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CALABI-YAU CONNECTIONS WITH TORSION ON
TORIC BUNDLES

D. GRANTCHAROV, G. GRANTCHAROV, & Y.S. POON

Abstract

We find sufficient conditions for principal toric bundles over
compact Kahler manifolds to admit Calabi-Yau connections with
torsion, as well as conditions to admit strong Kahler connections
with torsion. With the aid of a topological classification, we con-
struct such geometry on (k—1)(5% x S4)#k(S3 x S3) for all k > 1.

1. Introduction

In this article, we investigate a construction of Hermitian connec-
tions with special holonomy on Hermitian non-K&ahlerian manifolds. On
Hermitian manifolds, there is a one-parameter family of Hermitian con-
nections canonically depending on the complex structure J and the
Riemannian metric g [22]. Among them is the Chern connection on
holomorphic tangent bundles. In this paper, we are interested in what
physicists call the Kahler-with-torsion connection (a.k.a. KT connec-
tion) [41]. It is the unique Hermitian connection whose torsion tensor is
totally skew-symmetric when 1-forms are identified to their dual vectors
with respect to the Riemannian metric. If T' is the torsion tensor of a
KT connection, it is characterized by the identity [22]

g(T(A, B),C) = dF(JA, JB, JC)

where F is the Kahler form; F(A, B) = g(JA, B), and A, B,C are any
smooth vector fields.

As a Hermitian connection, the holonomy of a KT connection is con-
tained in the unitary group U(n). If the holonomy of the KT connection
is reduced to SU(n), the Hermitian structure is said to be Calabi-Yau
with torsion (a.k.a. CYT).

Such geometry in physical context was considered first by A. Stro-
minger [41] and C. Hull [32]. More recently CYT structures on non-
Kahler manifolds attracted attention as models for string compactifica-
tions. Many examples were found [5], [2], [14], [13], [24], [26]. This led
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to a conjecture [29] that any compact complex manifold with vanishing
first Chern class admits a Hermitian metric and connection with totally
skew-symmetric torsion and (restricted) holonomy in SU(n). Coun-
terexamples to this conjecture appear in [17]. There are also examples
of CYT connections unstable under deformations. These two features of
CYT connections are in sharp contrast to well known moduli theory of
Calabi-Yau (Ké&hler) metric. In this paper, we shall see more examples
relevant to the moduli problem for CYT connections.

Below we begin our general construction on toric bundles on Hermit-
ian manifolds. Inspired by the recent results of [26], we will focus our
attention to two-dimensional bundles of torus over compact complex
surfaces. The main technical observation is the following.

Proposition. Suppose that X is a compact Kdhler manifold. Let
the harmonic part of the Ricci form of its Kahler metric be phar. Sup-
pose that M is a principal toric bundle with curvature (wi,...,wak)
and that all curvature forms are harmonic type (1,1)-forms. Then M

admits a KT connection with restricted holonomy in SU(n) if phar =

Z?il (Awg)wy, where A is a contraction with respect to the Kdhler form
on X.

Combining the above technical observation with various algebraic ge-
ometrical and algebraic topological results, we find a large class of exam-
ples of compact simply-connected CYT manifolds. A slight modification
of our construction produces strong KT (a.k.a. SKT) structures. SKT
structures appear in physics literature and refer to Hermitian structures
with dd°F = 0 [18] [31]. Combining Theorem 13 on a construction of
CYT structures and Theorem 15 on a construction of SKT structures,
we establish the following observation.

Theorem. For any positive integer k > 1, the manifold (k—1)(S? x
SHH#E(S? x S3) admits a CYT structure and a SKT structure.

The CYT structure and SKT structure in the above theorem do not
necessarily coincide. A CYT structure that also satisfies dd“F = 0 is
called strong CYT. It remains a challenge to see if these manifolds admit
strong CYT structures. On the other hand, the existence of complex
structures on these spaces is well known [37].

Our constructive approach to CYT structures and SKT structures is
in contrast to the obstruction theories developed by other authors [17],
[33]. It also enriches the set of examples found in [29].

Although this paper focuses on constraints on KT connections, much
of its methods could be modified to construct canonical connections sub-
jected to similar constraints. The departure point would be Proposition
5.

In the rest of this article, by a CY'T connection we mean a KT connec-
tion having restricted holonomy in SU(n). Strictly speaking, we should
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have called it locally CYT. Obviously, on simply connected manifolds
such as (k —1)(S? x S*)#k(S3 x $3), the distinction between restricted
holonomy and holonomy disappears.

Acknowledgement. We are very grateful to Prof. S.-T. Yau for his
interest in our work. We are also in debt to the very knowledgable and
thoughtful referee(s) for the extremely useful suggestions. Finally, we
want to thank J. Edward for the help in editing.

