general C*(H) is of course infinite dimensional over Q, but it is a
finite dimensional vector space over the Novikov ring A, which is a
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field in our case (see the relative definition in Section 5). In fact the
dimension of C*(H) over A, is just #P(H).
Now 75 : C* — C**1 s defined by

Sr(@) = > n(& )y

for any & € C*, where n(%, §) is the oriented number #£MP7(J, H; z, 7).
If we have

(i) n(z,y) is finite when u(y) — pu(z) = 1;
(ii) Zu(g):k-l—l n(,7) - n(j, 2) = 0 for any # € C* and z € C*+2,

then &7 is well-defined and (C*(H),d75)) is a chain complex. The
“classical” Floer cohomology is just the homology of (C*(H),d5) for
a generic (J, H) when (V,w) is semi-positive so that (i) and (ii) hold.

Note that the left-hand side of (ii) can be interpreted as the (ori-
ented) number of pairs of “broken” connecting orbits between z and 2z
when p(2) — p(2) = 2. In the “ideal” situation, the space

UM(@)ZIH-IMDT (J7 H; iv g) X MDT (J7 H; @7 2)

of such “broken” connecting orbits is just the “boundary” of
MP7(J H;% %). We denote its union with MP7(J H;%, 3) by
M(J, H; %, 2). One can show that it is compact. In fact, in this ideal
case, this compact moduli space of “broken” connecting orbits coincides
with the moduli space of stable (.J, H)-maps connecting & and 2 (See the
definition in Sec.2). Therefore, we have a “good” compactification of
MPr(J, H; %, %) with boundary components of codimension 1. Putting
this in a more algebraic form, we can summarize the “classical” Floer
cohomology (for good cases) in the following statement:

(iii) When # € C*, 7 € C**2, the moduli space M(J, H; %, Z) of sta-
ble (J, H)-maps connecting & and Z is compact and is a one-dimensional
manifold with boundary. It can be viewed as a relative virtual 1-cycle
with

IM(J, H; &, 2) = Uygyzppa M, H 2,9) x M(J, H; 7, %).
Clearly, (i) and (ii) follow from (iii).

Now for a general closed symplectic manifold other than semi-positive
ones, the natural compactification M(J, H; z, 2) of MP7(J, H; %, %), the
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stable compactification, contains not only those “broken” connecting
orbits as above, but also some bubbles of .J-holomorphic spheres. A
“boundary” component of the stable compactification containing some
multiply covered bubbles with negative first Chern class may have a
higher dimension than that of MP7(J, H;Z, ) itself. Consequently
both (i) and (ii) may fail.

To overcome this difficulty, we will construct a virtual moduli
Q-cycle C(M"(J,H;%,3)) such that its underlying moduli space
ﬂ”(J, H; %, %) is compact. Here v stands for certain “generic” pertur-
bation of the 3J7H—operator. Below is the outline of our construction.

The construction consists of two parts, local and global one. Firstly,
note that M(J, H;%,§) consists of all unparametrized stable (J, H)-
maps connecting & and g, which is contained in the infinite dimensional
space B(Z,y) of unparametrized stable L}-maps, k — % > 1 (see the
relevant definitions on page 17).There is an infinite dimensional “bun-
dle” L — B(%,7) with each fiber L5 of [f] € B(Z,7) consisting of all
L% _ -sections of the bundle A (f*T'V), f € [f], modulo the equiva-
lence relation induced by reparametrization of the domains. In general,
we do not expect to get any useful smooth structure for B(z,y) due to
the non-compactness of reparametrization group. However, there ex-
ists an open set W C B(&,§) such that M(J,H;%,§) C W and W is
a stratified Banach orbifold, called partially smooth orbifold, stratified
according to the topological types of the domains of the stable maps.
In fact , W = U, W; and each W; = W(f;) is an open neighborhood
in B(z,7) of [f;], with [f;] € M(J, H;,7), such that W; is uniformized

by !V W; = W(fi; H,) — W; with a finite automorphism group I';,

where the uniformizer W; consists of all those stable L?-maps in the

neighborhood Wi(f;) = =1 (W;) of f; which send their marked points
into some particularly constructed family of local hypersurfaces H;. Let

Li= (L) — W,;. Then

gives rise to a uniformizing system for the orbifold bundle (L|w, W).
5J7H—operator can be interpreted as a section of £; which is I';- equiv-

ariant. Let MVZ be the zero set of 07y in WZ Then M; = 7TZW(./\/12) is
just
M(J, H;&,5) N W,
Now the wrong dimension of the boundary of the stable compactifi-
cation simply means that djp is not a transversal section yet in some
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W; though we have chosen a “generic” pair (J, H). In terms of this
orbifold structure, the non-sufficiency of perturbing (J, H) to achieve
transversality for EJ,H is quite easy to understand. It is simply because
that any perturbation in 7 X H of the set of pairs (J, H) will yield a I';-
equivariant change in Wi, but for a given pair (J, H), which is effective
in the sense that there exists some u, say, in Wi, such that glgu =0,
the cokernel R;(u) of the linearization of EJ,H at w may not be gener-
ated by I'; -invariant sections of ZZ Because of this, our remedy for this
non-transversality problem becomes quite plain at least locally. What
we need to do is to choose a “generic” perturbation v; in R; = R(f;),
which in general may not be generated by I';-invariant sections of Zﬁi,
and consider the y;-perturbed section EJ,H + v WZ — ZZ It directly
follows from the construction that this new section is transversal to zero
section and the local moduli space

MY = (@1 + 1) 0)

and its projection M}* to W; certainly have the right dimension at all
their stratum as expected by the index theorem.

To complete our construction of the virtual moduli Q-cycle
C(M"(J,H; %, 7)), we need to globalize the above construction. The
main difficulty here is how to transform each non-equivariant section v;
in WZ into Wj when W; N W; is not empty.

In order to get such a transformation, let W;; = W;NW; and consider

m o W = ﬂ'»_l(WZ']‘) — Wi

and

T /va = 774_1(W2']‘) — WZ']‘.

g J
We define W};” to be their fiber product W;j X, Wu over W;;, which in

some sense can be thought of as a substitute for “W;N Wj”. In general,
let N be the nerve of the covering W = {W;;i=1,---,m}. For each

Wr=W; in:WilﬂWQ---ﬂWi

IR}

with T = (iy,--+,i,) € N, let

=, (W)

1yt tks oy tn

Then we have n “finite” morphisms

L . |/[/ . “ .
k 1yt tks e

—>W[
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with automorphism group I'y. As above, we define W{I as the fiber
product of W, (1 <k <n)over W, ..., , where

7"'7;k7“'72’ﬂ
FI:Fil XFiQ"'XFin-

Obviously I'y acts on /VIV/;I and T}/V-O' = T}/V for any o € I'y, where 7} is

the natural projection from W{I to Wr. We have a similar construction
T EEI — L for “bundles” L; = (%)Y (Wy). If J C I € N, there

exists a morphism
EHGRUDEIRTR
such that
(i) 7 orl = ELoxlV where EL: Wy — W is the inclusion;
(i) #((75)~Y(u)) is Ny/Ny for a generic u, where Ny = |I'j|.

Now we can construct an open subset V; C Wy for each I € N to
remove those “extra” overlaps between these Wp’s (see detail in Section
4). By replacing Wy and all induced construction above by Vi’s, we get
a system of morphisms of bundles:

{xl (B VD) = (B V) T e N

Note that each ﬁ//{] and ‘7[FI are not (partially) smooth manifolds,
but rather (partially) smooth varieties (see the definition on page 59).
We now use above system (EF, ‘7F) to globalize our local moduli space
./{/lvi” Since these (E;I, ‘7}3) relate to each other by those “semi-global”
morphisms 7T§7 a global section s of the system (EF, ‘7F) can be defined
as a collection of sections {sy; I € N'} of (E;I, ‘7}3) such that (7/)"s; =
sy is valid over smooth points in their overlap. Clearly, EJ,H gives rise
to a global section of this system, and each element v; € R(f;) can be
transformed as a global section of the system by using these ﬂ'}/v’s to lift
it into a collection of sections of (E;ﬂ ‘7}3), Ie N.Let R=a" R(f).
We will prove in Section 4 that for a “generic” choice of v € R, 055 +v
is a transversal global section of (E;I, ‘7[“)
Now

(@1 +v)7H0) = {0 +v)~H(0); T € N}

are certainly compatible with each other. Let

My = (051 +v1)”(0)
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and MY} = r;(MY%). Then M” = {M%;I € N'} is the compact moduli
space induced by v underlying the virtual moduli Q-cycle that we are
looking for. The resulting relative virtual cycle is “formally” defined to

be .
CM)y =Y —My
IeN N1
(see the precise definition on page 64). The following theorem, which is
proved in Sec.4, serves as a technique base of this paper.

Theorem 1.1. The above C (M’ (%, 2)) is a rational cycle in B(&, 3)
of dimension p(z) — u(z) — 1. Moreover, we have

I(C(M(%,2)) = UzC (M (,9)) x C(M (7, 2)).

In the case that u(g) —p(2) = 1, it follows from this that M*(z, y) is
a finite set, and oriented number #(C'(M"(Z,7))) € Q is well-defined. If
we define n(z, §) = #(C'(M¥(2,7))), it is easy to see that (i) and (ii) will
follow from above theorem. With this new interpretation of n(z,y), we
now can extend Floer (co-) homology to all closed symplectic manifolds
by the very same formulae as before. By using a parametrized version
of above theorem we can prove that the resulting Floer cohomology
FH*(V,w;J, H,v) is independent of the parameter (J, H,v). In fact,
with certain suitable modification of the above theorem, we can also
define both the intrinsic and exterior multiplicative structures in the
Floer cohomology for all closed symplectic manifolds, which were only
defined for semi-positive case before.

This paper is organized as follows.

In Section 2, we will define the moduli space M(J, H; %, §j) of stable
(J, H)-maps connecting & and y and its ambient space B(z, 7) of stable

LY -maps, k — % > 1. We then prove in Lemmas 2.6 and 2.7 that for

each [f] € M(J, H;%,7), there is an open neighborhood W (f) of [f] in
B(z,7) , which is a (partially) smooth orbifold with a (partially) smooth
uniformizer W(f7 H) and automorphism group I'y, and an orbifold bun-
dle L£(f) over W (f) with uniformizer £(f). The 9 y-operator gives rise
to a I'f-equivariant section of L(f).

In Section 3, we will establish the main local transversality of 5J7H—
section perturbed by a “generic” section v of the finite dimensional
“obstruction” bundle R(f). The main technical part of this section is
the main estimate in Proposition 3.1. As a consequence of the transver-
sality of EJ,H + v, in Lemma 3.9 we will prove that the local perturbed



10 GANG LIU & GANG TIAN

moduli space Mv”(f) has the “right” dimension as expected by index
theorem for each of its stratum. Another corollary of the transversality
is the gluing construction of Proposition 3.2 and Corollary 3.3 which will
serve as a basis for comparing the strong L}-topology for M(J, H; &, 7)
defined in this section with the weak C'°°-topology used before by Floer
and Gromov.

Section 4 is devoted to globalize above local moduli space Mv”(f)
We will give the details of our construction of the relative virtual moduli
Q-cycle C(M¥(J, H; z,7)) sketched in this introduction.

In Section 5, we will use the theory which we developed in the previ-
ous sections to extend Floer cohomology FH*(V,w;J, H,v) to a general
closed symplectic manifold and prove that it is invariant with respect
to the parameter (J, H, ). We conclude our proof of Arnold conjecture
in Theorem 5.3 and Corollary 5.4 showing that FH*(V,w;J, H,v) is
isomorphic to H*(V) @ A,

During the preparation of this paper, we learned that Fukaya and
Ono obtained a different proof of the Arnold Conjecture in [8].

The authors are grateful to referees for their suggestions for improv-
ing the writing of the paper. In paticular, we are very grateful to one
of the referees, who pointed out that the parametrized moduli space
introduced in the first version was not needed. Though the proof in
the present version of this paper is the same as the first version, this
suggestion of the referee makes our presentation much more clear and
simpler.

2. Moduli space of stable maps

In this section we will define the moduli space M (J, H; %, §j) of stable
(J, H)-maps and its ambient space B(Z, §) of stable L}-maps connecting
@ and §. Near M(J, H;%,7), B(%,7) has a (partially) smooth orbifold
structure. Locally, this amounts to say that for each stable (J, H)-
map [f], there exists an open neighborhood U(f) of f in B(Z,y) such
that U(f) is uniformized by a connected (partially) smooth manifold

U(f; H). Over each uniformizer U(f; H), we will define a Banach bundle
L(f). The 5J7H—operator is an equivariant section of the bundle, which

is smooth on cach strata of U(f; H).
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2.1 Moduli space F M, of stable curves

We start with a description of the domains of our stable maps and the
structure of the space WQk of the collection of these domains which
we call F-stable curves. Due to the appearance of the inhomogeneous
term in perturbed Jj-operator, the moduli space F Mo and its com-
pactification ka that we use in the paper are different from Mg
of stable curves and its Degline-Mumford compactification ﬂo7k.

Recall that a k-pointed genus zero curve (X, zq,---,2y) is said to
be stable in the sense of Deligne-Mumford if geometrically > can be
obtained by joining pairwise its L components ¥ = S?, [ =1,---, L, at
some distinguished points, called double points, then adding the marked
points x;, + = 1,---,k, away from the double points. The stability
condition means that on each ¥; there are at least three marked or
double points. Note that the components ¥;, I =1,---, L form an open
string for a genus zero stable curve.

A genus zero k-pointed stable curve (X, zq1,---,zk) is said to be
F-stable if it satisfies the condition that we describe now. We divide
the components of X into principal components ¥, ;, ¢ =1,---,L; and
bubble components ¥ ;, 7 = 1,---, Ly. Each ¥,; has two particular
double points y; +o except for ¢« = 1, Ly, where one of these y4. is a
marked points. But we will distinguish these two marked points from
those z;’s. All principal components together form a chain such that
Yitl,400 = Yi,—cos t = 1, -+, L1—1. There is particularly chosen “marked
line” L, ; connecting y; +o. on each X, ;. Because of this, we may identify
each (3, 1 Yi—co, Yi+o0) With (Rx S1) canonically modulo R-translation
with L, ; corresponding to 6 = 0.

From now on, we will simply use ¥, and >, to denote the principal
and bubble components of X respectively whenever the context is clear
even abuse of notation may occur. This usage is also applicable to all
relevant quantities and constructions.

Two such curves (Xy;2f,---,z}) and (Xp;2%,---,2}) are said to
be equivalent if there is a homeomorphism ¢ : 3; — ¥, preserving
marked points and marked lines such that the restriction of ¢ to each
component of > is holomorphic. The resulting equivalent class, denoted
by [¥4], is called a F-stable curve.

There is an obvious “forgetting marking” procedure that sends 3 =
(35 @1, ---, @) to X* by simply ignoring all marked points z;, i =
1,---,k. A component X; of ¥ is said to be free if it is not stable after
forgetting the markings. Hence a free principal components ¥, does not

11
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have any double points other than y, 1+, and a free bubble component
has either one or two double points. We can get a stable curve ¥° with
minimal number of markings from 3" by adding one or two marked
points to each of its free components. To obtain a unique result, we
require that the marked point added to a free principal component >,
to stabilize it is on L,. Note that the automorphism group &/, of each
free principal component X, consists of all R-translations, and the au-
tomorphism group Gy of each free bubble component ¥, consists of all
holomorphic maps of 3, that preserves the double points of >,. We
will use G’y to denote the automorphism group of ¥ which consists of
all holomorphic isomorphisms of 3 after forgetting its marked points.
Note that G’y may interchange different components of ¥ and we refer
it as reparametrization group. It contains &), and G’s as subgroups.

Since the components of X form a “tree”, if we think the chain of the
principal components as the “roots” of the “tree” ,we can associate to
each bubble component ¥, an unique principal component of its “root”,
and we denote it by X .

A F-stable curve is said to be smooth if it only has one princi-
ple component. We define the moduli space FMjg of k-pointed F-
stable curves to be the collection of equivalent class of all smooth F-
stable curves ¥ with & marked points x;, ¢ = 1,---,k and two ends
Y+oo- Equipped with the obvious smooth structure, F Mg j is a smooth
manifold of real dimension 2(k — 1) 4+ 1, and there is a S!-fibration
St — FMoy — Mopt2, which corresponds to the procedure of
forgetting the marking line Ly, of 3.

To obtain a compactification WO,k of F Mgy, we let some of the
x;’s of X go together or go to the ends yi... As the case of Deligne-
Mumford compactification, this intuitive process corresponds to a de-
generation of X into a k-points F-stable curve. Therefore, ka is just
the set of all k-points F-stable curves described above. This will become
clearer after we describe the local structure ofmwC in a moment. Note
that unlike Deligne-Mumford compactification Ho,k of Mo, m(),k is
not a smooth manifold but has “boundary” and “corners”. However,
WQk can be decomposed as a finite union of smooth manifolds ac-
cording to the topological type of 3. We describe it now.

The topological type of 3 is determined by its intersection pattern
I = Iy, which is simply a pairwise correspondence of the distinguished
points of the smooth resolution Y of ¥ that corresponds to the double
points of . It is clear that
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I:{IZ | EE]‘-M()Jg}

is finite and

FMi ={S|SeFMop, =1}

is a smooth manifold. One has the obvious decomposition
FMop = UrerFME .

