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ARAKELOV INEQUALITIES AND THE
UNIFORMIZATION OF CERTAIN RIGID SHIMURA
VARIETIES

EcKART VIEHWEG & KANG ZUO

Abstract

Let Y be a non-singular projective manifold with an ample
canonical sheaf, and let V be a Q-variation of Hodge structures of
weight one on Y with Higgs bundle E'° @ E%!, coming from a
family of Abelian varieties. If Y is a curve the Arakelov inequality
says that the slopes satisfy u(E1?) — pu(E%L) < p(Q).

We prove a similar inequality in the higher dimensional case.
If the latter is an equality, and if the discriminant of E*° or the
one of E%! is zero, one hopes that Y is a Shimura variety, and V
a uniformizing variation of Hodge structures. This is verified, in
case the universal covering of Y does not contain factors of rank
> 1. Part of the results extend to variations of Hodge structures
over quasi-projective manifolds U.

Let Y be a complex n-dimensional projective manifold, S C Y a
reduced normal crossing divisor, U = Y \ S, and let f : V. — U be
a smooth family of g-dimensional Abelian varieties. Assume that the
local system R!f,Cy has uni-potent monodromy along the components
of S. Let V be a C-sub-variation of Hodge structures in R'f,Cy.

The Deligne extension of V® Op to Y carries a Hodge filtration.
Taking the graded sheaf one obtains the (logarithmic) Higgs bundle

(E,0) = (EYY @ E°1,0),
where 0 : E — E @ Q1. (log S) is zero on E%! and factors through
0: B — E% @ 0l (log S)
on EYY. Define for a torsion free coherent sheaf F on Y’

-5

A(F) =2 1k(F) - c2(F) = (th(F) = 1) - e1(F)* € HA(Y, Q).

€ H*(Y,Q) and
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Over the n-dimensional variety Y choose an invertible sheaf A/, or more
generally an R-divisor A/, and define the slope and the discriminant of

F as
pn(F) = T(F).etN)"! and o (F) = A(F).ci (M),

respectively. For the Higgs bundle (E,0) of the variation of Hodge
structures V we define

pn (V) = v (B**) = par(BM0) — pnr(E®Y) - and
In(V) = O (E**) = Min{op (EM?), dx(EV1)}.

We will choose N' = wy (S) in the introduction and we will write x4 and
4 instead of p1,,. () and 9, (s)-

For Y a curve and V = R!f,Cy the Arakelov inequality due to Falt-
ings [F83] says that

deg(E™) — deg(EY) = 2 - deg(E™) < tk(E™) - deg(Q2}(log S)),
or equivalently that

(1) u(R* f.Cy) < u(Qy (log S)).

If (1) is an equality the Higgs field 6 is an isomorphism. As shown
in [V-Z04], this forces U to be a Shimura curve and R!f,Zy to be a
uniformizing variation of Hodge structures. An intermediate result says
that R!f,Cy = L ® U, for a unitary bundle U and for a uniformizing
variation of Hodge structures I of weight one and rank two, i.e., for
some L with Higgs bundle (L @& L1, 7 : £ — L7! ® wy(S)), where
L% = wy(S). In particular EYY = £ ®c U and E% = £L71 @¢ U are
both poly-stable.

We want to obtain inequalities similar to (1), hoping that equality
forces Y\ S to be a locally Hermitian symmetric domain, and the varia-
tion of Hodge structures to be again the standard one, up to the tensor
product with a unitary local systems.

Before stating the results, let us consider the example of a two di-
mensional compact ball quotient Y. Replacing Y by an étale cover, the
uniformizing R-variation of Hodge structures splits over C as a direct
sum V @V, and interchanging V and V, if necessary, the Higgs bundles
of V and V are given by (E"0 @ E%! 6) and (E'"" @ E'*'¢') for

10 _ 5 01 1o 3 10 _ o1 5 01 1
E=wy, BV =Ty Quwy and B =Qy Quwy®, B =wy?,
respectively (see [Lo03, 4.1], [S88, 9.1] and Section 7). One finds
u(V) = u(V) = u(Qy),
whereas for the whole variation of Hodge structures one has a strict
inequality p(V&V) < i, (2}). So one should expect optimal Arakelov

type inequalities only for the Hodge bundles of irreducible local sub-
systems.
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Theorem 1. Assume that wy (S) is nef and ample with respect to U,
andlet f : V. — U be a smooth family of polarized g-dimensional Abelian
varieties such that the local monodromy of R' f.Cy around the compo-
nents of S is uni-potent. Let V be a sub-variation of Hodge structures
in R f,Cy without a unitary direct factor and with Higgs bundle

(E=EYa E% 9).

Then

(2) u(V) < p($y (log 5)).

The equality

(3) u(V) = u(2y (log 5))

implies that EY0 and E%' are both semi-stable, and that
(4) (V) > 0.

Here “semi-stable” refers to semi-stability for the slope . The defini-
tion, as well as the condition “ample with respect to U,” will be recalled
in 1.1.

The inequality (4) follows immediately from the semi-stability of £'°
and E%! and the Bogomolov inequality, saying that the discriminant of
semi-stable locally free sheaves is non negative (see for example [H-L97,
7.3.1]).

Remark 2. As we will see in the proof of Theorem 1 at the end
of Section 2, one can allow V to have unitary direct factors U which
are invariant under complex conjugation. In particular the inequality
(2) holds for all R-sub-variations V of Hodge structures, and for V =
R! f+Cy itself.

If the equality (3) holds for some V, it holds for all irreducible C-sub-
variations of Hodge structures in V. So it will never hold if V contains
non-trivial unitary direct factors.

The assumption “wy (S) nef and ample with respect to U” allows us
to apply Yau’s uniformization theorem [Y93], recalled in 1.4. It implies
that the sheaf Q%/(log S) is p-poly-stable. Hence one has a direct sum
decomposition

Q%(lOgS):QI@@Qs//@@gs,@@gs

in stable sheaves. We choose the indices such that for ¢ = 1,...,s
the sheaf €); is invertible. For ¢ = s” +1,...,s’, we assume that the
sheaves S™(£);) are stable for all m > 1, and not invertible. Finally, for
1 =38 +1,...,5 we have the remaining stable direct factors, i.e., those
with S™i(£;) non-stable, for some m; > 1.

We will need stronger positivity conditions. First of all we have to
require the sheaves €); to be nef, or equivalently Q%,(log S) to be nef.
If S = () this condition holds true for projective submanifolds Y of

!
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the moduli stack A, of polarized Abelian varieties (see Lemma 4.1).
In general, the assumption “Q3-(S) nef” depends on the choice of a
“good” compactification Y of U. For the moduli space itself, such a
compactification is described in [F83].

Secondly we will frequently need the following properties of the slope
and the discriminant.

(¥) The the tensor product of F ® G of p-poly-stable sheaves F and
G is again u-poly-stable.
(%) A locally free u-poly-stable sheaf F is unitary if u(F) = 6(F) = 0.

Note that both (%) and (x*) hold true, if wy (S) is ample (see Lemma
1.3). Again, as we will see in Lemma 4.1, this condition holds for pro-
jective submanifolds Y of the moduli stack A,. However, for S #
ampleness is too much to expect. S.-T. Yau informed us that (%) and
(**) hold true under the assumption that wy (S) is nef and ample with
respect to some open dense subscheme, and that the proof will be given
in a forthcoming article by Sun and Yau.

So we will work with the following set-up, noting that at present, i.e.,
without using the unpublished result of Sun and Yau, the conditions
are only reasonable for S = ().

Set-up 3. The sheaf Q1. (log S) is nef, wy (S) is ample with respect
to U and the conditions (*) and (+*) hold true for pu = p,, (sy and

§ = duy(5)-

Let f : V — U be a smooth family of polarized g-dimensional Abelian
varieties such that the local monodromy of R!f,Cy around the compo-
nents of S is uni-potent.

For surfaces Y with U ¢ Y we will consider in 8.2 a slightly different
Set-up.

Proposition 4. In Set-up 3 assume that s = s', that for all irre-
ducible C-sub-variations V of Hodge structures in R'f,Cy with loga-
rithmic Higgs bundle (E*° @ E%1,0) one has u(V) = p(Q3-(log 9)), and
that one of the following conditions holds true:

i. (V) =0,

ii. s =s.

Then there exists some i € {1,...,s'} such that:

a. The Higgs field 0 factors like

O Y polgq, — S pilg Q3 (log S).

b. EYY and E%! are stable.
c. Either tk(EYY) = rk(E%Y)+1k(Q;) ortk(E%Y) = tk(EY0)+1k(€Y;).

If wy (S) is ample, one can replace the condition c) in 4 by:
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c. Either 6; is an isomorphism or E®! = EL0 QY and 6; is the
natural map

EY —FEle0)eo02E% 0,

We hope that the conclusion a) of Proposition 4 remains true if one
allows stable factors €2; of the third type, i.e., those with S™(£2;) non-
stable for some m > 0. Moreover the conditions i) and ii) should not be
necessary at this place. So we will not use the condition s = s’ in the
next theorem, and refer instead to the conclusion of Theorem 4.

Theorem 5. In Set-up 3 let V be an irreducible C-sub-variation of
Hodge structures in R f,Cy with Higgs bundle (E*0 @ E%! 0). Assume
that u(V) = u(Q-(log S)) and that for some i € {1,...,s'} the condi-
tions a)—c) in Proposition 4 hold true. If either i < s", orif s’ <i <
and §(V) = 0, there exists an étale covering ¢ : Y' — 'Y, and an invert-
ible sheaf L; with:

a. LI = ¢* det(), for n; = rk().

b. V' = ¢*(V) or its dual is the tensor product of a unitary local

system U;, regarded as a variation of Hodge structures of bidegree
(0,0), with a variation of Hodge structures IL; with Higgs bundle

(Li ® L @™, 7)
where T is given by the morphism
Li — L; @End(d*Q) = Li @ ¢*(Q) @ Q)
—— £;©¢* () © Qb (log ),
induced by the homotheties Oy — End(£;).

The explicit form of the variation of Hodge structures given in The-
orem 5 will allow in Section 10 to calculate the derived Mumford-Tate
group of W = R!'f,Qy. To this aim, we have to study in Section 9 the
decomposition of certain wedge products of W, and to determine the
possible Hodge cycles. This will finally allow to prove:

Theorem 6. Under the assumptions made in Proposition 4, assume
that the morphism ¢ : U — Ay to the moduli stack of polarized g-
dimensional Abelian varieties, induced by f : V. — U, is generically
finite. Then U is a rigid Shimura subvariety of Ag. The universal
COvEring U of U decomposes as the product of s = s' complex balls of
dimensions n; = rk(€);).

The assumption that s = s', i.e., that there are no direct factors ;
of the third type, automatically holds if Y is a surface. We will discuss
this case in the second half of Section 8, and we will formulate and prove
variants of Theorems 5 and 6 enforcing the conditions (%) and (xx) in
Set-up 3 by considering certain small twists of the slope p.



296 E. VIEHWEG & K. ZUO

In Section 1 we will recall Yau’s Uniformization Theorem, and some
of its consequences. The proof of Theorem 1 will be given in Section
2. In Section 3 we prove Proposition 4, as well as the stability of the
Hodge bundles EM? and E%!.

The next section (Section 4) recalls some well known properties of the
moduli stack of Abelian varieties, and a first application of Proposition
4. At this stage we will also discuss the relation between our approach
and the one of Moonen in [Mo098]. Moreover, we will outline a possible
approach towards a generalization of Theorem 6 allowing factors €2; of
the third type, i.e., with S (€2;) non-stable for some i.

As indicated in Proposition 4, things are nicer if one assumes that all
the direct factors Q; of Q3-(log S) are invertible. In this case, one obtains
a numerical characterization of generalized Hilbert modular varieties,
stated and discussed in Section 8. We will show in this section as well
that for ¢ < s” the condition b) in Theorem 5 is a consequence of a).

As a first step towards Theorem 5 for s” < i < s’ we will show in
Section 5 that the condition §(V) = 0 implies that the factor of the
universal covering U of U, corresponding to €, is a complex ball.

At this stage we do not know the existence of an invertible sheaf of

the form £; = det(Qi)"i%, asked for in 5, a). If S = (), knowing that
Y is a quotient of products of balls will allow us in Lemma 7.2 to apply
the Simpson correspondence, and to construct the sheaf £;. At the end
of Section 7 we finish the proof of 5.

Beforehand, in Section 6 we consider the case S # (3, or more precisely
the one where S meets the leaves of the foliation defined by the direct
factor €; of Q.(logS). As it will turn out, in this case the unitary
bundle in 5, b), is trivial and one obtains the existence of £; “for free”.

The last step is to show that the quotient of products of complex
balls in Theorem 5 is a rigid Shimura variety. The rigidity is shown in
Section 9. There we study the decomposition of R!f,Ry or R f.Cy in
R and C irreducible direct factors in more detail. In particular the first
one can be realized over a totally real number field. We calculate the
possible bidegrees of global sections of the wedge products of R!f,Cy .
This will imply in Section 10 finally that U is a Shimura variety, and
allow to end the proof of Theorem 6.

This article relies on C. Simpson’s correspondence between Higgs bun-
dles and local systems ([S88], [S90], [S92] and [S93]). The second main
ingredient is S.T. Yau’s uniformization theorem, recalled in Section 1.
It is based on the existence of Kéahler-Finstein metrics, due to Yau in
the projective case, and extended to the quasi-projective case jointly
with G. Tian. We thank both of them for explaining how to use their
results to study the uniformization of manifolds.
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Thanks also to Y.-H. Yang, who clarified and verified several argu-
ments from differential geometry, to F. Bogomolov who explained the
first named author his view of ball quotients, and who told us Lemma
7.1, as well as its proof, and to Martin Moller who helped to decrease
the number of misprints.

We are grateful to the referee for pointing out several mistakes and
ambiguities in the first version of this article, and for suggestions on
how to improve the presentation of our results.

The first steps towards Arakelov inequalities over higher dimensional
bases were done when the first named author visited the Courant In-
stitute, New York; the final version of this article was written during
his stay at the TAS, Princeton. He would like to thank the members of
both Institutes for their hospitality.

Notations. As in the introduction we will consider up to Section 10
C-sub-variations of Hodge structures V in R!f,Cy. We will say that V
is defined over some subfield K C C, if there exists a K-sub-variation
of Hodge structures Vg C R'f, Ky with Vgk ® C=V.

If (E,0) is a Higgs bundle, and G C E a subsheaf, we call G a Higgs
subsheaf, if 0(G) C G ® Q) (logS). We will call G a saturated Higgs
subsheaf if in addition E/G is torsion free. If G is a saturated Higgs
subsheaf E/G will be called a quotient Higgs sheaf.

The dual of Q},(log S) will be denoted by T3-(—log S).

As in the introduction, p and ¢ usually stand for the slope and dis-
criminant with respect to the invertible sheaf wy (S). However, in parts
of the article we will allow u = pupn and 6 = dpr, for ample invertible
sheaves (or R-divisors) N, provided the assumptions made in 2.5 hold
true.

Stability, semi-stability and poly-stability will always be for the slope
. Just in case we want to underline that we allow different polarization,
we write ppa, dp and we will talk about pas-stability.

1. Stability and locally Hermitian symmetric spaces

Let us recall some properties of locally free sheaves F on a manifold
Y of dimension n.

Definition 1.1. Let H be an ample invertible sheaf on Y.

i. F is numerically effective (nef), if for all curves 7 : C' — Y and
for all invertible quotient sheaves £ of 7*F one has deg(L) > 0.

ii. F is ample with respect to an open subscheme U’ of Y, if for some
v > 0 there exists a morphism &H — S”(F), which is surjective
on U’. If F is invertible, this is equivalent to:
For some 1 > 0 the sheaf F" is generated by HO(Y,F") in all
points v € U’, and the induced morphism U’ — P(HO(Y, F") is
an embedding.
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iii. F is big, if it is ample with respect to some open dense subscheme.