2. Canonical connections on toric bundles

Let g be a Riemannian metric and J be an integrable complex struc-
ture such that they together form a Hermitian structure on a manifold
M. Let F be the Kahler form; F(A, B) := g(JA, B). Let d° be the
operator (—1)"JdJ on n-forms [8] and D be the Levi-Civita connection
of the metric g. Then a family of canonical connections is given by

(1) 9(VyB,C)=g(DaB,C)

+ @m0y + B Ry 4,8, 50),
where A, B, C' are any smooth vector fields and the real number t is a free
parameter [22]. The connections V¢ are called canonical connections.
The connection V! is the Chern connection on the holomorphic tangent
bundle. The connection V™1 is called the KT connection by physicists
and the Bismut connection by some mathematicians. The mathematical
features and background of these connections are articulated in [22].
When the Hermitian metric is a Kahler metric, the entire family of
canonical connections collapses to a single connection, namely the Levi-
Civita connection.

In this section, we construct these connections on toric bundles over
Hermitian manifolds. We begin with a standard construction of complex
structures.

Lemma 1. Suppose that M is the total space of a principal toric
bundle over a Hermitian manifold X with characteristic classes of type
(1,1). If the fiber is even-dimensional, then M admits an integrable
complex structure so that the projection map from M to X is holomor-
phic.

Proof. Choose a connection (01,602, ...,60s) on the principal bundle
M. Let m denote the projection from M onto X. The curvature form
of this connection is (dfy,dfs,...,dbs;). By assumption, for each j
there exists (1,1)-form w; on X such that df; = 7n*w;. Define w =
(...,w]‘,...).

To construct an almost complex structure J on M, we use the hor-
izontal lift of the base complex structure on the horizontal space of
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the given connection. The vertical space consists of vectors tangent to
an even-dimensional torus, and hence carries a complex structure. We
choose J so that Jf;_1 = 6 for 1 < j < k.

Since the fibers are complex submanifolds, if V and W are vertical
(1,0) vector fields, then [V, W] is a vertical (1,0) vector field. If A" and
B" are horizontal lifts of (1,0) vector fields A and B on X, [A" B"] =
w(A, B). This is equal to zero because w is of type (1,1). Finally,
if V is a vertical (1,0) vector field and A" is the horizontal lift of a
(1,0) vector field A on the base manifold X, then [V, A"] = 0 because
horizontal distributions are preserved by the action of the structure
group of a principal bundle. It follows that the complex structure on
M is integrable.

Since the projection from M onto X preserves type decomposition,
it is holomorphic. q.e.d.

Suppose that gx is a Hermitian metric on the base manifold X with
Kahler form Fxy. Consider a Hermitian metric gp; on M defined by

2k

(2) gu =1mgx + Y (0 @ 0y).
=1

Since Jfj_1 = 03, the Kahler form of the metric gas is

k
(3) FM:W*Fx-f—ZGQj_l/\QQj.
j=1
Here we use the convention that 61 A0y =01 ® 05 — 05 ® 6.
Let A be the contraction of differential forms on the manifold X with
respect to the Kéahler form Fx. If eq,..., eq, is a local Hermitian frame

on X such that Jeyq—1 = €9, for 1 < a <n, and w is a type (1,1) form,
then

n
Aw = Z w(€2a717 6211)-
a=1

Lemma 2. If 0F); and 0Fx are the codifferentials of the Kdhler
forms on M and X respectively, then

2k
(4) OFy = n*6Fx —}—ZT['*(A(A)()GZ.
(=1
Proof. Extend a local Hermitian frame {ei, ..., e2,} on an open sub-
set of X to a Hermitian frame {ej,...,ean,t1,..., o} on an open sub-

set of M such that the vector fields {¢1, ...t} are dual to the 1-forms
{91, o . ’sz}.
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Recall that the co-differential of a tensor could be expressed in terms

of the contraction of Levi-Civita connection D.
n

0Fy(V) ==Y (DeyFrr) (€20-1,V) = > (Dey Far) (€20, V)

a=1 a=1
k k
> (Dray_ Fr) (t2j-1,V) = > (Do Far) (t25, V).
j=1 j=1

It is a standard calculation to show that for any smooth vector fields
A, B, and C on a Hermitian manifold,

—2(D4F)(B,C) = dF (A, JB,JC) — dF(A,B,C).

It follows that
k

SFy (V) = Z dFp(e2a—1,€2q, JV) + Z dFp(taj-1,t25, JV)
a=1 j=1
= Z dEN(JV, e2q-1, €24)-
a=1
Due to (3),
k
(5) dFy = n*dFx + Z(Cw%*l A 92]' — 921;1 AN d@gj)
j=1
k
= dFx + Y (mwaj1 Abyj — i1 A ws;).
j=1
Therefore,
(6)
IFy (V) = Z T dFx(JV, e2-1,€24)
a=1
k n
+ Z Z T waj—1(€2a—1, €24)02;(JV)
j=1a=1
k n
— Z Z T waj(€2a—1,€24)025-1(JV)
7j=1a=1
k

(Awa;)(JO2i-1)(V)

B

= 7" 6Fx (V) = Y (Awaj1)(J02;) (V) +

1

<
Il
—

M= 5

(Awzj—1)02j-1(V) + ) _(Awg;)b2;(V).