The motivation to introduce the space WO,k comes from the fact that
its elements appear naturally as domains of the stable compactification
of the moduli space of connecting orbits. Our main concern therefore is
only the underlying set 3% of 33, or rather the ¥* which is 3 equipped
with minimal number of marked points needed for stability. However in
order to understand the change of the topological type of the domains
in the stable compactification, it is necessary to include those stable
curves which have extra markings. Nevertheless we can always start
with the case that ¥ = 3°.

Fixing I = Ixs and a point ¥ € ]:./\/l(I)Jw we will give a concrete
local description of the “universal” family of stable curves over W%
whose projection to W(M gives rise a local coordinate of X in WQk.

Let K;+ 3 be the number of marked or double points on the com-
ponent X3 of 3. Since X2 = 3%, there are at most two marked points on
3y, so that the first K distinguished points can be arranged as double
points that we will call d; ;. Here for each principal component XJ,, we
have ordered its two ends ¥, +o, as the last two distinguished points.
Let g, be the third from the last distinguished point of the free prin-
cipal component ¥,. We may use the automorphism group G/ of the
bubble component 3, to bring the last three distinguished points to the
standard position of 0,1, and oo of S? and G, of principal component
of ¥, to bring ¢, to the central circle {s = 0}.

Because of the assumption that ¥* has no extra markings, the lo-
cations of above points for the nearby X/ serve as a local coordinate
(uniformizer) of ]:M(IJ,k near . More precisely, if o € Ds(d; ) is the
complex coordinate of the é-disc centering at d; i, and 8, € I5(g,) is the
argument parameter in the d-interval of S' = {s = 0} centered at ¢,
then the collection (o, 0) = (ay,0,) is the local coordinate of fM{),k
near 3. We will denote the corresponding curve by X, 9.

Now for each double point of dj , = d}, ., of &' = X, 4) with I (I, k) =
(I', k'), we associate a complex gluing parameter ¢, = tpp € Ds

13
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of the d-disc centering at the origin of C, and for each pair of ends
Yptoo = Ypti oo Of 3f and 37 ., a real gluing parameter 7, € [0, d].
Note that here we have used d;,k to denote all double points of X
rather than just the first K; ones. Let («,6,¢,7) be the totality of
(@1, 0py tig, 7). Then the corresponding curve ¥, g4 - can be ob-
tained from X, gy by the following gluing procedure: for each double
point d , = dj, 1, of 3, gy with coordinate ayx and ay g, consider the
discs Ds, (o) C X} and D:Sl (ap ) C X} with coordinate wy  and wy g
respectively. Let (s, ¢) be the corresponding cylindrical coordinate, i.e.,
w = e 279 We cut off the discs {(s1,ks O16) 516 > —loglti x|} in
Ds, (al,k) and {(Sl’,k’7 ¢l’,k’)|51’,k’ > —log |tl’,k’|} in Dy, (al’,k’)- Then glu-
ing back the remaining parts of Ds, (o) and Ds, (ap pr) along their
boundary by the formula ¢;, = ¢y o + arg(t; ). A similar and simpler
gluing process is applied to the real parameter 7 for gluing along ends
Yp,£c0 Of the principal component of X, 4. We denote the resulting
curve by ¥, g+ ), which is an element of ka near . The param-
eter (a,6,t,7) serves as a “ cornered” coordinate chart of Wo,k near
Y, and X, gt -) forms the universal curve over it.

Note that X, ) € fM{),k if and only if ¢ = 0 and 7 = 0. Similarly,
letting some of components of (¢,7) be zero, we get various curves in
]:./\/lélk with I; > I. Here the partial order among the intersection pat-
terns is the obvious one, i.e., Iy > I if the topological type ¥, can be
obtained from X through gluing. In particular, for X, g -) on the top
strata of F My j, none of any component of ¢t and 7 is zero.

2.2 Moduli space of stable maps

Now let (V,w) be a closed symplectic manifold with a w-compatible
almost complex structure J and a time-dependent Hamiltonian function
H :V x St — R. For generic H, the set P(H) of 1-periodic orbits of
the Hamiltonian equation of H is finite. Let P(H ) be the corresponding
“lifting” in the universal covering £(V) of the contractible space £(V)
of loops of V. Hence, each element z € f’(H) is a map w: D? — V
such that z = w|yp2 € P(H). We will still call 2 a closed orbit.

Recall that each principal components ¥, of a stable curve X has
two particular double points y, +~ and y, —o. Let y., be the collection
of all such double points of 2.

Given a F-stable curve ¥, a map f: X\{y..} — V is said to be a
stable (J, H)-map if there exist L 4 1 closed orbits z,, p=0,1,---, Ly,
such that:
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(A) On each principal component ¥, with cylindrical coordinate
(s,0), f, satisfies the equation of connecting orbits between z,_; and

zp. More precisely, this means (i) % + J(fp)% = V,H(8, f,),
(i) limgy—oo fp(s,8) = 2,1 (0), limsyyoo fp(s,0) = 2,(8).
(B) On each bubble component X, f, is J-holomorphic.

(C) [3p] = [Bp=1] + o] + 200l fop]  as relative homology class of
V, z,), where the domain of f; 1 is ¥ ;. defined in Sec.2.1.
p ? ?

(D) All homotopically trivial principal components or homologically
trivial bubble components are not free.

By somewhat abuse the notation, we will use X to denote the domain
of f and write f : X — V instead of f: X\{y..} — V.

Note that the last requirement is imposed in order to rule out the
possibility of producing a “ghost” bubble through a sequence of rescal-
ing of f at any given point of ¥, which will certainly result in a non-
Hausdorff moduli space that can not be compactified in any reasonable
topology.

Two stable maps f; and f; are equivalent if there exists a equiva-
lence ¢ of their domain >y and ¥, such that fo = f; o ¢. We will use
(f) to denote the resulting equivalence class of f and call both f and
(f) parametrized stable maps. The unparametrized stable curve [f] is
obtained from (f) by forgetting marked points of (f) first, and then
quotienting out the actions of the reparametrization group G'y. In other
words, [f] is just the isomorphism class of f under the holomorphis
identification of domains without any marked points.

We also need the notion of stable L}-maps with the Sobolev index
k — % > 1. A stable L{-map f : ¥ — V is simply a LY-map on each
component 3 of the stable curve ¥ such that only (C) and (D) above
hold and that each principal component f, satisfies an exponential decay
condition along its ends z,_; and z, given by

[ ety + jgdsas < o,
RxS!

form =0,1,---,k, where &, is defined by f,(s,0) = expzpfp(s7 g) for s
sufficiently large, and &,_; is defined in a similar way. Here 0 < ¢y < 1,
which is fixed throughout this paper.

All other notions and notation which we introduced for stable (J, H)-

maps above are also applicable to stable L}-maps.

15
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We remark here that the only meaningful objects for us are those
unparametrized stable maps. However in order to understand the defor-
mation of such maps under the topological change of their domains, we
need to choose a representative f for [f] and to stabilize its domain X
by adding minimal number of markings. Then we deform the domain ¥/
in F Mo, through the universal curve there and get the corresponding
deformation of f through parametrized stable maps with certain con-
straints at their marked points. The domains of this deformation will
have extra markings, and they only serve as an intermediate objects.
We get the deformation of unparametrized stable maps by sending those
parametrized stable maps to their equivalent class by simply forgetting
their marked points.

Most of the rest of this subsection will be devoted to giving the
precise constructions sketched in above remark.

Each stable map (f) or [f] determines an intersection pattern Dy
of f which contains the following data: (a) the intersection pattern Iy
of the domain X of f; (b) the relative homotopy class of each princi-
pal component f, determined by the two ends Z,_; and %, of f, and
homology class represented by each bubble component f; in Hy(V,Z).

An intersection pattern D is said to be effective if D = D, with f
being stable (J, H)-map. For such an intersection pattern we define its
energy to be

(D) = B() = B+ Y [ fre
p b

and consider the set
D ={D | E(D) <e, D is effective }

of effective intersection patterns of bounded energy.

From Floer-Gromov compactification theorem for cuspidal maps it
follows that there exists a constant € > 0 depending only on (V,w,.J, H)
such that for each non-trivial component f; of a stable (J, H)-map f,
E(fi) > e. Therefore if F(f) < e, f has at most ¢/e non-trivial compo-
nents. To see the finiteness of D¢, we need to get a uniform bound on
the number of ghost bubble components. To this end, note that after
forgetting extra markings, there are only one or two marked point(s)
on each free component which is non-trivial. This implies that there
are at most 2e/¢ marked points. This in turn determines the number of
double points, hence, the number of the components of ghost bubbles.
From the above analysis follows
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Lemma 2.1. The set D¢ is finite.

Now we can define various moduli spaces of stable maps. Let
MJ, H;3,9) = {[f]] fisstable (J, H) — map, 2o = &, 35,11 = U},

where Zp and Zr, 41 are the first and the last end of the chain of the
principal component of f;

MP(J H, @, 9) = {[f] |f € M(J,H;,5), Dy = D},

B (z,y) = Bi’e(fvﬂ)
= {[f]|f is L}, — stable, E(f) < e, Dy is ef fective},
BP(&,5) = A[f1|[f1€B(,9), Dy = D}.

Note that from (C) of the definition of stable (J, H)-map it follows
that the energy E(f) is bounded for any [f] € M(J, H, %, §). Therefore
H(J, H.z,9) C B°(&,y) for e large enough. We will choose such an e
once for all and omit the superscript e for the moduli spaces of stable
LY -maps in the rest of this paper.

The moduli space
M(J, H: 2, §) = UpMP(J, H; &, 75)

is the stable compactification of the moduli space MP7(J, H;Z,7),
which is the moduli space of connecting orbits between & and g. Here we
use D to denote the top strata F M ;. However, the boundary compo-
nent M(J, H; %, ) \ MP7(J, H; %, ) of this compactification may have
higher dimension than the dimension of MDT(J7H;9~C,§) itself. Our
motivation to introduce these moduli spaces of stable L{-maps, inside
which M(J, H; %, ) appears as the zero set of a certain section induced
by the 8J7H— operator, is to use them as an ambient space to alter the
defining sections of M(.J, H; %, ) to get a new compact moduli space
with “right” boundary. To this end, we need to understand the smooth
and topology structure of these spaces. We start with those spaces
whose elements have a fixed intersection pattern D, and therefore a
fixed intersection pattern I of their domains.

Given [f] € BP(&,7), let f € [f] be a representative with domain
PINS ]—‘M(IM. Note that here we have chosen minimal number of marked
points to stabilize ¥. Recall that in this case, a neighborhood of ¥ in

17
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]:M(IJ,k can be parametrized by parameters («,0) = (oqy,6,), where
(01 5,0,) € Ds(di i) x I5(qy) for k =1,--- ,Kjand p=1,---, Ly ( see
the relevant definitions in 2.1). For simplicity, we may assume that
there is no free principal components; therefore, 8, is a parameter for
some double points. Now consider the mapping space

Map(S, V) ={a | g: S =V, ||lgillkpy < oo}, (=1,---,L.

In the case that X is a principal component, we understand that the
L?-norm has been exponentially weighted along the ends of ¥; as in the
corresponding part of the definition of stable L}-maps in 2.1.

Let U(f;) be aneighborhood of f; in Map(X;, V). Set U =[], U(f)
and K = Zle K7,. We define the evaluation map

ep U x (Dg) x It — yRHEat3le
given by:

(917"' yGLy Qe 70])7"' 7ﬁb,j7"')
— ( 7gl(al,k)7"' 7gp(0p)7"' 7gb(ﬁb,j)7"')7

where 3 ;, 7 = 1,2, 3, are the last three distinguished points of the bub-
ble components >, which are already brought to the standard positions
by the group SL(2,C).

The multi-diagonal A; ¢ VE+L143L2 g defined in an obvious way,
determined by the intersection pattern I. For instance, if I({/,k}) =
{b,j}, then the component a;; = B ; in Aj. Clearly, ep is transversal
to Az, and ep' (Af) is a Banach manifold. Now the reparametrization
group Gy, actson g € e, (Ag). Let 7 : e (Af) — e (A7) /Gy, be the
quotient map. The moduli space space BD(QE, ) of unparametrized sta-
ble maps can be topologized by using the quotient topology. Because of
the non-compactness of the reparametrization group, we do not expect
to have a good structure of BY (%, 7). However, near the moduli space
MP(J, H; %, 7) of stable (J, H)-maps, the action G has a “good” slicing,
which implies that B” (%, §) has an orbifold structure in a neighborhood
of MP(z,7).

To describe this slicing, we assume that [f] and its representative
[ € [f] above are stable (J, H)-maps. Let f,, p = 1,---, P, and f;,
b=1,---,B are its free principal and bubble components. Each free
bubble component has one or two marked points. For simplicity, we may
assume that there is only one such point. We may choose (0,0) and 0
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as the marked points for all f, and f, respectively, and assume also that
they are generic points. This implies that for each principle component
Jos folRx{oy is an embedding near (0,0) and f(s,0) # f(0,0) if s # 0
for generic J and for each bubble component f,, f; is a local embedding
near 0. Now choose a hypersurface H, of codimension 1 locally near
f»(0,0) for each free component f,, p = 1,---, P, such that f,|rx{o}
is transversal to H, at (0,0) and a hypersurface Hy of codimension 2
locally near f;(0) for each free bubble component f, b=1,---, B, such
that f; is transversal to H at 0. Let H = Hp H, <[], H.

Given a small € > 0, we define the e-neighborhood of f in eBl(AI),
UP(f) ={glllg— fllsp < ¢}, where the norm [lg — fl|s0 = iy [lg: -
Jil|kp+ summation of distances of corresponding double points on each
3.

Since the Sobolev index &k — % > 1, from Sobolev embedding the-
orem and the assumption of exponential decay along the ends of each
principal component g, it follows that when ¢ is small enough, g,|rx {0}
is transversal to H, and has one and only one intersection point with
H, for any ¢ € (ZD(f) Therefore, if we define

UP(f,H) = {g|g € UP(f), 9,(0,0) € H,, g;(0) € Hy},

where p running through from 1 to P and b from 1 to B, then we already
get a slicing of UL (f) for those group actions of H§:1 G,. Because of
this, we only need to deal with bubble component g.

According to [15], each bubble component g, can be factorized as
fr = fbom, where 7, : ¥, — ¥ is a ny-fold branched covering of S2, and
f» is a simple J-holomorphic map in the sense that it is an embedding
away from finite singular or double points of f;. Let fb_l(fb(O)) ={w, =
0,---,wy,}, then we have

Lemma 2.2. When ¢, & small enough, for any g € ﬁED(f), there
exist exactly ny points, wi(gp),- -, wn,(gs) such that w;(gy) € Ds(w;),
i = 1,--+,n, and gb_l(Hb) = {w;(gs)}. Moreover, if ¢ — 0, we can
choose § — 0 also.

Proof. We choose a coordinate chart W} of V near f;(0) such that
Wy = Hy G R2. Let hy : W, — R? be the projective of W, to the second

factor R? of the direct sum. The assumption that & — % > 1 implies

that gj is C'-close to f5. Sois ho gy to ho f5. Since ho fo(w;) =0 and
|1D(hs o fo)(w;)|| = 1, it follows that there exists a constant r > 1 such
that |hogy(w;)| < re, and L < ||D(hyogs)(w;)|| < r. Now Picard method
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for implicit function theorem implies that there exists a § depending
only on r and the norm of the second order expansion of A o g3, which
we may assume to be uniformly bounded, such that there is one and

only one zero of hy o g; in each Ds(w;), i = 1,---,nyp. It is easy to see
that these are the only intersection points of g, and H; when ¢ is small
enough.

The last statement also follows from Picard method. q.e.d.

Lemma 2.3. Let UP(f, H) be the image of (~]6D(f7 H) under the pro-
jection of the quotient map . Then UP(f,H) contains an open neigh-
borhood of [f] in BP(z, 7).

Proof. As before we only need to deal with free bubble component g3,
and we still assume, for simplicity, that g, has only one free parameter.
We only need to prove that when ¢; << ¢, for any ¢ € Ug(f)7 there
exists ¢ = (¢;), with

(blGSL(270§1700):{¢|¢€SL(270)7 ¢(1):17 ¢(OO)IOO}

such that go ¢ € (~]6D(f7 H). It follows from Lemma 2.2, that there
exists wq(g») € D5(0) for some § > 0, such that g,(wq(gs)) € Hy and
that when ¢; — 0, § — 0 also. Now define ¢ to be the automorphism
of S? preserving 1,00 and sending 0 to w;(gs). Then go ¢ € (~]6D(f7 H)
when ¢; and hence ¢ are small. q.e.d.

Our slicing UP (f, H) does not give a local coordinate of BP(%,3)
near [f]. There are further equivalence relations of finite order among the
elements of (~]6D(f7 H), which can be described by extending the action
of the automorphism group I'y of f, where I'y = {¢|¢ € Gx, fop =
f}. Note that I'; is a finite group. It is generated by the subgroup
ff = Hle Fif together with those elements in GGy, which permute the
components of 3 and preserve f. Here I', = { ¢;| fiod; = fi, ¢ preserves
double points of fi}.

Since f; = f; o« with each f being an embedding essentially, it
follows that f;o¢ = f; if and only if # 0 ¢; = 7 and ¢; preserves double
points of ¥;. Therefore, Fif is a subgroup of the finite automorphism
group of the branched covering of S%, whose elements fix at least one or
two distinguished points of S?. This implies

Lemma 2.4. Fach Fif is a cyclic group consisting of “rotations”.