Let us also recall the notion of stability for a torsion free coherent
sheaf F with respect to an invertible sheaf or an R-divisor N.

iv. F is ppr-stable, if ua(G) < par(F) for all subsheaves G of F with
rk(G) < rk(F).

v. F is ppr-semi-stable, if ppr(G) < pp(F) for all subsheaves G of F.

vi. A ppa-semi-stable sheaf F is par-poly-stable, if it is the direct sum
of puar-stable sheaves.

In iv), v) and vi) we will assume that N is nef and big. If N is not
ample, and if F is a locally free pas-stable sheaf it might happen that
F contains a stable locally free subsheaf G & F with pun (G) = ppn(F).
By definition this is only possible if rk(G) = rk(F) and if the cokernel
of G — F is supported on divisors D with D.c;(N)"~! = 0.

Recall that the slope is pa(F) = Y(F).ci(M)*~L. So the standard
properties of the slope follow from:

Lemma 1.2. Let F and G be torsion free coherent sheaves on Y .

rk(g) . Cl(f) + I‘k(f) - Cq (g)
rk(F) - rk(G)

T(F®g)= =T (F) +71(9),

T(S™(F)) =m-T(F), Y(A\WF)) =m-1(F)
where for the third equality one assumes m < rk(F). If
0—F —K—G—0
is an exact sequence, T (K) is equal to

c1(F) + c1(G) _ rk(F) ) rk(G) @)
rk(F) +1k(G)  rk(F) +rk(G) rk(F) + rk(G) '

Lemma 1.3.

a. There exists the Harder-Narasimhan filtration for all torsion free
coherent sheaves F, i.e., a filtration

O=FyCcFH C---CFn
with Fy/Fe—1 torsion free, un-semi-stable and with
Mmax,N(f) = NN(fl) > //’N(fQ/fl) >
s > MN(fm/fm—l) = :U’mimN(f)'
b. The tensor product of uar-semi-stable sheaves is again pa-semi-
stable.
c. If N is ample, the tensor product of uar-poly-stable sheaves is again
un-poly-stable, as well as the pullback under finite morphisms.
d. If N is ample and if F is a locally free sheaf, u-poly-stable of
slope pn (F) = and with Snr(F) = 0, then F is unitary, i.e., there
exists a unitary local system U on Y with F = U ® Oy .
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Proof. If N is ample, the existence of the Harder-Narasimhan filtra-
tion is well known (see [H-L97, 1.6.7]), and the proof carries over to
the case N nef and big. c¢) is shown in [H-L97, 3.2.3 and 3.2.11], for
example, and d) in [U-Y86] and [Do87].

For N/ ample, b) is well known (see [H-L97, 3.1.4]). In general one
can use the following argument. Given an ample invertible sheaf H,
consider the Harder-Narasimhan filtration

O0=FCFH C--CFn

with respect to ¢1 (N ® H€). By [L04, p. 263] for ¢ > 0 and sufficiently
small, this filtration is independent of . One has

pn (Fi) = l%ﬂN@Hf(}—l) > l{%#]\/@%s(]:) = pn(F).

If F is ppr-stable, one knows that pp(F1) < pa(F) with equality if
and only if 71 = F. So F is ungpe-semi-stable. Applying this to the
graded sheaf with respect to a Jordan-Holder filtration, one finds that
a pa semistable sheaf F is also pargre-semi-stable.

So if G is a second upr-semi-stable sheaf, for € small enough, F and
G are both pagxe-semi-stable, hence F ® G as well. Taking the limit
€ — 0 one finds F ® G to be upr-semi-stable. q.e.d.

Besides Simpson’s correspondence the main technical tool used in this
article is Yau’s uniformization theorem, explained in [Y93] and [Y88].
So for the rest of this section, if not stated otherwise, we will choose
N =wy(S) and p = py.

Theorem 1.4. Let Y be a complex projective manifold and S CY a
reduced normal crossing divisor. Assume that wy (S) is nef and ample
with respect to Y \ S. Then:

a. For all m > 0 the sheaves S™ (%, (log S)) are poly-stable.
b. Let

0y (logS) =N @ --- Q4
be the decomposition of Q%,(log S) in stable direct factors of the
same slope and n; = tk(§;). Then for i = 1,...,s the (n;,n;)
current

2(')% + 1) . CQ(QZ‘>.C1 (Qi)ni72 —n; - C| (Qz)nl

18 semi-positive.
c. Choose inb) 0 < s" < s < s with:
i. For1<1i<3s" the sheaf Q; is of rank one.
ii. Fors" <i < s’ the rank n; of Q; is larger than one and for all
m > 0 the sheaf S™(£;) is stable.
ili. For s’ <i < s and for some m; > 0 the sheaf S™i(Q;) is not
stable.
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Then M; is a one dimensional ball for i = 1,...,s” and a a
bounded symmetric domain of rank > 1 fori=s+1,...,s.
Fori=35s"+1,...,s one has the equality

(1.1) 2(n; + 1) - ca(Q:).c1 ()" 2.cq (wy (9))" ™
=n; - c1(2:)" .cr(wy (9))" ™

if and only if M; is an n;-dimensional complex ball.

d. In particular, if in ¢) the equation (1.1) holds fori = s"+1,...,¢,
then U =Y \ S is a quotient of a bounded symmetric domain by
a discrete group with finite volume.

In [Y93] the assumptions i) and iii) in ¢) are expressed differently.
There it is required that S™i(€;) contains a direct factor of rank one
of the same slope as S™i(§;). Obviously this condition holds true if
n; = 1. For n; > 1 it is equivalent to iii).

The proof of Theorem 1.4 in fact gives additional information.

Addendum 1.5. Let €; be one of the stable factors in 1.4, b), and let
U be an irreducible unitary local system on Y. Assume that UcS™(2;)
is not p-stable for some m > 0. Then for some m; > 0 the sheaf S™(£2;)
is not p-stable, hence s’ < i < s.

Some notations from the proof of 1.4. Let U = M; x --- x M, be the
decomposition of the universal covering of U which corresponds to the
decomposition in 1.4, b). In particular, dim M; = n; for all i (see [Y88,
p. 272]). The holonomy group H; of T; = € with respect to the Kéhler-
Einstein metric (more precisely, the projection of the Kéhler-Einstein
metric on T4 (—log S) to T;) is contained in U(n;).

As explained in [Y93, p. 479], the condition in 1.4, c), iii) on the
non-stability of S™(2;) is equivalent to the condition that H; # U(n;).
The latter holds if and only if M; is a Hermitian symmetric space of
rank > 1.

If H; = U(n;), by [Y88, p. 272] (with some misprint in the sign),

2 (ni + 1) co(Ty) — ni - e (T;)?
is a semi-positive (2,2) form, hence
(1.2) 2+ (ni 4+ 1) - ca() — ni - e1 ()%,
as well. Then, for n; > 2,
(1.3) 2 (n; 4 1) - co().c1 ()72 — ny - e ()™

is a semi-positive (n;, n;) current. It is zero if and only if M; has constant
negative holomorphic sectional curvature, hence if it is isomorphic to the
complex ball. q.e.d.
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Proof of Addendum 1.5. Assume S™ () is stable, for all m’ > 0. If
n; = 1, there is nothing to show. For n; > 1 we have just seen that the
holonomy group of T; is U(n;), hence the one of S™(T;) is S™(U(n;)).

The holonomy group of U with respect to a locally constant metric is
trivial, hence {Id,}, the identity of Gl;. By functoriality the holonomy
group of U® S™(T;) with respect to the product of the locally constant
metric and the Kahler Einstein metric is

{1d/} @ S™(U(n;)) = S™(U(ns)) x - - x S™(U(ny)).

Suppose U® S™(T;) is not stable. Using again the Khler-Einstein prop-
erty, a decomposition of the bundle in stable factors gives rise to a
splitting of the product metric, hence to a splitting of the holonomy
group {Id;} ® S™(U(n;)).

Since U is irreducible, such a splitting of U®.S™(T;) can not arise from
the natural splitting S™(U(n;)) x --- x S"™(U(n;)). Thus, it forces one
of the factors S™(U(n;)) to split. As in [Y88, p. 272] this contradicts
the irreducibility of $™ (T;) for all m’ > 0. q.e.d.

For the next Lemma we need more than the positivity of wy (S).
Lemma 1.6. Assume that wy (S) is ample with respect to U, and
that the sheaf 03-(log S) is nef.
i. Then all the stable direct factors ; in 1.4, b), and their determi-
nants det(€);) are nef, and c1(Q;)" 1 is numerically trivial.

ii. Forvy,...,vs with vy + -+ vs = n the product
Cl(Ql)Vl. v .Cl(QS)VS
is a positive multiple of c1(wy (S))", if v, = n, for v = 1,...,s,

and zero otherwise.

1ii. Cl(Ql)nl. s .Cl(QS)nS > 0.

iv. If D is an effective Q divisor with D.c1(wy(S))"™! = 0, then
D.ci (). -+ .c1(Qs)"s =0 for all vy, ... ,vs withvy + -+ vs =
n—1.

v. Let NSg denote the subspace of the Neron-Severi group NS(Y)qg
of Y which is generated by all effective divisors D satisfying the
condition in iv). If for some a € Q one has c¢1(§%;) — - c1() €

NSo then i = j.
vi. If for some m > 0 there is an injection p : S™(§;) — S™(£;),
then i = j.

vii. The equality (1.1) in Theorem 1.4, ¢), holds if and only if
2(7%‘ + 1) . CQ(QZ‘).Cl (wy(S))”ﬁ =n;-C] (QZ‘)Q.Cl(wY(S))niq

Proof. In Theorem 1.4 the sheaf Qf, (logS) is poly-stable, and the
assumption obviously implies that all the €; are nef, hence det(£2;) as
well. The Bogomolov-Sommese vanishing theorem (see [E-V92, 6.9])
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implies that r(det(£2;)) < nj, hence c¢1(9;)™ ! is numerically trivial
and i) holds true.

The cycle ¢1(wy(S))" is a linear combination of expressions of the
form

c1 (). -+ c1(Qs)” with vy 4+ -+ v =,

with non-negative coefficients. For n = n all those intersection cycles
are zero, except the one with v; = n;, for all j. Since wy (S) is big, one
finds for some positive rational number «

Cl(Ql)m. <. .Cl(Qs)ns = - Cl(wY(S))" > 0,

hence ii) and iii) hold true.
By i) for v = (v1,...,vs) with vy 4+ --+v5 = n = n—1 one finds that

D.Cl(Ql)Vl. s .Cl(QS)VS > 0.

So D.ci(wy(S))"~! = 0 implies that all those numbers must be zero, as
claimed in iv).
The equality ¢;(€2;) = a-¢1(Q;) + D for i < j and D € NS implies
that
C1 (Q1)n1. s .Cl(Qi)m. s .Cl(Qj)nj. s .Cl(QS)nS

is a multiple of an intersection number containing c;(Q;)%*1 = 0.
Hence by part i) it is zero, contradicting iii).

Assume there is an injection p in vi). The poly-stability of the two
sheaves implies that S™(£;) = S™(£;) @ R. So for some o > 0 one
finds ¢1(€Q;) = c1(€) + a - c1(R). The sheaf R as a quotient of a nef
sheaf has to be nef, and

e ()" er Wy (9))" 7 2 en(Q)" er(Q).cr (wy (5)"

is positive, in contradiction to part i).
For vii) write v for the semi-positive (2,2) form in (1.2), i.e.,

7 =2 1) - e ) — i1 ()

Since 7.c1(21)". - -+ .c1(2s)”s > 0, for all tuples v with v + -+ vg =
17 = n—2, the equality in vii) implies that all those intersection numbers
are zero, in particular the equation (1.1) holds. On the other hand, the
equation (1.1) implies that M; is a complex ball, hence the (n;, n;)
current (1.3) is zero.

Then v.c1(21)". - -+ .c1(2s)"* = 0 whenever v; > n;—2. For the other
tuples v there is some v; > nj, hence again the intersection number is
zero, and the equation in vii) holds true. q.e.d.

We will consider in this article stable and semi-stable sheaves with
respect to slopes defined by non-ample invertible sheaves N .

Definition 1.7. Assume that N is nef and big.
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a. Let F be a coherent torsion free sheaf, and G a subsheaf. We call
F and G equivalent (or ppr-equivalent) to F, if /G is a torsion
sheaf and if ¢1 (F) —c1(G) is the class of an effective divisor D with
D.ci(N)" L =0.

b. If 8 : F — £ is a morphism between coherent torsion free sheaves,
the saturated image Im’(6) is the kernel of the map

&— (E/Im(e))/torsiom

c. If in b) 6 is injective, we call Im’(6) the saturated hull of F in &.
d. We call a coherent torsion free sheaf F weakly poly-stable, if it is
equivalent to a poly-stable subsheaf.

Lemma 1.8. Assume that N is nef and big.

1) If F is ppr-stable and if G C F is a subsheaf with ux(G) = pn (F)
then F and G are ppr-equivalent.

2) A ppr-stable sheaf F is pp-semi-stable.

3) If 0 : F — & is a morphism between torsion free pp-semi-stable
sheaves of the same slope g, then the saturated image Tm’(0) is
a pp-semi-stable subsheaf of slope g, and Im(0) and Im’'(6) are
UA-equivalent.

4) Ifin 3) the sheaf F is weakly poly-stable, then the saturated image
1s weakly poly-stable.

Proof. Let F be a coherent torsion free sheaf, and let G be a subsheaf
with rk(G) = rk(F). Then the cokernel of G — F is supported on an
effective divisor D and ci(F) — ¢1(G) is an effective Q-divisor D. Since
N is nef, one finds D.cy(N)"~1 > 0 and ppn(G) < par(F). In particular
2) holds true.

If G is a subsheaf of a stable sheaf F with pua(G) = un(F), then by
definition 1k(F) = rk(G), hence D.c1(N)"~1 = 0 as claimed in 1).

In 3) write G = Im(f) and G’ = Im'(#). Then

o < pn(G) < pn(G') < par(€) = po,

and G’ is a ppr-semi-stable subsheaf of slope pyg.
In d) we may replace F by the equivalent poly-stable subsheaf. Then
G is poly-stable, hence G’ by definition weakly poly-stable. q.e.d.

Later N will either be ample, hence in 1.7, a), the divisor D will be
zero, or N' = wy (S). In the second case we can make a more precise
statement.

Lemma 1.9. Let p = p,(s), and let G — F be an inclusion of

semi-stable sheaves of the same slope and rank. Then ci(F) —c1(G) lies
in the subspace NSy defined in 1.6, v).

Proof. This follows from part 3) of 1.8 and from 1.6, iv). q.e.d.
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We will write C' = C” for two classes C,C" € NS(Y) with C — C’ €
NSp.

2. The slope of a Higgs bundle

Let V be a polarized C-variation of Hodge structures on U =Y \ S
with uni-potent local monodromies and with logarithmic Higgs bundle

(E=E"aE", 0: B — E% @ Qf(log S)).

We may choose in the first part of this section p = uxr, where NV is a
nef invertible sheaf (or an R-divisor) on Y, ample with respect to U.
Later we will use the assumptions stated in 2.5.

Since (E, 0) is the Higgs bundle of a local system with unipotent local
monodromy, ¢i(E) = ¢ (E'0) 4 ¢ (E%!) = 0, hence p(det(E)) = 0. We
will need two slightly different results on the behavior of slopes under
filtrations of Higgs bundles.

Lemma 2.1. Let 0= FEy C E1 C Ey, C --- C Ey = E be a filtration
of E by saturated sub-Higgs sheaves, and write F; = E;/E;_1.

a. If u(det(F;)) =0 for all i then
p(E**) < Max{u(F*); i=1,...,¢},
with equality if and only if
plET") = p(F5%) = - - = p(Fy") - and
rk(F0) - rk(F)) = vk(FPY) - ok(F).
b. Assume that p(det(E)) = 0, that p(det(E;)) < 0 and that FZ-O’1 #
0, fori=1,...,0. If
0> u(EYY) > u(Fyh) > o> u(FP

one has p(E**) < Max{u(F;*);i = 1,...,¢}, and the equality
implies that p(det(E;)) =0, fori=1,... L.