M=

= w6 Fx (V) +

7=1

.
Il
R
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So, the proof is now complete. q.e.d.

Hermitian manifolds with §F' = 0 are called balanced [36].

Lemma 3. Let pY and p}; be the Ricci forms of the Chern connec-
tions on X and M respectively. Then pl, = 7*p.

Proof. Let ©3; and ©x be the holomorphic tangent bundles of X
and M respectively. Since M is a holomorphic principal toric bundle

over X, O, fits into the following exact sequence of holomorphic vector
bundles:

0->CF—0Oy >0y =0,

where C* is the rank-k trivial holomorphic vector bundle on M. It
follows that the pull-back map induces a holomorphic isomorphism be-
tween the canonical bundles Kj; and Kx over M and X respectively:
Ky = 7" Kx. On the other hand, as a differentiable vector bundle © ),
is isomorphic to the direct sum CF @ 7*©x. Therefore, the induced
Hermitian metric on Kj; is isometric to the pull-back metric on Kx.
Due to the uniqueness of Chern connection in terms of Hermitian struc-
ture and holomorphic structure, the induced Chern connection on K
is the pull-back of the induced Chern connection on K x. Therefore, the
curvature on K is the pull-back of the curvature of Kx. The same
can be said for the curvatures on the anti-canonical bundles. Since up
to a universal constant, the Ricci form is equal to the curvature form of
the Chern connection on anti-canonical bundle, the proposition follows.

q.e.d.

On any manifold Y with a Hermitian metric gy, each canonical con-
nection V! on the holomorphic tangent bundle induces a connection on
the anti-canonical bundle K;l. Let R' be the curvature of V! and pi,
be the Ricci form. Then ip} is the curvature of the induced connec-
tion of V! on Ky'. By [22, (2.7.6)], for any smooth section s of the
anti-canonical bundle K;l and for any real numbers ¢ and u,

t _
(7) Vis — Vis =i 2“5Fy®s.
It follows that

t—u
(8) Py — Py = Td(SFY-

Proposition 4. Let p', and p' be the Ricci forms of the canonical
connections on M and X respectively; then

2k

L, i1
9) phr =P + —5 ;d((/\we)@)-
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Proof. Applying (8) on M and using Lemma 2, we find that
2k

T -1,
P = Pu = 5 déFM—72 7rd5FX+;d((Awg)94)

2%
. t—1
=7 (o — px) + —~5 > d((Awp)by).
=1

Now the conclusion follows Lemma 3. q.e.d.

Proposition 5. Suppose that the base manifold X is compact and the
metric gx is Kdhler. Let px be the Ricci form of gx. If each curvature
form wy is chosen to be harmonic, then

2%
(10) Par =" (PX + % Z(M)w) :

(=1

Proof. Every curvature form wy is closed. Up to an addition of an
exact 2-form, we may assume that wy is harmonic. It amounts to mod-
ifying the connection 1-form 6, by the pullback of a 1-form on X.

Since wy is a harmonic (1,1)-form and the metric is Kéahler, its trace
is constant [8, 2.33]. Therefore,

dr* (Awe)fy) = 7 d((Awe)y) = 7 (Awy)dfy = 7 ((Awg)wy).

As gx is a Kéhler metric, all Ricci forms pfy are equal to the Ricci form
px of the Levi-Civita connection. The proposition follows Lemma 4.
q.e.d.

3. CYT connections

When the holonomy of the KT connection is contained in the special
unitary group, the KT connection is called a CYT connection. Locally,
it is determined by the vanishing of its corresponding Ricci form. Since
the KT connection is uniquely determined by the Hermitian structure,
we address the Hermitian structure as a CYT structure when the KT
connection is CYT. In this section, we focus on toric bundles over com-
pact Kéahlerian bases with various geometrical or differential topological
features.

The last proposition implies that the metric gps is CYT if the base
manifold X is Kahler and its Ricci curvature satisfies the following:

2k
(11) px =Y (Awp)wy.

=1
However, it is not easy to find solutions to this equation, as it requires
the Ricci form of a compact Kéahler manifold to be harmonic. We could
significantly relax the above condition by the following observation.
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Lemma 6. Suppose that the Ricci form of the KT connection of a
Hermitian metric gy is dd®-exact on a manifold M of dimension greater
than two. Then the metric gy is conformally a CYT structure. In other
words, there exists a conformal change of gy such that the Ricci form
of the induced KT connection vanishes.

