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TOWARDS THE HOMOLOGY OF HURWIT?Z
SPACES

STEVEN DIAZ & DAN EDIDIN

Abstract

The purpose of this paper is to construct a complex which com-
putes the homology of Hurwitz spaces of branched covers of P1.
We also compute some of the low dimensional homology groups
of a compactification of the Hurwitz space, and report on com-
puter calculations performed in specific examples.

1. Introduction

In this paper we develop a cell complex that computes the homol-
ogy of the Hurwitz space of branched covers of P'. The motivation for
this construction is to compute the Picard group of SH;;, the Hur-
witz space parametrizing degree-k covers of P! simply branched over b
points. In particular, the second author conjectures that Pic(SHjp) ®
Q = 0, and using calculations made with our complex we present evi-
dence for the validity of this conjecture.

Our complex also easily explains some known facts about the ho-
mology of SHy;, leading us to believe that the complex is natural and
worthy of further investigation. For example, our complex comes from
a representation of a compactification of SH; ; as a cell complex with
no cells in codimension b or higher contained in SHy ;. It follows that
H*(SH;,) = 0 for i > b, a fact which is also a consequence of SHy
being affine. Likewise, calculating the top homology of our compactifi-
cation easily reduces to the classical combinatorial problem associated
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with counting the number of connected components of SHy ; (this num-
ber is well known to be 1 - [2], [9]).

One reason to be interested in the Picard groups of Hurwitz spaces
is the connection with the Picard groups of moduli spaces of curves.
A k—sheeted cover of P! simply branched over b points, is, by the
Riemann-Hurwitz formula, a smooth curve of genus g = %— k+1. Thus
there is a map of SH;, — M, which, when k¥ > 2g — 2, has uniform
fibers. The methods of [12] show that in this case Pic(SH; ;) @ Q =0
if and only if Pic(M,) ® Q= Q.

Since Harer [7] has established that Pic(M,)®Q = Q for g > 3, the
Picard group of SH; is torsion when b is large relative to k. Thus, it
is natural to conjecture that it is torsion for all values of k£ and b, and
we show this in some examples. Conversely, a proof of the conjecture
mentioned above, for all values of k£ and b, would yield a new proof of
Harer’s theorem on Pic(M,).

The contents of the paper are as follows. Section 1 is the introduc-
tion. In Section 2 we define Hurwitz spaces as well as compactifications
of them, which we will decompose into cells. The advantage of compact-
ifying is that it is easier to calculate homology on compact topological
spaces. We also prove statements which are sufficient to relate the ho-
mology of Hurwitz compactifications to the group of codimension-one
algebraic cycles on SHy ;. In Section 3 we describe the map from Hur-
witz space to the moduli space of curves, and prove that if £ > 2g — 2
then Pic(SHy ;) ® Q =0 if and only if Pic(M,)Q=Q.

Section 4 describes the complex which calculates the homology of
Hurwitz spaces. The idea is to use the fact that Hurwitz spaces are
étale covers of configuration spaces of points in P' corresponding to
configurations of the branch points. Likewise, the compactifications we
consider are defined so that they are branched covers of simple com-
pactifications of configuration spaces. Since it is relatively easy to give
a cell decomposition of a compactified configuration space where the
complement of the open configuration space is a subcomplex, we ob-
tain, by lifting, a cell decomposition of SH} , (the compactification of
SH,;) where SHy, — SHy; is a subcomplex. We then use the mon-
odromy of the covering map to give a method for explicitly describing
the boundary maps on the lifted cell complex. The calculations made
here are the key to the paper and are what enable us to compute what
we know about the homology of Hurwitz spaces.
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Using the techniques from Section 4, we prove in Section 5 a theorem
about some low dimensional homology groups of the compactifications
S—Hk,,, for all values of k¥ and b. In Section 6 we use our complex to
compute the top homology group of SH;; and show that the calcu-
lation reduces to the classical combinatorial problem associated with
counting the number of components of SHj ;. The section also con-
tains a summary of computer calculations which we made using our
complex. We also discuss various conjectures and counterexamples on
the homology, and Picard groups of Hurwitz spaces.

2. Hurwitz spaces and compactifications

In this section we define the different Hurwitz spaces that we will be
considering in the paper. Each parametrizes degree k coverings of P!
simply branched over b distinct points.

e H,, - the space of covers branched over b ordered points in P*. It

is an étale cover of (P')® — D; here D is the union of all diagonals.

e SH;, - the space of covers branched over b unordered points in
P'. SHy, = H /S, and is an étale cover of P* — D; here D
is the discriminant divisor and S, is the symmetric group on b
letters.

e AH;, - the quotient of Hy, by PGL(2,C), the automorphism
group of P'. It is an étale cover of M, the open moduli space
of smooth b—pointed curves of genus 0.
When it is clear which Hurwitz space we are using, we will often drop
the sub and superscripts.
We will also consider the following compactifications of Hurwitz
spaces; each is a normal but usually singular variety.
e H,, - The normalization of (P!)® in the function field of H, kb

° :S'—Hk,b - The normalization of P* in the function field of SH kb

Remark. Unfortunately, it does not seem possible to interpret the
boundaries of these compactifications as representing any geometrically
significant functor. In his thesis, S. Mochizuki constructed a compacti-
fication of AH} ; using Harris and Mumford’s theory of admissible cov-
ers. However, it seems out of reach to construct a cell complex for his
compactification for which it is possible to make explicit computations.

Proposition 2.1. The space SH,, is the quotient of Hy, by the
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(non-free) action of Sy induced from the action on (P')°.

Proof. If A is a ring which is integrally closed in its function field,
and G is a finite group acting on A, then it is easy to see that the
invariant subring A€ is integrally closed in its function field. Thus,
taking a quotient by a finite group preserves normality, so H} /S, is
a normal variety. By construction, Hk,b /Sy and S—Hk,b have the same
function field and both admit finite maps to P*. Since SH}; is defined
to be the normalization of P* in the function field of SHyp, there is a
finite surjective map Fk,b /Sy — ﬁk,b. On the other hand this map has
degree 1, and both varieties are normal, so it must be an isomorphism.
q.e.d.

Let H and H refer to the Hurwitz spaces and their compactifications.
Also let A denote H — H. Consider the long exact sequence of a pair

oo = Hi(A) = H(H) = H(H,A) — ... .

Since the open Hurwitz spaces are smooth, Lefschetz duality implies
that the term on the right can be identified H?*~*(H), (the real dimen-
sion of SHy , and Hy is 2b) In particular we will look at the terms

(21) N sz_z(A) — sz..g(ﬁ) — Hz(H) - ... .

Because A has dimension 2b — 2, the first term is just the number of
irreducible components of A [6, Lemma 19.1.1}.

Proposition 2.2. If the map i, : Hy_(A) = Hyp_o(H) is sur-
jective, then H2,(H) = 0, where H2 (H) is the image of Ay_1(H) in
H2.