Proof. Let us write sl(E) and sl(F;) for pu(E**) and pu(F;*). Part a)
can be easily shown by induction on ¢, whereas the assumptions made
in b) prevent a similar argument. We first introduce some correction
terms allowing to handle both parts at once.

e ¢; = pu(det(F;)) (hence ¢; =01in a) and ¢; +---+ ¢, = 0 in b)).
° ,uf’q = ,u(Fip’q), for (p,q) = (1,0) or (0,1).
° ril’o = rk(Fil’O).

° r?’l = rk(FiO’l) — %il in b) and 7’?’1 = rk(Fio’l) in a).
i

Claim 2.2. One has
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0,1 0,1 1,0 1,0

Loy, -r;” =—p; " -7, and in particular r >0
IL. )t <rk(EOY).
l , 0,1
1IL w(E%H) > 11+071@
i=1"4
¢ 10 1,0 ¢ 01 01
I\% SI(E) < Ziil My Ty _ Ziil Hi Ty
: — EZ 7”1’0 Zf rO,l
i=1"% i=1"i
with equality if and only if ¢; = co =--- = ¢, = 0.

Proof. All this is obvious under the assumption a). For example, I is

just saying that ¢; = ,u%’o e ,u,(-)’1 ! and IV is the definition of

(2 1 (2
sl(E).
Under the assumptions made in b), part I follows from

1,0 1,0 0,1 0,1
=py ey oy rk(E)

and from the choice of r(-)’l. By assumption, for all » > 0

p(det(E ZCZ <0

0,1

_]_ 7 _ )
with equality for r = £. Since 1 > 0 and %
’U/E lul lu’z—‘,-]_

(2.1) (Zr(]l) k(E®T)
L
(ZTOI F01> Z 0

/-1 01 01

ZCZ +Z i z+1 ch < ’

zluz 'uH-l j=1

> 0 one finds

as claimed in II. Finally,

l
1
EOY = ——— .57 10 k(O <o,
WE) = o ;uz rk(F;") <0

Using II one finds

¢ 0,1
(O (R
(22) M(EO,I) > Zz—l lu’zg rOE i )
doim1 Ty
¢ 0,1 0,1 Vi ¢ 0,1 0,1
Do My Ty > i—1 Ci _ Dici My Ty

S Tiant i

Y
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hence IIT and IV. If IV or equivalently III are equalities, the same holds
true for (2.2) and hence for (2.1). Obviously the latter implies that

Z}Zl ¢; = 0 for all 4. q.e.d.

Let us write

1,0 1,0 0,1 01
. — Dici By T _ Dby Ty
T r 1,0 r 0,1 :
D=1 T D1 T
Claim 2.3. One has
sm < Max{spm_1, 150 — u%'} = Max{s,,_1,s1(F)},

with equality if and only if s,,,—1 = sl(F},,) and

m m
1,0 0,1 _ 0,1 }: 1,0
T " E vy =Ty .
i=1 i=1

Obviously 2.3 implies Lemma 2.1 a) and b). In fact,

sI(F) < sp < Max{s;_1,sl(Fy)} < Max{se 2,81(Fy_1),sl(Fp)} <
- < Max{sl(F;);i =1,...,¢}.

The equality implies sl(Fy) = sp—1 = sl(Fy—1) = sp—9 = -+ = sl(Fl),
and
¢ 01 ¢
1,0 0,1 T 1,0 0,1
o Ty o1 — T Ty
i=1 T0—1 i=1
Y4 l l 1
_ 01 1,0 _ 10 0,1 01 i
=Ty =Ty E,Tz =Ty E: 1
i=1 i=1 i=1 To—
01
1,0 0,1 1y _ 10 /01 0,1
Tg Ty (1+ 071)_7’3 -(7’2 +T1 )
)
10
01 ;1,0 1,0 01 1,0 1
=7y (?”2 + 7 )—7“3 Ty 1+T1T
2

d 1,0 01 0,1 1,0
an T2 (] —7“2 7”1 .

One finds the last condition stated in a). In case b) we have seen already
in 2.2, IV), that the equality sl(E) = sy implies ¢; =co = -+ = ¢, =0,
as claimed in 2.1, b).

Proof of Claim 2.3. Let us first handle the case m = 2. We write
sl = sl(Fy), slp = sl(Fy) and s = Max{s1,sl(Fz)} = Max{slj,sla}. Let
us choose

1,0 1,0 1,0 , 01 0,1 0,1 0,1
h=(ry" +ry") (" +7r)- ( "’7“2) (ry" +7ry7) >0
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and

1,0 01

10,01, (.10 1,0, 01 1,0, 1,0, 01, 0,1
f=(ry"r (g +7"2 )"‘7"2 () (A ).

It is an easy exercise (by hand or using any computer algebra program)
to see that f = h — g* for g = (r; 10 rg’l — r%’o . 7“?’1).
The Property I) implies that

74071 740,1
1,0 1,0 0,1 i o ] i
pi = =) o1 = S - o1
+7r; ;T
1 1 1 1
and —,u(i)’ ‘7’?’ = ,ui’o 0 Then
1,0 1,0 10 10 1,0 1,0 10 10
g =t Ty Ty LA Tty Ty
2= 0 1,0 0,1 0,1
+ 7y ry +ry
,1,0.,.0,1 ,10,.0,1 F1:0,0,1 ,1,0.,.0,1
sl 11,0 10,1 +slp 1,0 20,1 sly 11,0 10,1 + sy 1,0 20,1
1T +7ry + 1 Ty +ry
= 1,0 1,0 0,1 0,1
ry Ty T+ Ty
1,0 0,1 1,0 0,1
sly -7y o) n slp -7y -1y,
1,0 1,0 1,0 0,1 1,0 1,0 1,0 0,1
(ry" ) () () (g )
0 1,0 0,1 0,1
+ry 4y
i 0,1 )
+ 7y
and s9 < s- £ s-(1— 7) < 5. If s3 = s the polynomial g must be

zero, and sl(Fy) = sl(Fg).
For m > 2 we argue by induction. By definition one can write s, as
1 1,0 1,0 1,0 1,01 01 0,1 0,1
(Z:—H% ) _(Z:—lﬂz ) ey
1,0 0,1 :
21T 2im1 i

So writing r4P? =yl phPt = bl sty = sI(F),),
m—1 r—1 paq  pa
1pa _ P.q pa _ Duimi i T
ry = g r;%, and  pp = ZT T
i=1 17
one gets
/1,0 /10 11,0 11,0 /10 /10 11,0 11,0
= —HM T o Ty +M1 Ty Ty
2 = Sm =
/1 0 + rll 0 r/l%l + T/(2)71
So repeating the argument for m = 2 with ' added, we obtain 2.3 for all
m. q.e.d.

We will frequently use Simpson’s correspondence for sub-Higgs bun-
dles of a given Higgs bundle of a variation of Hodge structures. Since
we do not require N to be ample, we have to work with saturated sub-
sheaves G C FE, i.e., with subsheaves such that E/G is torsion free.
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Proposition 2.4. Let N be nef and ample with respect to U. Let E be
a logarithmic Higgs bundle induced by a C-variation of Hodge structures
V on U with uni-potent local monodromy. If G C E is a sub-Higgs sheaf
then for alln —1 > m > 0 and for all ample invertible sheaves H on'Y
one has

(2.3) c1(G).cy (M) ey (H)™ < 0.
Moreover, if G C FE is saturated the following conditions are equivalent:

1) For some m > 0 and for all ample invertible sheaves H the equality
holds in (2.3).
2) For all m and for all ample invertible sheaves H the equality holds
in (2.3).
3) G is induced by a local sub-system of V.
In particular, if one of the conditions 1)-3) holds true, G is a logarithmic
Higgs bundle and a direct factor of E.

Proof. Consider for r = rkG the rank one sub-Higgs sheaf

(det G, 0) = f\(G,@) c /T\(E,H).

The curvature of the Hodge metric i on det GG is negative semi-definite,
and the Chern form c;(G, h) represents the Chern class of det(G). So
one obtains (2.3) for m = n — 1. Since N is in the closure of the ample
cone, one obtains (2.3) for all m.

Assume now that G C E is saturated. Obviously 3) implies 2) and
2) implies 1). If (2.3) is an equality for some m < n — 1 and for all
H, then it is an equality for m = 0, since N lies in the closure of
the ample cone. The invertible sheaf det G is a saturated subsheaf of
A" (E). Replacing Y by some blowing up with centers outside of U,
the polarization N by its pullback and G by the saturated hull of the
pullback, the equality (2.3) remains true. Hence we may assume that
the inclusion det(G) — A"(F) splits locally. Moreover, since ¢1(N) is
ample with respect to U, one can choose the blowing up such that ¢; (N)
is the sum « - ¢1(H) + - D, where o and 3 are positive real numbers,
where D is an effective Q-divisor, and where H is ample.

We will show by induction on m that (2.3) holds for H and for all m.
For 0 < mqg < n — 2 write c1(G).cy(N)" ™0~ ¢y (H)™ as

a1 (G).c1(N)"m072 ¢y (HY™OH 4 B ey (G).cr ()02 ¢y (H)™.D.

By [Z00] none of the terms can be positive. If (2.3) is an equality for
m = mg both terms must be zero, and one obtains (2.3) for m = mg+1.
By induction (2.3) holds for all m, in particular for m = n — 1. [S88]
implies that G is induced by a local system on U. q.e.d.

In the sequel we will need the compatibility of “poly-stability” with
tensor products, as stated in condition (x) in Set-up 3.
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Assumption 2.5. Either u =y, (s) and 0 = 9, (5) or p = pn and
d = 0y for an ample invertible sheaf (or an ample R-divisor). In the
first case we assume that the assumptions made in Set-up 3 hold. In
the second case we assume that wy (S) is nef and ample with respect to
U and that S™(Q3 (log S)) is pp-poly-stable for all m > 0, a condition
which automatically holds in the first case by Theorem 1.4.

Note that under those assumptions u(4-(log S)) > 0.

Proposition 2.6. Assume that 2.5 holds. Let (E = E'° @ E%1 0)
be the logarithmic Higgs bundle of a C-variation of Hodge structures V
on U =Y \ S of weight one, and assume that V has no unitary direct
factor. Then:

a. (V) < p(Qy (log 5)).
b. The equality (V) = p(Q3-(log S)) implies that E° and E%! are
both semi-stable.

Proof. 2.1, a), allows us to assume that V is irreducible. Let

0=EcE’c..-cE’=EY
and 0=Ey' C B} C---C By' = B
be the saturated Harder-Narasimhan filtrations of E10 and E%!, re-
spectively. Replacing V by its dual, if necessary, we may assume that
¢ < {'. Since (E(lj’l,O) is a sub-Higgs sheaf, and since (E;’O/El}fl,O) a
quotient Higgs sheaf one finds pu(E)") < 0 < ,LL(E;’O/E;’_Ol) and

1,0 1,0 1,0 0,1 0,1 0,1

In particular, by Proposition 2.4 (E11 ¥ 0) can not occur as a sub-Higgs
sheaf and 9(E11 %) £ 0. The morphism

0,1 0,1
El’o X T}%’(— IOg S) — Ef/ /Eé/ip

induced by 6 is non zero; otherwise (E?,’1 / E?,’il, 0) would be a quotient
Higgs sheaf of negative degree, contradicting again the inequality (2.3)
in Proposition 2.4.

Choose two sequences

O=jo<j1<--<jr={ and O0=jj<ji<---<j.="{

in the following way:

Assume one has defined j,,,—; and j;,_;. Then j/, is the minimal number
with Q(E;;y?fﬁl) C E%nl ® O (log S), and jy, is the maximum of all j
with 0(E;°) € E)' @ Q3 (log S).



310 E. VIEHWEG & K. ZUO

In different terms, one has

0(E}) C Byt @ 0L (logS),  0(E) ¢ BY' @ O (log S)

and O(E}Y )7 EY' | ® 0} (logS).
One has non-trivial morphisms

EpY /BN — Ey B @05 (logS) and

E;Y /B @Ty(—logS) — Ey'/E} .

1,0 :
Hence for a stable sheaf C with u(C) = ,u(E]m +1/E;j ) one obtains
a non-zero morphism
0,1 ; 0,1
CeTy(~logS) — E; [Ej |
Since C ® T (— log S) is semi-stable, this implies that
1,0 0,1 / -0,1

w(C) = (B JEY ) — u(@(log S)) < u(EY /EY).
Consider the filtration of £ by saturated sub-Higgs sheaves

_ 10 0,1 _ 10 0,1 _ L0 0,1 _

El_Ej1 eani CE2_EJ.2 @Ejé C--'CET—EjT @Eﬂ =F,

with successive quotients F},, = Fnlgo ® Fg{l for

F’=EY/E?  and F)'=E)/E)

Jm—1 jm 1.

Of course, p(E;) <0, and
1,0 0,1 /10,1
WY L JER ) = n(FR0) > 0> p(FRY) = u(Ey JES ).

Hence
0> u(FyY) > p(Fyh) > -+ > p(FPY),
and

(24) p(FL) < (B 1/ ) = n(EYJEY' ) < u(S2 (105 5).

Jm 1+1/ Jm—1

Lemma 2.1, b), implies that

(2.5) p(E™*) < p(Qy (log 5)).

If (2.5) is an equality, then u(det(E7)) = 0, and by Proposition 2.4
FE; must correspond to a local sub-system. Since we assumed V to be
irreducible one finds r = 1. Moreover, (2.4) must be an equality, which
implies that £ = ¢’ = 1, and both E'Y and E%! are semi-stable. q.e.d.

Proof of Theorem 1. Let Y be a projective manifold, S a reduced nor-
mal crossing divisor and let f : V — U be a smooth family of Abelian
varieties, satisfying the assumptions made in Theorem 1. Let V be a
C-sub-variation of Hodge structures of R!'f,Cy without a unitary lo-
cal sub-system. Then the Higgs field § : E10 — EOl @ Q4 (log 9) is
injective and the Arakelov inequality (2) in Theorem 1, as well as the
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interpretation of the equality (3), follow directly from 1.4, a) and 2.6.
q.e.d.

Let us verify what we stated in Remark 2. Consider a real sub-
variation V' of Hodge structures and the largest unitary sub-system U
of V. Let us write V' = V@ U, and (E'"°@ E'%!,0') and (B0 @ E%L, 0)
for the Higgs bundles of V' and V. Since U is invariant under complex
conjugation, the same holds true for V. Then tk(E''?) = rk(E"O)
and tk(E0) = 1k(E%1). Since c1(EP'7P) = c1(EP'~P) one obtains by
Theorem 1

o1 (E10) — o (E/01
(B rk)(E’lv(l’)(E ).Cl(wY<S))n71

c 1,0 —c 0,1
< 1(E rk)(EL(})E ).Cl(wY(S))n_l

= (V) < (9 (log S)),

and the Arakelov inequality holds for V'. It can only be an equality if
V =V, hence if U = 0.

Recall that the socle S{(F) of a semi-stable sheaf F is the unique
largest poly-stable subsheaf of slope p(E) (see [H-L97, 1.5.5]). If p is
the slope with respect to an ample invertible sheaf, S| (F) is saturated in
E. In general one chooses S1(E) as the saturated hull of S{(F). Doing
so, one perhaps loses the poly-stability, but one still has the weak poly-
stability, as defined in 1.7.