We now only describe how to extend the actions of ff to (~]6D(f7 H).
The extension for general case is essentially same. Since we will do this
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componentwisely, for simplicity, we may assume that ¢ has only one
component with one free parameter.

Let ¢; be the automorphism of S? such that ¢;(w) = w;, i =
L-woyn, ¢(1) = 1, ¢(00) = oo, where wy = 0 as before. Then ff
consists of all those ¢; such that fo¢; = f. We may assume that they
are the first m ¢;’s. Set r = mings,, ||f — fo &|. For any g € UP(f, H),
we define ¢? of automorphism of S? by setting ¢?(w) = w;(g) and
¢i(1) = 1, ¢i(00) = oo. It is easy to see that when € << ¢ << r,
go ¢! € ﬁg(f, H) if and only ¢ < m. This gives rise to an action of
ff on ﬁg(f,H) given by: gx ¢ = go ¢ for g € ﬁg(f,H), ¢ € ff,
when it is defined. It is clear that given any two elements g; and g2 of
Uf?(f7 H), g1 and g, are equivalent if and only if there exists a ¢ € I'y
such that g; = g9 * ¢. If we replace ﬁg(f, H) by the I'f-invariant subset

WP (f, H) = Uger, 6(UP (£;H)), we have
__ Lemma 2.5. The action defined above is a smooth right action on
WP (f;H), and WP (f,H)/T; is homomorphic to a neighborhood of [f]
in Bp(z,7).

Having completed the description of the local orbifold structure of

BP (%, §) near points of MP(J, H;%,§) for a fixed intersection pattern
D, we now turn to the same question for

B(z,9) = UpBP (&, 7).

Given [f] € BP(#,9) with f € [f], let ¥ be the domain of f with
intersection pattern I. Then a é-neighborhood of ¥ in ]:M(IJ,k or in
F Moy can be described by parameters (o, 6) = (ayx,8,) with a;x €
Ds(dy ;) and 8, € I5(g,) in the former case and parameters (o, 6,t,7)
with [|¢||, |7| < 4, in the latter case. Define the “base points”

J(@0) B0 =V

and
f(oz,@,t,ﬂ') : E(a,@,t,ﬂ') -V

as follows.

We define f(o,0) = f 0 ¢(a,9) With @(q,9) 1 B(a,e) — X of a diffeomor-
phism between them. More precisely, fix a r >> ¢ > 0, define ¢, g) to
be identity on ¥, gy \ (UD;(dix) U{I,(qp) X I.}) and to be the obvious
“rotation” of S? or S! on each Ds(d; ;) or I5(q,) X I5, which brings ay
to d;j and 6, to gq,. Since r > 24, the image of ¢, g) restricting to
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Ds(d) x (I5(q) x I5) is contained in D, (d) X (I,(¢g) x I,). Therefore, we
can easily extend ¢, gy to all 3, g. It follows from the construction that
when 4 is small enough, ¢(, ) is C"-close to identity, for any given m;
therefore f(, g) is L}-close to f.

We define the pre-gluing fi, ¢, of f(4,9) With gluing parameter
(t,7) as follows. Recall that X, g,y can be obtained from X, gy by
cutting off {(s,®)|s > —log|t; x|} of each pair Ds(aqy) and Ds(ay ),
and by cutting off { (s,¢)|s > %} of each successive pair of principal
component ¥,—1 and ¥, and then gluing back along their boundaries.
Let 17 and T} be the annulus in ¥, g ;) defined by

1% = {(s16, G1.6) | s > —log by — m}

and .
7 = {(sp: 9p) | p > P n}.
Then we define:
(1) fraptr) = Fano) 00 Siager) \Yey Tk Up T

(2) f(a,e,t,r)(& }) = XD fn.0) (B(s) - f(a,e)( ¢)) on Ul,sz % Up Tp7
where §(,,9)(s, ¢) is defined by

Joy (1 O1k) = €XPy o (a) §(0,0) Sk PLE),
fto) (80 00) = €XDg o (6)) S(00) (5 D)

and (3 is a cut-off function which is equal to identity outside ULle?kUTp?.
Now for a fixed (o, 0,t,7), we define

U (fH) = {919 Saonn = Vs 9= Fapenlie < e g(z) € H,

where the L?-norm is measured with respect to the induced “spher-
ical” and “cylindrical” metric on X, ;). Here we use z to denote
the collection of marked points 27 of X, = X, 4, ), each of which
comes from some components >; of ¥ via the gluing. The notation
g(z) € H simply means that g(z;5) € H;;. By letting the parame-
ter (a, H,t,r) Varies with ||(a, 8,¢,7)|| < €, we may define (~]E(f7 H) =
Uj(ab,t,7) << Ue (er:t7) (f,H). The quotient map = : (~]E(f7 H) — B(z,79)
can be defined as follows. For each ¢g € (~]E(f7 H), we forget all the
markings of the domain X, first, and then send g to its equivalent class
lg ] of unparametried stable _map, that is 7(g) = [g¢]. Let U.(f,H) =

7(U.(f, H)) be the image of U, (f, H) in B(&, §), which forms open neigh-
borhood of f in B(z,y).
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Now let [ f] varies in a neighboorhood of M(J, H; %, y) in B(Z, ), we
define its (strong) L} -topology to be the topology generated by U, (f, H).

The local structure of B(z, y) near a stable (J, H)-map [f] is stated
in the following lemma.

Lemma 2.6. The actionl's on (zﬁ?(f’ H) can be extended to U, (f, H).

It is a continuous right action on U, (f, H) when defined and smooth
on each strata Ué)/(f7 H) for D' > D. The natural projection = of the
quotient map

Uey (f,H) — B(i,9)

commutes with 1" s-actions. Moreover,
7: U, (f,H)/I'y = B(Z,9)

is a homeomorphism from (751 (f,H)/I't to a neighborhood of [f] in
B(z,y).

Proof. As before we only consider how to extend the actions of ff.
For simplicity as before, we may assume that each free bubble compo-
nent fp of f contains only one free parameter x, = 0, and fb_l(fb(O)) =
{wpq,- -+, wpy,}. Recall that in this case ff = {1, " Opm,} is de-
termined by ¢, (0) = wy;, © < my < ny when each ¢p; is considered
as an automorphism of ;. Now the proof of Lemma 2.2 can be eas-
ily adapted here and it implies that when ¢; and § are small enough,
for any g € (751 (f) with domainX, g, ), there exist >, n, points,
wy,i(g) € Ds(wpy)yi = 1,-++,np, such that ¢7'(H) = {wy,(g)}. Here
we have considered points wp; of ¥ as points of ¥, g+ ;) through the
gluing construction.

Now for each b, choose i € {1,---,np}, say, i = 1, and consider

(E(aﬁ,t,ﬂ'); wl,l(g)7 ) wk,l(g))

From our construction of the “universal curve” parametrized by F Mgy
it follows that there exists a

(E(a’ﬁ’,t’,ﬂ"); L1y 7$k>
with z, coming from zp, = 0 on X, b=1,---,k and an equivalence
¢ : (E(a’,é”,t’,ﬂ"); L1y 7$k> — (E(aﬁ,t,ﬂ'); wl,l(g)7 U 7wk,1(g))'

Now go o € (Z(f, H). This proves that up to identifying domains, each
g € U, (f) is equivalent to an element in U,.(f, H) where ¢; << e.
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In the same way, we define the action of
Biy i i = (Pliiys P2yins**+ 5 Phoiy,)
of ff acting on g by
G * Qi iy = G0 Diy i

where

¢i1,~~~,ik : (E(a’ﬁ’,t’,ﬂ")7 L1, 7$k> — (E(aﬁ,t,ﬂ'); W14y (9)7 cy Wk (g))

is defined similarly as above. In this way, we extend the group action
of ff to U.(f, H).

The rest of the proof follows easily from above. We leave it to the
readers. q.e.d.

As before, we can get I's-invariant set We(f; H) by taking the union
of I'y-image of ﬁe(f; H).

Now we can define locally the bundles ZD(f) and Z(f) over WED(f7 H)
and /I/Iv/ﬁ(f, H) as follows. For each ¢ € WED(f7 H) or WE(f7 H), the fiber

(Lp(f))g = (L)) = {E|€ € L2 (A" (g"TV))],

where the L} _ -norm is measured with respect to the “standard” metric
on the domain Xy = ¥, g+ -) induced by the gluing construction from
the metric on X which is "spherical” on ¥, and cylindrical on X,.

It is clear that for a fixed D, Z:D (f) is alocally trivial Banach bundle
over WED(f7 H), and Z(f) is locally trivial only when restricted to each
strata ﬁ//ED(f7 H) of We(f; H). Because of this local triviality, the topol-
ogy of Z(f), when restricted to each strata of WED (f;H), is well-defined.
We will not attempt to specify the topology of Z(f) over W, (f;H), since
the objects which we are intrested in are just the moduli spaces of stable
or perturbed stable (J, H)-maps and their topology will be specified by
the gluing construction of next section when the intersection patterns
of the domains change. What relevant to our later construction are the
following “sub-bundles”, though we do not really use it. Let ZD75(f) be
the sub-bundle of £p(f) defined by

(Lps(f))g =1E1€ € (LD(f))g, &€ = 0on each

d-discs around double points}.
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Let We%(f, H) = 5}}1(2&5(]‘)) We have the restricted bundle
ZD75(f) — We%(f, H). Now if D < Dj, we can certainly use par-
allel transformation to move the fiber of ,C~D75(f) over some point in
We%(f, H) into the fibers of Lp, 5, (f) over a neighborhood of the given

point in WED% (f,H), when §; << 4. These parallel transformations give
rise a topology for the union

LO(f) =UpsLps(f) — WO(f, H) = UD,awf?a(.ﬁ H).

The I'y actions on W2 (f;H) and W.(f;H) can be lifted to the
bundles via pull-back. Let WP (f; H) = W?(f, H)/I'f and W.(f;H) =
W (f;H)/Ty. Then Lp(f) = Lp(f)/Ty and L(f) = L(f)/I'y are orb-
ifold bundles over them.

Now for each principal component g, of g, the Hamiltonian function
H:V x S'— R gives rise to a section Sg(gp) of A% (g>TV) given by

1
(s5,0) — §(V$H +JoV,Hoi)(g,(s,0),0)ds,

and we define Sy (gy) = 0 for each bubble component. Clearly Sy is a
section of £(f) and is smooth on each strata WP (f). We have

Lemma 2.7. The 5J7H-0pemt0r gives rise to a I'j-equivariant sec-
tion, still denoted by 0, of the bundle Z(f) — We(f,H) given by
g+ 059+ Su(g). It is smooth on each strata WED(f7 H), and continu-
ous when restricted to LO(f) — WO(f; H).

The zero sets 5}}1(0) in WD(f; H) and W(f, H) , when projected to
BP(z,9) and B(#,§) are just MP(J H,z5) 0 WP(f;H) and

M, Hyz,9) nWo(f; H).
Proof. The proof is straightforward. q.e.d.

3. Transversality and gluing

In this section, we will study the transversality of the linearization
La,6,t,r) of the 5J7H—operator at some “approximate” stable (J, H)-map
J(a,0,t,-)- Because of the possible appearance of multiple covered .J-
holomorphic spheres in the stable (J, )-map f(0,0,00,)s L(a,6,t,7) i3 1Ot
surjective in general. However, we will prove in Proposition 3.1 that
the transversality can be achieved modulo R, g ) of a finite dimen-
sional vector space. Using this, we will construct a local moduli space
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of perturbed stable (J, H)-maps which has right dimension on each of
its stratum. As another application of the transversality, we will extend
the technique of gluing J-holomorphic curves developed in [11] and [19]
to the case of gluing (J, H)-maps for which the transversality may not
hold.

3.1 Transversality of L, ¢(f)

Let f be a stable (J, H)-map with intersection pattern D as before. We
start with the case of fixed intersection pattern D. Consider the local
uniformizer

WED (f7 H) = U(a,@)EDWE(aﬁ) (f(oz,@)v H)

and the bundle £P(f) = U(aﬁ)eDZ(a’&)(f) over it. We can give a co-

ordinate chart of W2 (f, H) and a trivialization of £p(f) as following:
when (a, 0) is fixed, we define

VD = (e =o€ e LY(fTnTVoh), [€lly < ¢

where £ € Lp(f(a oLV, h) means that §(z; ;) € hy;, and 27 ; is a marked
point of a component E(a 5) of X(4,0), and hy; is the tangent space of

H;; at z;;, j = 1,--- ki, > ki = k. It is clear that Ve(a’e) is smooth

coordinate chart for We(la’e)(f(aﬁ),H) near f(,) via exponential map
expgca 6 V(a,e) s W(aﬁ)(f(a 6); H) given by £ — expy,, g when

€ << €. Note that here we have assumed that all H; ; are geodesm
submanifolds of (V,w,J) under the induced metric ¢y of w and J. The
coordinate chart for I/Ve?(f7 H) is given by

expp ; = {expgfa’e)} :
Vi = UenVd™? = WP(f,H) = U gepW 0 (£, H).
Note that V, splits as VE(O’O)XAE7 where A, = {(«,0) | (o, 0) € D, ||a|, 0] <
¢}. To see this, recall that we have defined Jia,0) = [ 0 D(a,0)5 Wlth
P(a,6) * D(a,0) — s

which brings those distinguished points in X, gy parametrized by (e, 0)
to the corresponding points in ¥, and is equal to identity outside a
neighborhood of these points.
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Thus the pull-back
Py Le(F TV R) = Li(f( 0TV 1)
gives a diffeomorphism VE(O’O) — Ve(a’é))7 and
0 = {dfan)} VO X Ao Vs

is the required splitting. Now expp ;0¢* gives the local coordinate of
ﬁ//g(f, H) in terms of AR
The trivialization of the bundle £(*9 — We(a’é))(f7 H) can be ob-

tained by a J-invariant connection V as usual(cf. [16] or [19] for detail).
We use ¢, g) to denote the resulting trivialization:

WD H) < LE (N (g T (M) = LD ().

Hence, to obtain a trivialization of ZD(f), we only need to identify the
“central  fiber” LY _ (A% (f(*aﬁ)T(M)) of  LED(f)  with
Ly (AT (M) of LOO(f).

To this end, observe that ¢, gy : ¥(a,9) — X also gives a identifica-
tion of

AN(FTV) = A TV
via pulling back qb(*a 6) However, since ¢, g is not holomorphic in those

annulus around its double points, the image of A% (f*TV) of qb(*a g) May

not be in /\071(f(*a e)TM). Let

To /\1 — /\1,0 @/\01 — /\0,1

be the projections of the second factors. Then 7y o qb(*a %) induces a R

-linear map from LY _ (A“1(f*TV)) to Li_l(/\O’l(t]c(tw,)TV))7 which is

an isomorphism when ¢ is small enough. Let y(, ) denote
U0 (Tdx w3007, 9)) : WD (F,H) x LL_ (AN (fTM)) — LD (f),

and p = {y(a0)} : WP (£, H) x Li_ (A (f*TM)) = Lp(f)-

Now in terms of these local charts and trivialization the d; g-section:

WO (1) = L)
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becomes a function F{, g) between Banach spaces
Flagy : VOO = L (AN (T M)

for a fixed («,6).
Let L, g = DF,)(0) be the derivative of F{, 4 at 0, and L =
DF,0)(0). A direct calculation shows that (see [16] and [19] for detail.)

L(&) = V& + () 0 V& 0 i+ TN (111 .&) + Ve, S,

where S = (%VxH + %J o V,H ot)ds, &, is a component of £ over a
principal component f,, and L(&;) is the same as above except deleting
the last zero order term involving Hamiltonian perturbation.

The very same formula can also be established for E(a 6) = Dﬁ(aﬁ) (0),

where F(a gy is defined by F{, gy = 'y( 6) ° Fa ) © qb )" From the defi-
nition of ¢(4,g), which is identity outside a small o- nelghborhood of the
double points of Y(s,9), it follows that for each {, over the principal
component f,,

Lap(&) = DFag(0)(&) = Dyily 0 DFag(0) 0 DY, 4(0)
= V¢ + J(faﬁ)) oV¢, 01

1 _ 5 *
+Z’V(a1,9) o Ny((05,8f(0,0))s ¥(a0)(Ep))
) Vb0 ) S} + A0 (&),

where A, gy is a zero-order “matrix” operator, which is concentrated
in same annulus inside the e neighborhood of double points 3, and
| Aa,6)llcm is uniformly bounded with respect to (a, ) for any fixed
m > 0. As before, L, g (&) is the same as above but deleting the terms
concerning Hamiltonian function H. Form these formulas; L, g can be
thought as a small deformation of I when ¢ is small. Therefore, we
only need to establish required transversality property for L, and the
corresponding result for L ae) will follow when ¢ is small.