Proof. The proof is straightforward given the following commuta-
tive diagram of exact sequences:

Hyp2(A) = sz—2(F) — H*(H)
T t t

Ay, (A) — Ab—l(H) — Ab._l(H) =0
If the map Hy_»(A) — Hy_o(H) is surjective, then the map
Hy,_o(H) — H?*(H) is zero. Commutativity thus implies that the map
Ay_1(H) — H?(H) is zero, which is what we needed to show. g.e.d.
Proposition 2.2 gives a concrete way of checking that HZ (H) is

zero. All we need to do is to check that Ho,_o(H) is generated by
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cycles coming from A. In the sequel, we will give cell decompositions
for which A is a subcomplex, and give an algorithm for computing the
homology. The next proposition shows that Pic(H) may be computable
as well.

Proposition 2.3. Assume the hypothesis of Proposition 2.2 above.
If in addition, Hy,_,(H) =0, then Pic(H) = H},(H) = 0.

Proof. Let H*™ C H be the smooth locus. Because H is normal,
H — H*™ has real codimension at least 4. Thus, by the long exact
sequence of a pair and Lefschtez duality, Hyy_;(H) = H'(H*™). Now
let X — H be a desingularization which is an isomorphism over H,
and consider the exact sequence:

oo = Hyp_y (X — H*™) — Hyy_y(X) > HN(H™) > ... |

The groups at the ends are both zero, so Hp_;(X) = 0. Since X is
smooth, H!(X) = Hay,_;(X), by Poincaré duality. Since H is projec-
tive (see Section 4.4), we may assume that X is projective. It then
follows from the exponential sequence and the Hodge decomposition
that Pic(X) injects into H?(X).

Now consider the diagram of exact sequences:

Hapyo(X —H) S Hyo(X) S H2(H)
T~ 1d Tc
Ay (X —H) B A4 (X) L Ay (H) =0

Since the lower j* is surjective, any element in A,_;(H) is of the form
j*z for £ € Ay_1(X). Suppose that cl(j*z) = 0. Then j*cl(z) = 0, so
cl(z) = i.(y) for y € Hyp—2(X — H). Since the leftmost vertical arrow
is an isomoprhism, cl(z) = cl(i.z) for some z € A,_;(X — H). On the
other hand, the middle vertical map is injective, so z = 1,2, and thus
j*z = 0. This proves that the map cl : Ay_;(H) — H?*(H) is injective.
On the other hand, we proved in Proposition 2.2 that the map was
zero. Therefore, Pic(H) = Ay_,(H) =0. q.e.d.

Remark. Since the proofs of Propositions 2.2 and 2.3 do not depend
on the coefficients, they also hold with rational coefficients; i.e., facts
about the rational homology of Hurwitz spaces imply statements about
H2, ®Q and Pic® Q.
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3. The map from Hurwitz space to moduli space

Each of the Hurwitz spaces Hy y, SHy 5, AH} , maps to M, the mod-
uli space of curves of genus g = 2 — k + 1.

The purpose of this section is to relate Pic or H, ‘f,g of any of these
Hurwitz spaces to the corresponding groups for M,. Since the argu-
ments are virtually identical for either group, we will, for the rest of the
section, use the generic notation #?(X) to consistently refer to either
of Pic or H},. Rational coefficients are assumed throughout.

In particular, we prove the following theorem which is due to Mochi-
zuki [12].

Theorem 3.1. Assume that k > 29 — 2. Then the following hold:

(1) H*(H) = 0 implies H*(M,) = Q; here H refers to any of the
Hurwitz spaces mentioned above.

(2) H2(M,) = Q implies H*(SHy,) = 0.

Remark. The proof of this theorem is contained in [12] using the
language of stacks. We go over the proof by the language of schemes.
The argument presented is similar to that given in [3] for the maps
from Severi varieties of plane curves to M,.

Proof of Theorem 3.1. Set G, = AHy;/Ss; this quotient parametrizes
g+’s with exactly b simple branch points. The following proposition is
the first step in the proof.

Proposition 3.1.

(1) H*(H) = 0 implies H*(Grp) =0

(2) H*(Gr,5) = 0 implies that H*(SHy,) = 0.

Proof of Proposition 3.1. Consider the following Cartesian diagram:

Hk,b — SHk,b

4 {
AHyp — Gy

The horizontal maps are finite étale, so the pullbacks are injective on all
cohomology groups. The vertical maps are PGL(2,C) bundles. Since
the first characteristic class of a principal PGL(2,C) bundle is zero,
the vertical pullbacks are isomorphisms on (complex) codimension-one
cycles ([15]). Combining the facts above proves the proposition.

To complete the proof of Theorem 3.1 we now prove

Proposition 3.2. Assume k > 29 — 2. Then H?(Gi) = 0 if and
only if H*(M,) =Q.
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Proof of Proposition 3.2. If C — M is a family of curves, let J*(M)
denote the Picard scheme parametrizing degree k line bundles on the
fibers of C over M. If that family has a section, then there is a Poincaré
bundle £ on J¥(M) x 5, C ([13, p. 22]). Let M’ 4 M, be a finite cover
over which the pullback, C’, of the universal curve has a section. Let £
be the Poincaré bundle over J*(M')x 1C', and set G (C') = Gr(2,7.L)
where 7 : J¥(M') xpp C' = J¥(M') is the projection. Set G;, =
Grb X, M'. The arguments of [3, Lemma 3] show that G; , C G;(C')
is an open subscheme. Furthermore, the arguments of [12] show that
Gi(C') — Gy, consists of three irreducible components of codimension 1,
which are independent of 2. The remainder of the proof is essentially
identical to [3, Section 5]. q.e.d.

4. The cell complex

In this section we show how to express certain compactified Hurwitz
spaces as cell complexes. Both the cells and the boundary maps are
explicitly described. The cell complexes have the property that the
points added to compactify a Hurwitz space form a subcomplex. This
allows the computation of certain homology groups as well as in certain
cases the map i, in Proposition 2.2 of Section 2. These calculations are
described in Sections 5 and 6.

The basic idea is as follows. Observe that in the map of a com-
pactified Hurwitz space to the base product of P!’s or to a single P?,
ramification can only change when more branch points in the curves
being parametrized come together. Construct a cellular decomposition
of the base such that whenever more branch points come together there
is a new cell. It is then possible to use the cell decomposition of the
base to induce a cellular decomposition of the covering Hurwitz space.

We now proceed to make these ideas precise and explicitly carry them
out. We first do it for ordered branch points, and then by analyzing the
action of the symmetric group we are able to give a cell decomposition
in the case of unordered branch points.

4.1. Cell decomposition of the base. The cell decomposition
given here is similar to the cell decompositions for configuration spaces;
for references to the literature on this topic see the book by Vassiliev
[14].
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We first define a cellular decomposition of (IP!)®.

View P! as CU oo and let z; = a; + v/—1c; be a holomorphic coor-
dinate on the finite part of the j’th P!,

(2b)-cells: There are b! of these, one for each ordering of {1,... ,b}.
Let 0 € S;,. Then the open cell corresponding to o is defined as:

{(zl, ce ,zb)|a,(1) > Qgz) > ... > a,(b)}

(note that all of these cells are contained in the finite part of (P!)%).

All cells of lower dimension are obtained from the (2b)-cells by a
finite sequence of the following three types of operations.

(1) Set one complex coordinate equal to co.