So S1(F) is a maximal weakly poly-stable subsheaf of E. Applying
the same construction to E/S;(F) one finds the socle-filtration

0=S0(E)&Si1(E)& & Syp(E)=F

such that S;(F)/S;—1(F) is the saturation of the socle of E/S;,_1(F).
In particular the graded sheaf grg(F) with respect to this filtration is
weakly poly-stable with slope u(FE).

u(V') =

Lemma 2.7. Keeping the assumptions made in 2.5, let Q) be a poly-
stable sheaf and let E and F' be semi-stable locally free sheaves, of slopes
w(Q), u(E), and u(F), respectively. Assume that p(E) = u(F) + u(Q),
and consider a morphism 0 : E — F ® . Then:

a. If 0 is injective, it respects the socle filtration, i.e., for all i
0(Si(E)) CSi(F)@Q and 07 HS(F)® Q) =Si(E)).

b. In a) the induced morphism gtgE — (grgF) ®$) is again injective.
c. If E and F are weakly poly-stable for T = QV the saturated image
of

0 - EoT 224 Fooer 98, F

is a weakly poly-stable subsheaf of F of slope u(F).
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Proof. For ¢) consider a poly-stable subsheaf E’ of E of slope u(E) of
maximal rank. Then E'®T is poly-stable of slope u(E)— u(Q) = u(F),
hence its image in F' as well. Then by definition the saturated image is
weakly poly-stable.

To prove a) we proceed by induction on the length of the socle filtra-
tion p(F). For ¢ = 0, in particular for p(E) = 0, the first inclusion is
obvious and the second equality is just the injectivity of 6.

The sheaf S;(E) is weakly poly-stable, and €’ is a morphism between
semi-stable sheaves of the same slope. Then ¢'(S1(F) ® T) is weakly
poly-stable by part c¢), hence contained in S;(F') . This implies that
9(S1(E)) C S1(F) ® Q and that S1(F) € 0~4(S1(F) ® Q).

The injectivity of § implies that 071 (S; (F)®) is weakly poly-stable,
hence contained in S;(E).

The first inclusion shows that ' — (F/s,(r)) ® Q factors through

0:E/s, 5y — (F/s\(r)) ®Q

and the second equality says that 0 is again injective. Since p(E /su(E)) =
p(E) — 1, we obtain a). Part b) follows directly from a). q.e.d.

Corollary 2.8. Under the assumptions made in 2.6, assume that
w(E**) = pn(3-(log S)). Then there is a filtration
717 717 L — L
0=Fy " PCcFPPC...c PP P =pprlPp
with
i 0(Fy°) c B @ QL(log S) and 0~ 1(Fi @ QL (log §)) = Fy°.
ii. Egil_p = Fg_fl_p/F%”l_p is weakly poly-stable of slope u(EP17P).

Proof. Since we assumed that the local system has no unitary factor,
f must be injective, and 2.7 applies. q.e.d.

3. Stability of Hodge bundles

Before stating the main result of this section in 3.4, let us recall some
facts about Chern classes.

Lemma 3.1. There exist non-negative rational numbers a1 and asz,
depending on m, r and on n = dim(Y"), such that for all locally free
sheaves F on'Y of rank r one has

(3.1) c2(S™(F)) = a1 - co(F) + ag - (c1(F)? — co(F)).
Moreover, if m > 1, r > 1 and n > 1 one has ag > 0 and a; —ag > 0.
Proof. Recall that in degree 2 there are two Schur polynomials,
S0 =c2 and s =c] — ca,

and, as explained in [Lz04, II, Chapter 8], they generate the cone of
degree 2 positive polynomials. Since co(S™) is a positive polynomial,
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i.e., since co(S™(F)) is positive for F an ample locally free sheaf, one
finds a1, az > 0 for which (3.1) holds.

On the other hand, the equation (3.1) is a very special case of univer-
sal relations between Schur polynomials of tensor bundles, studied by
Pragacz (see for example [Lz04, II. p. 121]). In particular the constants
occurring can be chosen to be independent of the bundle F. To verify
az > 0 and a; — ag > 0 we can consider special bundles.

For example, if m, n and r are strictly larger than one, for

r—1
]—":HEB@OY

one finds ca(F) =0, c2(S™(F)) > 0, hence ag > 0.

Consider next the bundle

r—2
F=HoH ' a0y,
One has c1(F) = 0 and co(F).c1(H)""2 < 0, hence in order to show
that a1 — as > 0, it suffices to show that
(a1 — ag)ca(F).c1(H)" 2 = co(S™(F)).c1(H)" 2 < 0.

The sheaf S™(F) is equal to

m A ’ r—2 (T+:72) m '
PsinHen Hes@Por)= P (Ps" HaH ).

i=0 i=0
Since for a direct sum of sheaves with zero first Chern class the second
Chern class is additive, ca(S™(F)).c1(H)" 2 < 0 follows from

(2]
(ST HOH).cl(H)" 2= c(H™ T @H ™H)).cr(H)"
7=0
(2]
=ci(H)" —(m—3)*<0
7=0

q.e.d.

Recall that in Section 2 we considered for a semi-stable sheaf F of
slope pp the socle filtration Se(F), and that the direct factors of the
corresponding graded sheaf grgF are all torsion free and weakly poly-
stable of slope pg. Obviously one can refine the filtration Se(F) to obtain
a Jordan-Holder filtration JHe(F). By definition the direct factors of
the graded sheaf grjpF are all stable of slope pg. One can be more
precise:

Lemma 3.2. Let B be a stable saturated subsheaf of gtsF of slope
wo- There exists a Jordan-Hdélder filtration JHe(F) of F, refining Se(F),
such that B is a direct factor of geygF.
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Note that grgF contains a poly-stable subsheaf P of slope pg, such
that the cokernel is a torsion sheaf. If B’ is one of the stable direct
factors of P we may choose in Lemma 3.2 for B the saturated hull of B'.

Lemma 3.3. Let p = ppn with N nef and big, and let F and F' be
two locally free sheaves.

a. Then
A(FeF) A(F) A(F)
rk(F)2-1k(F)2  1k(F) '
In particular, if £ is invertible,
AF)=AF@L) hence O6(F)=0(F®L).

b. For m >0 one has A(S™(F)) =0 if and only if A(F) = 0.

c. For m >0 one has §(S™(F)) =0 if and only if 6(F) = 0.

d. If F is semi-stable of slope g, then the following conditions are
equivalent:

1) 6(F) = 0.

)

3) For all stable direct factors G of gvjuF one has §(G) = 0.

4) §(grsF) = 0, where S is the socle filtration.

5) For alli one has 6(S;—1(F)/Si(F)) = 0.

6) For all stable subsheaves G of S;—1(F)/Si(F) of slope pp one
has 6(G) = 0.

Proof. a) is well known and shown in [H-L97, p. 72|, for example.
In order to prove 3.3, b) and c), we may replace Y by a finite covering,
hence assume that det(F) = L for some invertible sheaf £ and for
r = 1k(F). Obviously ¢;(F ® £L71) = 0 and A(F) = 0 if and only if
c2(F® L71) = 0. By 3.1 the latter is equivalent to

A(S™(F)) = ca(S™MF @ L)) = 0.
For c¢) we use the same argument: 6(F) = 0 if and only if
(FRL).cf(NM)"? =0,

and this is equivalent to 6(S™(F)) = c2(S™(F ® L71)).c;(N)"2 = 0.
If F in d) is semi-stable but not stable consider a stable subsheaf G;
of slope p(F) and the exact sequence

0—>g1 —>.7:—>g2—>0.
One may assume again that c¢1(G2) = 0. Then c¢1(F) = ¢1(G1) and
co(F) = c2(G1) + c2(G2). Writing r = rk(F) and r; = rk(G;), one finds

Lam=Loag)+ Tiz AGy) - 1 1 (G)?

T T1

7“1—1

'Cl(f)Q + -

2
T2

T1 T (&)
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The generalized Hodge index formula (see for example [Lz04, Variant
1.6.2]) implies that

(M.Cl(/\/)”*)2 > ((Mf -Cl(N)n_2> rer(N)™

1 1

Since u(F) = pu(G1) = pu(G2) = 0, the left hand side is zero, hence
2
(59" o,
1
and

% 8(F) = r—ll -6(G1) + % -0(Ga).

By Bogomolov’s inequality (see for example [H-L97, 7.3.1]) 6(F) and
d(G;) are non-negative, hence 6(F) = 0 if and only if both §(G;) and
d(Ga2) are zero. So the equivalence of the first three conditions in d)
follows by induction on the number of stable direct factors in grygF.
The equivalence of 1) and 4) follows in the same way by induction on
the length of the socle filtration. Finally the equivalence of 4), 5) and
6) is just a special case of the equivalence of 1), 2) and 3), applied to
Si—1(F)/Si(F). q.e.d.

Proposition 3.4. Under the assumptions made in 2.5 let V be an
irreducible C variation of Hodge structures whose logarithmic Higgs field
factors through

0:EY — B o0 — E% 20l (log ),
for a poly-stable subsheaf Q of Q. (log S) of slope u( (log S)). Let
Q=N d--BQ

be the decomposition in a direct sum of stable sheaves, and assume that
S™(Q;) remains stable fori=1,...,s and for all m > 0. Assume that

p(V) = p(EY?) — w(E™) = u(Qy (log 5))
and that either one of the following conditions holds true:
i. 6(EY) =0.
ii. §; is invertible fori=1,...,s.
Then for some 1 € {1,...,s} the Higgs field factors through
0: YW — 90 — B 20— E% 20 (logS),

and the sheaves B0 and E%' are stable. For T, = ) the Higgs field 0
induces an injection 0! : BV @ T, — E%! of stable sheaves of the same
rank and slope. Writing ¢ = rk(E'), the sheaves

SUEY) @ det(E*°)"! and EY @ Y0

are unitary.



316 E. VIEHWEG & K. ZUO

If the assumption §(V) = Min{§(E"?),5(E%')} = 0 in Proposition
4, 1), holds true, either V or VV satisfies the assumption i) in 3.4. So
Proposition 4 follows immediately from Proposition 3.4.

In case there exists an invertible sheaf £ on Y with £f = det(E?)
one also finds that E'* ® £ is unitary. At the moment we are unable
to verify the existence of such an invertible sheaf. Nevertheless, 3.4 is
sufficient to show that in Theorem 5 the factor M; of U corresponding
to €); is a ball, and this will allow us in Sections 6 and 7 to get hold of
L on some étale covering of U.

Proof of Proposition 3.4, i). Consider the socle filtrations Se(E"’) and
Se(E™!) and a stable saturated subsheaf F of grg(E'?) of slope pg =
w(EY0). By 3.2 one can refine So(E'Y) to obtain a Jordan-Holder fil-
tration JHe(E'Y) such that F is a direct factor of the corresponding
graded sheaf.

By 3.3, ¢) and d), for all v > 0

O(S” (geyu(BY)) @ det(BM) ™) = 6(5" (ge,u(E™))) = 0.
Moreover by 1.2 one has u(S”*(gry(E10)) @ det(EYY)~") = 0, and the
condition (*%) in 3, or Lemma 1.3, d), imply that the sheaf

SV (geyu(EY)) @ det(EM) ™
is unitary. So all direct factors of S*(gtyy(E"?)) ® det(E?)~! have a
trivial first Chern class, hence
A(BY)  a(S'F) _ alF)
‘ 0 1k(SU(F)) ~ tk(F)

Repeating this for all the stable saturated subsheaves one gets:

T(EM) = = Y(F).

Claim 3.5. For saturated stable subsheaves F; and F» of grg(E'?)
of slope pu(E'Y) one has YT(Fy) = Y(F).

Claim 3.6. Let F be a saturated subsheaf of grg(E'?), stable of
slope . Then for all stable direct factors T; = QY of T = QY the sheaf
F ® T; is stable.

Proof. Let us choose again a Jordan-Hélder filtration refining S, (E10)
such that F occurs as a direct factor of geyy(E0).

The condition (x), or Lemma 1.3, ¢), imply that F ®T; is poly-stable.
Let B be one of its direct factors. We have inclusions P(B) — P(F ® T;)
and P(F) x P(T;) — P(F ® T;). Let us write 7 : P(F) x P(T;) — P(T3)

for the projection and
Z =P(B) NP(F) x P(T;).
Let F' be any stable direct factor of S¥**(F), of slope v - £ - u(E"0).

Since S¥*(gr;(EY0) @ det(E0)™ is unitary, ' @ det(E0)™ is
unitary and by assumption irreducible.
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Addendum 1.5 forces the sheaf F'®@det(E0) ™" ®5"*(T;) to be stable.

Hence the composite
F'@ S T;) — SVHF) ® SVHT;) — 57(B)
is either injective or zero. In different terms, the bihomogeneous ideal
of Z, regarded as a subscheme of P(F) x P(7;), is generated by
I(v- ) @ 7 (Opr (v - 1))

for some v > 0, and some sheaf of ideals Z on P(F). Then Z must be
of the form Z' x P(T;) for some Z' C P(F).

Let us restrict everything to a general point n = Spec(m) of Y.
The embedding P(B), — P(F ® T;), is linear, and if p is a point in
IP(T}), the same holds true for

P(F)y x{p} — P(F @ Ti)y.
Then Z; = P(F), x {p} NP(B), is a linear subspace, and the projection

Fn @ Tiy — B,

must have a kernel of the form K, ® T;,. If K, # 0 the non-zero
morphism F — B® (); has a non-trivial kernel KC. Since F is stable and
B & §; poly-stable, both of the same slope, one finds K = F, obviously
a contradiction. q.e.d.

Let grgf : grg B0 — grgE%! @ Q denote the Higgs field, and let
gigl gt E0 0T — gt B @ Q@ T — grgE™!

be induced by the trace Q®T — Oy. For a stable subsheaf F of gtgE°
of slope 19 we write 6 ; for the restriction of grg#’ to F®T;. The image
of grgf is not necessarily saturated. As in 1.7 we define Im'f; to be
the saturated hull of the image.

Claim 3.7. Let F and F' be stable subsheaves of gtgE"? of slope
po- Then for ¢ # j one has Im’07; NIm'6z ; = 0.

Proof. Otherwise Claim 3.6 implies that Im'67; = Im’0 % ;. Then
FTioF QT

contains a direct factor K whose image under grgf’ is zero. By 3.6 both
F@T; and F' @ T} are stable, hence the saturated image C, of K under
the projections is F ® T; for « =7 and F ® T); for + = j.

If u = pp for an ample invertible sheaf, = will stand for the equality
in NS(Y). If p = pi,y (5), then = stands for the equality in NS(Y")/NSp,
for the subspace NSy, introduced in Lemma 1.6, v).

Since Y (F) = Y(F') (using Lemma 1.9 if y = p,,, (g)) one finds that

a(K)=ci(K,) and T(K)=7T(K,)=T(F)—-"T(Q).
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So ¢1(£2;) is a rational multiple of c¢1(€2;), up to classes in NS, contra-
dicting Lemma 2.5, v). q.e.d.

Claim 3.8. For i # j the saturated images B; of E? ® T; and Bj of
EY @ T; are disjoint in E%L.

Proof. By Lemma 2.7 the Higgs field 0 respects the socle filtration.
Hence if for some 7 # j Claim 3.8 is wrong, the intersection of the satu-
rated images of grg(E')®T; and of grg(EM)®T; in grg(E™!) contains
a stable subsheaf C of slope pg. So one finds two stable subsheaves F
and F' of gtg(EM) which violate Claim 3.7. q.ed.

Claim 3.9. There exists some ¢ such that the Higgs field 6 factors
through E0 — E%l @ Q,.

Proof. By Claim 3.8 the Higgs field ¢’ : E'"Y @ T — E%! decomposes
as a direct sum of morphisms

S S
0 PECn) — PB —— B
i=1 i=1
Since ¢ : EM9®T — E%! is a morphism between semi-stable sheaves of
the same slope, the cokernel C of Im/(#’) < E%! has to be zero. Other-
wise it would be a semi-stable sheaf of slope u(E%!) < 0, contradicting
Proposition 2.4.

As at the end of the proof of Claim 3.7 we choose for NSy the subspace
of NS(Y') introduced in Lemma 2.5, v), if p = p,, (5), and NSg = 0 if
= pn for N ample. In both cases = stand for the equality of Chern
classes in NS(Y)/NSy.