Now it is well-known that the operator L is not surjective even for
“generic” choice of (J, H) when some of bubble components of f, of f
is multiply covered. However, since each

Ly LR(fFTM, hy) — LY (A (frTM))

is a linear elliptic operator, hence Fredholm, there is only a finite dimen-
sional cokernel K; = K;(f), which can be identified with
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ker(Ly) C LY _ (A% (ffTM)) with respect to the metrics induced from
3y of ¥ defined before. Here L; is induced from L over the corresponding
sections, but without the constraints given by those matching conditions
for sections of L} (fT'V, hy) at double points. For later use of extending

the vector space K;(f) to a vector bundle over We(f; H), we choose a
cut-off function f; defined on 3;, vanishing at each bubble point of 3
and being equal to identity outside a d;-neighborhood of each double
point, and define

Ki=K(f)=1{¢|¢=08-n,n€ K]}

Since the unique continuation principle holds for the solution set K, of
L7, it is clear that dimK;(f) = dimK;(f). When 6, is small enough, the
projection

m L2 (AN TVY) = K@ Im(L) = K

restricting to K C L (A"Y(f*TV)) gives an isomorphism of K and

K. It follows that LY (AN (f*TV)) = K& Im(L) for & small enough.
Since for generic (J, H), L, is surjective for each principal component

fp, hence K, = K, = 0. We only need to consider bubble components,
and we define

K =@k K =ak2 K, C LP_ (AN (f*TM)).
It is clear that
Lid L LY(ffTM, hy) & K; — LY _ (AP (fFTV))
is surjective. However, because of the restraints at double points of ¥,
LT :LY(f TV, h)& K — LY _ (AYY(f*TV))
may not be surjective, where
I = G0y Bl Ky — L (N (V) = 6y (AL (FTV)).
To achieve surjectivity, we need to enlarge the domain of L & I as fol-
lowing:

Let d;,,r = 1,---, Ry be the double points of the component >J; of 3.
The intersection pattern I of ¥ determines a pairwise correspondence
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among the double points of 3. We denote I(d; ;) by dp . Let Ny = kerL;
and N = Hle N;. Consider the evaluation map

L
er: N C HLi(fl*TV7 hl) =T = H (Tl,r X Tl’,r')7
=1 {lr} U}

given by

(517 tee 7517 tee 7€L) — ( t 7€l(dl,7’)7€l’(dl',7")7 t ')7

where T[J, = Tl’,r’ = Tfl(dMV = Tfl’(dl’,r’)v'

Let A; C T be the multi-diagonal determined by I. Assume that
N+A;CTis a proper subspace, hence the dimension d of T/(N + Aj)
is not 0. Here N is the image of N under evaluation map e;. We now
construct a d-dimensional subspace Q of Hle LY (fFTV, by) such that
QNN = {0} and that e; : Q@ N — T is transversal to Aj. In fact for
the dimension reason, e;(Q) & (N 4+ Ap) = 7.

To this end, observe that for any proper subspace S of T which
contains Ay, there exists at least one pair of double point d;, and
dp ,+ such that none of 7j, and Ty, is contained in S. Note that
among 3; and Xy, at least one of them, say ¥, is a bubble component.

Now according to [16], there exists a family of J;-holomorphic curves
f{ + ¥ = V such that:

(1) f2=f
(2) (%ff)tzo(du) =t;, € 1}, for any given ¢;, in T} ,;

(3) f{ = fi outside a small prescribed neighborhood of d;, and is
J-holomorphic in a smaller neighborhood of d; .

Taking its linearized form, we conclude that for any ¢;,. € 7} ,, there
exists a & € LY(ffTV) such that &(d;,) = t;, and £ is equal to zero
outside a small neighborhood around d; . Combining this with the above

observation, we can easily construct (2 inductively. Let Q= L(§2), where
L = &i=1 L. Since QN N = {0}, dim€Q = d and L is an isomorphism of
Q and €. Now let

J Q= LY (AMH(fTV))

be the inclusion. We have
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Lemma 3.1.
LeTad L2 TV,h)a K aQ— LE_ (AN TV))

is surjective, and the kernel of this map is the same as N of the kernel

L.
Proof. Consider

Sl ® T @ SLE(fFTV ) & K ®Q— LE_ (AL f*TV).

To prove the surjectivity of L & I ¢ J , it suffices to prove that
Ker(®L; & I & J) is transversal to Ay C T under the evaluation map
ey acting on the first factor of the kernel. But

Ker(®iLisla®J) = Ker(BiL&dJ)
= {E=-2_ L)Y L& e}
l

{
~ Qg N,

which is transversal to A7 under ey by our construction.

Now & € Ker(®Li®IdJ) = Qa N belongs to Ker(L&14J) if and
only if ef(§) € Ay. But it follows our construction that ey : Q — €;(Q2)
is an isomorphism and e;(Q) N (A7 + er(N)) = {0}. This implies that
if (¢,n) € Q& N such that ef(&) +er(n) = v € Ay, then

er(§) =y —er(n) € er(Q)N (A7 +er(N)) = {0}.

Hence £ =0 and ¢;(n) € A, q.ed.

Let K®Q = R C LY (A% (f*TV)). We can extend R over
WO ) and WP(fH) = U, e (£, H) with D = D(f)
of the intersection pattern f, by using the trivialization of ZD(f) over
these spaces introduced before this subsection, as long as we know how
to extend it over “base point” f(4, ) (ev, ) € D. But, because of the way
that we constructed R(f), each element of R vanishes in a neighborhood
of double points of ¥, and hence can also be regarded as an element

of Li_l(/\o’l(f(*cy e)TV)) when |||, ||0]| is small enough. If dimR = r,

then we get a r-dimensional vector bundle R over WED(f7 H). We will
use R, or R(g) to denote the fiber of R over g € WP(f, H).
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Corollary 3.1. When ||(«,0)|| is small enough,
Loty & Mgy : LS TVi1) & R(Jsy) = L (A7, 0 (TV))
is surjective, where
M9yt R(fa9) = Ly (NG 0y (TV))

is the inclusion.
Even though the moduli space MVD(J, H;%,9)N WED(f7 H) may not
be a manifold, if we replace the equation djpg = 0 by a weaker form

drug € R in ﬁ//ED(f7 H), then from the implicit function theorem and
the above Lemma and its corollary follows

Corollary 3.2. When ¢ is small enough,
Mg,e(J7H7i7g) = {g|g € WeD(f7H)7 8J,BT S R}

is a smooth manifold of dimension r + Index(Lp).

3.2 Main estimate for L, g+ )

Now we can extend all notions in previous subsection, which only involve
a fixed intersection pattern of domain parametrized by («, ), to incor-
porate the changes of the topological type of the the domains described
by the gluing parameter (¢, 7). Since this extension is straightforward,
we only summarize up the result here.

For a fixed parameter (a,0,t,7),

4
VIR = (1€ € LY (i pumT Vi) IEllip < )
gives a coordinate of We(a’&’tﬁ)('f7 H) via exponential map. The trivial-
ization of L*0LT)(f) — VVE(CY’&’]'L’T)(f7 H) via a J-parallel connection is
the same as before. With respect to this coordinate and this trivializa-
tion, the section

Opar - WD ([ H) = L))
becomes a function

F(O‘vevtﬂ—) : ‘/5(0[7077577) - Li—l(/\o l(f( )TV))

a,0,t,7
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whose linearization

L(a,@,t,ﬂ') = DF(a 0.t T)(O) : Li(f(*oz,@,t,T)TV7 h) — Li—l(/\OJf(*oz,@,t,T)TV))

WVl

is an elliptic operator.

Note that all Sobolev Lf-norm above are measured with respect to
the “standard” metric of X, g ¢ ;) obtained from the metric of X, g) via
gluing, and the metric on X, g is the cylindrical one on each principal
component and spherical one on each bubble component. Our goal of
this subsection is to obtain a uniform estimate for the right inverse of
the operator L, g+ 7) @ M(a,9,t,-) With respect to the parameters

(04707th) €As = {(Oz,@,t,T) | H(O&,O,t,T)H < 5}'

To simplify our notation, throughout this subsection we will use (y, v) to
denote the parameter (o, 8, ¢, 7) with y = («, 8) and v = (¢, 7), wherever
the context is clear.

To obtain the desired uniform estimate we have to use some exponen-

tial  weighted  equivalent norms on L% (f(*y U)TV, h)  and

LY (Ao’l(f(*yw)TV)) that we describe now. Note that along each cylin-
drical end of principal component of f, ), the metrics on the above
two spaces are already exponentially weighted. Therefore, we only
need to consider the double points of X, 4y, rather than those Yh oo
To simplify our notation, we may assume that (a,6) = (0,0) and
use X to denote X gy. Let diy,r = 1.---, R;, be the double points
of ¥, and Ds, (d;,) be the d;-discs centered at d;, with cylindrical
coordinate (s;,,¢;,). Here, d;, has been considered as a cylindrical
end with s;, = +oo, and dDs, (d;,) corresponds to {s;, = 0}. Now if
I{l,r) = (I';r"), we use Aj, = Ap s to denote the annulus in ¥g g -
which is the union of the sets {(si,,¢1,)|0 < s, < —logt;,} and
{(sypr, 00 1) |0 < sp v < —logty 1}, Let T, = Tf(dlyr)v. We may as-
sume that f(Ds(d;,)) is contained in the image of normal coordinate
N, C T, at f(d,). Therefore, each vector @ € Tj, can be thought of
as a vector field over V; . and hence a vector field u of f(*yW)TV. Here we
have used a cut-off function supported in A;, to extend u to a section
of f;, TV, still denoted by u. Let Sllﬁ, = SII,J,, be the “central circle” in
A, with coordinate,

Sip = — log |tl,r| or Syt = — log |tl/7,,/|7

then f(yw)(SllJ,) = f(d;,). Therefore, for any & € L} (f/ )TV), we define

(yv
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50 = (527») with each 52,, € Ty, given by:

%z/fmw
-

Let & be the corresponding C'*°-section of f(*y U)TV. When § is small
enough, we may assume that the annulus A;, are mutually disjoint. Set

=3¢,
lr

and &1 = ¢ — &0,
Definition 3.1. Let 0 < ¢ < 1. For any 7 in Li_l(/\o’l(f(*y 0 IV))
and & in LY (fr TV, h), we define

(y,v)
H77H><;k—17p = HUHk—Lp;u = |le"? '77Hk—17p

and

1€l = Hgluk,p;u + |€0| = [|e"Ellkp + |€0|7
where [€0] = |€°], and e#* is equal to e#*tr and s’ on Ay of By
and constant on ¥, ) \ Uy, A, For (£,() € Li(f(*yw)TV) D R(fy0)
define [[(&, O)llxikp = l€llxikp + IC]-

Proposition 3.1. The operator L, ,y & My, :

LY (Sl TV 1) & R(Jy) = Ly (A (S TV))
has a right inverse G under the above norm in the sense that there
exists a constant ¢ = c(f) depending only on f but not on the parameter
(y,v) € As such that for § small enough,

1G @)k < (O IMllxsk—1,p
for any n € Li_l(/\o’l(f(*yw)TV)).
Proof. Let N(,.) be the asymptotic kernel of L, ,y & M, ), which
is obtained from the kernel N of L & M by multiplying each element 7
of N a cut-off function B, 4, 7) = B(0,0,t,0), denoted by 5, defined by

{ ﬁt($)21 if$€2\(U1UU2),

Bi(x) =0 if the s;, or sp . coordinate of @ > —logt;, — 3,
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where
Ur = Ug (s O1r) [ 510 > —logty, — 4}
and
Uz = Uge o L (500, G0,0) s1,0 > —logt o — 41,
Now by our construction of fi, .y, fiy) (@) = f(di) if the (s, 1)
or (sp 1, tp 1) coordinate of # > —logt;, — 2. This implies that

ﬁ(y,v) nE Li(f* )TV7 h)

(yv

Let N(*y,v) be the L2-orthogonal complement of Ny in Li(']‘(*WJ)TV7 h),

where the L?-norm is defined with respect to the “standard” metric on

2

y,v) ‘
Set

C(yvv) = N(*y,v) @ R(f(yvv))

Because that the index of L, ) is the same as the index of L, we only
need to prove that for any ¢ = (£,v) € Cly,v), there exists a constant

C' = C(f) such that

16 M lxikp < CHL(y,v) (&) + Vllxik-1p

for |(y, v)| small enough.
If this is not true, then there exists a sequence of

C(y,u) = (5(y,u)77(y,v)) € C(y,u)
with |(y,v)| = 0, such that
(1) Hc(y,v)Hx;kyp = Hg(ly,u)uk,p,u + |€?y,u)| + |7(y,u)| =1

(2) 1) Ewy) + V@) lxsh-1,, = 0, when (y,v) = 0.

We will prove that (1) and (2) contradict each other.
In the proof, we will repeatedly use the following facts:

Lemma 3.2. Let B be a Banach space with a norm || - || and
U : B — RT be a convex continuous function. If{w(yw)} s a sequence in
B such that w(,.y — « weakly for some x € B, then
W(z) <liminf, ) W(z(y.,)-

We will apply this when W is continuous semi-norm with respect to
[Ra[V:2

35
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Lemma 3.3. (1) and (2) above imply that there exists a sequence

{ (g(y,v) ) 7(y,v)) }

such that
€8] + 1 waw] = 0,
when (y,v) — 0.
Proof. By definition,

|€?y7v)| - |§?y7v)|'
From (1), we know that

|§(Oy,v)| + |7(y,v)| <L

This implies that there exists a convergent subsequence {(é?y ) Viyw)) b
with limit 58 eT =1],, T, and yo € R(f). We only need to prove that
& =0, Yo = 0. The idea of the proof is to construct an element § € N*,
such that &(d;,) = (€%);, and L(£) + v = 0. But this latter condition
gives that 70 = 0 and £ € N, hence £ € N N N* = {0}. Therefore,
& =0.

To this end, we define £ from & in the same way as we define E?y )
from é?yw). Thus &) € T(f*(TV), h). Tt is clear that as (y,v) — 0, 5?@/,@)
is locally C"*°-convergent to &) in ¥\ Uy {d}.

Given R > 0, let Dg be the domain in ¥,y ( or in ¥ ) with
complement

Dy = Ui A(s1r,010) | 51, > R

From (1), we know that HE?y U)H < 1. This implies that for any R > 0,
there exists a C'(R) depending on R such that Hf(ly U)Hkm < C(R) for
all (y,v). Note that when (y,v) is small enough, all these E(ly u)|DR lie
in the same space for a fixed R by our construction of f, ). Therefore,
f(lyw)h)R — féﬁR weakly in L?-space for some Eg;R € LY (flpn)- By
letting R — oo and taking a diagonal subsequence, we conclude that
by a standard Sobolev embedding argument that all these &} ,’s can be
pasted together to yield a single section &} € L% . .(f, k) such that

1 1 1
g(y,v)|DR - €O|DR = gO;R

weakly in L}-space. Note here &} is only defined on the smooth part of
X
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Let & = £5+&4. Then Eyw)lDr = Solpy weakly in L7 -space. There-
fore,

Liy)€ypr = LéolDy

weakly in L} | -space. Our assumption (2) implies that

H(L(y,v)g(y,v) + 7(y,u))|DRHk—1,p — 0

as (y,v) — 0 for any fixed R > 0. From Lemma 3.2, we conclude that

H(L(fo) + 70)|DRH1€—17P < %;IE]I)IB)E H(L(y,v)g(y,v) + 7(y,v))|DRHk—17p = 0.
It follows that (L& + v0)|py, = 0 for any R > 0, hence L& + vo = 0.
By our construction <y vanishes on Ds, (d) = Uy, Ds, (d;,) of a &;-
neighborhood of double points of ¥ for some small §; > 0. It fol-
lows that L(&) = 0 on Ds, (d) \ {d}. This together with the fact that
€0l D5, (a)\{a3 |22 is bounded, which follows from our assumption (1) and
Lemma 3.2, implies that for each component (&g); of & the singularity
of (&) atdy,, r=1,---, Ry, is removable. Therefore each (§y); extends
to a section of L7 (f;TV). However, to prove that & € L} (f*TV, h), we
need to prove that , for any pair d;, = dp ., (&0)i(di,) = (So)p(dp ).
Note that & is already smooth, therefore in the cylindrical coordinate
(s1,d1,) near dy,., r = 1,---, Ry, all these three sections (&), (£9):
and (&}); of the bundle ffTV over X\ Uled“ are convergent uni-
formly with respect to ¢;, as s;, — oco. Combining this with the fact
that

1 o 1
1(€0)illo,pin < %Z{E)E}g Hg(y,v)HOJ?W <1,
which follows from (1) and Lemma 3.2, we conclude that

lim (&);=0 ,r=1,---,R,.

sr—+00
Therefore,
(o)ildry) = Slylrigoo(éfO)l(Sl,m(bl,r)
= Slyljgoo(fg)l(sl,m A1) = (€)1,

Now the same calculation also applies to ({p); with the same conclusion
that

(€0l (i) = (&)

37
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Now &, extends to a section of L} (f*T'V, h) such that L&+~ = 0. This
proves that 7o = 0 and {; € N. To see §o € N*, note that each &, .y €

N(*y,v)‘ Then the conclusion follows from the construction of N, .

Sobolev embedding theorem. Therefore, & = 0, and €0 = &o(d) is also
equal to zero as shown above. q.e.d.

Now L(,,) is a first order operator with a zero order term that
exponentially decays along each double point considered as a cylindrical
ends. This together with the fact that E?y v) is essentially a “constant”

and

vector field with |E?y U)| — 0 as (y,v) — 0 proved above yields

Lemma 3.4. The condition (1) and (2) in Lemma 3.3 also implies
that

. 0 -
(y%go HL(y’”)g(y,v) lk=1,p3u = 0.