(2) Set two real coordinates equal to each other; this is only allowed if
the two real coordinates are adjacent in the ordering given by the prior
cell. One must then order the imaginary coordinates corresponding to
the equal real coordinates.

(3) Set two imaginary coordinates equal; this is only allowed if the
corresponding real coordinates are equal as in (2) and the two imagi-
nary coordinates are adjacent in the ordering of the prior cell.

Thus a cell will be described as follows: some of the coordinates
will be co, among the other coordinates given any two a;,a; we have
a; = aj, a; < a; or a; > a;; within each group of equal a’s given any
two ¢;,¢j, ¢; = ¢j, ¢; < ¢; or ¢; > ¢j. A typical cell:

{(oo,22,23,24,00,26,27,28)|a3 =a4 = ag < a9 = a7 < ag,
¢4 =cg < 3,03 < Cr}y

(this cell has codimension 8). We now give a list of all the types of cells
of low codimension and low dimension, as we will compute with them
later on.

(2b — 1) cells all have the form:

{(Zl, . ,zb)la,(l) > Qg2) -+ > o Qo(l)
= Qg(k) > - -+ > Qb)) Co(l) < cg(k)}.
(2b — 2) cells are of three types with some subtypes.
Infinity: {(21,...,00,... zb)laa(l) > Qg2) > .- > Goy > --- a,,(b)},
where as usual ¢ means omit.
Complex diagonal:

{(zl, cen ,zb)laa(l) > 0p(2) > .- > Ao(l) = Qg(k) > - -+ > Qg(b),
Co(l) = co‘(k)}'
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Two real diagonals: these may be adjacent or non-adjacent.

{(zl, e ,zb)|a,(1) > Qg(2) > oo > Qo)
= Qg(k) = Qg(m) > - -+ > Qg(b),
Co(t) < Co(k) < Co(m) }

or

{(z1,..., 2)|@o1) > Go2) -+ > - .. Qo)
=Qo(k) > -+ Cg(m) = Qo(n) > - - > Gg(b),

Co(k) < Co(l)) Co(m) < Ca(n)}-

(2b — 3)-cells are of three types, with many subtypes.

Infinity and a real diagonal.

Complex diagonal and a real diagonal; these may be adjacent or
nonadjacent.

Three real diagonals: these may be all three adjacent, two of the
three adjacent, or none adjacent.

We now describe the cells of low dimension.

3-cells

Set j of the coordinates equal to infinity, where 0 < j < b — 2.
Among coordinates not set equal to infinity, set all real coordinates
equal to each other. Divide the imaginary coordinates into two disjoint
nonempty groups. Within each group set all the imaginary coordinates
equal to each other. Finally, declare one group of imaginary coordinates
to be greater than the other group. For instance:

{(zl,... ,zb_j,oo,...oo)lal = ... = Gp—j,y
CL=...=C >C41 =---=cb—j}-

2-cells

These are quite similar to 3-cells. Set j of the coordinates equal to
infinity, where 0 < 5 < b — 1. Among coordinates not set equal to
infinity set all real coordinates equal, and set all imaginary coordinates
equal.

1-cells

None

0-cells

{(0o0,...,00)}.
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It is rather clear, though perhaps tedious to write down in complete
detail that (P!)® is a disjoint union of these cells and that each cell is
homeomorphic to an open ball of the appropriate dimension. We leave
this to the reader.

We now define our cell decomposition for P* = (P!)%/S,. It is easy
to see that for any cell C in the decomposition of (P!)? and any o € S,
either o acts as the identity on C' or maps C' homeomorphically onto
another cell C’. From this it follows that we have a cell decomposition
of P* where cells are equivalence classes of cells of (P!)® under the
action of S, (two cells being equivalent if and only if some element of
S, establishes a homeomorphism between them). As we did for (P!)®
we shall describe explicitly the cells with which we shall later compute.

(2b) cells

There is only one of these which we may represent as: [1 >2>...>
b], where 1 > 2 is short hand for a; > a,.

(2b — 1) cells

There are b — 1 of these which may represent as: 1 =2>3>...>
b,1>2=3>...>b],...,[1>2>3...>b—1=0], where1 =2
is short hand for a; = a,. Having said a; = a; we do not need to say
whether ¢; < ¢; or ¢; < ¢; because these two cells are equivalent under
the S, action.

(2b — 2) cells. We now have several different types.

Infinity: only 1 cell oo x2>3> ... > ).

Complex diagonal: b—1cells[1=2>3> ... > b,...[1 >2>
3...b—1=b], where 1 = 2 is short hand for a; = a; and ¢; = ¢,.

Two real diagonals: 1(b— 1)(b — 2) cells, choose 2 >’s in [1 > 2 >
... > b] and turn them into =’s. Again there is no need to order the
c’s.
(2b — 3) cells.

Infinity and a real diagonal: b-2 cells [co x2 =3 > ... >}, ...,
[oox2>3...>b—1=0b]. Again no need to order the c’s.

Complex diagonal with additional real diagonal. This has one slightly
tricky point. {a; >...>@a;=@a; > ...>a,=a; > ... > ap,¢; = ¢}
and {a; >...>a;=a; >...>a, =a > ... > a,¢ = ¢} are not
equivalent. Likewise, {a; > ... > a; =a; =ar > ... > ap,¢; < ¢; =
¢t} and {a; > ... > a; =a; = ax > ... > ap,¢; = ¢; < ¢} are not
equivalent. There are (b — 1)(b — 2) cells. Starting from [1 > 2... > b
one has (b— 1) choices for turning a > into =, and then (b —2) choices
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for turning one of the remaining >’s to a =. In this notation, 1 =2 =3
means a; = a; = a3 and ¢; = ¢; < ¢3.

Three real diagonals: (b — 1)(b — 2)(b — 3) cells; choose 3 >’s and
turn them into =’s. Again there is no need to order the c’s.

3 —cells. There are 1b(b—1) cells: [1=2=3=...=b],[1=2=
3=4...=)],...[1=2=3...=b-1=0b],[0ox2=3=...=b,...,
[oox...x00xb—1=1b].

2 — cells. There b such cells:

l=2=...=b,[o0ox2=3...=b]...,,[00o%x...00xC].

1 — cells. None

0 — cells. [oo X ... X 0]

4.2. Cellular decomposition of the Hurwitz space

Lemma 4.1.  Consider the map Trp : Hpp — (P)° (or sTryp :
SHy, — P°). Let C be a cell in our decomposition of (P')® (or P?).
Then the inverse image of C under Ty, (or sTx,) has finitely many
connected components, each of which connected component is homeo-
morphic to C via the restriction of Ty (0T sTkp)-

Proof.  Since Ty, and sy, are finite algebraic, and the cells are
homeomorphic to open balls, all we need to show is that over each cell
the number of preimages of points not counting multiplicity is constant.
The arguments for 7, and s7, are essentially the same. Denote
by D C (P')® the locus of points where two or more coordinates are
equal. Let C be a cell in (P')®, and p and ¢ two points in C. From
the way the cellular decomposition was constructed, at all points of C
the same coordinates are equal to each other. Thus, we may assume
that centered at p we have holomorphic coordinates w;, ... ,w, with D
given by w; = ... = w;, and near ¢ we have holomorphic coordinates
V1,... ,V with D given by v; = ... = v;. The map given by f(w;) = v;
yields an isomorphism of a small neighborhood W of p with a small
neighborhood V of ¢, taking p to ¢ and mapping W N D isomorphically
onto VN D. (In P the local picture is simply the quotient of this
picture by the symmetric group). The covering w4 : Hyp — (P')®— D
is determined by the local combinatorial data, which is the same for
W — D and V — D. This gives a commutative diagram:
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w,:},(W—D) E)W,;;(V—D)
Tk,b Tk,b

W-DCW3V-DcCV

H,, is defined as the normalization of (P!)® in the function field of
Hj ,. Normalizations can be constructed locally and patched together
(see [4] expose XII for the analytic case). Therefore, the preceeding
commuative diagram gives rise to the following commutative diagram:

So there are certainly the same number of points over p as over ¢q. q.e.d.