Since By @ - - - & By is a subsheaf of E%! with a torsion cokernel and
since both have the same slope their first Chern classes are equal in
NS(Y)/NSp.

The morphism 6 factors through

0: Y —— DB —— E 20} (ogs).

i=1
The sheaf grgE%! contains the direct sum of the sheaves grgB;, and
again both have the same rank and slope, hence the same first Chern
class in NS(Y')/NS.

We choose an index set I, consisting of pairs (F,i) with F a sta-
ble subsheaf of gtgE'Y of slope o and with i € {1,...,s} such that
Im'05; = gest (F @ T;) # 0.

At present we do not know whether Im’f7; = Im'6 7 ; implies that
F = F'. So if this is not the case, we include one (F,7) in I, but not
the other. So writing I; for the set of tuples of the form (F,j) € I one
has an inclusion

@ F® T‘j — gtSBj.
I;
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Again both sides have the same rank and slope, hence
(3.2) c1(EY0) = —ci (E™) ch
= —Z T;) - c1(F) — tk(F) - c1 ().

Recall that rk(F) - c1 (B!

) =
(1 "2 %) (B = 3 rk(F) ().

I

tk(EY0) - ¢1(F), hence (3.2) implies that

Let us assume that for some stable saturated subsheaf F’ of EMY the
sheaf B = 0/(F' ®T1) is non zero. By definition, the index set I contains
a tuple (F”,1) with Im'0’, | = Im’0’z, ;, hence with c1(F’) = ¢ (F").
One obtains 7 7

(3.3) C1(B/) = —rk(]—"/) cc1(1) +rk(Th) - ¢ (fl)
= —l“k(f,) . Cl(Ql) (TI)EIS;()‘?,) . Cl(El’O)

= —1k(F)-c1() + 8- ) rk(F) -1 (),

—
~MW
—~

where [ is a positive rational number.

If Claim 3.9 is wrong, for some ¢ > 1 there exists a direct factor F
of grgEY0 with grgd/(F @ T;) # 0, say for i = 2. Then rk(F) - ¢1(Q2)
occurs on the right hand side of (3.3). So we may write

Bl) = Zﬁl . Cl(Q
=1
with B2 > 0 and with 3; > 0 for i = 3,...,s. Recall that
= (X) det(Q;) and that

a-ci(wy(S))" >0 if for all i v; = n;
(@) 1 () :{ o 1wy (5)) if for all ¢

for some o > 0. Hence (using the definition of NSg if 1 = pu,,, (s)) the
degree of the intersection

c1(B').c1(wy (S) @ det(Q)”)" 1

= Zﬂz C1 C1 wY(S) & det(Ql)V)nil

= Zﬁz c1 (). (c1(wy (9)) + ver ()",
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as a polynomial in v is n; with highest coefficient
S
Zﬂl . cl(wy(S))" > 0.
i=2

On the other hand, the sheaf wy (5) ® det(€2;)" is nef for all v > 0, and
since B is a subbundle of E%! the intersection number

c1(B).c1(wy (S) @ det()")" !

can not be positive. q.e.d.

To end the proof of 3.4, i), let us assume that in 3.9 one has ¢ = 1.
Let R be a stable unitary subsheaf of T} ® Q1. By Addendum 1.5
R ® T is stable, hence the composite

ROTI —Th 1 Ty &Jd) T

must be an isomorphism and R has to be invertible with R™ = Oy.
Since T is stable and since by Theorem 1.4 it remains stable on all étale
coverings of Y, the subsheaf R has to be the subsheaf Oy C T} ® Q1,
given by the homotheties.

Consider two stable subsheaves F and F’ of slope jo in gtgEYY. The
assumption made in 3.4, i), and Lemma 3.3, d), imply that §(F) =
§(F") = 0. Since 6(F) = 6(FY) one obtains by Lemma 3.3, a), that
S(FYeF)=0.

If Im"0r;1 = Im’'07 5, then rk(F) = rk(F’) and p(FY @ F') = 0.
Hence the conditions (x) and (x*) in Set-up 3 or Lemma 1.3, ¢) and d),
imply that Y ® F’ is unitary. Then the image of

.7‘-V®f/—>T1®Ql

has to be the factor Oy, hence F = F'. Altogether, if Im' 1 = Im'0 7 ;
and if F # F', one can change the decomposition of grgE'? in such a
way that F lies in the kernel of

grgl : grg B0 — grg B @ Q,
contradicting the injectivity of grgf.
Therefore the injectivity of 0 1, for all F, implies the injectivity of
grgt : grs B @ T — geg BV
hence of #]. One obtains rk(E%!) = ¢ = ¢ - n;.
Since £ - u(EY%) = —¢' - u(E%!) the Arakelov equality says that
L+ 0 ny+1
u() = p(B?) = p(B¥) = —5= () = = —u

Let F be a stable subsheaf of EY0 of slope u(E'?). One obtains for
FT

(EI,O).

WF @ Ty) = u(F) = p(Q) = —pu(EY) = —pu(F).



ARAKELOV INEQUALITIES AND UNIFORMIZATION 321

The sheaf F ® 17 is stable, and we choose B to be its saturated hull in
E%!. Then u(B) = u(F @ Ty) and F @ B defines a saturated sub-Higgs
sheaf of F with

(c1(F) +c1(B)).ciwy (8)™ ™" = 1k(F) - p(F) +n1 - tk(F) - (B)
= rk(F) - u(F) = rk(F) - p(F) = 0.
By Proposition 2.4 it gives rise to a local sub-system of V. Since we

assumed the latter to be irreducible, F = E'9 and E%! = B. By Claim
3.6 B contains 'Y ® T as a subsheaf with torsion cokernel. q.e.d.

Proof of Proposition 3.4, ii). Note that Claim 3.6 is obviously true in
this case, but we have to replace 3.5 by a different argument. Let us
assume that £ = rk(E0) < ¢/ = rk(E®!).

By assumption, €2 is the direct sum of invertible sheaves 21 ®- - - P s.
Let us write

ci(wy(S))=Li+---+Ls+R

where L; = ¢1(€;) and where R is the first Chern class of the direct
factor of Q1 (log S) complementary to 2. Consider

0,: B T, — E%

with saturated image B;. The kernel of 6, is a semi-stable subsheaf, and
since T is invertible, we can write it as IC; ® T;. So we find a quotient
Fi of EY0 such that ! factors through

EYeT — Fiol, —— B

Let us assume that there is a stable subsheaf F of E1? of slope u(EY)
which is not contained in /C;. Then the saturated hull B of F ® T} is a
stable subsheaf of By of slope u(E%!) and

C1 (]—“).Ll.cl(wy(S))"J = (Cl (f) - Ll).Ll.Cl (wy(S))n72
= Cl(B).Ll.Cl(wY(S))niz

Since the right hand side is non-positive, c1(F).Ly.c1(wy (S))"~2 < 0.
For some «, 6 > 0 one can write

ci(wy(S)" P =a- Lici(wy(S)" 2+ 5-C4

where C1 = Lo.--+ .Lg.R" 5. If F ¢ K5 the same argument shows that
for the saturated hull B’ of F @ T

Cl(f).cl = (Cl(]:) — LQ).C1 = Cl(BI).Ol <0,

hence c¢1(F).c1(wy(9))" ! < 0 and u(F) < 0. On the other hand, the
p-semi-stability implies that p(F) = u(E°) and the Arakelov equality
implies that p(E1°) is a positive multiple of c1 (wy (S))™, a contradiction.
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Therefore F has to lie in the kernels K; for ¢ # 1 and one has a
factorization of the restriction of 6’ to F like
FRQT — F®T — Bc EY.

Then F & B is a sub-Higgs sheaf. Since both sheaves have the same
rank

u(EY0) + p(E™Y) = u(F) + w(B) =

rk(l 5 (01(F) +er(B) <0

The equality
=L p(BY0) + 0 u(B®) = 0 (u(BYY) + p(B™) = (¢ = Op(E™Y),
together with the positivity of u(£?) imply that £ = ¢ and that
w(F) + u(B) = 0.

By Proposition 2.4 F® B is induced by a local sub-system of V. Since we
assumed the latter to be irreducible, one finds F = EY and B = E%!.
So both are stable, and the Higgs field is of the form asked for in 3.4.
It remains to verify that S(E'0) @ det(E0)~! and E'0 @ EM0" are
unitary, or equivalently that
3(SUEW)) = (B @ EVY) =0,

By 3.3, a) and c), it is sufficient to show that 6(E%?) = 0. Since E is
the Higgs bundle of a local system, c, (B0 @ E%) = 0 for . = 1, 2.
This implies

Cl(El’o) = —Cl(EO’l) =—{-c (Tl) + Cl(El’O),

hence ci(E'0) and ¢y (E%') are both rational multiples of ¢ (71). By
1.6 ¢1(T1)? is numerically trivial, and therefore

c1(BY9)? = ¢ (E¥N? = ¢ (BY0).c (EY) = 0.
The last equality implies that
0= co(E" @ E%) = c(E0) 4 co(EY) = co(EY0) 4+ co(EY @ Ty).
Since Ty is invertible and c1(71)? = 0 one finds co(EY 0 ®Ty) = co(EY),
hence co(EYY) = 0 and §(EY) = 0. q.e.d.
4. Families of Abelian varieties

For a smooth family f : V' — U of Abelian varieties consider the vari-
ation of Hodge structures R!f,Cy, with Higgs bundle (F10 @ F%! 7).
If the local monodromies are uni-potent, the Kodaira-Spencer map in-
duces a morphism

(4.1) T%z(— log §) — FOl ®F1’0V _ F0’1®2,
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As well known, it factors through S*(F%!). If ¢ : U — A, denotes
the morphism to the moduli stack, induced by f : V — U, the sheaf
S2(F%1)|y is nothing but the pullback ¢* (T}lg).

Lemma 4.1. Let f : X — Y be a smooth family of Abelian varieties,
and assume that for some N > 3 and for some étale covering Y’ — Y
the morphism ¢ 'Y — Ag lifts to an embedding ¢’ : Y — AgN),
where AE,N) denotes the moduli scheme of Abelian varieties with a level
N -structure. Then Q%, s nef and wy is ample.

Proof. One may assume that Y = Y’. Recall that the bundle F1 is
nef. Then the sheaf cp*Qi‘(N) = S2(F'9) is nef, hence the same holds
g

true for the image of p : @*th — Q. Since we assumed that ¢ is an

embedding, the restriction map p is surjective, and Q%/ is nef.

A similar result for submanifolds of arbitrary period domains can be
found in [Z00]. There, in the proof of Lemma 2.2, one also finds the
necessary calculations for the ampleness of wy. One knows already that
the Chern form of T} is negative semi-definite. Hence in order to see
that det(€2,) is ample, one just has to show that in each point y € Y this
Chern form is strictly negative. This is shown in [Z00, 2.2], provided
the differential of the period map is injective in ¥, a condition which is

satisfied for all y € Y C AéN). q.e.d.

Let us return to Set-up 3, hence U C Y is the complement of a normal
crossing divisor. Consider the decomposition of the variation of Hodge
structures R! f,Cy in irreducible C-sub-variations of Hodge structures.
If one of the factors, say V;, is not defined over R, we write V; for its
conjugate. Hence numbering the factors such that the V; for ' < i <r
are exactly the ones which are defined over R and irreducible over C we
may write

R'f,Cy=VioV,0-- 0V, 0V 0V &V d - eV,

Let (Eil’o ® E?’I,Hi) denote the logarithmic Higgs bundle of V;. For

i <1’ the sheaf Eil’OV C go*(EB{l) intersects E?’l in 0. Renumbering, we
g

may assume that

6; = k(B < ¢ = rk(E?’l) for i=1,...,7

(2
and, of course, ¢; = rk(Eil’O) = rk(E?’l) for i =7 +1,...,r. The sheaf
H = @::1 Hl with
Hi=EMoEY" if ie{l,... '}
H; = S2(E)) if ie{r+1,...,r}

is a direct factor of S?(F%1), and the image of the Kodaira-Spencer map
(4.1) lies in H.
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Assume that wy(S) is nef and ample with respect to U, and let
Ti,...,Ts be the stable direct factors of T (—logS). If the map ¢ :
U — Ay, induced by the smooth family f: V' — U, is generically finite,
the Higgs field induces an injection T} (—logS) — H. Hence for each
T} there is some ¢ such that the composite

,
T, —— TH(-logS) — H =@ H;, —— H,
i=1
is non-zero. On the other hand, if V; is not unitary, there exists some j
such that T; — H; is non-zero. So we can restate Proposition 4 in the
following form:

Proposition 4.2. Assume that ¢ : U — Ay is generically finite and
that Y, U and f satisfy the assumptions made in Set-up 3. Assume
moreover that S™(T}) is stable for all m > 0 and all j. If V; is not
unitary there exists a unique j with T; — H; non-zero. Moreover, T} is
a direct factor of H;.

Proof. We can apply Proposition 3.4 to V;, hence we know that the
sheaves H; are poly-stable and that there exists exactly one j with
T; — H; non-zero. By the Arakelov equality for V; the slope of the
sheaves T; and H; coincide, hence T; — H; has to be injective with a
splitting image. q.e.d.

Remark 4.3. The dual of the Higgs field of V 4, is given by a tau-
tological map
v . 1,0 2/ 0,1 0,1
eAg .EA9®S (EAg) —>E.Ag‘
For its description recall that E&’gl is dual to E}A’g, so locally we may

1 170 071 1 \Y \Y%
choose a basis e1,...,e4 of EAg and for EAg a dual basis ef,...,¢e,.

Then

1
(4.2) ng(ei ® e]v ) = —(ejv(ei)e\k,/ + eX(ei)eJV) = 5¢7je\k,/ + 5i7kejv.

2
Returning to the decomposition of ¢*V 4, choose some i > r’. Then
6 induces

g9

0y : E}° @ S2(EM) — B
again of the form in (4.2), with g replaced by ¢; = rk(Eil’O).

For i < v/ remark that a basis of Ey° @ (Eé’ov ® EJ') is given by
ei®ejv»-ez :ei®ejv®ez with 1 < 4,5 < ¢ and ¢; < k < ¢; + ¢}. The
image of such an element is §; je).

Remark 4.4. Under the assumption made in Theorem 6 assume

that ¢ : U — A is generically finite. By Lemma 4.2 the tangent sheaf
T} (—logS) is a direct factor of H, hence

Ty (~log §) — ¢ (T (—log(Ay \ Ag)))ly
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splits and U — A, is étale. Moreover U is totally geodesic in Ay,
and we can apply B. Moonen’s characterization of bounded symmetric
domains in Ay [Mo098]. So we see already that the Arakelov equality (3)
forces U to be a bounded symmetric domain. However, in order to see
that U is a Shimura subvariety one needs in [Mo098] the existence of a
CM-point. This condition enters the scene, since it forces by [A92] the
monodromy group to coincide with the derived Mumford-Tate group
(see Section 10).

So we will argue in a different way in the next sections. We first verify
the explicit description of the variation of Hodge structures, stated in
Theorem 5. It will allow in Section 9 to determine the possible Hodge
cycles, and in Section 10 to describe the Mumford-Tate group. As it will
turn out, this description implies that the monodromy group is equal
to the derived Mumford-Tate group, and U must be a Shimura variety.
So finally we will obtain the existence of CM points as a corollary.

Remark 4.5. Assume that a variant of Proposition 4 holds true,
which does not require the conditions i) and ii) and which allows direct
factors €; with S™(€;) non-stable for some m > 1. Then for each
irreducible C-sub-variation V of Hodge structures in R! f,Cy one would
obtain exactly one direct factor ; of Qi-(log S), as in Lemma 4.2.

If Q; is invertible or if S™();) remains stable and if §(V) = 0 one
can apply the methods of the next sections to describe V. It remains to
study the case, where for some stable direct factor 2 of Q1 (log S) there
is some m > 1 with S (€;) non-stable. Then the corresponding factor
M; of U is a locally Hermitian symmetric domain of rk > 1 and the
Superrigidity Theorem of Margulis applies. So in this case, one should
be able to understand the corresponding variation of Hodge structure
by different methods.