From Lemma 3.3 and Lemma 3.4, we may assume that

(1) Hf(lyw)uk,p;u =1,
(I1) HL(y,u)f(lw)Hk_me —0 as (y,v)— 0.

Now we need to prove that (I) and (I1) contradict each other. To do this,
we need to have an estimate of E(lyw) on those middle annulus A;, =
Ap o with {U';r'} = I(l,7), where A, C ¥,y is defined as before, but
instead of using the coordinate (s, ¢;,) and (sy .+, ¢p 1), we introduce
a new cylindrical coordinate (v;,, ¢;,) on A;,. Since the estimate can
be done for each A;, separately, we will suppress all subscriptions in all
notation introduced.

Let 3 be a cut-off function on X, ,) which is supported in

y7’U

—-3<y<3

and equal to 1 on =2 < v < 2.

Lemma 3.5.

. ) -
(y%go Hﬁg(y,u)uk,pm =0.

Proof. Let T, ,y = —logT be the length of the cylindrical coordi-
nate along ~-direction. Define

C(y,v) : [_T(Z/ﬂ/)? T(l/ﬂ/)] X Sl — Tf(d)V

by )
DeXPf(d) (f(y,v) (77 ¢)) (C(y,v) (77 ¢)) = 6T(y7v).u€%y7u) (77 ¢) .
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Extend (. trivially over the whole cylinder. Then from (I) there
exists a constant ¢ such that

(0.2) le™ PGl < e

for all (y,v). Let (,,.);r be the restriction of ((,,) to the domain Zg =
[-R,R] x S!. Hence from (I) again, there exists a constant C'(R) de-
pending on R such that [|C(y )Rk, < C(R) for all (y,v). Therefore, as
(y,v) = 0,

(03) C(y,v);R — CO;R7

weakly in L} (ZRg, Tya)V') for some (o.p € LY (ZR, Ty@)V)- By the same
reason in the proof of Lemma 3.3, we have that all these (g,r’s agree
with each other on their overlaps to form a single element

Go € Li,loc(Rl X Slva(d)V)
such that (g|z, = (o;r. Now (0.3) implies that when (y,v) — 0,

(04) 5J0 C(y,v);R — 5J0 C0§R

weakly in L} (Zg, T4a)V) when dy, is the standard Cauchy-Riemann
operator.
Let L, .y be the lifting of L, .

responding lifting of the almost complex structure J. Then E(
the form

under eXPf(d), and J be the cor-

yw) 18 of

=~ 8C( w)iR 8C( w)iR
L(y,v) (C(y,v);R) = ;7 + JO ;¢
OC(y0);R

‘|‘(j— JO)(f(y’“))é?—qb + ARk

where A, ,).g is the restriction to Zp of some zero order operator A, ..
It is clear that when R is fixed,

lim |Aqg.url =0, and  lim 1J = Jo =0.
0

(y,v)—0 (y,v)— |f(yyv);R|

From (11) we have

(y}ir)go HL(y,v)C(y,u);RHk—Lp = 0.
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Hence

0.5 I 5 o .
o (y,ggou JOC(%U%RHk 1,p

By this,(0.4) and Lemma 3.2 we obtain

10.6C0:Rllk=1,p < Tim inf |, (y,00:r]l = 0.
(y,v)—0

Thus 3]0(0;3 = 0 for any R > 0, and therefore
(0.6) 95,60 = 0.
Now (I) implies that

HC(yw);RHO,p;(—u) = He_MﬂC(y,v)Hp

is bounded independently on R, that [|Colp;—,) < oo. This together
with (0.6) and the fact that the constant Fourier component of (ol o} 51
is zero lead to that (o = 0. By Sobolev embedding theorem we conclude
that for any fixed R > 0, ((y,.):r 18 C*=1-convergent to zero. Therefore,
when (y,v) — 0,

(0.7) I8¢y, lk,p
(0.8)

CNO5, (B k-1, i
C(Hﬁlc(y,v)uk—l,p + HﬁaJoC(y,v)Hk—l,p) — 0.

IAN A

This implies that

lim e Ttwe) 1 =0.
(y,v)—0 Hﬁg(y,v)ukvp

Hence,

g ( a0 =0.
(y,ggo Hﬁg(y,v)Hk,p,M

q.e.d.

Finishing the proof of Proposition 3.1
Let Ly, (f*TV, h) and Li_,. (A" (f*TV)) be the weighted Sobolev

k—1;p
spaces of sections of (f*TV, k) and A" (f*TV) over ¥\ U, {d;,} with
cylindrical ends near each d; ;.

It is well-known (Ref. [4] and [14]) that when 0 < p < 1,

L=L,:Ly (f*TV,h)— L}

k—1,p;u

(A TV))
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is Fredholm. It follows that there exists a constant ¢ = ¢(f) such that
for any & € Liw(f*TV7 h),
€Nk i < (1 Lpéllk=1,p50 + [En,D)

where £y, is the L*-projection of ¢ to the kernel N, of L,. Here the
L?-norm is still measured with respect to the “standard” metric of
Y\ U;r{d;,} induced from ¥. Because of the exponential norm imposed
on Liw(f*TV7 h), the removable singularity theorem is also applicable
to each element of N,, and thus N, C N.

Now (1 — ﬁ)f(lyw) is in Liw(f*TV7 h). Therefore, there exists a con-

stant C' independent of (y, v) such that

11— ﬁ)g(ly,u)ukm;u
< CUILL(1 = B)Ey ) k=t + (1= B) (&Nl
< C{HL(y,u)((l - ﬁ)f(ly,u))uk—lm;u
HC Tim (1= ey )N,

< C{QHL(Z/,U)g(ly,v)Hk—1~p§u + Hﬁ/f(lyw)Hk—l,p;M
+C' lim |(ﬁf(1y,u))N(y,v)| =0

(y,v)—0
when (y,v) — 0.
Hence,
Hg(ly,u)ukm;u <|(1- ﬁ)f(ly,u)ukm;u + Hﬁg(ly,u)ukm;u — 0,
when (y,v) — 0. This contradicts to (I). q.e.d.

3.3 Gluing

Now a direct computation shows that the pre-gluing f,.) is an asymp-
totic solution of d;pg = 0 when f is a stable (J, H)-map. More pre-
cisely, we have

Lemma 3.6.

(y%go 10,5 Fy) lxs—1,0 = 0.

To do gluing, we also need an estimate on the second order term

((y,v) in the Taylor expansion of F{, ) :

VI C LR TV ) = Ly (A (G, TV)),

(y,v (yv
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where ()(, .y is defined by

F(y,v) (5) = F(y,v) (0) + L(y,v) (5) + Q(y,v) (5)

Lemma 3.7. There exists a constant Cy = C1(f) only depending
on f such that for any &), Ny € Li(f(*y U)TV, h),

(4) HQ(E(@/,u))HX;k—Lp < Clug(y,v)uoougux;km?

Yy)

(47) 1Q () — QM) xik—1,p
< C(Hg(y,v)ux;k,p + "n(y,v)Hx;k,p)Hg(y,v) - n(y,v)HX;k,p-

Proof. The corresponding statement was proved in [4] when k = 1,
and 1 — % > 0. The general case here follows from that by a direct
induction argument. q.e.d.

Lemma 3.8 (Picard method).  Assume that a smooth map
[+ E — F from Banach spaces (E,||-||) to F has a Taylor expan-
ston

f(&) = £(0) + Df(0)E 4+ Q(&)
such that Df(0) has a finite dimensional kernel and a right inverse G
satisfying
1GQE) — G < CIE+ NImlD g = nll
for some constant C'. Let & = g&. If ||G o f(0)]] < 571, then the zero set
of fin Bs, =& |||€l| < 81} is a smooth manifold of dimension equal
to the dimension of kerD f(0). In fact, if

Ks, ={¢|€ € kerDf(0), ||€|| < 61}
and K+ = G(F), then there exists a smooth function
¢: Ks, — K+

such that f(&+ ¢(€)) = 0 and all zeros of f in Bs, are of the form
§+(8)-

The proof of this Lemma is an elementary application of Banach’s
fixed point theorem (see [4]). Applying this to our case, we get the
following gluing construction over a local uniformizer WE(f7 H).

Recall that given a stable (J, H)-map [f] € BP(%,7) of intersection

pattern D, let WED(f7 H) C W.(f,H) be the local uniformizers of the
neighborhoods

WP (f, H) = WP (f,H)/T; C W.(f,H) = W.(f,H)/T,



FLOER HOMOLOGY AND ARNOLD CONJECTURE 43

of [f] in BP(#,9) C B(&,3). We defined in Sec.3.1 a finite dimensional

vector bundle R over W.(f,H) and proved that the local moduli space
M%E(J,H;ﬁv,@) of stable maps in WED(f7 H) that satisfy the weaker
equation 5J7Hf € R is a smooth manifold. Now we extend this to
W.(f, H).

Proposition 3.2. For a gluing parameter (t,7) with |(t,7)] = 0,
when ¢€,0 are small enough, there is a gluing map

Tipry : MB(J,H; 7, §) — WD (f, H),

which is a smooth homeomorphism of M%E(J,H;i@) with its Ti; -
image, such that dymg € R(g) for any

g€ MU, H;2,9) = Ty o (MB(J. H: 2,.5)).

Moreover, if h € We(t’T)(f7 H) is a solution with 0;gh € R(h), then h
is in the image of Ty ry.
Let
MBI H; 7, 9) = U MYD (I, 157, 9)
(¢,7)eD’, DLD'<D;

be the union of all T(; .\-image parameterized by the gluing parameter
(t,7) € Ap,, where Ap = {(t,7)|(t,7) € D', D < D" < D1}. Then

./{/lvgle(J, H:;%,5) is a “cornered” smooth manifold of dimension

P (@) - @) 1= 32 =Y

with the induced “cornered” smooth structure from ./\/lgﬁ(J,H;i@) X
Ap, via T ={Ty -}, where (%) is the Cauchy-Zehnde/indeac of &, ny
and n; are the numbers of zero components of the parameter t and T
for a generic (t,7) € Ap , and r = dimR.

Proof. We start with the existence of T{; ;). Recall that we have used
N(y,v) to denote the asymptotic kernel L, .y, the collection of which
forms a trivial bundle over As = {(y,v)||(y,v)| < é}. Let N(WJ) be
the kernel of L, ,) & M, ). It is clear that we can identify the above
bundle with the bundle of the collection of N(WJ) over As. Now N(aﬁ) is

the tangent space of ./{/lvgg’f)(L H; %, y) at J(a,6), hence can be thought
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as a coordinate chart of it. If we can prove that N(@/,v)v which can be

identified with N(aﬁ), can also serves as a coordinate chart for the space

MED = {glge WO (f,H), 9 € R(g)},

we clearly obtain a gluing map

Ve M I G) - MY,

y,v s

T
Then we simply define

Ty = { Tiapm | (@, 0) € D}

To define T{, ), consider

F(y,v) (f) ©® M(l/v”) :
VI @ R(fiyy) C LESE 0TV 0) @ R(fiy)
= Ly (A" (S, TV))

given by: (£,7) = F(y.)(§) + 7. Since the map is linear on the factor
R, we have the following Taylor expansion:

(F(y,v) D M(y,v)) (57 7) = 5J,H(f(y,v))
+ (L(y,u) D M(y,v)) (57 7) + N(y,v) (5)

Now by proposition 3.1 and Lemma 3.7, we have

16 (5.0 Ny (€) = G Nwao) st < CIUNE) = N(m)llxsh-1,0
< C-Cill€ = nllkpUIE ke
+ nllxsh,p -

Let 6 = %0102. Then by Lemma 3.6,

G0y Pt ) s < N Fy i < 2
when (y,v) is small enough. Applying Picard method to the above
situation, we get the solvability of the equation 5J7Hg = R(g) in a ;-
neighborhood of f,.) with solution set parametrized by a d;-ball of
N(@/,v)' This establish the existence of T{y ;).

The “uniqueness” part of the Proposition directly follows from the
corresponding part of the Picard method.
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To compute the dimension of ./{/lvg;le(J, H;%,y), note that the virtual
dimension of M(J, H; %,7) is ut(§) — (%) — 1, and the appearance of each
bubble component will reduce the dimension by 2 and each principal
component by 1. The conclusion follows by the induction. q.e.d.

In above, we only proved the surjectivity of map 7T in terms of the
weighted (k,p)-norm. But for later application we need a version in
terms of L*-norm for stable (J, H)-map.

Corollary 3 3.
Ifg € W (f,H) with 9,549 =0 and

o1

1
Hg fy, HOO < mln{QCC 4 }

with (y,v) small enough, then g is in the image of T(, ).

Proof. Since d;1(g) = 0, we have

0= Fiy)(9) = 951 (fiy) + Ly (@) + N (@),

where ¢ is the coordinate of ¢ in Lp(f( TV, h). Hence

Yy)

0= G(y7'u)(8J7H(f(y7u))) + gﬁ(*y ) + G(y,v)N(g)v

where g5. is the orthogonal projection of g to the orthogonal com-
(yv)

plement N(*y,v) of the kernel N(WJ) of L(y.)-
Therefore

Hgﬁ* Hx;km

< C(H@JH( w)i=1.0 + N (9 xih-1,0)
< CNOsa (Fiyop)lxan— 1,p+001HgHoo 1191k

<CH8JH( )Hx,k 1,p §ngx;kmv

when ||(y, v)|| is small enough.
It is easy to show that ||§5||y;k,p can be controlled by [|§||~ uniformly
with respect to (y,v). This implies that

o1

~ 1,
91k < CuaJH( )Hx,k L,p §HgHX§k7P+ R
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when ((y,v)) is small enough. Therefore,

- - o
191 xshp < QCHGJ,H(f(y,v))Hx;k—lm + 31 < .

q.e.d.

Now
MEL(J, H; 7, 5)
= {(&§ ~Fp,(§) 1€ € ULL(f(,.TV.h), Fp, (§) € R},

where the union is taken over (y,v) € D' and D < D’ < D;. Consider
its projection to the factor K. From Smale-Sard theorem and the fact
that there are only finite number of intersection patterns between D
and Dy, we have

Lemma 3.9. For a generic choice v € R, the moduli space
MW (I H:3,9) = {g]g € MR Hi2,3), Fp,(§) = v)

of stable (J, H,v)-maps is a “cornered” smooth manifold with the correct
dimension p(y) — p(z) — 1 = >_n(D1), where n(Dy) = 2ny + n, for a
“generic” (t,7) € Dy. Furthermore, the transversality can be achieved
for all D" with D < D' < Dy simultaneously.

4. Relative virtual moduli cycle

In this subsection, we will globalize the construction of the local
moduli space M¥i(J, H; Z,7) of stable (.J, H,v)-maps described in previ-
ous section to get a compact moduli space M”(J, H; z, ) with a bound-
ary of right dimension. In fact, our construction yields a relative virtual
moduli Q-cycle, which will play a crucial role in the construction of
Floer homology in the next section. Different methods of constructing
such a virtual moduli cycle in absolute case have been developed in [13]
and [8] in the setting of Gromov-Witten classes during writing of this
paper.

As the first step of the globalization process, we need to formulate
the compactification theorem for moduli space M(J, H;#,7) of stable
(J, H)-maps, which was stated before for smooth curves with cuspidal
curves as their limits in [9] and [4], [5]. To this end, we introduce the
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weak C*°-topology for M(J, H; %, §j), which was used before by Gromov
and Floer for cuspidal curves.

A sequence {[u;]}52, of (J, H)-stable maps in M(J, H;, ) is con-
vergent to a (J, H)-stable map [us] € M(J, H;Z,§) if there exist rep-
resentatives u; € [u;] and wuy € [Uo] With domains ¥; of u; and X, of
U such that the following hold:

(i) B = Yoo, as i — oo in the sense that there exists a S, € FME,

without extra marked points with I(S..) = I(X¥) and local pa-
rameters (o, 8;,t;, 7)) in a neighborhood of ¥, in fM{J,k with
(viy0i,t;,7) — 0, and a family of identification maps:
¢iiii—>2i and¢oo:§]oo—>200.

(ii) For each compact set K C X \ {double points} U { cylindri-
cal ends}, let K; be the corresponding subset of ¥; via gluing
construction in WQk, when 7 is large enough. Then v; , =
(uw; 0 @)K is C'°°-convergent t0 Voo K = Uoo O Poo|K -

(iii) limjseo E(u;) = F(teo)-

With respect to this weak C'*°-topology, we have

Proposition 4.1. The moduli space M(J, H;%,§) of (J, H)-stable
maps connecting & and § equipped with the weak C'*°- topology is com-
pact. If

{lud} 21 = o

in M(J, H;2,9), then (i) E(u;) — E(us); (i) Ind(u;) = Ind(u.)
when i is large. Moreover, M(J, H;%,7) is Hausdor(f.

We remark that essential ingredients for proving the part of theo-
rem concerning compactness of M(Z,§;J, H) are already contained in
[18],[4],[5] and [19], where the corresponding theorems are proved for
cuspidal curves. The new feature for M(%,§;.J, H) is that we need
carefully keep track all markings introduced in bubbling process. Such
a deleting-dropping marking procedure leads to the convergence of do-
mains of a sequence of stable-maps to a stable curve rather than just a
cuspidal curve. This, in turn, leads to Hausdorffness of M(&,7;J, H).
It is well-known that for moduli space of cuspidal maps Hausdorffness
does not hold.