Proof. Let ¢ be an everywhere positive function on the manifold M.
Let §ar = ¢?gas be a conformal change. The corresponding Kihler forms
are related by F v = ¢>Fyr. The Ricci forms of the Chern connections
are related by

(12) Py = pir — mdd°log ¢,
where m is the complex dimension of M [21, Equation (21)]. The change
of doF)y is o
déFyr = doFy — 2(m — 1)dd€ log ¢.

Given the universal relation among canonical connections (8), we derive
the relation between the KT connections of conformally related metrics
(the formula appears also in [29, Section 17, Lemma 1]):

paf = Pap + (m — 2)dd°log ¢.
If there exists a function ¥ such that le = dd°V¥, then

pap = dd°(¥ + (m — 2)log &).
Given W, one could solve the equation ¥ + (m — 2) log ¢ = 0 for ¢ with
¢(p) > 0 for every point p on M. Therefore, ﬁ]}ll =0. q.e.d.

Proposition 7. Suppose that X is a compact Kdahler manifold with
Ricci form px. The toric bundle M admits a CYT connection if p?(ar)
the harmonic part of px, satisfies the following:

2k
(13) P = 37 (Awg)wr.
(=1

Proof. By 00-Lemma, there exists a function ® such that
px = P + dd°d.

The assumption on p})l(ar and Proposition 5 together imply that

prt =1 (px — PIAT) = 1 dd°® = ddn*®.

Due to the last lemma, the metric gps is conformally equivalent to a
CYT metric. q.e.d.

Note that Equation (13) has a topological interpretaion. Since the
curvature form wy is a harmonic (1,1)-form, g(we, Fx) = A(wy) is a
constant. Therefore,

F
/ 9x (wr, Fix)dvolx = gx (we, Fx)volx = W/ F%.
X ! X
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On the other hand,

1
/gx(wE,Fx)dUle :/ wp N xFx = '/wZ/\F;}_l.
X X (n—1)!J,

Therefore, Equation (13) is reformulated in terms of cohomology classes
and their intersections as follows:
2k

we] U [F]1
er(an) =y AU )
—~ |F]
When the complex dimension of the manifold is equal to 2, we have the
next result.

Corollary 8. Suppose in addition that the base manifold X is com-
plex two-dimensional. Let QQ be the intersection form of X. Then M
admits a CYT connection if

Q(FX7W1) Q(FX,WQ)
Q(Fx, Fx) Q(Fx, Fx)
When the base manifold is Kéahler Einstein, we could solve Equation

(11) directly without going through a conformal change as in Proposi-
tion 7.

(14) pjf\bfr =2 wi +2 wo.

Proposition 9. Suppose that X is compact real 2n-dimensional
Kahler Einstein manifold with positive scalar curvature. Let its scalar
curvature be normalized to be 2n®. Suppose that M is an even-dimen-
sional toric bundle with curvature (w1, ...,wsr) such that wqy = Fx and
for all 2 < ¢ < 2k, wy is primitive; then M admits a CYT structure.

Proof. Since X is Kéhler Einstein, pf = %FX = nFx for all t.
When wy is primitive, Awy, = 0. By Proposition 5

(15) pap = T (nFx — (Aw)wi) = nr*(Fx —w1) = 0.
q.e.d.
Corollary 10. Let P be the principal U(1)-bundle of the mazximum

root of the anti-canonical bundle of a compact Kdhler Einstein manifold
with positive scalar curvature. Then P x S admits a CYT-structure.

Proposition 11. Let X be a compact Ricci-flat Kahler manifold.
Suppose that M is an even-dimensional toric bundle with curvature
(Wi, ... ,wo) such that every wy is primitive; then there is a Hermit-
ian metric on M such that all canonical connections are Ricci flat. In
particular, it admits a CYT structure.

Proof. Since X is Ricci-flat Kéhler, p', = 0 for all ¢. When all w; are
primitive, Aw;, = 0. By Proposition 5 or Equation (11),

(16) ohy = %ﬂ'* (Z(Awg)wg> =0

14
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for all ¢. q.e.d.

The condition on wy; being primitive in the last proposition is nec-
essary, as there exists an example of real 2-dimensional holomorphic
principal toric bundle over a real 4-dimensional flat torus admitting no
CYT connections [17, Theorem 4.2].

The last proposition is applicable to K3-surfaces with Calabi-Yau
metrics. The abundance of primitive harmonic (1,1)-forms generates
a large collection of CYT structures on toric bundles on K3-surfaces.
Some explicit constructions can be found in [26]. We shall remark on
the topology of these examples and their relation with Strominger’s
equations later in this article.