5. The structure of U in Theorem 5

In this section we will show that the assumptions of Theorem 5 imply
that M; is a complex ball. Although this is obvious if €2; is invertible,
we will not exclude this case in the beginning, and we will allow that
the slope and the discriminant are chosen according to Assumption 2.5.

So we will use the following set-up. The sheaf Q) = ); is a stable direct
factor of 01, (log S) of rank n/, and T' = QV. Let V be a sub-variation
of Hodge structures in R'f,Cy, with Higgs bundle

Assume that E'? and E%! are both stable. Writing ¢ = rk(E'?) and

¢ = rk(E%!) one may assume by the condition c) in 4 that ¢/ = n’ - £.
Assume moreover, that S ({2) remains stable for all m > 0, hence

that in 1.4 one has i < s’. We will use the condition §(V) = 0, to show
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that if © is not invertible the equation (1.1) in Theorem 1.4, c¢), holds
true.
Note that

C-Y(EYY 4+ 0.0 - Y(EY) = ¢ (E) = 0.

/
1
Hence p(EY) — u(E%Y) = % - w(EY) and the Arakelov equality
says that
1,0 n 0,1 —1
W(EM) = u(®) and (B = u(©).

n+1 n'+1
The local system V induces local systems (X)KV and /\K V. In [S92, p.

40-43] one finds the construction of the corresponding Higgs bundle and
Higgs fields. In particular for some 6 obtained as the direct sum of

l—m m l—m—1 m+1

On: \ED) 2 NE™) — N\ (V) A\ EHeQ
the Higgs bundle of /\EV is

V4
(B9,0) = (P =", &l otm)
m=0

with ECmm = AC(ELW) @ \™ E®L. Define G = @fnzo GEmm as
the saturated image
£—m

G =T (det(EM?) @ S™(T) — N\ (BM) @ 7\(E0’1)).

Since
l—m

det(EM?) @ S™(T) — N\ (B') @ 7\(E071)

is a morphism between semi-stable sheaves of the same slope, and since
S™(T) is stable, the sheaves G! ™™™ are either 0 or isomorphic to
det(E'Y) ® S™(T). Obviously

l—m—1 m+1
oGcmm o N (EV) e N\ (EeQ,
must be contained in G~ 1+l @ Q) and we obtain:

Claim 5.1. G is a saturated sub-Higgs sheaf of E(®).

Claim 5.2. The sheaf Gf=™™ is a direct factor of
l—m

/\ (EI,O) ® }n\(EO,l)'

Proof. N'"™(EY9) @ A™(E%) is poly-stable, G!~™™ is stable, and
both have the same slope. q.e.d.
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Claim 5.3. G is a direct factor of the Higgs bundle E®). In partic-
ular, ¢1(G) and c2(G) are both zero.

Proof. As we have just seen, GE=" is a direct factor E(©). It remains
to show that the projections

l—m m

(I)m . /\ (EI,O) ® /\(EO,I) . Gf—m,m

to G~™™ can be chosen such that G = GO G Ml @ .. .G is a
quotient Higgs bundle. We will construct the splittings by descending
induction in such a way that the diagram

l—m m gt—rm.m l—m—1 m+1

/\ (El,O) ® /\(EO,l) AN (El,O) ® /\ (EO,l) ® 0
émJ( lq)'rrﬂ»l
Gﬁ—m,m Gﬁ—m—l,m-i-l QN

commutes. As long as G{~™~ 1™+l = ( there is nothing to construct,
and we can choose ®,, to be any splitting, existing by 5.2.

If r is the largest integer with G¢~™" # 0, assume by induction that
we found the ®,,, for all m’ > m and that m < r.

So 95*m7m|Ge7m,m is non-zero. Since G!™™ is stable and since
6= is a morphism between poly-stable sheaves of the same slope,
one finds

tmmm O e m—1mt1 et 1,0 e 0,1

G- — G mleoc N\ EVe A EHe

Ql—m,m

So the saturated image of G*~™™ under ®,,,; o is isomorphic

to GE™™ and

l—m m
gﬁfm,m

Gﬁ—m,m c /\ (EI,O) ® /\(EO,I) Prmt10 Gé—m,m

defines a splitting ®,,, with the desired properties.

So G splits as a sub-Higgs bundle of E(®), hence it is itself a Higgs
bundle arising from a local system. Then all the Chern classes c;(G)
are zero. q.e.d.

Proposition 5.4. One has G%¢ #£ 0.

Proof. Let us write again r for the largest integer with G¢~"" # 0.
For 0 < m < r the sheaf G~"™"™ ig a stable sheaf of slope

(6—m) - w(EY) +m- w(E™) = £ w(E™) —m - u(Qy (log S))

_ (% - m) - w2 (log ),
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and of rank gf~"™m = (”/J“::_l). By 5.3 the first Chern class of G is
zero, hence

_ pldet(G) 5~ (' m=1) el
O_M(Q%/(logs))_n;( n ) e

_ 0 o (r+1) r+n'
S\ () 1 " r+1)
Since ¢ = n’ - ¢ one finds that

R S
(00 w1 w1 o+ 1

and r = /. q.e.d.

Finally, we will show that the factor M in the universal covering U
corresponding to € is a complex ball. This is obvious if n’ = 1. For
n’ > 1 we just have to verify the condition (1.1) in 1.4, ¢). This is done
in the next proposition.

Claim 5.5. Assume that rk(€2) > 1. Then the condition ca(G) = 0
implies that 2 - (n/ +1) - c2(Q) — n' - ¢1(Q)? = 0.

Proof. The claim follows by a formal calculation of Chern numbers.
Hence we may replace Y by any finite covering, and assume that there
exists an invertible sheaf £ with det(E'?) = £f. Or we may calculate
with Q-Chern classes. Consider the sheaf

F=FYWgF% with FP=r, FO=raT

Then S*(F) is a Higgs bundle with £ ® S™(T) in bidegree (£ —m,m),

hence isomorphic to G. By 5.3 the first Chern class of G is zero, hence

c1(F') as well. On the other hand,

n +1
l

and ¢ (£) = n%ﬂcl(Q). For the second Chern class it is easier to calcu-
late the discriminant

A(F) =2 -1k(F) - co(F) — (tk(F) — 1) - c1(F).

ci(F)=ci(L)+n" -c1(L) —c1(N) = c1(BY9) — ¢1(Q),

By 3.3, a), the discriminant is invariant under tensor products with
invertible sheaves, hence A(L® L T) = A(Oy & T).

Claim 5.3 implies that c1(G)? = co(G) = 0, hence A(G) = 0, and
from 3.3, b), one obtains A(F) = 0. Then

0=A0yaT)=2-(n"+1) co(T) —n' -1 (T)?,

as claimed. q.e.d.
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6. Higgs bundles in the non-compact case

Consider a family of Abelian varieties f : V' — U and an irreducible
C-sub-variation of Hodge structures V of R f,Qy. We will assume that
the assumptions made in Theorem 5 hold true for V, in particular the
conditions a)—c) in Proposition 4. Lemma [V-Z04, 3.2] allows us to
find a finite Galois extension K of Q with Galois group I', and a K-sub-
variation of Hodge structures Vg in R f, Ky such that V= Vg @5 C.

We will assume that ¢ = rk(E™?) < rk(E%!), so by assumption there
exists a unique ¢ = (V) € {1,...,s} with E®! = F19® T,, and the
Higgs field 0 is given by the natural embedding

EY —— EYW®EndQ,)=EYeT, o9,

Assumption 6.1. Let S = S; U...U S, be the decomposition of
S in irreducible components and let v; € m(U,*) be the image of a
generator of the local fundamental group of a small neighborhood of a
general point of S;. Assume that the image of (y1,...,7,) under the
representation corresponding to V is non-trivial.

Let us remark, that the local monodromies of V are uni-potent. Hence
if the image of y; under the representation is non-trivial, it has to have
infinite order.

Note that Assumption 6.1 and the description of the Higgs field of V
given above remain true if one replaces Y by an étale covering and V
by an irreducible direct factor of its pullback. So by abuse of notations
we will assume that the pullback of V remains irreducible on all étale
coverings.

Let us consider the C-variation of Hodge structures End(V) with
Higgs bundle

1 1
(End = EB End PP p= @ P—pp)-
p=—1 p=-1
Then End ! = E10 @ EL0Y ¢ Q,,
End®0 — g0 Q El,ov @ EL0 ® B0 T, ®Q,

and End ! = B0 @ E19Y @ T,. Again the Higgs field is induced by
the tautological maps on T, and €2,. In particular, the kernel K of

poo : End®? — End " © Q,

is isomorphic to E10 ® El’ov, diagonally embedded into End®?, and we
obtain the first part of:

Lemma 6.2. End(V) contains a unitary local sub-system U of rank
02, It is the largest unitary local sub-system. Moreover U is defined over
some number field, as well as the decomposition End(V) = U & M.
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Proof. The explicit description of the Higgs field given above shows
that End(V) = U @ M where the Higgs field of the Higgs bundle for M
is given by

(6.1) EV@E" 20, — (EYV0E"Y o EVgEYRT,00,)/Ka9Q,
and by
(6.2) (EV@EY ¢ B EYeT,00,)/K — EYoE" 9T,00,.

Obviously both morphisms are injective, hence U is maximal.

To find the field of definition, we argue as in the proof of [V-Z04,
3.3]. Consider a family {M}ca of local sub-systems of End(V) defined
over a small disk A, with My = M. For ¢ € A let (F},6;) denote the
Higgs bundle of an irreducible direct factor of M;. Then

Ftl,—l . FtO’O ®0Q, and Fto,o N Ft—1,1 ®Q,
are both injective for ¢ sufficiently small. If the composite
p: M, —— End(V) — U

is non-zero, the complete reducibility of local systems coming from vari-
ations of Hodge structures implies that M; and U contain a common
direct factor. Since the Higgs field of U is trivial, one obtains a contra-
diction.

So M is rigid as a local sub-system, hence it can be defined over some
number field K. As in the proof of [V-Z04, 3.3] this implies that U is
also defined over a number field. q.e.d.

Lemma 6.3. Let us keep the notations and assumptions from 6.1.
Let S be an irreducible direct factor of End(V). Then the image of
(Y1,---+7) under the representation corresponding to S is trivial, if
and only if S C U.

Proof. If S C U then “unitary and uni-potent” implies that the image
of each ~; is trivial.

On the other hand, Assumption 6.1 implies that the local system V
can not be extended as a local system to Y. This implies in particular,
that 2, C Q1 (log S) does not factor through an inclusion 2, C Q1.

The components of the Higgs field of M in (6.1) and (6.2) are in-
jective morphisms between semi-stable sheaves of the same slope, and
the second one is an isomorphism. Those two properties carry over to
all direct factors F' of the Higgs bundle. In fact, if F' is non-zero, the
injectivity implies that FF~PP £ 0 for p = —1,0,1. The surjectivity of
FO0 . p=1L1gQ, implies that the Higgs field has non-trivial poles along
at least one component of S. Otherwise one would obtain an inclusion

Fleq, _C , p1a ® Q%”
contradicting Assumption 6.1. g.e.d.



ARAKELOV INEQUALITIES AND UNIFORMIZATION 331

Recall that V = Vi @k C for K a number field. Let Wg be the Weil
restriction of V, and W = W ®qg C. Writing V = Vy,V,,...,V, for
the different conjugates of V under the Galois group I' the local system
End(W) contains

E = End(V) & End(Vs) @ - - - & End(V,)

as a local sub-system, obviously invariant under conjugation by I', and
hence defined over Q. Since the characterization of the maximal unitary
direct factor in Lemma 6.3 is invariant under conjugation, one finds
that each V; contains a maximal unitary direct factor U; of rank ¢?,
and that those are conjugate under conjugation by I'. The local system
T=UpUy; & ---dU, is invariant under I', hence defined over Q.

Corollary 6.4. Over some étale covering ¢ : Y' — Y, one has

&' @ Oy

Proof. The proof of [V-Z04, 4.1] does not use the fact that the base
is a curve. One just needs that for each irreducible local sub-system
of the non-unitary part of a local system, there is some S; C S such
that the image of +; in the corresponding representation of 71 (U, *) is
non-trivial. This holds true for the complement of T in E. One finds
that T is defined over QQ, and that it extends to a unitary local system
onY.

Since T is a local sub-system of a Q-local system, as in [V-Z04, 4.3]
one can define a Z-structure on T. A unitary local system on Y with a
7Z structure will be trivial over some étale covering. q.e.d.

Remark that the maximal unitary part U of End(V) is a direct factor
of T, hence its pullback to Y’ is trivial. Then End(¢*V) has ¢? linear
independent global sections, one of them given by homotheties. Since
we required V to remain irreducible under étale coverings of Y, the
local system ¢*V is irreducible. If £ > 1, one finds one section with
a non-trivial kernel. So ¢ = 1 and E0 is invertible. By 3.4 one has
E% = EYY @ T,. Then

det(EM) " @ det(Oy @ T,) = det(E"*)" ™! @ det(T})

is equal to det(EYY @ E%!). This is the determinant of a local system
with uni-potent local monodromy around the components of S, hence
an element of Pic’(Y)). The later is divisible, and we found the sheaf
L,, asked for in Theorem 5, a):

Proposition 6.5. Under the assumptions made in Theorem 5, as-
sume that 6.1 holds true for V. Then, replacing Y by an étale covering,
there exists an invertible sheaf L, with E?L‘H = det(),. Moreover the
Higgs bundle LM @ LT @ T, with Higgs field

Lot e T 00,
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induced by the homotheties, is the Higgs field of a variation of Hodge
structures IL,. For some rank one local system U, on Y one has V =

U ®L,.

It remains to consider irreducible Q-sub-variations of Hodge struc-
tures which violate 6.1.

Proposition 6.6. Let V be an irreducible C-sub-variation of Hodge
structure in R'f,Cy, not satisfying Assumption 6.1. Then, replacing
Y by an étale covering there exists a morphism ¢ 1Y — Y7, such that
Y1 s a projective manifold, and V = ¥*Vy for a C-variation of Hodge
structures Vy satisfying again the assumptions made in Theorem 5.

Proof. Again we may assume that V is defined over a number field,
and we consider the Weil restriction Wg of V. If V violates Assumption
6.1, all the conjugates of V violate 6.1 and the local system Wg extends
to a local system on Y. Moreover, since Wg is a local sub-system of the
variation of Hodge structures of a family of Abelian varieties, Wg has
a Z structure. Then Wq is induced by a family g : Z — Y of Abelian
varieties.

One obtains a morphism 1 : Y — Y7 for Y7 a closed subscheme of a
suitable moduli space of polarized Abelian varieties.

Replacing Y by an étale covering we may assume that v lifts to a
fine moduli space, hence that g : Z — Y is the pullback of a family
f1: X1 — Y7. Let us write (G, p) for the Higgs bundle of g : Z — Y.

By construction of Y7 the Kodaira-Spencer map for f; is injective
and an isomorphism in a general point of Y;. Proposition 3.4 applied to
the original family implies that the Kodaira-Spencer map of Wgq factors
through

G — M e@ —— ™ eyl —— Q(logs),

where the direct sum in the middle is over some subset of {1,...,s},
say over {1,...,m}.

The sheaves @;”:1 }; and w*Q%/l have the same rank. On the other
hand, the first one is a direct factor of Q-(log S), so both sheaves are
isomorphic.

This implies that Y is non-singular. Since O3, (log S) is nef, the direct
factor 1/}*9%/1 is nef, hence Q%,l, as well. The universal covering of Y]
has to be the product My x --- x M,,, where the M; are factors of the
universal covering of U. By Proposition 4.1 wy, must be ample.