Proof. We only sketch a proof for the part of the theorem concerning
compactness, leaving the relevant analytic detail to readers to consult
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the above mentioned literatures. But we will give more detail for the
part concerning Hausdor{fness.

For simplicity, we may assume that ¥; = S? with three marked
points 1 = 0,22 = 1 and x3 = oo, which correspond to a free bubble
component and already contains essential features of the general case.

Let {[f:]}22, be a sequence of stable maps of bounded energy and
fi : 38; = V be a representative of [f;]. We give ¥; the usual spherical
metric. We start our adding- dropping marking process by adding a4
and x5 to X;, in such a way that x4 is one of the points in X; such
that |df;(z4)] = maxgex, |dfi(z)] and x5 corresponds to 1 € C under
the rescaling in the usual bubbling process, designed to capture the top
level bubble in bubble tree and described, for instance, in [4], [5] and
[15]. We may assume that x4 and x5 are away from x;,¢ = 1,2,3. By
deleting z3 and rename x4 to be 3 and z5 to be x4, we get a sequence
(35521, 29, 23, 24) € Mogq. Since we have assumed that bubbling do
happen, |df;(z3)] — oo. This implies that d(zs3,24) — 0 as i — oo.
Now we have an identification ¢; : XNIZ — 3; with XNIZ — E:X) in HOA
as i — oo. Here the “universal” curves {¥;} are obtained from X, by
gluing. FEach Y, and hence X, inherits a spherical-like metric from
Y. The above bubbling process can also be described by such a metric
change. However, in this new metric, the injective radius of 3; goes to
zero as ¢ — 00. In order to recapture all other bubbles, especially those
intermediate ones in bubble tree, we need to switch to cylindrical metric
near each z3 of 3;. Then the usual conformal rescaling process will be
applicable again. In such a way, we can get all possible top level bubbles.
By asimilar procedure to [4], we can also obtain all intermediate bubbles
by using the cylindrical coordinates and local convergence. For those
intermediate bubbles with only two double points that correspond to
the two ends of S! x R in our cylindrical coordinate, we will add a new
marking on the “middle” circle of S x R, where the middle circle divides
the energy of the bubble into two equal parts. Note that here both kinds
of unstable bubbles have a non-trivial energy which is bounded below
by some positive constant. This implies that such an adding marking
and bubbling process will stop after finite steps. We conclude that there
is an adding marking procedure according to successive bubbling and
local convergence such that (i) after deleting z3 = 2%, and adding new
xé, ‘e ,x}; to X;, we have a conformal marking preserving identification

(bi : (iivjivjév e 7j2) — (El?xi? T 7$;€)7
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with 3; € Mo, such that, lim;_ ié = Y., € ﬂo,k after taking
a subsequence. Therefore each Y; = X; gets a spherical like metric
induced form Y., through gluing.

(ii) Let K,, — Yo\ D, m = 1,2,---, be a sequence of compact

sets with K, CIC()'mH, and ioo \ D =U_, K,,. Here we have used D
to denote the set of double points of Xo,. Then for each fixed m, there
exists an ig,, > 0 such that K, — XN]Z when ¢ > i, , by the gluing
construction. Consider f“(m = fi o ¢i|k,,- We have

|df‘iy]\/ym ($)| < C = CI\”m?

when ¢ > ix, .

(iii) For any given ¢, 3 m(e) such that for all m > m(e),
E(fi|ii\Km) < €, where 17 is sufficiently large.

(i) and (ii) imply that after taking subsequence, {£;} is locally con-
vergent to foo : Boo — V. foo is almost a stable map without extra
markings except that the following two cases may happen, which violate
the definition of stable maps. First case is that some stable components
may still contain the original marking z; and z,. In this case we only
need to drop the extra markings. The second case is that there may
have some unstable trivial components being stabilized by z; and z,.
For this case, we only need to drop the corresponding marking in ¥; and
contract the corresponding components in Y. We leave the detail to
readers to verify that such a deleting marking process will still keep (i)-
(iii) above and we get a stable map limit foo without any extra markings.
It follows from (i) and (iii) that E(fs) = lim;_e E(f), [foo] = [f:] in
Hy (V) when i is large and the image of (f;) is C%-convergent to image
of (foo) This completes the sketch of the proof of the compactness of
M(z,y;J,H).

To prove the Hausdorffness, let sequence {f;} and {f/} be two dif-
ferent representatives of {[f;]} with domains

(Ei,$1,$2,$3) = (E;,$/1,$/2,$é) = (52707 1700)‘

There exist conformal identifications ¢, : 3 — %; such that f] = f; 0.

Applying the above adding-deleting marking process to both of the
sequences, we get {f;} and {f;} with new domains (E“ T1,-+, %) and
(E;,ﬁvl, e, @) in ./\/lok and M respectively. ¢; induces an iden-
tification zbz E’ — Y such that f’ = f; o ¢;. Note that v; does not
preserve markmgs in general. By taking a common subsequence, we get



50 GANG LIU & GANG TIAN

two limit stable maps f., and f(’x) with domains X, and ifx) in Mo
and Mo ' respectively.

We need to prove that k£ = k" and there exists a marking preserving
identification 0 : 3 — Y such that f’ = foo 0 o

To this end, consider the image of f... As a set of V consisting
of all limit points of im({[f;]}), it is well-defined, not depending on
any particular parametrization of the domains of {[f;]}. Let fc be the
cuspidal map obtained from foo by shrinking all its trivial components.
Let EC be the domain of fc Then fc = f¢ ox, where f¢is a simple
cuspidal map, and 7 : Ego — EOO is a continuous surjective map between
the two cuspidal domains, which is a holomorphic branch covering on
each component of igo f<, gives rise to a holomorphic parametrization
of im(foo), which is one to one away from finite points. It is easy to
see that such a simple conformal parametrization is unique up to a
conformal identification of the cuspidal domains of fC. In particular,
the image D = f., (D) of double points of £, is a well-defined finite set
of V.

Let 3N be a subset of Y., which is the union of domains of all
nontrivial components of f., and denote foo|iN by fN We define D =

(fN)=Y(D). Then D contains all double points of N as a subset. For
each € > 0, let N, be the e-neighborhood of D in EN and define K, =
EN \N Then for ¢ large enough, the compact set K, is also contained
in 3; through gluing. We will also use KE to denote the K, in X;. Next
we consider e-neighborhood N, of D in V, and define compact subset
e =Y \ [NV, and CF = 3 \f (75) in ¥, and X; respectively.
The following two facts concerning K, and C. are crucial for the proof
of Hausdorffness:

) K., c C.,, K. cCl;

e

() C., C K., C! CKL;
where €1 << ¢y and ¢ is large enough.

Note that C’é behaves well under the identification map ;; that is,
if we run through all the above constructions for {f/} and get K’, C’
respectively, then C? = ¢;(C?). Combining this with (I) and (II) above,
we conclude the following;:

() K., C (K.) C K., in % if ¢ << € << ¢ and 7 is large
enough.

This implies that each component of Ig'é, is contained in one and
only one component of K, for some ¢ << ¢ under ;, where 7 is large
enough.
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Note that those boundary components of K, near points of D \D
are contractible in X;. Therefore, we can determine if a component of
K, lies in an unstable component of S, by counting how many non-
Contractible boundary components of it are in ;. Since both S, and

/. have no extra markings, each component of K, (K/,) that lies in
some unstable component of ¥, (3 ) will contain one or two markings
when ¢ (¢/) is small. Combining this with (I1T) we conclude that ; maps
each component of IE", to a component K., preserving the number of
ends ( non-trivial boundary Components) In particular, the markings

&'s of M4 j=1,---, K, map into ¥; under ¢ such that they all stay

in a compact set K, < 3; for all large 7, and that the number of Q;Z(f;)
contained in each component of K. is the same as the number of Z; in
the same component.

In the case that some components of IE", contain two markings, say,

&', and &', the distance between t; (& %) and i (%)) in the corresponding

]7
component of K, is bounded below.

This implies that & = &’ and that

Grs (St 3 = (Sa @), - (@)

induces a conformal identification
Goo + (S8, 1) = (Booi Yoo (#1) -+ Yoo ()

By letting € and ¢’ go to zero and using the relation of K’ . and K, under
¥;, we also conclude that as maps: f’ = [ 0o When restricted to
non-trivial components of E’ Since ¢m also sends trivial components
of f]’ to trivial ones of Eoo, we have f’ = fo 0. Note that domain
of foo here is (oo Yoo (1), - -+, Yoo(@)) as a stable curve with marked
points. Since there are no extra markings, there exists an automorphism
A of f]oo~such that A(#;) = theo (&) for i = 1,---, k. This implies that
[f2] = [l

A similar argument shows that not only any two adding-deleting
marking procedure coming from bubbling as above gives rise to an
equivalent limit map, but also any other adding-deleting marking pro-
cess appeared in the definition of weak limit will lead to equivalent limit
map. We leave to readers to carry out the detail of this similar argu-
ment. q.e.d.

If all 3; remain in the same topological type, from elliptic regular-
ity and decay estimate along its cylindrical ends of stable (J, H)-map
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detailed in [5] it follows that this weak C'*°-topology is the same as our
L% -topology on M(J, H;3,7).

To compare the stronger L?-topology on M(J, H; &, ) induced from
B(z,7y) with the weak C'*°-topology here, we may assume only bubble
components appear when topological types change in the weak limit,
since the relevant result concerning principal components has been al-
ready established by using Floer’s gluing process for those components.
Now observe that the definition of [u;] — [us.] in the sense of weak C*-
topology implies that v; x — v,k for any compact subset K C igo
Now E(u;) = E(v;) and the energy identity in Floer-Gromov compact-
ness theory above implies that when K is large enough, for any given
5 >0, E(Mfi\lﬂ'i) < 4. It follows from the monotonicity of minimal
surface that the image of Ui|§i\Ki is contained in a prescribed small
d-neighborhood of u.,(d), where d is the set of double points. This to-
gether with the construction of pre-gluing v(,, g, 1,7, ©f Vs implies that
the C%-distance of v; and U(a,0:,t;,m;) 18 less than any given € > 0, when
¢ is large enough.

As we did before for the stable (J, H)-map f, here we can also con-
struct the local hypersurfaces that are transversal to v, at its free pa-
rameter. We still use H to denote the collection of those hypersurfaces.
In general, v; may not be in W, (v, H) because v; may not send its
marked points @ = {z;} into H, but rather send its points & = {i;}
into H, with each 95; € Ds,(x;) for some §; depending on ¢. From the
construction of WQk, it follows that there exists another set of pa-
rameter (af, 8., ¢:, 7/), which is “close” to (ay,0;,t;,7;), “parametrize”
(X

~1 Ni . . . . .
il tivri)s L1t , 1), i.e., there exists an identification

Qbi : (E(agﬁl{,tgﬂ'i’y L1y o 7$k) — (E(O‘iﬁhtiﬂ'i)? jlh s 7@2)

Let v} = v; 0 ;.
It follows from the proof of Lemma 2.2 that § — 0. Therefore,

(a7, 8, t:, 7)) — 0 also as i — oo, and v} ;o — Ve k for any component

K. Clearly, v} € WE(UOO,H) and [v]] = [v;]. It is easy to see that the
above proof of that v; and v(4, 6, 1,,r,) are (C%-close also implies the same
conclusion for v! and V(as6: 7). By Corollary 3.3, when ¢ is large
enough, each [v]] is in the image of gluing map 7. This proves

Lemma 4.1. The two topologies are equivalent on M(J, H; %, 7).
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Because of this, M(J, H;Z,y) is also compact with respect to the
strong L}-topology. Now consider the covering

U Wﬁf(vaf)

[f1eM(J H;&,5)
of M(J, H;%.§j), where
W, (f;Hy) =W, (fiH))/T;

is the image of the local uniformizer Wef(f; H/) in B(Z,§) under the
natural projection, and we have used subscript f in €; and H; to indi-
cate the dependence on f. From the compactness theorem and Lemma
(4.1) it follows that there exists a finite set {f;;1 < ¢ < m} such that
{We, (fi; Hy); 1 < i < m} already form a covering of M(J, H;%,5). We
will use WZ and W; to denote /I/Iv/q(fi, H;) and W,,(f;, H;) respectively.

Let W = U2, W;. There is an orbifold bundle £ = U, L; over
it. Recall that the fiber (L;)[, for [g] € W; consists of the equivalent
classes of sections Ugepg Ly _; (A>!(g*T'V')) with the obvious equivalence
relations via pull-back action of reparametrization of domains. The
isotropy group I'; of f;, which acts on W;, has a lifting action on £; as
bundle isomorphisms.

To describe the orbifold bundle structure here in detail, we need
to review the standard definitions of orbifold and orbifold bundle. Let
W be a Hausdorff topological space and U be an open set in W. A
local (C'°°—) uniformizing system {ﬁ,F,ﬂ'} for U with uniformizer U
is defined as follows. U is a connected open subset of some Banach
space , I' is a finite group of effective C"*°-automorphisms of (7, and 7
is a C*°-map from U to U such that for any ¢ € I', 0o ¢ = 7 and
the quotient map 7 : ﬁ/F — U is a homeomorphism. If {(717F177T1}
and {Uy, 'y, w2} are two uniformizing system of U; and U respectively,
an injective C'*°-map A between them is an open embedding of Uy into
U, and an injective group homomorphism from I'y into I'; such that A
commutes with the projections m;, i=1,2 and that A o ¢ = A(¢) o A for
any ¢ € I'y. If' A is invertible, it is an equivalence of the two system. In
particular, each ¢ € I' induces an equivalence of {U,I',7} onto itself.
We say that W is a (C°°—) orbifold if there exists a family ¢ of local
uniformizing system for open subsets of W, called defining family of W,
such that the following hold:

(i) W is covered by Uﬁeuﬂ'U(U).
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(i) If g € UyNU, with U; = 7V (U;) being U-uniformized , there exists
a U- uniformized open set Uz C U; N Us such that g € Us.

(iii) If (Uy,Ty,m1) and (Uy, Ty, my) are two local uniformizing systems
in U such that Uy C U, then there exists an injective map

Al? : U1 — UQ.

A (C*°—) orbifold bundle £ over W is another orbifold together with
a continuous projection p: L — W satisfying the following condition:

(i) Each open set E2 = p~!(U) for some U-uniformized open set U in
W is uniformized with respect to the uniformizing system (E, e, ﬂ'E)
in such a way that there exists a Banach bundle structure p : E— (7,
where U is the uniformizer of the uniformizing system ((7, Y, 7Y of
U. Moreover, we require that ' = TV = T" as an abstract group, and
the action of I'F on F is by the bundle maps which are lifted actions of
the corresponding ones on (7, and that the induced quotient map of p is
just p. We will call the system (E, (7, L, p, 7% 7Y) a local uniformizing
system for the orbifold bundle £ — W.

(ii) If Uy C Us, there exists an injective map A = (A¥, AV) between
the local uniformizing systems (El, (71, Iy, p, e, 7%)  and
(EQ, (72, Ty, po, 752, 7TU2) in the obvious sense. More precisely, we have

such that /\E~and AV are the injective maps of local uniformizing systems
of F;’s and U;’s, i=1,2, and that A is a bundle map. In particular for
any u € Uy,
5 ~ ~
M Eye - B = (E2)\o

is an isomorphism.

Let W be an orbifold and @ € W be in the image of some local
uniformizing system ((7, L'y, 7). Clearly all isotropy groups I'y, u €
(mr) " (u) are conjugate to each other. We define order of % and u to
be the order of I',,. It follows from the definition of orbifolds that the
order of u is well-defined, independent of any particular choice of local
uniformizing systems.

For the purpose of this paper we need to extend the notion of smooth
orbifold to the case of partially smooth orbifold. A Hausdorff topological
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space W is said to be a partially smooth (Banach) manifold if it is a
stratified Banach manifold and is a partially smooth orbifold if it can be
covered by a local uniformizing system & such that each uniformizer in
U is an open set of some partially smooth manifold. Here we require that
all maps and group actions involved in the definition of partially smooth
orbifold are not only continuous but also smooth when restricted to each
strata. All other notions we introduced above for smooth orbifolds can
be easily extended to the partially smooth case.

In the rest of this paper, we will simply use orbifold and orbifold
bundle to refer partially smooth ones. We now come back to the orbifold

W=uUZ,W.(f;H)=U~W,

and the orbifold bundle £ — W mentioned before in this section. We
have

Lemma 4.2. W is an orbifold and L — W 1is an orbifold bundle
over W.

Proof. L — W is covered by {£; — W;},, which is uniformized
by L — WZ We only need to prove that for any u € W; N W; there
exists an open neighborhood U of w in W; N W; such that the induced
uniformizations of £ = L]y — U from the above two uniformizations
are equivalent.