With this lemma proven we may define a cellular decomposition
of Fk,b or S_Hk,b the open cells of which are exactly the connected
components of the inverse images via 7y, or s7; of the open cells in
our cellular decomposition of (P!)® or P.

We now show how to keep track of the connected components of the
inverse image of a given open cell. This will allow us to give explicit
names to all the cells of our cellular decomposition of a Hurwitz space.
This is needed to be able to perform explicit homology computations.

The first step here is to describe the fiber of 7, (or smy,) over
a point away from all diagonals. It has been known for a long time
how to do this; see for instance [1] or [5] for details and proofs. Let
p= (p1,...,ps) € (P*)* — D (Remember D consists of all diagonals).
Choose a base point p, € P! distinct from {p;,...,ps}. For each
j=1,...,bchoose an oriented path starting at p, and travelling once
around p; then returning to p, and not enclosing any of the other p;.
Orient the loops so that their product is the identity. This is sometimes
called a lolly pop diagram.
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Po

Po P2

P1

Once such a choice of lolly pop diagram has been made there is a
bijection between:

o Tey(p)

e ordered b—tuples (o4, ... ,0p) of simple transpositions in Sy such
that 010,...0, =1d, and {01, ... ,04} generates a transitive sub-
group of Si; modulo the equivalence relation (oy,...,0)
~ (11,...7) iff there exists ¢ € S such that o; = or,07! for
all i.

This equivalence relations is known as simultaneous conjugation. De-
note the equivalence class of (o1,...,03) by [01,... ,0).

Fix a base point p, € P'. For each open cell C of (P!)® that is not
contained in D fix a point P none of whose coordinates is equal to py,
and fix a lolly pop diagram for P with base point p,. From Lemma 4.1
we see that each connected component of 7 ;(C) contains exactly one
element of mi;(P). Thus to designate an open cell of Hy; not lying
over D one gives the cell of (P!)® over which it lies, and an equivalence
class [01,... ,0).

Cells that lie over of D are more difficult to keep track of since the
map 7, can branch over them. We first tell how to do this for cells in
D of dimension 2b — 2. In the list of (2b — 2) cells in Section 4.1 these
are the complex diagonal cells. We will express cells over

C = {aa(l) > > 0oy = Qg(k) > - Qo(b); Co(l) = Ca(k)}
as equivalence classes of cells over
C' = {a,(l) >0 > Ao(l) = Qg(k) > - -+ Qg(b)) Co(l) > c,(k)}.

Some of the sheets of H;, over C' might come together over C.
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Lemma 4.2. For C , C' just defined, each cell lying over C is
uniquely determined by listing all cells lying over C' having it in their
closure.

Proof. 1t is sufficient to show that each cell lying over C' has exactly
one cell lying over C in its closure. First note that C U C’ is simply
connected. Assume to the contrary that we have a cell E' lying over
C' with two distinct cells E and F lying over C in its closure. We
may then find points p’' € C', p € C and two paths v, and v, from p'
to p such that v, lifts to a path starting in E' and ending in E while
7. lifts to a path starting in £’ and ending in F. Because C' U C is
simply connected we may continuously deform +; into 7, leaving the
endpoints fixed. This would induce a deformation of the lifting of v,
into the lifting of 7, leaving the endpoints fixed. This is impossible
because the liftings have distinct endpoints. q.e.d.

Thus a cell over C' can be unambiguously identified by giving the
cells C and C' and a list of those cells over C' having it in their closure.
This list is the previously mentioned equivalence class. For purposes of
explicit computations we also need to be able to say which cells lying
over C' have the same cells lying over C in their closure. We first
prove a lemma stating essentially that which sheets come together is
determined by the local monodromy of the cover.

Lemma 4.3. Let C be any open cell in D (not necessarily of
dimension 2b—2). Pick a point p € C, a small open neighborhood (say
any open ball) B of (P')® containing p, and a point ¢ € B — D. The
fundamental group of B — D with base point q acts via monodromy on
T 5(q). Define an equivalence relation on mj,(q) by saying that two
points are equivalent if and only if they can be taken to each other by
monodromy actions. For B sufficiently small the following are true.

1. Two points of m; +(q) lie in the same monodromy equivalence class
iff they lie in the same connected component of w,:’,l,(B — D).

2. The closure of each connected component of w,:,,l,(B—D) in Ty 4 (B)
has ezactly one point over p.

3. The closures of the connected components of m 2(B — D) in
Ty (B) are all disjoint from each other.

Proof. 1. and 2. are standard monodromy facts. For 3. we need
to use the fact that Fk,,, was defined as a normalization. The disjoint
union of the closures of the connected components of 7 ;(B — D) in
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Tt 5 (B) must be dominated by the normalization which is 7 ; (B). Thus
they are equal. qg.e.d.

Another way of stating the lemma is that the points of 7rk',1, (g) come
together over p if and only if they are equivalent under the monodromy
action.

Now back to our specific C, C' of dimensions (2b — 2) and (2b — 1).
Going from C' to C involves p,(;) and p,) coming together. Thus the
monodromy involves p,(;) and p,(x) moving around each other (At this
point the reader might find it useful to review the foundational material
in [1] Sections 1 and 2). For simplicity of illustration we assume that
o(i)=1in C, C".

We start with the chosen lolly pop diagram.

Oi+1

Pi+1

Oi4+1

Pis1

Diagram 4.2.4

Then p; takes a trip around p;,, ending back where it started. The
paths o; and o;,; must deform as p; moves so that the points never
cross the paths. The end result is:

Diagram 4.2.5
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notice that &; = aiaiﬂaicf;lla{ and 7y, = 004107 "

Start with a sheet over C' given with respect to the standard lolly
pop diagram 4.2.4 by [7,...,7). The monodromy element induced
by p; going around p;;, as shown takes that sheet to a sheet which
with respect to the new lolly pop diagram 4.2.5 is given by [7y,... , 7).
Since sheets over C' are named according to the standard lolly pop
diagram, we must determine how this sheet is named with respect to
the standard diagram. Let [77,...,7;) be its name with respect to the
standard lolly pop diagram. From [1, Lemma 1.4] we see that we want
oj—=T;j=1,...,band 5; = 7; § = 1,...,b to induce the same
homomorphism from m; (P* — {p;,... ,p},P0) = Sk- This is achieved
by setting

T;=Tj, J#4Li+1,
- _ -1
(4.1) Ti = Ti1TiTit1,
— -1, -1
Tit1 = Ti1 Ty Tit1TiTig1-

Thus a cell over {a; > ... > a; = a;y1 > ... > ap,¢; = ¢;11} can be
designated as

{0,1 >...2>0; =041 > .00 2> ap, G = Ci+1, [[’7'1,... ,’Tb]]}

where the double square brackets mean equivalence class not only with
respect to simultaneous conjugation but also with respect to the equiv-
alence relation generated by the monodromy substitution 4.1. Similar
considerations apply to all cells of dimension 2b — 2 lying over D.