Let V; be the direct factor of R! f1,Cx, whose pullback is V. Lemma
1.6 implies that V; satisfies again the numerical properties asked for in
Theorem 5. In fact,

C1 (Qm+1)nm+l. R .Cl(Qs)ns
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restricted to a fibre of 9 is an effective zero cycle, and any (in)equality for
Moy, OF 6‘*’3’1 applied to bundles on Y7 is equivalent to the corresponding
(in)equality for s, (sy or 0y, (g) applied to the pullback of the bundles.
Obviously the conditions a)—c) in Proposition 3 remain true for Vi, if
they hold for V. q.e.d.

The local system V; in 6.6 will be studied in the next section.

Corollary 6.7. Assume in Theorem 5 that there is no étale covering
of U with a surjective morphism to a projective manifold of dimension
larger than zero. Then V' = ¢*V or its dual has the Higgs bundle

1
¢* det(Qz‘)ﬁ ) <¢* det(Qi)m ® (p*Q;/, 7') .

Proof. Since we excluded the existence of a non-trivial morphism
U — Y1, each irreducible C-sub-variation of Hodge structures V in
R! f,Cy satisfies Assumption 6.1, and 6.7 follows from 6.5. q.e.d.

7. Higgs bundles in the compact case

If in Theorem 5 U = Y is a compact ball quotient, by [S88, 9.1]
there is a uniformizing projective variation of Hodge structures. As in
[Lo03, 4.1] one can replace Y by an étale covering, such that the natural
invertible bundle L. on the ball descends to Y, giving an invertible sheaf
£ with £t! = wy. Then the uniformizing variation of Hodge structures
has a Higgs bundle of the form

(L ®THoL) or (WL @ L).

We will extend this result below to the case s > 1, keeping the assump-
tion S = (). The next lemma and its proof are due to F. Bogomolov.

Lemma 7.1. Let ¢ : G' — G be a finite surjective morphism between
Q-algebraic groups, where G' is an algebraic subgroup of Gl(v,Q), for
some v. Let T' C G be a finitely generated subgroup. Then there exists
a subgroup T" C T of finite index, such that the inclusion I C G lifts to
I'cd'.

Proof. Since I' C G is finitely generated and since ¢ : G/ — G is sur-
jective with finite kernel K, the pre-image ¢~!(T') is finitely generated.
For example, it is generated by K and by the pre-image of any system
of generators of I. Since ¢~ !(I') is a finitely generated subgroup in a
matrix group G’, it is well known that ¢~!(T) is residue finite, i.e., that
there exists a sequence ¢ }(I') =T'; DT D ... DI; D ... of subgroups

of finite index with
oo

(T = {e}

1=0
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(see for example [S93, Proof of Lemma 6.4]). Since K is finite, there
must exist some ¢ with I'; N K = {e}. Then one may choose I'" = ¢(I;),
and T'; lifts TV to G. q.e.d.

Lemma 7.2. Let U be a smooth manifold such that the universal
covering U is a product My x --- x M. Assume that for some i the
factor M; is an n;-dimensional complex ball. Let 0y & --- @ Qg be the
corresponding decomposition of the cotangent bundle of U. Then, re-
placing U by an étale covering, there exists an invertible sheaf L; on U
with E?iH = det (), for n; = dim(M;) = rk(€;).

Proof. Let us assume that ¢ = 1. Recall the description of the com-
plex ball M; in [Lo03, 1.8]. Consider a C vector space W7 of dimension
ny + 1, equipped with a Hermitian form ; of signature (1,7n1). Then
M, C P(W;) is the open subset defined by 1 (w,w) > 1. The action of
m1(U, %) on Mj X --- x M; is given by

p (U, %) — Aut(Mi) x - - x Aut(Ms)
and the first factor of the right hand side is PU(¢)1) < PSl(n; + 1).

Replacing 71 (U, %) by a subgroup of finite index, hence replacing U

by some étale covering, Lemma 7.1 allows to lift p to

o mi (U, %) — Sl(ng + 1) x Aut(Ms) x -+ x Aut(My).

For v € 71 (U, *) let 71 denote the first component of p/(). Then up to
the multiplication with a constant ~; lies in the unitary group for ;.
Since it lies in Sl(n; + 1) the constant has to have absolute value one.
Hence 7 lies in SU(n; +1). As in [Lo03, 4.1] we may replace U again
by an étale covering, and assume that the subgroup of C*, generated
by the eigenvalues of p'(m1(U, *)) is torsion free. The group p'(71(U, *))
acts on the line bundle N7 = priOpy,)(—1)n, and it descends to a
line bundle £7' on the quotient. By [Lo03, 4.1] the canonical sheaf
priwpawy)lan is SU(Y1)-equivariantly isomorphic to NY* 171 The latter
descends to det(£2;) on U. q.e.d.

Corollary 7.3. In 7.2 assume that S = (), hence U =Y projective.
Then the Higgs bundle

F=(L7'eol;id1,)
1s the Higgs bundle of a complex variation of Hodge structures ;.

Proof. Obviously the first Chern class of F' is zero, and as in the proof
of 5.5 one sees that

A(F) = A% @ Op) =2+ (ni + 1)ea(i) — nica ().
If n; = 1 one has A(F) = 0, hence §(F) = 0, as well. For n; > 0 one

finds by Theorem 1.4 and Lemma 1.6, vii), that 6(F) = 0. Then 7.3
follows from [S92]. q.e.d.
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Corollary 7.4. Under the assumptions made in Theorem b assume
that S = 0, hence that f : X — Y is smooth. Replacing Y by an étale
covering, there exists a unitary local system U;, regarded as a variation
of Hodge structures of bidegree (0,0) such that V or its dual is isomor-
phic to U; ® L;.

Proof. We may assume that ¢ = rk(E'Y) < rk(E%!). Then
c1(EY0) = —c1(BE%Y) = —nj - e (BY0) + £ ¢ (),
hence ¢; (E10) = nzi- T
and 6(E™ @ £;1) = 0.
Then Y = EY0 ® Ei_l together with the trivial Higgs field must be
the Higgs bundle of a unitary bundle U;. The explicit descriptions of
the Higgs fields of L; ® U; and V in 7.3 and 3 show that the Higgs fields
of

c1(Q;) = L-c1(L;). One finds ¢ (EM'®.L;1) =0

U,0)@ (L & Li@T,p) and (B e EY = EY®T,0)
coincide, so L; ® U; =2 V. q.e.d.

Proof of Theorem 5. We have shown already in Section 5 that the as-
sumptions made in Theorem 5 imply that M; is a complex ball. If
Assumption 6.1 holds true, we verified the conditions a) and b) in 5 in
Corollary 6.5.

Otherwise, we know by Proposition 6.6 that V is the pullback of a
variation of Hodge structures V; under a surjection ¢ : U — Y; with
Y1 a projective manifold. Moreover Y] satisfies again the assumptions
made in Theorem 5. So Corollary 7.3 applies to V; and Y7, and the
conditions a) and b) hold on Y;. Obviously they are compatible with
pullback. q.e.d.

In fact, we did not use up to now that p =y, (s), we used just the
assumptions stated in 2.5. So we obtained:

Variant 7.5. The Theorem 5 remains true for u = upn and 6 = dur,
provided A is an ample invertible sheaf and Q%, (log S) is par-poly-stable.

8. Generalized Hilbert modular varieties and surfaces

We will call U in Set-up 3 a generalized Hilbert modular variety if the
universal covering U is the product of complex one dimensional balls.
We allow U to be a product U; x Us of two generalized Hilbert modular
surfaces, for example U could be the product of curves of genus g > 1.

Corollary 8.1. Assume that p is chosen according to Assumption
2.5. Assume that

p(R' f.Cv) = u(Q (log §)) and §(R'f.Cy) =0,
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Then U is a generalized Hilbert modular variety, i.e., its universal cov-
ering is isomorphic to the product of one dimensional complex balls.

Proof. Let V1@®---@®V,, be the decomposition of R! f,Cy in irreducible
C-sub-variations of Hodge structures, and let F; be the Higgs bundle of
V,;. Hence F = E; @ --- @ E, is the Higgs bundle of R! f,Cy. Lemma
2.1, a), and Proposition 2.6 imply that

u(Qy (log 8)) = p(F**) < Max{u(E;*);i = 1,...,v} < p(Qy (log 9)).

So these are equalities, and applying 2.1, a), again, one finds that each
of the F; satisfies the Arakelov equality, hence they are all semi-stable
of the same slope. Moreover, for all ¢

rk(EY) k()
k(B> rk(EDY)

1

By assumption §(F**) = 0 and Lemma 3.3, d) implies that 6(E;*) = 0.
So Theorem 5 or its variant 7.5 applies. By the explicit description of the
irreducible direct factors V; given there, (8.1) can only hold for V; and
for its complex conjugate, if both are isomorphic. So rk(EZ-1 Oy = rk(E? 1)
and U is a generalized Hilbert modular variety. q.e.d.

(8.1)

Note that this result as well as Theorems 5 and 6 rely on the con-
ditions (*) and (*x) hidden in Set-up 3. So strictly speaking, as long
as the announced article by Sun and Yau does not exist, the results
only apply if wy (S) is ample. This condition excludes in particular all
generalized Hilbert modular varieties with U # Y. For surfaces one can
replace the polarization p by py, for some small twist N of wy (5).

Set-up 8.2. Y is a surface, U C Y the complement of a normal
crossing divisor. 03-(logS) is nef, and wy (S) is ample with respect to
U. Let H be an ample invertible sheaf,

N =ci(wy(5)) +€-ci1(H)

and p. = pn. Assume that there exists some ¢y > 0 such that for all
€0 > € > 0 and for all m > 0 the sheaf S™ (4, (log S)) is pe-poly-stable.

Let f : V — U be a smooth family of polarized g-dimensional Abelian
varieties with uni-potent local monodromy around the components of
S, such that the induced morphism ¢ : U — A, is generically finite.

Let us first verify that for each Y we can find an ample invertible
sheaf H as in Set-up 8.2.

By Theorem 1.4 we know that S™ (€2, (log S)) is po-poly-stable. Note
that the case c), iii), can not occur. In fact, by [Y93], if S"™(Q} (log S))
is not stable for some m > 0, then Q%/(log S) = Q1 ® Qo with Q; invert-
ible.
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Assume first that S™(Q} (log 9)) is stable with respect to ug. As
in the proof of b) in Lemma 1.3 one finds that Q3 (log S) is pc-semi-

stable for € sufficiently small. If Qi.(log S) is not p.-stable, there exists
a subsheaf G of S™(03(log ), with

1e(G) = po(G) +e-v(G).c1(H) = no(Qy (log S)) +e-v(Qy (log §)).c1 (H).
By assumption 10(G) < p0(Q23-(log S)), hence for all € sufficiently small

0 < po(Qy (log S)) — uo(9) = € - (v(G) — v(Qy(log 5))).c1(H),

a contradiction. So S™ (4, (log S)) remains p.-stable.

Assume next that Q1. (log S) = Q;®€s. Let A be any ample invertible
sheaf on Y. We know by Lemma 1.6 that c1(£1)? = ¢1(92)? = 0 and
B =c1().c1(Q2) > 0. If ¢1(A).c(21) > c1(A).c(22) choose

a=c1(A).c(1) —c1(A).c() + 5.
Then H = A% ® Q¢ ® Qg is ample and
c1(H).c1(21) =c1(H).c1(Q2) =B -c1(A).c1(21) + ,32.

So S™ (4, (log S)) as the direct sum invertible sheaves of the same slope
is pe-poly-stable. So we obtained:

Lemma 8.3. Let Y be a non-singular projective surface and U the
complement of a normal crossing divisor S. If wy (S) is nef and ample
with respect to U, than one can find an ample invertible sheaf H and
some €y > 0 such that for all m > 0 and for e¢¢ > € > 0 the sheaf
S0 (log S)) is pre-poly-stable.

One obtains the following variant of Theorems 5 and 6:

Variant 8.4. In Set-up 8.2 one has for some ¢g > 0 and all g > ¢ > 0
and all non-unitary irreducible C-sub variations of Hodge structures V
of R'f,Cy with Higgs bundle (E'? @ E%! 0) the inequality p.(V) <
pe(3-(log S)). If equality holds, the sheaves E'Y and E%! are both
semi-stable and §(V) > 0. In addition one has:

L If for all V one has the equalities (V) = uc(023-(log S)) and if
d(V) = 0 then U is either a ball quotient or a generalized Hilbert
modular surface.

I1. Assume that Qi-(log S) is the direct sum of two line bundles {4
and Qo with (V) = (1) = pe(Q2) for all C-sub variations
of Hodge structures in R' f,Cy. Then U is a generalized Hilbert
modular surface.

L. Assume that pe(R'f.Cy) = uc(23-(log S)) and 6(R'f.Cy) = 0.
Then U is a generalized Hilbert modular surface and Q- (log S) is
the direct sum of two line bundles 2; and €5 of the same slope.
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IV. InII) or I1T), replacing U by an étale covering, there exist invertible
1
sheaves €17, and
(8.2) R'f.Cy =Wo®C=1L; ® U; ® Ly ® Uy,

where the L; are the uniformizing variations of Hodge structures
with Higgs bundle

1 -1 1 ' =
<Qg ®Q%,0:0 — Q2 ®Q CO ®Q%f(log8)>,

and where the U; are unitary local systems.
V. If in I) Q1 (log S) is po-stable, U is a ball quotient. Replacing U
by an étale covering, there exists an invertible sheaf wy (S )%, and

R'f.Cy =LUaL®U

for a unitary local system U concentrated in bidegree (0,0) and
for I with Higgs bundle

(wy(S)"3 @ QL (log §) @ wy(S)73, id).

Proof. 1) has been shown in Proposition 2.6 and II) is a special case
of 8.1. Using I), Part III) is obvious. The explicit form of the variation
of Hodge structures in IV) and V) follows from Proposition 3.4 and from
Variant 7.5. q.e.d.

Let us consider the sheaves in part IV) of 8.4 a bit closer.

Lemma 8.5. The decomposition (8.2) is defined over a finite Galois
extension K of Q with Galois group G; i.e., L; and U; are defined over
K and the decomposition exists for W @ K.

Proof. In order to see that IL; ® U; is defined over Q, one just has to
repeat the argument used to prove 6.2 or [V-Z04, 3.3]. For the tensor
product decompositions one argues as in [V-Z04, 3.7, iii)]). q.e.d.

Lemma 8.6. Assume that for all T € G\ {id} the local system L7
is unitary. Then the representation py of Ly is discrete, and some étale
covering of U is a product of two curves.

Proof. Consider the adjoint representation End(Wg). Obviously it
has a Z-structure. Moreover Endg(LL1) is a direct factor of End(Wg)®Q.
Hence for the ring O of integers in some algebraic number field K the
system Endg(LL;) inherits an O-structure.

By assumption, the Weil restriction W(Endy(L1)) contains only one
noncompact factor, Endg(L;). Since W(Endy(L;)) has a Z-structure
Endg(L;) must be discrete.

Consider the adjoint representation Sly — Aut(sl2). Since its kernel
is finite, and since Endg(IL;) is discrete, one finds L1 to be discrete.

q.e.d.
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Corollary 8.7. If in the decomposition (8.2) rk(U;) # rk(Uz), then
some étale covering of U is the product of two curves.

Proof. Assume that rkU; = v < rkUy = g — v. Consider the gth
wedge product

/\(W) = /\(Ll ®U; @ Lo ® Uy).

It has one direct factor S¥(IL;)®S5" ¥ (LL2) and all other direct factors are
tensor products of S*(IL1), S*(ILy) and of unitary local systems, where
s<vandt<g-—v.

For 7 € Gal(Q/Q), one has L7 % ;. Otherwise, since A?(R1f.Qx)
is defined over Q, it would have a direct factor of the form S97%(LL;)®U,
contradicting v < g — v.

Hence the local system L3 is either isomorphic to LLy or it is unitary.
The Weil scalar restriction W(Lg2) has a Q—structure, and it is the direct
sum over all local systems, conjugate to Lo. Hence except of Lo all the
direct factors of W(Ly) are unitary. By Lemma 8.6 some finite étale
covering of U is a product of two curves, contradicting the assumption
made. q.e.d.