To this end, we describe the induced uniformizations near w first.
Let 772»_1(11) ={u;r}, k=1,---, K;. Then all isotropy group I'; , = ', ,
are conjugate to each other and K; = #(I';/1'; ). If we choose an open
neighborhood U; of u in W; small enough so that T_I(Ui) can be de-
composed as a disjoint union of its K; components U, gy k=1 K;
with u; ) € Uzk, then I'; ; acts on Uzk so that UZ k/F r = U,. There—
fore we get K; equivalent local uniformizing systems (U%k7 U g, mix) for
U;. Similarly we get K; local uniformizing systems (ﬁj7k7rj7k7ﬂ']‘7k) for
U; ¢ W; with u € U;. We may assume that U; = U; = U. We need
to prove, for example, for £k = 1, that the two local uniformizing sys-
tems ((72'717FZ'7177T2'71) and (ﬁj71,Fj71,77j71) are equivalent. Since w;; and
u; 1 are merely two different parametrizations of the same stable map
i, they have the same intersection pattern, say D. Let UD and UD

be the corresponding strata in Ui,l and Uj71. We define an equlvalence

AP = AL _ between (~]Dl and (7Dl as follows. Let X = Xy be the
Ui1,Ujn & Js
domain of u;; and w;; with marked points ¢ = {z;}, ¢ = 1,--- ,k,

and H; and H; be the corresponding collections of hypersurfaces in V/

55
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used to define the pre-slicing WZ and Wj. Choose an automorphism
¢i; X — X such that u;; = wu;1 0 ¢; ;. Recall that any element
g€ (72%71 C WZ»D implies that g(x) € H;.

Now go ¢; ; is close to u; 1 = u;1 0 ¢;; if g is close to u; ;. Therefore
there exists a unique z, in a small neighborhood of x such that g o
¢ii(xy) € Hj. Let ¢, : ¥ — X be the automorphism sending z to
z4. We define M(g) = go ¢i; = ¢4. Clearly AP maps (72%71 to (7]%
and commutes with projections m; and 7;. By a similar procedure for
extending group actions of I'; from WZD to Wi, we can easily extend AP
to A: (72'71 — (~]j71 which still commutes with 7; and 7;. This proves that
W has an orbifold structure. The proof for £ — W being an orbifold
bundle is similar. We omit it here.  q.e.d.

Remark 4.1. Let Dt be the top strata whose domain Xp, is
St x R', and Dg be the strata whose domain Y py consists of “bro-
ken” cylinders of at least two elements. If WPT and WPB are the
corresponding strata of W, then from the construction of our slicing it
follows that WPT U WP# is contained in (W)*, where (W)* is the set
of smooth (i.e., order 1) points of W. Let S be the singular set of W
which consists of all points of order greater than 1. Then the domains
of any its elements have at least one bubble component.

As we know from Lemma 2.7 that the 8JH operator gives rise to a
I';- equivariant stratawise smooth section of,C — VV27 t1=1,--+,m,and
hence descends to a well-defined section of the orbifold bundle ,CZ' — W;.
These local sections can be pasted together to yield a well-defined global
section of the bundle £ — W. As before we still use EJ,H to denote this
section. As we showed in last section that on each Wi, we can use a
“generic” y;-perturbation to alter the aLH—section such that

MY = @y +vi)7H(0)

has a boundary of the correct dimension. The question here is how to
globalize this. Note that in order to achieve transversality in each Wi,
it is necessary to use non-equivariant perturbation v; : W; — ZZ', which
is a multivalued section of £; — W;. If W, " W, # 0, we have to know
how to transform v;| _ ~1(w, ;) Into a section (or sections) of the bundle

L; — W restricting to T L(W; n W;). It follows from the definition of
orblfolds that for any g € W NW;, there exists a nelghborhood U="U(g)

of g with U J C W; 0 W; and two equlvalent uniformizer U and U of U
with UZ C WZ and U] C W]. Let /\g : UZ — U] be a equivalence between
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them. Then it has a lifting /\%Cj  Li — Zj such that X;; = (/\fj,/\g)
together give a equivalence of the two local orbifold bundles. This ob-
viously induces a transform of I/Z'|[7i to U;. However this construction is
purely local and A;; is not canonical due to the automorphisms of Iy,
and Ly These difficulties are also the reasons that one can not find a
global uniformization for a orbifold bundle in general. However it is still
possible to find some weaker induced structure of our orbifold bundle,
which serves well as a suitable substitute of a “global uniformizer” of
L—Ww.

We already sketched how to construct such a “global uniformizer”
in the introduction of this paper. The rest of this section is devoted to
the details of this construction and its related relative virtual moduli
cycle.

We start with constructing V;, ... ;, mentioned in the introduction,

yin

where the indices iy, - - - , 2, corresponding to all possible indices of non-
empty multi-intersections W; N---W; . We will use N to denote the col-
lection of all such indices. We define the length of the index (i1, ,1,)
to be n and let A, C N be the set of indices of length n. We will also
use short notation I to denote (i1,---,,).

Lemma 4.3. There exists an open covering {Vi ...}
(i1, +++, in) EN of M(J, H;%,7) such that

(Z) Vil,w,in C Wil QWQ ﬂ---ﬂWin, fOT all (il,--- ,in) € N;
(it) CU(Vy) NCUVL) =0 if the length 1(I1) = [(I3), and I # I5.

Proof. We may assume that there exist open sets W! cC W,
i=1,---,msuch that {W}'i=1,--- m} already forms a covering of

M(J, H; z,7). For each fixed ¢ we can find pairs of open sets Wij CC Ug,
j=1,---,m such that

WlccUlccWlccUt---cc W™ =Ww,.
Now define

In+1
where J = (jh U 7jn—|—1)-
Clearly the family {V;, ... ., (i1, ,4,) € N} so constructed satis-
fies the condition in the lemma. q.e.d.

Let

Wit sin = Wi 00 Wy

Liysin = Llwiy -
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There are n uniformizing systems

~ —~ - W
(,C ~ ., . ~ LT ~ R ~ . )
LS T A L S B SR P USRI WRTPE FL A F DOPPRE T HRTPIN 19
of
(£i1,~~~,in7”il,m,in)v k= 17 y 1,

with covering group I';, , induced from

Tk

(il ) 2 (Lo Wi ) = (Lo, W),

’Lk7

where

and _
1, "7{];7“. in ('C’Ll,ﬂn)|fwv”7 i -t )

stn
We want to construct the pull-back of these morphisms, denoted by

C W oAl i Tl in ) ) : )
(Ti1,~~~,in7 ﬂ-il,"',in) N ('C’Ll, in 7Wi17...7in ) — (£217"'72n7 W21,~~~72n)

)

with covering group

11, in (21

We start to define

W oo

SRS
. ) € Wi1,~~~,in7
= {U|U€ H Tk 7T k) — ﬂ_ZV(ul) 9

and I'y =17, ... ;,. Then v

11, in

where u = (uq,- -, u,) with uy € WZk
is the composition of [[;_, m;, restricting to Wfl with A1 of the in-
verse of n-fold diagonal. If J = (j1,---,jm) € 1 = (i1,--+,4,), there

exists an obvious projection map
W1 . 70 sl
(T)y Wit =Wy
induced from the corresponding projection Hikel Wzk to HjleJ le such
that 7%¥ o (#")] = EL o7}V where E7 is the inclusion Wj — Wj.
All the above constructions can be directly extended to bundle case
and we get a system of bundles {p; : EEI — VV{I}7 IeN.
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Note that for any fixed I with {(I) > 1, W{I is not a (partially)
smooth manifold in general but rather a (partially) smooth variety, i.e.,
locally it is a finite union of (partially) smooth manifolds. In fact for
u € W{I with w = (ug,---,u,), @ = m;, (ug), there exists an open
neighborhood U of @ in W, such that for the inverse image Uy = 7Ti_kl (U)
in Wik, there exist (n— 1) equivalence maps Ay : Uy — (~]k, k=2---,n.
Composing with the actions of automorphism group I',, of ﬁk, we get
[I—5 |Tw;| equivalence maps:

¢kAk:(71_>(7k7 k:27"'7n7 ¢k€ruk

Clearly u = (uq,---,u,) € [[j_; Uy is contained in W{I if and only
if ur, = ¢pAr(uq) for some ¢ € 'y, . Similar results hold for bundles.
Therefore, locally the bundle decomposes into its |[',,|*~! irreducible
components, each being a vector bundle.

We summarize up the above discussion in the following lemma.

Lemma 4.4. There exists a pull-back
Ty (EI,WfI) — (L1, Wr)

of the n uniformizing systems

- ) = (L1, W)

1yt tks oy tn ( U1y gy ytn 1y lky i

in the category of (partially) smooth variety such that the automorphism
group of my s 'y =1y, x Iy, -+ x I'; and the induced quotient map

T (L) /T, W Ty) — (L1, W)

is a homeomorphism. The inverse image 77" (L), (W1)*) of smooth
points is a pair of smooth manifolds and the restriction of
w1 to m7 ((L1)%, (W1)®) is a |Uq]-fold covering of ((L1)®, (Wr)*®). For
any J C I, there exists a projection
I ~Tr 1570 Ty 15T
Ty ('CIIvWII) - ('C:JJ?WJJ)v

whose generic fiber contains |HjleI\J I';| points. Moreover, we have
WJOW§:F§OWIf0r each I € N.

Now we define

Vi=(r) 7 (V), Er=(r) 7 (Llv,).
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Then the bundle (E[7‘7[) are still a pair of smooth varieties, and for
any J C I the projection 775 still can be defined when restricted to
(7]~ (E;, Vi) n(E}, V7). Since locally V; is a finite union of its smooth
component and E[ decomposes into vector bundles over these local com-
ponents, a local section of the bundle can be defined as a union of single-
valued sections over those local components. They agree to each other
over smooth points. As the local sections so defined are functorial with
respect to restriction, a section of the bundle can be defined by patch-
ing these local sections together. We will say a section Sy : ‘7[ — E[
is smooth if locally Sy restricted to any of those smooth components
is smooth. For a smooth section S7, we say Sy is transversal to zero
section if locally Sy restricted to any of the smooth components of ‘7[ is
transversal to zero section .

Now let (E,V) be the collection {(E5, Vi),7%;J c I € N} of the
system of bundles together with their morphisms. We define a global
section S = {S;;I € N} of such a system by requiring the obvious
compatibility condition:

(75)*Sy = S1(x))~'V;

over smooth points. Note that from now on, it is to be understood that
pull-back of sections is only defined over smooth points. 5 is said to be
transversal to zero section if each Sy is.

Now the section 0 : W — L gives rise to a global section of the
bundle system (E, ‘7) in an obvious way. Our goal now is to perturb EJ,H
to get a global transversal section. To this end, we need to know how an
element v; € R; can be interpreted as a global section of (E, ‘7) first. By
multiplying with some I';-equivariant cut-off function 3;, we may assume
that the support of each element v; is contained in W}! = 7! (W}!) and
that {U?;i=1,---,m} already forms a covering of M(J, H; %, §j), where
U° = {u|ue Wi, Bi(u) > 0} and U® = 7;(U°). Here we need to assume
that the index p in L}-norm which we used before to define WZ is even
in order to be able to construct 3;. Now since each v; vanishes near the
boundary of Wi, we may consider it as a global multi-valued section v;
of £L — W supported in U? cC W}.

Lemma 4.5. FEach v; € R; gives rise to a global section p; =

{(Zi; T € N'} of the system (E,V).
Proof. Let I € N with ¢ ¢ I and consider V7.
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Recall that if I = {iy,---,i,}, then

In+1

with J = (j1,- -+, Jnt1). Since i ¢ [,

1% Whn--nWEA\WEO---nWnCUW,)

C
C W\CIWh.
Therefore, the intersection C1(U?) N CI(V;) = . Hence #]y, = 0 for
any I € N with ¢ ¢ I. We define (7;); =01if i & I.

Now assume that ¢ € I.

When I(I) = 1, I = {i}, ‘7[ = ‘72 and (%) is just v; : WZ — ZZ
restricted to ‘72

If we denote {i} by I;, then for any I with n =1[(I) > 1, we have

wf s (L W) = (L1, W) © (L3 W3).

Therefore, (7£)*(#;), after the obvious extension gives rise to a section
k3

of B — ‘71, denoted by (7;);. Clearly the section ()7, I € N so
constructed are compatible to each other and yields a well-defined global

section 7; = {(7;)1,1 € N'} of the system (E, V). q.e.d.

Let (£, V) be the space of global (smooth) sections of (E, V). The
correspondence v; — 7; is a linear map of the vector space R; into
F(E, ‘7) Define R = @, R;. Then the above maps induce a linear map
R — T(E,V). Consider the system

(E’XZ(g:ﬂ'fva’,vXZg):{(E[XZ(g:ﬂ'i‘E’[,v[XZ(;);]EN}

of bundles, where Zs is a d-neighborhood of zero of R, and 7 is the
projection to the first factor of E¥ X Zs. There is a well-defined global
section EJ,H + e defined as follows,

(D70 + €)(ur,v) = dymur + e((#) 1, up)

for any (ug,v) € Vi X Zs, where e : ['(V, E) x V — E is the evaluation
map.

Theorem 4.1. 9 +¢ is a smooth section of (w3 E,V x Zs), which
is transversal to zero section. It follows that when & is small enough for
a generic choice of the perturbation term v € Zs the section EJ,H + v

61



62 GANG LIU & GANG TIAN

V — E is transversal to zero section and that the family of perturbed
moduli spaces

MY = { MY = @5 +01)7H0); T € N}
is compatible in the sense that
MY = My (Imeh), T 1.

Moreover, the image M" of MY in W is compact with boundary com-
ponents of “right” dimension.

Proof. EJ,H + e is obviously smooth. From the main estimate of last
section and the construction of R; it follows that

(@1 + €)lgoy 7, : UP x Zs — =7 (Lil)

is transversal to zero section, where ¢; is the same as the evaluation
map, but replaced R by R;.

Now {U?;i = 1,---,m} already forms a covering of M(J, H; %, 7).
Given any u € Vi, let @ = ©/(u) € V7. Then there exists a U? such
that @ € UP. Since U?NVy # 0, i € I as we proved before. Therefore

EJ,H + € is also transversal to zero section near
IN=1/770 ~ 147
(77[,') (Uz N Wilv"'ﬂﬁ)?

where I; = {i} and I = iy,---, i, as before. This proves the transver-
sality for Jjp + e. By the implicit function theorem applied locally to

each (partially) smooth component of V = {Vi;1 € N'} we obtain that
(Orm+e)70)={(@sm +e)7' (01 e N} C V x Zs

is a family of “cornered” (partially ) smooth subvariety.
Let
7 (Ogm +e) 1 0) = Zs
be the restriction of projection of V x RtoR. Itis easy to see that

Smale-Sard theorem is still applicable in this case. We conclude that
for “ generic” choice of v € R, J; + v is already a transversal section

of (E,V).
The compatibility of the family of zero set

(MY T eNY = {051 +€)7H0)}
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follows from the fact that 9,5 + v is a global section of (E,V).
What left is to prove the compactness of MY,
Because

H(J7H7i7g) C Ui 1U207

EJ,H never becomes zero along the boundary

But from the construction of R, it follows that v = 0 along 9(U™,U?).
Therefore we have M” C U™, U? CC V. Let {w;}2, be a sequence of
MY, We may assume that all @; are contained in V7 for some I € A. Let
u; € ./\/l” CVywithw, == ( ;). We need to prove first that the section
vy of the bundle E[ — VI has a bounded Lp norm. Since v = . . j @ij€ij
with {e;;;7 = 1,---,n;} being the basis of R;, our assumption that
veELs CR 1mphes that all |a;;| are bounded. Therefore we only need
to prove that all the lifting {e;; } r over VI of e;; , which is defined over W
originally, are still bounded. As noted before, we only need to consider
the case that ¢ € /. From the construction vy, the boundedness of ||u||x.p
will follow easily if we can prove that all “coordinate changes” between

Wi’s are induced from those reparametrizations which stay inside a
compact subset of SL(2,C). To this end, we consider WS = Cl(W};),

it =1,---,mand W7, = W0 W7 with ﬁ//f and /VIV/;C], C WZ»C be the
lifting of them in the uniformizer WZ* Here we have assumed that the

uniformizer WZ* is defined over a slight larger set than WZ

Let M;; = M(J, H; %, 5)N W¢,;. Then M;; is compact. Let
(77, 77 < B(3,9),k=1,---,m"}

be an open Coverlng of ./\/l” in B(x ) such that each component of

ﬂ'_l(Zk’]) and 7 (Zk’]) in W¢ and WC respectively is a uniformizer of

K3 K3

Z,i’j. Now for each fixed pair of components of 7, (Zk’]) and 7 (Zk’])7
the equivalence between them are induced by some automorphisms of
domain which are contained in a compact subset of [[.SL(2,C). Since
there are only finite 7,7, all these coordinate changes are still induced
from a compact set of [[SL(2,C). Now let Z%/ = UkZ]i’j and use
(Wi \UrziW5,) Uri Z%* to replace W;, i = 1,- -, m. They still form an
open covering of M(J, H;Z,§) and all previous constructions work in
the same way as before. All “coordinate changes” now stay in a compact
set .
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We need to prove that u; € .//\/lv§ C ‘7[ has a limit in Hikel Cl(Wik
Since we can do this componentwisely, we may assume that {(I) =
and I = {1}. Then we have {u;}?2, € UY C Wy and

vi = 0y (w) € (L1)u,

has a uniform bounded L}-norm. Note that from the construction of R
it follows that v; vanishes near all double points of the domain of u;. By
the standard elliptic estimate, there exists a u., € Wy such that some
subsequence of {u;}22,, still denoted by {w;}, is weakly C'**-convergent
t0 Us,. Similar argument for proving the equivalence of weak C'™ -
topology and the L%-topology for M(J, H; z, j) stated at the beginning
of this section proves that the above convergence is actually also in the
L?-topology.  q.e.d.