Cells of dimension 2b—3 lying over D are quite easy. Referring to our
list in Section 4.1 we see that in (P!)? they are all of the type “complex
diagonal with real diagonal”. To each such cell C' of dimension 2b — 3
associate the cell C' of dimension 2b—2 which simply in the description
of C leaves out the extra real diagonal. For example:

C={a1>...>ai=a,-+1>...>a]-=a,j+1>...>ab,
Ci = Cit1,¢ < Cjy1},

C"={a1 >...>ai=a,~+1>...>ab,ci=ci+1}.

The number of sheets over C' and C' are exactly the same. Each sheet
over C is in the closure of a unique sheet over C'. Thus to designate a
cell over C we name C, the associated cell C', and a cell over C".
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Cells of dimension 2b—4 lying over D are again more difficult. Given
a cell C of dimension 2b — 4 in D one looks for a cell C' of dimension
2b — 3, not necessarily in D such that for C, C' we can prove a lemma
analogous to Lemma 4.2. One then designates cells over C' as equiva-
lence classes of cells over C' modulo a monodromy equivalence relation.

We stop here but the ambitious reader could keep going.

Now for SHy s, cells in SH} , are equivalence classes of cells in Hy
under the action of S,. We describe this action in Section 4.3 in con-
junction with our calculations of boundary maps. One should also be
aware that if monodromy calculations are done directly in SH} 5, they
are different in Hy;. The quotient map (P!)® — P* ramifies to order
two at the diagonals where exactly two of the coordinates are equal.
The simple loops which we constructed in (P!)? pushforward to double
loops in IP. In [1, Section 2] simple loops in P’ were constructed. Points
only need to go half way around each other in (P!)® to go completely
around each other in P

For example:

Pi+1
Oj+1

S

Pj

Here 7; = 0,0,410; ', @iy1 = 0; and the monodromy substitution is:
TP = Tipts Tit1 = Top1 TiTig1-

4.3. The boundary maps. We proceed in a manner similar to
the way which we proceeded for the description of the cellular decom-
position. We first describe the boundary maps for the base (P!)® then
use this to describe them for Fk,b. After that we factor out by the
symmetric group and get boundary maps for P* and SH ;.

First, let us describe the boundary maps for the base (P')®. Set
theoretically this is quite simple. Recall the three operations which we
gave when first defining the cell complex. There are three codimension-
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one things we can do to a cell to obtain another cell.

(1) Set two adjacent real coordinates equal to each other (remember
to order the corresponding imaginary coordinates).

(2) Set some complex coordinates equal to infinity under the follow-
ing rules. We start with a maximal set of complex coordinates all of
whose real coordinates are equal. Within this we find a maximal proper
subset S whose imaginary coordinates are also equal. Set all complex
coordinates in S equal to infinity. Be careful about the ordering of the
remaining coordinates.

(3) Set two adjacent imaginary coordinates equal, provided that the
corresponding real coordinates are already equal.

Set theoretically the boundary of a cell consists of all those cells of
one smaller dimension that can be obtained via the operations above.
The signs can be easily obtained by writing down local coordinates
and using standard conventions found in most basic algebraic topology
books.

The boundary maps for H;, are pretty much the same except that
we must keep track of the sheets of the cover. Let C be a cell in H;,
lying over the cell C in (P')®. For each cell C' in the set theoretic
boundary of C we get a cell C' lying over C' in the boundary of C (set
theoretically). The signs in the boundary maps are the same as down
in (P')®. However, we must keep track of the sheets! To do so, we will
be more explicit and use the explicit names for C and C’ given in terms
of conjugacy classes of b—tuples of transpositions in Sj.

The precise description of how to do this breaks down into several
cases depending on how the chosen lolly pop diagrams for C' and C’
relate, and whether C and/or C' are in D.

We first do the easiest case where neither C nor C' is contained in D.
C has a given lollypop diagram as does C'. In the diagrams the points
P1,--- ,Dp are situated as they must be to represent a point of C or of
C'. Move the points in the diagram for C' in a continuous manner until
they become the points in the diagram for C’. As you move the points
make sure that they always represent a point of C until the end of your
movement where they represent a point of C'. Deform the lolly pop
diagram along with the points. The end lolly pop diagram is a possible
lolly pop diagram for C’. Compare it with the chosen lolly pop diagram
for C' and make a translation as was done in the preceding monodromy
computations. An example should (hopefully!) make the process clear.
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Consider a cell lying over the cell {a; > a; > a3 > ... > ay}. Such a
cell would be designated as {a; > a; > a3... > ap,[71,... ,75]}. Among
the cells in the boundary of {a; > a; > a3 > ... > ap} are {a; = a2 >
az > ...> a0 < c}and {a; =ax > a3 > ... > ap, ¢ > 2}

Suppose that the standard lolly pop diagrams for these cells have
been chosen as follows.

{ap>aq>ag>...>ap} {ay=ap>ag>...>ap,C1<Ca}
Po
Diagram 4.3.1 .,
’
P3

{ay=ap>ag>...>ap,C1>Co}

To move the points in the lolly pop diagram for {a; > a; > a3 >
. > ap} into those for {a; = a; > a3 > ... > ay,c; < c2} one
simply moves p, to the left until it gets to the proper place. With
this movement one may deform the lollypop diagram for {a; > a; >
az > ... > ap} into that for {a; = a; > a3 > ... > ap,¢; < &2}
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Since the deformed lolly pop diagram agrees with the chosen lolly pop
diagram, no translation of permutations is needed. Thus one of the
terms in the boundary of {a; > a; > a;3... > ay,[m,... , 7]} will be
{ai1 =a3>a3>...>ap,¢; <, [T1y... , T}

For {a; = a; > a3 > ... > ay,¢1 > ¢} the situation is not so simple.
Since the movement must stay inside a; > a; until its end, p, can
not travel over p, as would be needed to obtain a deformed lolly pop
diagram equal to the chosen lolly pop diagram for {a; = a; > a3 >
ce. > ap,0 > G}

Consider the following movement.

(e

resulting in

If 04,... ,04 are the elements of the fundamental group represented
by lolly pops in the standard diagram for {a; = a; > a3 > ... >
ap,¢1 > C2}, and ay,...,q; are those in the deformed lolly pop dia-
gram then a; = 0;'0,0,, 0y = 05 07 020,05, and @; = 0; otherwise.
Solving for the o;’s in terms of the a;’s we have 0, = a0y lagt
and 0, = ayopa;t. With the same argument used to write down the
monodromy action, we conclude that one of the terms in the boundary
of {az > a; >a3...>ap,[m,..., |} is {a1 =a2 > a3 > ... > ap,¢0 >
oy [Ty o Tt Tay e, Tl )

In choosing the standard lolly pop diagrams it is natural to try to
make, as many as possible, standard ones be identical to deformed ones.
No matter how clever one is, one can not make this always happen. This
is a reflection of the fact that the cover H, — (P!)* has non-trivial
monodromy.