On the other hand, the last two propositions could not be extended
to include Kéhler Einstein manifolds with negative scalar curvature as
base manifolds. For instance, if X is a compact complex surface of
general type, the space of holomorphic sections of K for some positive
integer m is at least two dimensional. Since Kj; = n*Kx, we have a
contradiction to a vanishing theorem [1].

4. Examples of CYT structures

4.1. Product of Spheres S x S3. The second integral cohomology
of the product of two complex projective lines X = CP! x CP! is
generated by two effective divisor classes C' and D with the properties
that

Q(C,C)=Q(D,D)=0, Q(C,D)=1.
They are the pullback of the hyperplane class from the respective factors
onto the product space. The anti-canonical class is —Kx = 2C + 2D.
The class C + D is positive as its associated map embeds CP! x CP!
into the complex projective 3-space CP3. Therefore, Fx := %(C + D)
is a Kahler class. Let

w1 = C, w2 = D.

Then Q(Fx, Fx) = %, and Q(Fx,w1) = Q(Fx,ws) = % Therefore,

Q(Fx,w1) Q(Fx,ws)
Q(Fx, Fx) Q(Fx, Fx)

By Proposition 7 there exists a CYT structure on the total space of the
toric bundle with curvature (wy,ws). Since wy and we are the curvature
of the Hopf bundle on CP', the total space of the toric bundle is simply
53 x 83, The existence of CYT structure or a flat invariant Hermitian
connection on this space is well known [18].

4.2. Toric bundles on blow-up of CP? twice. Let X be the blow-
up of CP? at two distinct points. Let H be the hyperplane class of the
complex projective plane and Ej be the exceptional divisor of blowing-
up the ¢-th point on the complex projective plane. The anti-canonical

wi+ 2 wy =20 +2D = —-Kx.
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class is 3H — E1 — E», and it is ample. The class H — 2E; — FE» is
primitive with respect to the anti-canonical class. By taking

(17) FX:LU1:3H—E1—E2 and wg:H—QEl—EQ,

we solve the geometric equation in Corollary 8. Therefore, there exists
a CYT structure of the total space of the bundle whose curvature is

(wl,wz).

4.3. Blow-up of CP? three to eight times. Let X be the blow-up of
CP? at k distinct points at general position on the complex projective
plane. Assume that 3 < k < 8. It is well known that the anti-canonical
class on X is positive and the manifold admits a Kéhler Einstein metric
with positive scalar curvature.

Let H be the hyperplane class of the complex projective plane and
Ey be the exceptional divisor of blowing up the ¢-th point. The anti-
canonical class is —Kx =3H — F1 — -+ — E}. Let

(18) CL)(]:H, wlz—KX:?)H—El—--'—Ek, w2:E1—E2,
w]':Ej, forall3§]§k:

Then {wo,...,ws} forms an integral basis for H%(X,Z). Let gx be a

Kéhler Einstein metric on X whose Kéahler class is equal to wq; then wo

is primitive with respect to gx. By Proposition 9, the toric bundle with
curvature (wy,w2) admits a CYT structure.

4.4. Blow-ups of CP? many times. Next for k¥ > 9, let X be the
blow-up of CP? at k distinct points on an irreducible smooth cubic
curve. Let

4 k 4
(19) w =4H -2 B =Y B, wy=-H+Y Ey.
=1 =5 /=1

Consider a real cohomology class Fx = nH — Zlgzl nely on X. We now
seek n and ny for 1 < /¢ < k such that

(20) Q(Fx,Fx)=4, Qwi,Fx)=Qws, Fx) =2,

because the resulting cohomology class Fx will solve Equation (14) in
Corollary 8. The above equations are equivalent to the following set of
equations in n and ny.

k 4 k 4
nQ—Zn§:4, 471—22715—271@:2, —n—i—Zw:Z
=1 =1 0=5 (=1

To illustrate the existence of a solution, we further assume that n; =
ng = ng = ng and ns = -+ = ng. In terms of n, the above system
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becomes
2n—6
k—4’

(22)  (3k —28)n? + (112 — 4k)n — (20k + 64) = 0.

An elementary computation demonstrates that when k& > 9 this system
of equations has a solution such that n > 3. Note that all n, are strictly
positive and n > ny +n; for all £ and j.

1
(21) ng=--=n= n1:n2:n3:n421(n—|—2),

Next, we need to demonstrate that F'xy with the given n and ny above
is also a Kéhler class. Due to an improved Nakai-Moishezon criteria [11],
a class Fy in H(LV(X) is Kéhler if the following conditions are met:

1) Q(Fx, Fx) > 0.
2) Q(Fx,D) > 0 for any irreducible curve D with negative self-

intersection.
3) Q(Fx,C) > 0 for an ample divisor C.
On X, the divisor class aH — E1 —- - - — E}, is ample when a is sufficiently

large. Therefore, the last condition is fulfilled because n is positive.