).
1

9

As we noted before, for the top strata D or the strata Dg of “bro-

ken” connecting orbits, WZ»DT and WZ»DB are contained in the smooth lo-

cus W2 C W,. It follows that ‘7[DT =771 (VPT) and ‘ZDB = 7 (VPE)
are also smooth. For our purpose, we only need to consider those “bro-
ken” connecting orbits of only two components. We will still use Dg to
refer this particular intersection pattern. Then M?’DT = M?ﬂf/IDT and
M»Ds = M? ﬂﬁIDB are smooth manifolds of dimension p(y) —p(2) —1
and pu(y) — p(2) — 2 respectively. In fact, let ./{/lv*;’c = ./i/lv‘;’DT U MV*IL’DB.
Then ./{/lv?c is a smooth manifold with boundary and its boundary is
8@7?0 = ./K/IV?DB. Let N; = order of I';, where I'; is the isotropy group
of f; with W; = W,, (fi; H). Then Wf =77 H(W?) — W? is a N;-folded

covering. It follows that VIDT (resp. ‘7[DB) is a Ny = [[;e; Ni-fold
covering of VIDT (resp. VIDB)7 and

e TP AT Sl (T AT
is a Nj/Nj-folded covering. Now

—I .=

Oy +vr)= (x]) (Ogm + Vi)

It follows that (ﬂﬁ)*(M;’DT) = NI/NJMVZ’DT. Therefore if we consider
each NLI./\/I?DT7 i € N as a rational “geometric” chain, then they can

be pasted together to define a “fundamental” cycle of M. We formally
denote this as )
CMY) =) M~
IeN
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Here the summation is somehow abused since on the overlap of two
pieces of C'(M") we only count them once.

More precisely, for each MU’C IeN,let {I;” o0 be an increasing
sequence of Compact submanifolds with boundary of ./\/l , such that
./\/l =Uu I(I Fix a I(I and choose a triangulation of it. For each
simplex in I(I we choose its orientation induced from that of ./\/l
Then we take the summation of all oriented symplex of top d1m~en510n
in K7. This gives rise to a singular chain in M7°. We use S(K7) to
denote it. Let

S(K}) = w10 S(KY)
Ny
be the corresponding rational singular chain in ./\/l

Now for each I € N, choose a fixed I(I in M 7o By using subdi-
visions and the above compatibility condition of those ./\/lI s, we can
arrange that for each simplex ¢} € I(I, 77{,(01) is a simplex of I(J, if
J < Tand K?Nrh(K?) 0.

Now let n varies, we may also arrange that E}”|K? is obtained from

f(l by some divisions as simplicial complex if m > n. It follows that for
each fixed n we can define a singular chain C(K ) to be the summation
of all those singular maps in S(K ), I € N. Note that on those overlaps
where more than one singular maps appear we only count once. There
is an obivious restriction map r™ : C'(K™) — C'(K™), m > n, given by
the subdivision mentioned above. Therefore, we can define C'(M") to
be the inverse limit of {C'(K™)},. Note that each element of A" will
be covered by some K™,
Now we have

Theorem 4.2. C'(M") is a relative virtual moduli cycle of dimen-
ston p(y) — p(z) — 1 with

— 1 ~,
ACM)) =) :F/\/l Dz,
Ien 1

In particular, when p(y) — p(z) < 2, we have ./{/lv?c = ./{/lvf hence
CM") =X jen oMY
Corollary 4.1. When p(y) — p(%) = 1,

MY =Uren M7
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is a finite set, and
CM") =D —My
renv 1
with each M? being finite.
When 1(3) — u(z) = 2,
— 1 ~
CM) =D —M"
IeN N1
and )
Vil _ . NU,DB
ACM)) = M
IeN
with eac_h ./i/lv?’DB being a finite set. Moreover, the oriented number
#0(C(M7)) = 0.

Remark 4.2. Here we have used the fact that each of these M?’D,
I € N has a canonical orientation. Details related to this can be found
in [5], [7] and [19].

Now each “broken” connecting orbit u € M?’DB = M?’DB(QE,@)
with p(y) — p(2) = 2 has a form u = (uy,ugz) with u; € ./T/l/?ll (%, 2),
uy € ./{/lvf(,%,y) and p(2) — () = 1, p(y) — p(2) = 1. Therefore if we
construct each

M(7,9) = {M}(7.9), 1 € N(#,9)}
inductively with respect to u(Z,7) = u(y) — (@) starting with u(z,y) =
1, then for u(z,7) = 2, M»P5 (%, §) of “broken ” connecting orbits has
been already constructed and is just

U M2 x M(5,5).

It is easy to see that we can extend this “product” type v defined for
strata VPB to V itself in our previous construction. Since

VPo(&, ) ={V,"" (2,9); 1 € N(&,9)})

~ . ~ .. L e N(f 2’)
=U 2o v Pr yvDr ) b5 2),
525:27; ;} I ($7 Z) X Ir (Zv y)7 12 € N(Z, y) 3

ZUly=1

we have Nj = 211+I2:IN11 X Ng,. It follows that



FLOER HOMOLOGY AND ARNOLD CONJECTURE

Corollary 4.2. When p(y) — p1(

=1
e

ll
“[\')

Y CM(&,2) x C(M(2,5)) = 0(C(M'(&,5)))-
w(#, 2)
w(z, 9)

Therefore #(>

18 zero.

These last two corollaries and their analogies for the s-dependent
pair (Js, Hs) are all what we need to extend Floer homology to any
symplectic manifold and to prove Arnold Conjecture in general.

We remark that it is possible to formulate the construction of the
virtual moduli cycles by using the desingularization of the bundle system
used here.

5. Floer cohomology and Arnold conjecture

In this section we will complete our long journey of extending Floer
cohomology to an arbitrary symplectic manifold without any positivity
assumption on its first Chern class and proving Arnold conjecture in
general. In view of the “classical” Floer cohomology our task here is
quite a routine after the last two corollaries which we proved in the last
section.

Recall that for any generic Hamiltonian function H, we have defined
the graded Q-space: C*(H) = C*(H;Q) = &,C"(H) as follows.

Each element £ € C"(H) can be written as a formal sum £ =
Zu(%):n &:Z, with & € Q and 2 € f’(H) such that for any ¢ > 0,

#{2]& # 0,an(3) < ¢} < oo,

C*(H), as a vector space over Q, is of course infinite dimensional in
general, but it is finite dimensional over the Novikov ring A,,, which can
be defined as follows (see [10] for more details). Recall that we have
used I' to denote the image of m3(V) in Hy(V;Z) under the Hurewicz
homomorphism modulo torsion. The symplectic form gives rise to a
homomorphism w : I' = R. If {e;;i=1,---,m} be the Z basis of ', we
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may identify any element A € I', A = A;e; with (Ay,---, A,). Choose
m indeterminants ¢t = (¢1,---,t,,). We define A, to be the collection of
formal sums
A= Ag-t!
Ael

with A4 € Q satisfying the condition that
#H{AeT | M #0,w(4) <c} <

for any ¢ > 0. Here we have used t* to denote tfl -t‘;? o-tdmowith

A= (A1, ,An). Ay is a ring with the obvious multiplication
A=A AptttE,
AB

In our case that all coeflicients A4 € Q, the ring A, is in fact a field.
C*(H) becomes a vector space over A, under the following scalar prod-

uct:
M€= > A Eapst
z A

where (—A)#2Z is the usual connect sum. Clearly the dimension of
C*(H) as a Ay-space is just #P(H). Note that the above scalar product
does not preserve the grading of C*(H).

In order to make the grading Q-space C*(H ) into a cochain complex,
we introduce a “generic” w-compatible almost complex structure J and
its associated moduli space of stable (.J, H)-maps M(J, H; Z, §j) which is
the stable compactification of the moduli space MP7(J, H; %, §) of the
connecting orbits between ¥ and . We can associate ./\/lDT(J7 H;z, 9)
with a finite open covering W = {W;;i=1,--- ,m} with W; € B(%,§).

Let A be the nerve of W. Then we can define the compact moduli
space of stable (J, H,v)-maps

MH(Z,5) ={M"(Z,9); 1 € N}
and its associated relative virtual moduli cycle
—_l o~ 1 AAVC )~ ~
OOV (,3)) = Y - Mi“(09).
I
IeN

In the case that u(y) — p(z) < 2, ./{/lv?’c(i,y) in the last expression is
just MY (Z, 7).
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Now the coboundary operator § = &y, : C*(H) — C*(H) is de-
fined by
§() = Z #(C '9)) -y
=k+1
for any & € C*(H).
It follows from Corollary 4.1 that n (%, §) = #(C(M’ (&, 7))) is finite.
The Corollary 4.2 implies that

6-5@): Z Z n(z,§)j =0

k+1u =k+2

for any & € C*(H).

Therefore we define Floer cohomology FH*(V,w;J, H,v) of (V,w)
associated to (J, H,v) to be the homology of the cochain complex
(C*(H),05m).

Rename the “parameter” (J, H,v) by (Jo, Ho,vp). Our goal now
is to prove that FH*(V,w;Jo, Ho, 1) is isomorphic to H*(V,A,) =
H*(V,Q)® A, , and as a consequence, to prove Arnold conjecture in
general.

To this end, consider a “generic” time-independent pair (Jy, Hy).
When the C?-norm of Hj is small enough, all elements of P(H;) will
degenerate into non-degenerate critical points of Hy. The lifting f’(Hl)
of P(H,) is defined as before. But any element z € P(H;) has a form
Z = [z,w] with w € I'. u(2) = Indy, (2) — n + 2¢1(w), where Indg, (2)
is the Morse index of the critical point z and n = (dim V') /2.

Now we can run through the whole theory again for the time-indepen-
dent pair (Jq, Hy) as we did for (Jy, Hp). However there is a difference
between these two cases. Namely, there is an extra symmetry along
-direction for the time-independent pair (Ji, H1). Because of this, the
definition for WQk of F-stable curves here needs to be modified by
requiring that the automorphism group of each principal component is
R' x S! rather than just S'. The rest of the theory before can also be
modified to incorporate this symmetry. After such a modification, we
will still get a orbifold covering W = {W;;i=1,---,m} of M(J, H; %, )
with nerve N as before. However, due to the extra #- symmetry, the
dimension of

M = (M T e N
and its associated relative virtual Cycle

__Wl 2{: AAuh

Ie/\/
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is u(y) —p(2)—2 instead of pu(g)—p(Z)—1 as long as all the elements used
to construct M*1 and C'(M*1) are away from “Morse cell” My, (v, y).
Here My, (z,y) is the moduli space of unparametried “broken” gradient
lines connecting  and y which is contained in M (J;, Hy; %, §) as an iso-
lated compact component, if [w,] = [w,] € Ho (V) with & = [z, w,] and
y = [y, w,] hence ¢;(wy;) = ¢1(w,). Now assume that pu(y) — p(2) =
1. Then away from My, (z,y), MY (J1, Hy;2,5) = 0 simply for di-
mension reason. Therefore we only need to consider My, (z,y) with
Indg, (y) — Indg,(z) = 1 in this case. In fact, because each element of
My, (z,y) is homotopically trivial, we also have w, = wy in the case.
Combining all these together we have

Lemma 5.1. For a generic time-independent pair (J1, Hy) with Hy
being a C?- small Morse function, the Floer cochain complex
(C*(H1),01, Hy ) constructed as before is just the usual Morse cochain
complex with N, as its coefficient ring. Therefore, the Floer cohomology
FH*(V,w;Ji, Hi,v1) is isomorphic to H*(V,Q) @ A, of the ordinary
cohomology with A, as coefficient ring.

In view of this, in order to calculate F'H*(V,w;Jo, Ho,vp) for the
time-independent pair (Jo, Hp), we only need to prove that

FH™(V,w; Jo, Ho, vo) =2 FH*(V,w; Jy, Hy,v1).
For this purpose, we define a chain homomorphism

(b(lJ : (C*(H0)75J07H07V0) — (C*(H1)75J17H17V1)

as follows.

Let (Js, Hys), s € R be a “generic” pair of a family of s-dependent
w-compatible almost complex structure J; and Hamiltonian functions
H, such that (Js, Hy) = (Jo, Hp) when s < 0 and (J,, Hs) = (J1, Hy)
when s > 1. Such a family of (Js, Hy) can be viewed as a deformation
between (Jo, Ho) and (Jy, Hy). Let 2 € P(Hp) and 2, € P(H;). We
can define the moduli space M (Jy, Hy; 2, 31) of stable (J,, H,)-maps
connecting Zg and Z; in a similar way as before, but the equation for a
stable (J,, Hy)-map u : X — V with principal component u, : ¥, — V,
p=1,---, L1, need to be modified by requiring that there exists an
index pg € {1,---, L1} such that (i) u, is a stable (Jo, Hy)-map if p < po
and is a stable (Ji, Hy)-map if p > po; (ii)

Oup,
a6

Dy,

2 (5,0) + J, (0 (5.0))

(5,0) + VH,(uy(s,0),0) =0.
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As we did for (Jy, Hy), we can also extend the previous theory to
include this case. But there is a difference of this case with the case of
(Jo, Hp) again.

Because of the s-dependence of the equation for stable (Js, Hy)-
maps, we do not have the s-invariance for the particular principal com-
ponent wu,,. We have to incorporate this into all the construction be-
fore. The output of such a modified theory for (Js, Hy) is that the
dimension of the compact moduli space M"*(J,, Hy; 20, Z1) and its as-
sociated relative cycle C(M ™ (J,, Hy; %0, 21)) is just u(3o, 2;) rather
than u(Zp,21) — 1. In particular, if the relative index p(Zp,21) = 0,
MVs(Js, Hy; Zo, 21) is just a finite set and the oriented number

n(207 21) = #C(mys (JS7 HS7 207 21))
is a well-defined rational number. We define
$(Z0) = D nlZ0, )%
u(1)=k

for Zo € C*(Hy).

Lemma 5.2.

(b(lJ : (C*(H0)75J07H07V0) — (C*(H1)75J17H17V1)

is a chain homomorphism.

Proof. As in the “classical” Floer cohomology, this follows from the
analogue statement of Corollary 4.2 for (J,, Hs). q.e.d.

Similarly, we can also define an “inverse” chain map ¢} of ¢? from

(C*(Hl)v 5J17H17V1)
to

(C* (H0)7 5J07H07l/0)'
Now we can state our last theorem.

Theorem 5.1. ¢ induces an isomorphism (¢9)* of the Floer coho-
mology
FH™(V,w; Jo, Ho, 1)

and

FH*(V,w;Ji, Hi,v1).
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Proof. The proof is identical to Floer’s original proof for the “classi-
cal” Floer cohomology after replacing all his constructions involving the
“classical” moduli space of (J,, Hs)-holomorphic maps by our relative
virtual moduli cycles. We will only indicate main steps involved here
and leave the details to the readers.

Let ¢3 = ¢ o d? and ¢t = ¢% 0 ¢}. We only need to prove that (¢9)*
and (41)* are identity maps of FH*(V,w;Jo, Ho,1vp) and
FH*(V,w;Ji, Hy,v1) respectively. Since the proof for the two cases are
the same, we only deal with ¢3 = ¢} o ¢9. It follows from the definition
of ¢} and ¢? that for any & € C*(Hy),

&(#) = Z S on 2% € CH(Ho),

(2)=Fk p(9)=Fk
where § € P(H,) and
n(E,§) = #(C(M" (J5, Hy; 7, 7))

Therefore Zu(g):k n(z,9) - n(y, z) is just all possible pair (uy, ug) with
uy € MY (Js, Hs; 2,7), ug € M (Js, Hs; 3, %) counted with sign and
the fractional multiplicity in the corresponding virtual cycle. Now we
introduce a new parameter p € [0, +00) and a one parameter family of s-
dependent family (.J5, HY). However, unlike (.Js, H;) where the variation
of (Js, H) along s-direction is concentrated in {s;0 < s < 1}, (J7, HY)
varies along {s;—p—1<s<p orp<s<p+1}. More precisely, we
define

(i) (J£, HE) = (Js—p, Ho—p) whens > p

(i) (J§, HE) = (J—s—p, H-5_,) whens < —p

(i13) (JE, HY) = (J1, Hy) when —p<s<p

For such a two parameter (p, s)-family, we can also develop all previous
theory in this case. In particular, for p large enough, there is a gluing
map:

T, : M"(Js, Hs; 2,9) x M (Js, H; 7, %) M (JELHE 7, 2),

which is a orientation preserving bijection. It follows that when p is
large enough, ¢3 is the same as (¢,)9 defined by

(@9 = 3 nl@.i)g

u(g)=*k
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for & € C*(Hy), where
——f .
(@, g) = #(C(MT (Y 1 2, 9))-

Now let p vary to p = 0 first. We get (J2, H?) which is (J5, Hs) when
s > 0and (J_s, H_5) when s < 0. Clearly (J2, H?) can be deformed
further into (Jo, Ho) of the original s-independent pair. Let (J5, HY) be
the latter deformation with —1 < p < 0 and (J;1, H; 1) = (Jo, Ho). It
is easy to see that (¢_1)g is just the identity map of C*(Hp). Therefore
(#3)* will be identity map of FH*(V,w;Jo, Ho, 1) if we can prove that
the chain maps (¢,,)5 and (¢,,)5 are homotopic to each other. This
latter statement can be proved in the same way as the “classical” case
with the same kind of modification we mentioned before. q.e.d.

Corollary 5.1 (Arnold Conjecture). For a non-degenerate time-
dependent Hamiltonian function H,

#P(H) > > bi(V).
This completes the proof of the Arnold conjecture.
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