When one or both of C and C' are contained in D things can be
more complicated. It always comes down to finding a way to compare
the lolly pop diagrams used in designating cells over C and C'. We do
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a typical example.

Both of the cells C; = {a; = a2 > a3 > ... > a5, < ¢3} and
02 == {a1 =a; >a3 >...> aC >Cg} have 03 = {al = a9 > a3z >
... > ap,¢; = ¢} in their boundaries. Sheets over Cj are represented
as equivalence classes of sheets over C;. This makes the boundary map
from sheets over C; to sheets over C; quite simple. A sheet over C)
has in its boundary the sheet over C; which is its equivalence class.
The boundary map from sheets over C, to sheets over C3 will involve
lolly pop diagram computations. In computing the boundary map from
sheets over Cy = {a; > a; > a3 > ... > a;} to the sheets over C; and C,
we saw how to compare sheets over C;, with sheets over both C; and C..
From this (and the fact that CoUC;UC, is simply connected) we see that
the boundary map from sheets over C, to sheets over Cj is: the sheet
[11,... ,7s] over C, goes to the sheet [y 7o 75 ' 77, MTaTs b 73y oo )],
where as before [[ || means equivalence with respect to both simultane-
ous conjugation and the monodromy substitution 4.1 with 7 = 1.

That is as much as we will say about how to compute boundary
maps in Hy. The boundary maps in SHy;, are based on these, but
also involve factoring out by the action of S,. We now explain how to
compute the boundary maps for SHy ;.

First we state a general rule for calculating boundaries. For a cell C
in H}; denote by [C] the cell in SH} ; corresponding to the S, orbit of
C. Say dC = Y ., a;C;, and suppose that among the C; there are m
equivalence classes [C1],... ,[Cn]. Then d[C] = >, b;[C;] where the
b; are determined as follows. For each Cj, j > m choose an element
o; € Sy that fixes C and takes C; to some C; with I < m, (It is easy to
see that one can always do this.) b; is a; plus the sum over all j > m
such that [C;] = [C;] of a;sign o;. Here, by sign o; we mean its sign
not as a permutation, but rather as a homeomorphism from C; to Cj;
it is +1 if it preserves orientation and —1 if it reverses orientation. The
correctness of this is clear if one thinks about what the quotient map
H,, — SH,; looks like near [C;]. Notice that sign o; is independent
of the choice of o;; for suppose o; and o} had opposite signs, then
a; la} would be orientation reversing from C; to itself, contradicting
the fact that the action always either takes a cell to another cell, or a
cell identically to itself.

It is very easy to determine when two cells of (P!)® are equivalent
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under the action of S,. For ﬁk,b it is not so easy, one must do lolly
pop diagram computations similar to those done before. Here we show
how to do what we need to compute the homology groups which were
calculated with the computer.

The boundary of the unique 2b—cell [a; > ... > a;] will be a sum
of terms of the form [a; > ... > a; = a;41 > ... > ap,¢ < Cip)
and [a; > ... > a; = @iy > ... > ap,¢; > Cipa). Those two cells
represent the same cell in P*. The question is when do the cells over
them in _I:Tk,,, represent the same cell in SHy;,. That is, when will

[a1 > ...>a;=ai1 > ... > ap,¢ < Cij1,[T1,...,7)] and [a; > ... >
a; = @ig1 > ... > @y, ¢ > Cip1,[Ti,--. ,Ty)] represent the same cell in
SH,?

Suppose we have chosen standard lolly pop diagrams as follows.

{ag>ag>...>ap}

Pi+1

Pi

f\} p1

{ag>ap>...>aj=aj,1>...>ap,Ci<Ci41}  {a1>ap>...>aj=aj,1>...>ap,Cj>Ci, 1}
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Think of computing dla; > a; > ...as,[7,...,t)] in Hyp. For
the two terms involving a; = a;;; we have chosen standard lolly pop
diagrams which are equal to the deformed lolly pop diagrams, so we get
terms [a; > ay > ... > a; = aip1 > ... > a4, ¢ < Ciy1,|T1,--- ,Ts)] and
(@1 > a2 > ... >0a; =ai41 > ... > ap,¢; > Ciy1,[T1,--. ,7)]- Notice
that in the two lollypop diagrams for ¢; < ¢;4; and ¢; > c;y; the sets
{p1,--- ,ps} are equal. The fibers of H ; over each of these points are
therefore equal - both identified with covers of P! — {p,,... ,ps}. The
fiber of SH} ; over the single point represented as the equivalence class
containing those two points is again just covers of P* — {p;,... ,pp}.
When identifying two fibers in ﬁk,b to get the single fiber in SHy,
we must identify a cover in one fiber with the same cover in the other
fiber. When representing these covers as equivalence classes [y, ... , 73]
we must take into account that we have different lolly pop diagrams
for the two points in (P')® which become one point in P*. This involves
writing the cycles in one diagram in terms of the cycles in the other as
we have done many times before. The end result is:

d[al > ... >ab;[7'1,... 7Tb]]
b—1
=Z:l:[a1 >...20;=0iy1 > ... > Qp,C <Ci+1,[T1,... ,Tb]]
i=1

:I:[a1 >...20; =0ip1--. > Ap, C; < Cip1,
-1
[7'1,--- yTim1y Tit1s Ty 1 TiTit 1, Tig2s - - - ,Tb]]-

Next we think about the boundaries of 2b — 1 cells. From the list
at the beginning of Section 4.1 we see that all b — 1 cells are more
or less of the same type. Let us think about taking the boundary of
[@a1 > ... > a; = @iy1... > Gy, ¢ < Cit1,[T1,--.,7)]. In its boundary
we will have all the types of 2b — 2 cells on the list from Section 4.1.
Computing the boundary for cells that add a new real diagonal not
adjacent to the one, we already have, proceeds almost exactly as the
2b to 2b — 1 boundary proceeded. Adding a real diagonal adjacent to
a; = a;4; also proceeds very similarly except that the lolly pop diagrams
are a bit more complicated because three points are permuted. The
only really new things are when one gets a complex diagonal or an
infinity.

The complex diagonal term is quite easy. Sheets over [a; > ... >
@; = Qip1... > G, ¢ = Ciyq) are identified as equivalence classes of
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sheets over [a; > ... > a; = @i41... > @y, ¢ < ¢iy1]. The boundary
map sends each sheet to its equivalence class.

Boundary terms that involve infinity are much more complicated.
The boundary of {a; > ... > a; = @i41... > ap,¢; = c;y1} in (P1)°
contains both {a; > ... > a;_; X 00 > a;41 > ...a3} and {a; > ... >
a; X 00 > @itz > ...ap}. As i ranges from 1 to b — 1 we get infinity in
all positions. However, under the action of S, all these are equivalent.
We must see how the sheets over them in Fk,,, are equivalent under the
action of S;. Given what we already know how to do, this is not very
difficult. Suppose we choose as our representative cell in §I7k‘,, the cell
of ﬁk,b where oo is in the b’th position.