According to [19], on the blow-up of distinct points on a smooth
cubic in CP?, the irreducible curves with negative self-intersections are
Ey, H — Ey — E; with ¢ # j, and the proper transform of the cubic
containing every point of blow-up when k > 10. The latter is linearly
equivalent to — Ky = 3H — Zlgzl Ey. Since wi; +wy = —Kx and Fy
satisfy the conditions in (20), Q(—Kx, Fx) > 0. Therefore, F'x is in the
Kahler cone as long as the intersection numbers of Fx with £, and with
H — Ej — Ey are positive. It is equivalent to the constraints n > ny+n;,
and ny > 0 for 1 < ¢, 5 < k. Since solutions to Equation (22) fulfill these
conditions, the corresponding F'x is a Kéahler class.

4.5. CYT structures on (k — 1)(S? x S4)#k(S? x $3). We now ex-
amine the topology of the total spaces of the toric bundles found in the
last three sections.

Proposition 12. Suppose that X is a compact and simply connected
manifold. Let M be the total space of a principal T?-bundle over X
with curvature forms (wi,ws). Suppose that the curvature forms are
part of a set of generators {wi,...,wp} of H*(X,Z). If there exist o, 3
in H*(X,7Z) fulfilling the following equations on X,

(23) wiANa==2volx, waAa=0, wrAf==xvolx, wi AG=0,

then b = by(X) — 2, H*(M,Z) = Z»*X)=2 and the cohomology ring of
M has no torsion.

Proof. There exist connection forms (6;,62) on M with curvatures
(db1,dfs) = m*(w1,ws). Let T2 be the fiber of M over a point z on
the base manifold. Then the restrictions 91\T3 and 02\72 generate the
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Z-module H*(T2,Z). The standard Leray’s theorem implies that the
Es-terms of the Leray spectral sequence for the T2-bundle M over X
are given in the table below [12, 15.11].

Z= {6 Nb3) |0 zb 0 Z
7% = (01,62) | 0 7:17b 0 72
Z 0|Z° = (wi,ws,...,wp) | 0| Z = (volx)

Next we calculate the E3-terms. The map d» : Eg’l — E22’0 is given
by 601,02 — wi,wsy. It is an injection and therefore Eg’l = 0. Since
dQ(EQQ’O) =0, Eg’o =7b2 = <w3,w4, - ,wb).

Similarly, the map d : Eg’Q — Eg’l is given by 01 Ay +— w1 AOy—61 A
wg, so it is injective. Therefore, E§’2 = 0. The map ds : E22’1 — E;LO is
given by 6; Aw; — w; Awj. It is surjective because da(0; A o) = £volx.
Therefore, Eg’l = 722,

Finally, the map ds : E22 2 E’§ s given by

LA ANw—w ANy Aw—01 ANwg Aw
for any w € H?(X,Z). In particular,
d2(91 A By A a) = +volx A6y and dg(@l A Oy A 5) = Fvolx A 6.

Therefore, the restriction do on the E22’2-term is surjective. It follows
that Eg 2 — 7b=2. With the other E5 terms easily computed, the above
computation yields the table of E3-terms below.

0|0 z210|7Z
0/0|z%2|0|0
Z1o|zZb210]0

It follows that the spectral sequence degenerates at the Fs-level and
HX(M,Z) = E2* @ Eat @ BS? = E20 = (s, wy, . . ., wh).
q.e.d.

Theorem 13. For every positive integer k > 1, the manifold (k —
1)(S?% x SY#k(S? x S3) admits a CYT structure.

Alternatively, any 6-dimensional compact simply-connected spin man-
ifold with torsion free cohomology and free S'-action admits a CYT
structure.

Proof. We have seen a CYT structure on S% x S2 in a previous section.

For k > 2, let X}, be the blow-up of CP? at k distinct points on an
irreducible smooth cubic. Let M} be the total space of the toric bundles
over Xy obtained in Sections 4.2, 4.3, or 4.4. Since M, admits a CYT
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structure, ¢1(My) = 0. In particular, the second Stiefel-Whitney class
vanishes and M), is a spin manifold.

We now examine the cohomology of the space M}, through the last
proposition. When k = 2, let w; and ws be given as in (17) and let

a=H+E| —3E,, (=E — Es.
When 3 < k < 8, let w; and ws be given as in (18) and let
a=FE, [=FE —FE.
When k£ > 9, let w; and wa be given as in (19) and let
a=FE, fB=H-—FEs—FEs— E;— Fg.

Then the set of data {w1,ws, @, 3} on respective manifolds satisfies the
hypothesis of Proposition 12. In particular, be(My) = k — 1, for each
k> 2.

Since My is a toric bundle, it admits a free S'-action. By [25],
a compact smooth simply-connected spin 6-manifold with torsion-free
cohomology, be(My) = k — 1, and free S'-action is diffeomorphic to
(k —1)(S? x S")#k(S% x S3). Therefore, we can complete the proof of
this theorem if we demonstrate that the space My is simply connected.