Its standard lolly pop diagram could be chosen as:

Now suppose oo is in the i’th position. Then its standard lolly pop
diagram could be chosen as:
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Thus we have o; = o0; for j < 4; a; = 00441 .. .ab_laba;_ll .

and o; = oj_; for j > i. We can therefore make the appropriate
transformations on the equivalence classes |7y, ... , 7] to identify sheets
over the two cells - as we have done many times before.

The boundary maps of higher codimension become more compli-
cated, but we can always do them by paying careful attention to lolly
pop diagrams.

4.4. This cell complex does compute homology. Notice that
we have never referred to our cell complex as a CW-complex. Indeed it
is not obvious that it is a CW-complex. Thus, there could be a question
as to whether or not it can actually be used to compute the homology
of Hy or SH} 5, which for the rest of the section will be referred to as
H. We now show that it does indeed compute the homology.

First note that H is the normalization of a projective variety in a
function field. Thus by [10, Section v.4, Theorem 4] it is also a pro-
jective variety. Next refer to [8] on the triangulation of semi-algebraic
sets. From the fact that H is projective algebraic, and the way the
cells were defined in terms of equalities and inequalities, it follows that
the closure of any cell in the base is a closed semi-algebraic set. By
[8, Theorem, p. 170] one may triangulate H in such a way that the
total inverse image in H of the closure of each cell is a simplicial sub-
complex. Finally [16, Section 2.9] shows how to make a cell complex
that computes homology out of a simplicial complex. Our cell com-
plex is made in that manner. Each open cell is the union of all open
simplices that are contained in it.

5. Computation of some low dimensional homology groups

Theorem 5.1.

(a) Hi(EHk,b) = Hl;(ﬂk,b) =0 fOT’i > b,

(b) Hy(Hg,p) = Hi(SHip) =0,

(c) Hy(SHys,Q) = Q.

Proof.  (a) follows from the fact that these spaces are affine, see
[11, p. 39], but can also been seen from our cell complex.

When i < b every cell of dimension i is supported in Hy , — Hy 5 (resp
SH, — SHy ). Thus the relative homology groups H;(Hyp, Hyp —
H,,) and H;(SH} 4, SHy, — SH} ) vanish. Applying Lefschetz duality
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(applicable because of the triangulability mentioned in Section 4.4) it
follows that
H* ' (Hyp) = H**(SHyy) =0

for i < b.

(b) There are no 1 cells in the complex.

(c) This requires more computation. First note that every 2-cell is
closed because there are no 1-cells. To simplify notation we will use
the following notation for 2-cells in P°.

A =[1=2=3=...=}),
A =Joox2=3=...=b,
A; =ooxo0---XxooXi+1=i+2=---b

Ay = [oo%x...00x%xC].

Using this notation, we will compute the boundaries of selected 3 cells
(mod 2)
d[]. =2E35"'b]=A0+A1+Ab_1,

d[mx2=35"'b]:A1+A2+Ab_1,

continuing until we take
d[OO Xo00--00Xb—1 =b] =’~Ab_2+Ab_.1 +Ab_1.

Similar relations hold in the homology of of SHy;, however, mat-
ters are complicated by the fact that there are many sheets. We can
however, write

di=2=3=-. b](i) — A(()Uo(i)) + Agal(i)) + Aga_bl—l(i)),

where the superscripts in parentheses indicate a particular sheet of
S_Hk,,, over the cell, and oy, 0, and o,_, are some integer valued func-
tions depending on an ordering of the sheets over the cells concerned.
We do know however, that every sheet over A, must occur in the
boundary of some cell over [1 =2=3... =b].
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Let us write down an arbitrary 2—cycle

b-1

a= EZai,jAgj).

i=0 j

From what we just said, by adding suitable terms of the form d[1 =

2=3... = b]" we see that a is homologous to a cycle of the form
b—1 .
o = Z Z ai‘jAf:J).
=1 3

In a similar fashion we can use terms of the form dloo x2=3=... =
b]® to eliminate i = 1 terms from the sum. Continuing in this manner,
we eventually obtain that a is homologous to a cycle of the form

Z a,Affll .
1
Thus,

rk Hy(SH}p,Z/2Z) < number of sheets over A,_;.

We now state:

Lemma 5.1. The number of sheets over Ay_; is one.

Given the lemma, the theorem follows almost immediately. Of course
H,(P*,Q) = Q Since the map s7; : SHipy — P° is a (singular)
branched cover, the transfer map is injective on rational homology.
Hence, rkg Hy(SHyp,Q) > 1. This bound, together with the one
above, yields Hy(SHy;,Q) = Q as desired. q.e.d.

Proof of Lemma 5.1. To compute the number of sheets over the
cell A,_; in P’ , we must compute the number of sheets in Hy; over
the cell {(00,...,00,2;) : 2, € C} in (P')’. (Note that this cell is in
the equivalence class that represents A,_;.) Here, we must compute,
by local monodromy, the number of points in H} ; lying over a point in
(P')® where z; = 25...2,_;. This number is the number of equivalence
classes of the monodromy group generated by loops in (P')® — A which
take any 2 points, but the last one around each other.

However, due essentially to the fact that P! minus a single point is
still simply connected, any loop involving points going around the last
point can be deformed to a loop that involves only the first b — 1 points
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going around each other. Hence, the number of sheets is the number
of monodromy equivalence classes of the full monodromy group. Thus,
to prove the lemma, it suffices to show that Hj , is connected.

By classical arguments, (cf. [5]) the quotient SHy, = Hy /S, is
connected. Furthermore, since (P')® — A is connected, it suffices to
find a path connecting any two points in a fiber of the map 7, :
Hk,b — (]Pl)b - A.

Let a = (21,...,2) be a point in (P!)® — A and let ay,a,,...an
be the orbit of a under the action of S, where a; = a and N = (b)!.
The fiber of 7, over each point a; represents all possible degree k
covers of P! simply branched over the set {z;,... 2 }. Thus we can fix a
single lolly pop diagram for P! — {2y, ... , 2, } and use it to represent the
fibers over each a; as equivalence classes of ordered b—tuples of simple
transpositions as in Section 4. Denote by agl) the point in the fiber
over a; represented as

(5.1) [(12),(12),...,(12),(13), (13), (14), (14),... , (1k), (1K)],

where the transposition (12) is repeated b — 2(k — 2) times.
Because SH; is connected, any 2 points in 7, +(a) can be connected

to be points of the form aﬁl) and agl) for some 7 and j respectively. Thus,
we can reduce the proof of connectedness to showing that two points
of the form agl) and ag.l) can be connected.

Fortunately, it is quite easy to construct a path connecting these two
points. At the end of Section 4.2 we constructed paths in (P')® that

induced simple loops in P?. Denote by I'; these paths in (P!)®. Thus

I'; induces a path in Hy, that takes the point [01,... ,01,0141,... ,0]
in the fiber over (2, ..., 2, 2141,-.. ,2) to the point

(01, 011,041, 011010141, OL42, - - - 5 O]
in the fiber over (zi,...,2_1, 2141, 21, 2142,--- ,23). Compute directly
that I'? induces a path in Hy,, that takes a point represented by (5.1)
over (z1,... ,21,2141,--- ,2) to a point again represented by (5.1) over
(215 -+ s 2121, 2141, 21, 21425 - - - ,2). Since S, is generated by the trans-

positions (122, (23),...,(b—1,b), using a product of the I';’s will take
any agl to a.jl). q.ed.
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6. High dimensional homology

6.1. Top dimensional homology. In this section we compute
H,(SH} 5, Z/2Z) by means of our complex. We use Z/2Z coefficients
because the computations with them are easier and no information is
lost. Since SHj, is non-singular and ?ff—k,b is normal, the rank of
Hy,(SHy;) with coefficients in any non-trivial group is the number of
connected components of S_Hka which is the same as the number of
connected components of SHy ;.

It has been known since the 1800’s that SHy is connected ([9], see
also [5]), thus Hy,(SHy 5, Z/2Z) = Z/2Z. In this section we show that
using our cell complex to compute this homology group reduces to a
combinatorial problem, and that this combinatorial problem is exactly
the same one used in the classical proof that SH; ; is connected.

Let [ be the degree of the map smyp : SHy, — P°. From Section
4 we know that SH , will have [ cells of dimension (2b) and /(b — 1)
cells of dimension (2b — 1). To write down the boundary map d :
(2b)chains — (2b — 1)chains in compact form we first define operators
I';, 1 < j <b—1 on equivalence classes of ordered b—tuples of simple
transpositions which represent fibers of sm; as in Section 4:

(6.1) Tj[o1,... ,05] = [01,... aUj,Uj+1,0,‘~4}10j01+1,0j+2,--- , 0]

From Section 4 we deduce that

)
d> afl>...>b0,..., 00
i=1

b—1 i=

=ZZG,[1>.>J=]+1>>b,[0,§1),' ’ol(;i)]]

tafl>...>j=j+1>...>bT;00,... 0]

Hyy(SHy 4, 7Z/2Z) is of course the kernel of d.

Lemma 6.1. Each I'; is a bijection.

Proof. Tj'lo1,...,00) = [01,...,04-1,040,410;",0;,0542 ... ,0%)].
q.e.d.

Remark. Remembering that the o’s are transpositions one can
see the following. If 0; = 0;;; then I'; acts as the identity. If o; and
041 are disjoint, then I'? acts as the identity. If o; and 0, are neither
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disjoint nor equal, then I'} acts as the identity. So in any case, I'¢ acts
as the identity and we may take I';' = I'%.

From the lemma it follows that each (2b — 1)cell has exactly two
(2b)cells in whose boundary it lies; [1 > ...5 = j+1 > ...b,[0y,... ,04]]

lies in the boundary of exactly, [1 > ... > b,[01,... ,03]]and [1 > ... >
b, T o1,... ,04]l.

Suppose that a = ¥ \_ a,[l >...>b[oP,... 0] and da = 0,
and further that T;[o,... o] = [a(s) . ,0%*)] where of course 1 <
s<lI.

Lemma 6.2. a; = a,.

Proof. The coefficient of [1 > ...j =j+1>...b, [a(s) . ,a,(,’)]]
in da is a; + a,. q.e.d.

Suppose now that we put an equivalence relation on equivalence
classes [0y, .. ,04] as follows. Two such are equivalent if there is some
I'; taking one to the other. Then take the equivalence relation thus gen-
erated. By the remark above, one could generate the same equivalence
relation with I';'’s

By Lemma 6.2 the rank of the kernel of d is at most the number
of equivalence classes under that equivalence relation. Indeed since,
Lemma 6.2 gives one possibly trivial linear relation among the coeffi-
cients a; for each (2b — 1)cell, the rank of the kernel of d is exactly the
number of equivalence classes. Showing that this number is one is a
purely combinatorial problem. It is exactly the combinatorial problem
used to prove the connectivity of SHy; (see for example [5]).

6.2. Examples and conjectures. Using computer programs
written by the second author, we were able to determine homology in-
formation about the Hurwitz spaces SH3 4 , SH3 , SH3 s and SHyg
as well as their compactifications. We summarize the results of these
calculations below. All computations were done with rational coeffi-
cients.

SH; 4 is a 4 sheeted cover of P* — D where D is the discriminant.
We found H'(SH34) = Q and H?(SH34) = 0. After compactifying
we found H7(SH;,4) = 0 and He(SH;4) = Q. Since H*(SH;,4) =0 it
follows from exact sequence 2.1 that the map 7, in Proposition 2.2 is
surjective. Thus, H2,(SHs4) = 0. Since H;(SHs,4) =0, Pic(SHs 4) =
0 as well by Proposition 2.3.

SH; ¢ is a 40 sheeted cover of P° — D, and H'(SH;6) = Q while
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H?*(SH;g) = 0. We also found H;;(SHsg) = 0 and Hyo(SHje) = Q.
Thus, as above HZ, (SHsg) = Pic(SHsg) = 0.

SH;g is a 364 sheeted cover of P® — D, and H'(SH;5) = Q and
H?*(SH3g) = 0. We also found H5(SH;3g) = 0 and Hy4(SH3s) =
@*. As in the previous examples, we can then conclude H2, (SH;z) =
PiC(SHg,g) =0.

SH,¢ is a 40 sheeted cover of P® — D and H'(SH,6) = Q° while
H?(SH,6) = Q This example shows that H*(SHy;) is not in gen-
eral 0, as one might have hoped. We also found Hy;(SH4¢) = 0 and
Hyo(SH46) = Q. Because H?(SHy¢) # 0, we can not conclude from
the exact sequence 2.1 that the map 4, from Proposition 2.2 is sur-
jective. Nevertheless we are able to show by direct calculation that
Hy(SH,g)/im(Hy(SHy6— SHyg)) = 0, so the map i, is surjective and
H?,(SH,e) = 0. Since H1;(SHye) =0, Pic(SHyg) = 0 as well.

Since SHy, is far from being simply connected, we expect that
H'(SH;;) can be arbitrarily large for k,b >> 0. Based on the first ex-
amples involving SH; 4, SH; 6, SH; s we wondered if H?(SHj, ;) would
vanish. However, as noted above H?(SH,¢) # 0, and we expect that
H?*(SH;) can become arbitrarily large.

In all of the examples we calculated that H,,_;(SH},) = 0 lead-
ing the first author to ask, and the second author to conjecture! the
following:

Conjecture 1. Hy,_(SH;) =0 for all k and b.

Likewise, in all examples where it was possible to for us to compute
Hyy_5(SH},) was generated by the image of Hyp_o(SHyp — SHyp)-
We believe this happens for all k¥ and b, which is consistent with the
following conjecture!

Conjecture 2. HZ (SH;) =0 for all k and b.

As proved in Section 3, Harer’s theorem implies the conjecture for k
large relative to b.

Combining Conjecture 1 and Conjecture 2 yields by Proposition 2.3

Conjecture 3. Pic(SH;,;) ® Q=0.

Again, Harer’s theorem proves this conjecture when k is large relative
to b.

! Again, the first author does not make conjectures.
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