When 3 <k <8, Q(wi,a) =1 and Q(w2,a) = 0, and the restriction
of the bundle M}, onto the 2-sphere representing the homotopy class of «
is the projection from S3 x S' onto S? via the Hopf fibration S3 — S2.
In particular, the map mo(M},) — m1(T?) in the homotopy sequence
of the fibration from M onto X} sends a to a generator of my(T?)
[40]. Similarly, the Poincaré dual of (3 is represented topologically by
a smooth 2-sphere. As Q(wi1,0) = 0 and Q(w2,5) = —1, the map
7o(My) — 71 (T?) sends the Poincaré dual of 3 to a different generator of
71(T?). Therefore, the map mo(M},) — m1(T?) is surjective. Since X}, is
simply connected, by the homotopy sequence of the fibration My — X,
My, is simply connected.

When k > 9, a similar analysis shows that the map mo(My) — m1(T?)
sends the Poincaré dual of o and 3 onto the generators of 1 (T?). Hence,
My, is simply connected.

When k = 2, the Poincaré dual of 3 is an embedded 2-sphere. Since
Q(w1,0) = 0 and Q(ws, f) = 1, the restriction of the bundle My — Xo
onto the Poincaré dual of « is the Hopf fibration S* x S* — S2. The
map w2 (Ms) — m1(T?) sends 3 to a generator in 71(72). The Poincaré
dual of y = H — E; — E5 is also an embedded sphere. Since Q(w1,v) =1,
under the map mo(Msy) — 71 (T?) the images of v and 8 form a set of
generators for 1 (T2). q.e.d.
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5. SKT connections

A KT connection is strong (a.k.a. SKT) if its torsion is a closed
three-form. It is equivalent to require the Kahler form to be dd°-closed.
Such structures recently appeared in the theory of generalized Kéhler
geometry [28] [30]. In real six dimension, a Hermitian metric with
strong KT connection is an astheno-Kéhler metric [34]. Results on
SKT structures on nilmanifolds could be found in [18].

To construct SK'T connections, we return to the general set-up lead-
ing to Lemma 2. Since the projection map 7 is holomorphic and the
curvature forms (wg;_1,ws;) are type (1,1), given Equation (5) we have

d°Fy = JdFy
k
= Jn*dFx + Z(ﬂ’*ng_l A JHQJ‘ — Jegj_l A ﬂ*ng)
j=1
k
=7*d°Fx — Z(ﬂ*w%*l AN 92j,1 + 92j AN TF*WQJ-).
j=1

Therefore, dd°Fy; = n*ddFx — Z?:l * (w2j_1 ANwaj—1 + waj A ng).

Proposition 14. Suppose that a Hermitian structure on a toric bun-
dle M over a Hermitian manifold X is given as in Equation (2). Its
KT connection is strong if and only if

k

(24) Z(WQj—l A woj—1 + woj Awaj) = dd“Fx.
j=1

In particular, suppose that X is a compact complex Kdahler surface, Q
s the intersection form on X, and M is a real two-dimensional toric
bundle over X. If the KT connection on M is strong, then

(25) Q(wl,wl) + Q(w2,wz) = 0.

Note that unlike the trace, the square of a harmonic form is not har-
monic so (25) is not equivalent to (24). By Hodge-Riemann bilinear
relations, the intersection form on primitive type (1,1) classes on com-
pact complex surfaces is negative definite [27]. There is little chance
of using our construction here to produce strong CY'T structures on 2-
toric bundles over K3-surfaces. However, on S? x S?, when w; = C and
we = D as given in Section 4.1, they solve the equation (24). Therefore,
the CYT-structure on S® x S3 is strong, which is a well known fact.

It is known that on most rational surfaces a product of harmonic
forms is not harmonic and every harmonic anti-self-dual 2-form has at
least one zero [35]. So we must use a non-Kéhler metric on X. With
this observation in mind we are ready to prove the following:
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Theorem 15. For every positive integer k > 1, the manifold (k —
1)(S? x S")#k(S3 x S3) admits a strong KT structure.

Alternatively, any 6-dimensional compact simply-connected spin man-
ifold with torsion free cohomology and free S'-action admits a SKT
structure.

Proof. Consider a blow-up of CP? at k (k > 2) points on a smooth
irreducible cubic. Choose two arbitrary closed forms w; and we satis-
fying (25). By the dd®-lemma, wi A w1 + wa A we = dd«a for some real
(1,1)-form .. We can choose a dd®-closed (1,1)-form (3 (e.g., any Kéhler
form multiplied by an appropriate constant) such that

min( min £,(Y,JY’)) > —min( min ap(Y JY)).

peX ||Y]|=1 peX ||Y||l=
Then the form « + 3 is positive definite everywhere and defines a Her-
mitian metric on X, which will produce SKT metric on M. q.e.d.
6. Remarks

6.1. Non-uniqueness. The construction on bundles over the blow-ups
of CP? in Section 4.4 could be used to produce apparently different CYT

structures on (k—1)(92 x §*)#k(S3 x S$3) using different Kéhler classes
on the same base manifold. For example when k£ > 11, we may choose

wp =4H — E1+E2 ZE@, wy =—H+ FE + E»,

and then solve the equations Q(wl, FX) =Qws, Fx)=2,Q(Fx,Fx) =
4 for n,a,bin Fx =nH —a(E1 + E2) —b(Es + --- + Ey).

It is also possible to use topologically different base manifolds and
toric bundles to produce CYT structures on the same real six-dimen-
sional manifold. For instance, let the base manifold X be a Kummer
surface. It admits sixteen smooth rational curves C; with Q(C;,C;) =
—26;5. Due to Piateckii-Shapiro and Shafarevich’s description of the
cohomology ring of X [38, pp. 568-571], if we choose w; = C; £ Co
and we = C3 £+ Cy (with arbitrary signs), there are elements o and (3 in
H?(X,7) satisfying all conditions in Proposition 12. This proposition
enables us to identify the total space M of the toric bundle with (w1, ws)
as curvature forms of 20(S? x S*)#21(S% x S3). Since the canonical
bundle of M is the pullback of the one on M, it is holomorphically
trivial.

Moreover the Kéhler cone of X in H?(X,R) is one of the chambers
with walls I; = {F € H?(X,Z) : Q(C;, E) = 0}. Then we can choose
a Ricci-flat Kéhler metric Fx on X such that Q(C;, Fx) = £1 for
i =1,2,3,4. For this choice we have Q(Fx,w;) = 0 for j = 1,2 after
fixing the signs in the definition of w;. As a consequence we obtain a
balanced CYT structure on 20(S? x S*)#21(S® x S3) which implicitly
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appears in [26]. It is also half-flat in the terminology of [15]. The
structure is not strong, which is in accordance to the result in [33] that
a strong and balanced CYT structure on compact manifold is Kéahler.

6.2. Relation with Strominger’s equations. Our construction on
the connected sums of S§% x S* with S% x 3 is related to a set of
Strominger’s equations in string theory. In [41], Strominger analyzes
heterotic superstring background with spacetime supersymmetry. His
model can be translated to our situation in the following terms: First we
need a conformally balanced CYT manifold with holomorphic (3,0)-form
of constant norm. The manifold is endowed with an auxiliary semistable
bundle with Hermitian-Einstein connection A with curvature F4. The
last and most restrictive equation in [41] is

(26) dH:O/(TI“R/\R—tl”FA/\FA).

Here “Tr” and “tr” are the traces in the tangent bundle and the auxiliary
bundle respectively, R is the curvature of any metric connection V, and
o’ is a positive constant. Solutions to the Strominger’s equations with
the choice of R being the curvature of the Chern connection V' have
recently been found by Fu and Yau [20]. The Hermitian metric has
Kahler form as in (2) with F'x being conformally Ké&hler. With this
data, they solve the system proposed by Strominger for an unknown
conformal factor on a K3-surface as base space. Since the anomalies
can be cancelled for any choice of metric connection, it is important
progress towards a realistic string theory [3]. However, the requirement
that the connection V preserves both worldsheet conformal invariance
and spacetime supersymmetry leads the connection V to be equal to
D — %H, where H is the torsion of the KT (Bismut) connection, i.e.,
V~1 = D+ 1H [32]. Therefore, the term R in Equation (26) is the
curvature of the connection D — %H . It is an open question whether
such a connection exists on compact manifolds.

6.3. Orbifolds. In this article, we focus on toric bundles over smooth
complex manifolds. However, most of the local geometric considerations
could be extended to toric bundles as V-bundles over orbifolds. For
example, suppose that the base space X is a Kéahler Einstein orbifold
with positive scalar curvature [16]. Let P be the principal U(1)-bundle
of the maximal root of the anti-canonical bundle. Our construction
shows that S! x P carries a CYT structure. We refer the readers to [9]
for an analysis of the geometric and topological consideration of P.

6.4. Other geometric structures. The spaces M = (k — 1)(S? x
SY#k(S3 x S3) are S'-bundles over the Sasakian 5-manifolds (k —
1)(S? x S3). Since (k — 1)(S? x S3) admits a Ricci-positive metric
for any k > 2 [39] [10], a result of Bérard-Bergery [7] implies that the
manifolds M admit Riemannian metrics with positive Ricci curvature.
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It would be interesting to see to what extent the CY'T metric, the SK'T
metric and the positive Ricci curvature metrics on M are related.
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