Recall that a generalized Hilbert modular surface U is a Hilbert mod-
ular surface in the usual sense, if and only if the local system L @ Lo
in Lemma 8.5 is defined over Q, whereas each of the L, is defined over
a real quadratic extension K of Q. Moreover IL; @ Ly has a Z structure,
hence it is the variation of Hodge structures of a family h : Z — U of

Abelian surfaces. As well known, for such a Hilbert modular surface
one has S =Y \ U # 0.

Corollary 8.8. Assume that U is a generalized Hilbert modular sur-
face with S # 0, and that no étale covering of U is the product of
two curves. Then, replacing U by an étale covering, the unitary local
systems U, in (8.2) are trivial, and L, is defined over a real quadratic
extension K of Q. In particular U is a Hilbert modular surface, and
f:V = U isisogenous to Z Xy --- Xy Z. The fibres of g : Z — U have
real multiplication.

Proof. Since no finite étale covering of Y'\ S is a product of two curves,
the Galois group Gal(Q/Q) permutes L; and L. By Proposition 6.5,
we may assume that U; and Uy are both trivial. Then IL; ¢ Lo has a
7Z structure, and V — U is isogenous to Z Xy --- Xy Z for a family of
Abelian surfaces g : Z — U.

The general fibre F; of g must be a simple Abelian surface, since
otherwise it would be isogenous to the product of elliptic curves and
the IL; would be defined over Q. Moreover, since

End(L; ®Ly) = C*@L; LY @ LY ® Ly,
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the dimension of End(F},) ® Q is two. By the well known classification
of endomorphisms of Abelian surfaces (see for example [B-L92, 5.5.7])
this implies that F;, either has real multiplication, or that End(F;,)®Q is
an imaginary quadratic extension of Q. However, by [B-L92, Example
6.6 in Chapter 9] there are only finitely many surfaces of the second

type. q.e.d.

Of course, there are generalized Hilbert modular surfaces with S = ()
(see [Sh78] or [GO02]), and for some of them the variation of Hodge
structures has rank bigger than two, hence the unitary systems U; will
be non-trivial.

Variations of Hodge structures, uniformizing certain ball quotients
U =Y \ S, have been constructed in [D-M86] with S # () and with
S = (). For example, the moduli scheme of 5 points in P! is an example
of the second kind (in [D-M86, p. 86| there seems to be a misprint
in Example 5). In [V-Z05] it is shown that this example, a compact
two dimensional ball quotient in the moduli scheme of 4-dimensional
Jacobian varieties, is a Shimura variety. We will give a generalization
in the next two sections.

9. The decomposition of certain wedge products

In the next two sections we will use the assumptions made in The-
orem 6. To show that U is a Shimura variety we will determine the
possible Hodge cycles for self products of f : V' — U, hence the possible
trivial (or unitary) local sub-systems in wedge products of the local sys-
tems described in Theorem 5, b). In this section we will just state one
application, the rigidity of the family of Abelian varieties in Theorem
6. Lemma 9.4 will be needed again in Section 10.

Let V be a variation of Hodge structures of weight k£ with Higgs

bundle
(E= P E".0= P b,,)

p+q=k p+q=k

Let go be the smallest integer with E¥=9%:% = 0. The i-th iterated
cup product with the Kodaira-Spencer map defines a morphism, the
Griffiths-Yukawa coupling,

; - Ok —qq, —qo—1,go+1 1 Or—qp—1,q0+1
gt . pk—d0,90 2%, pk—qo—1,90+ ®QS 20—L.90

0. i i . . .
prw2at2gg2(ql) ... Sttt premsiatiggiol)

We define its length or the length of V to be
¢(V)=Min{i > 1; ' =0} — 1.
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If V and W are two variations of Hodge structures, one has
(VO W) = (V) +¢(W).

Let IL; be one of the uniformizing variations of Hodge structures in
Addendum 5, say with Higgs bundle £; @ £; ® T}, where €); is one of
the stable direct factors of Q. (log ), of rank n;, where T} = Q;/ and

where E?j = det(€2;). The Higgs field is given by the homotheties
Oy — &nd(£2;), tensorized with id;.

Lemma 9.1. For 1 < k < nj, the variations of Hodge structures
/\k L; and /\k L}/ are concentrated in two degrees, and the Higgs fields
of /\k L; and /\k L}/ are given by injections

k—1 k
ho N, — Lo NT;®Q; and
k k—1
Lo Ny —Lite \ye,

respectively. For k = n; +1 the local systems /\k L; and /\k }L}/ are both
of rank one and of bidegree (1,n;) and (nj,1).

Proof. The Higgs fields of /\k L; and /\k/ ]LJV» are induced by natural
direct factors
k—1 k k! k'—1
NG\ @0 and AQic A Qe

(see for example [F-H91, (6.9), p. 79]) tensorized with Ef and E;k/,
respectively. q.e.d.

Corollary 9.2. Let U be a unitary local system of rank ¢. Then
k k
(AL @0) = A\L;@U)Y) =1
for £ < k < {-n; whereas
k k
1<(A\L; @) =<(A\L;2U)") <

for0 <k <tandforl-nj<k</tl (nj+1). Fork=~{-(n;+1) both,
/\k(ILj ®U) and /\k(Lj ®@U)Y are unitary local systems, concentrated in
bidegree (¢,€-nj) and (- nj, ), respectively.

Proof. Tt is sufficient to consider /\k (Lj ® U). The length of a Higgs
field can be calculated in a general point, so by abuse of notations we
may assume that U = C*, and

2

AL;eU) = > é)KLj.

ke +ko=k i=1
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By 9.1

<(@ALJ)25

if and only if none of the k; is zero or equal to n; + 1. This will hold
true for at least one of the direct factors, whenever £ <k < /-n;. q.e.d.

Recall that by Proposition 4 each irreducible C-sub-variation of Hodge
structures in R' f,Cy has a Higgs field involving only one of the stable
direct factors of Q2 (logS). Theorem 5 allows us to write for a Q-sub-
variation Wq of Hodge structures in R'f.Qv

S
(9.1) W=WeaC=@V: with
i=1
v'_ Vi for iZl,...,S”
T VeV, for i=s"+1,...,s,

for the local systems V; = LL; ® U; with LL; as in Theorem 5 and with
U; unitary. We denote the natural antisymmetric form on R f,Qy by
Q@ and we write ¢; = rk(U;).

Lemma 9.3.

a. The local systems V; and the decomposition (9.1) are defined over
a totally real number field K and are orthogonal with respect to
the form Q). Moreover we may choose K such that W decomposes
as a direct sum of irreducible K-sub-variation of Hodge structures
T; which remain irreducible over R.

b. In a) assume that T; decomposes over C as the direct sum of two
non-trivial sub-variations of Hodge structures. Then this decom-
position is defined over K(y/a) for some a € K, totally negative.

c. Fori=35"+1,...,s there exist totally negative elements a; € K
such that V; is defined over K(\/a;). The involution v; of K(\/a;)

over K interchanges V; and V.

Proof. As in the proof of Lemma 6.2, we start by copying the argu-
ment from [V-Z04, 3.3].

Let W be any variation of Hodge structures defined over a totally real
number field K, and allowing a decomposition as the one in (9.1) over
R. Consider a family {M;}:ca of local sub-systems of W defined over a
small disk A, with My = V. Let us write

s—1
X= V.
1

i
For t € A let (Fy,0;) denote the Higgs bundle of an irreducible direct
factor of M;. Then Ftl’0 — Fto’1 ® ) is injective for ¢ sufficiently small.
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If the composite
p: M, —— W—X

is non-zero, the complete reducibility of local systems coming from vari-
ations of Hodge structures implies that M; and X contain a common
direct factor. Since the Higgs field G10 — G%1 @ Q1. (log S) of X factors
through

s—1

GY— " e PO — G @0 (log S),

i=1
one obtains a contradiction.

So M is rigid as a local sub-system, hence it can be defined over Q.
The complex conjugation maps the local system Vg to its dual, hence
to Vs if s = s or to V/, otherwise. Then Vj is invariant under complex
conjugation, hence it can be defined over L C RN Q.

As in the proof of [V-Z04, 3.3] this implies that X is also defined over
L, and that the splitting W = V, @ X can be chosen to be orthogonal.
By induction we may assume that the decomposition (9.1) is defined
over L and orthogonal.

If V, decomposes as a direct sum of irreducible C-sub-variations of
Hodge structures, [V-Z04, 3.2] allows us to choose the decomposition
to be defined over Q.

Taking the sum over complex conjugates, we obtain a decomposition
over RN Q in factors, which remain irreducible over R. Enlarging L we
will assume that this decomposition is defined over L.

~ Let T be an irreducible L-sub-variation of Hodge structures in V. So
T = T. Since Q(v,v) # 0 for all local sections of W, one has T = TV,
and the restriction @ to T is non degenerate.

Let 0 : L — C be any embedding, and & its conjugate. So T is equal
to T?. Since @ is defined over Q, one finds

TE’ — (TU)\/ — (TV)O' — TU
and T is defined over o(L) NR. In different terms, if K C L is a
minimal field of definition of T, it must be totally real.

Again, [V-Z04, 3.3] allows to find a splitting of T in W which is
orthogonal and defined over K. By induction on the rank of W one
obtains 9.3, a).

Assume now, that T = T/ & T” is a non-trivial decomposition over
C. Then T’ can be defined over some quadratic extension K (\/a). It
remains to verify that a is totally negative. If not, there is an embedding
v: K(y/a) — R, and T7 is defined over K(y/a). The above argument
for this variation of Hodge structures tells us that it is defined over
a totally real subfield, hence over K. Then T’ is defined over R, a
contradiction.
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Finally part c) follows from a) and b). q.e.d.

The local system /\kW decomposes over Q as a direct sum of local
systems of the form

sk

- @AV ® Avio AW

i=s""+1

for some tuple k = (k1,..., ke, kory1, Ky, - - ks, ky), with

(9.2) Zk+2k+k

/l+1

Lemma 9.4. Assume that o € H(Y,Wy) is non-zero. Then o is

concentrated in one bidegree (p = p(0),q = q(0)). Moreover,

a. if ki =k} for s <i<s, thenp=q.
b. Otherwise, p(0) = q(@) and q(0) = p(0), where g is the complex
conjugate of o.

Proof. Let (F;,7;) denote the Higgs bundle of A (IL; ® U;), hence

m; ki—m;

Fz’mi’ki_mi = /\(*Cz ®U;) ® /\ (L; @ T; @ Uy).

For s” < i < s we write (F/,7;) for the Higgs bundle of A" (]L ®U;)Y,
hence

/7 ! i
m; k;—m;

mkm

Fme =N\ oU e e A (£yaU).

The section g defines a local sub-system C C Wy, hence a direct factor

Oy of the Higgs bundle (F,7;). Remark that F}" A=M - Jecomposes in
a direct sum of factors -

s

S
(9-3) (®Flm“krml) ® ( ® F/:n'i?ki_mi)
=1

i=s""+1

with m:iml Z m and k—Zk—l— Z k'
i=1

i=s""+1 i=s""+1
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The sheaves in (9.3) are tensor products of poly-stable sheaves. One
finds for each direct factor F of the sheaf in (9.3)

S

p(F) =" (mi-ea(Ls) + (ki — mg) - (c1(Li) — T()))-c1(wy (S))
=1

— > (k= mi) - ea(Le) +mi - (ca(Ls) = T())) cawy (5))

i=s""+1

oo o
S (k=m0 e

i=s""+1 v

Assume that F = Oy. Since p(L;) > 0 this implies for i = 1,...,s”
that 0 = k; — 2(k; — m;), hence k; = 2m;. For s” < i < s one finds

0= niki—(ki—mi)(ni—&—l)—nikg—i—m;-(ni—i—l) = (m,;—l—mg)(ni—i—l)—ki—nikg.

If in either one of those cases one has k; = kj, then m; +m, = k; and
one finds k = 2m, as claimed in a). In general,

/
m; +m; =

ki +nik;

is uniquely determined by k, hence m as well, and one obtains b). qg.e.d.

If for a family of g-dimensional Abelian varieties f : V' — U the length
of RIf,.Cy = N R'f.Cy is g, then the family is rigid (see [V-ZO05,
Section 3] and the references given there). This criterion will only apply
if in Theorem 5 all the stable direct factors of 1.(log S) are invertible,
hence if n; = 1 for all 3.

Nevertheless the rigidity holds true, even if in Theorem 5 one has
direct factors 2; with nq > 0.

Lemma 9.5. All global endomorphisms End(R! f,Qy) are pure of
bidegree (0,0). In particular the family f : V — U is rigid.

Proof. By [F83] the second part follows from the first one. To keep
the notations consistent with those of the proof of 9.4 we will show
that each global section g of ®2 W is of pure bidegree (1,1), for W =
R'f,Cy. Assume that there is a section of a different bidegree, let us
say of bidegree (2,0). Then p gives rise to some trivial direct factor of

Fi=(L;oU)® (£; @ Tj),
of Fp= (LU ®Q) e (L oUf ),
or of F3= (»Cz ® UZ) ® ([,}/ X U}/ X Qj).
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One has Y(F1) = ci1(L;) + c1(L),

T(F2) = T(%) —c1(Li) + T(Qy) —c1(Ly) = %Cl(ﬁi) + %Cl(ﬁj)
and  Y(Fs) = er(Li) + () — e1(L;) = er(Li) + %cl(z,j).

Obviously, none of those poly-stable sheaves can have a trivial direct
factor. q.e.d.

10. Shimura varieties

Let F' be an Abelian variety and let ) be the polarization, i.e., an
antisymmetric non-degenerate form on H!(F,Q). The Hodge group
Hg(F') is defined in [M66] as the smallest Q-algebraic subgroup of
Sp(H'(F,Q),Q), whose extension to R contains the complex structure

w: St — Sp(Hl(F,R),Q)

(see also [M69]), where z acts on (p,q) cycles by multiplication with
2P z9.

In a similar way, one defines the Mumford-Tate group MT(F'). The
complex structure u extends to a morphism of real algebraic groups

h : Resc G, — GL(H'(F,R)),

and MT(F) is the smallest Q-algebraic subgroup of GI(H!(F, Q)), whose
extension to R contains the image (see [D82], [D72], [Mo98] and
[Sc96]). Let us recall some of its properties, stated in [Mo98] and
[D82] with the necessary references. The group MT(F) is reductive,
and it preserves the intersection form () up to scalar multiplication.

Equivalently MT(F') is the largest Q-algebraic subgroup of the lin-
ear group GI(H!(F,Q)), which leaves all Hodge cycles of F x --- x F
invariant, hence all elements

2p
n€HP(Fx - x FQP = [ \H'(F.Q & &H'(F,Q)]""

For a smooth family of Abelian varieties f : V' — U there exists a
union Y of countably many proper closed subvarieties of Y such that
MT(f~1(y)) is independent of y for y € U \ ¥ (see [D72], [Mo98] or
[Sc96]). Let us fix such a very general point y € U \ ¥ in the sequel
and F = f~1(y). Then the Mumford-Tate group MT of R!f,Qy is the
Mumford-Tate group of F.

Consider Hodge cycles n on F' which remain Hodge cycles under par-
allel transform. Then MT is the largest Q-subgroup of GI(H!(F,Q))
which leaves all those Hodge cycles invariant ([D72, §7] or [Sc96, 2.2]).
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Let Mon® be the algebraic monodromy group, i.e., the connected
component of the Zariski closure of the image of the monodromy repre-
sentation. Let us recall two results from [D72] and [A92] (see [M098,
1.4]).

Proposition 10.1.

a. Mon® is a normal subgroup of the derived subgroup MTI" of MT.
b. If for some y' € Y the fibre f~1(y') has complex multiplication,
then Mon® = MTder,

Lemma 10.2. Let K be a totally real Galois extension of Q with
Galois group T, and let R* f, Ky = W, @& ---®W,, be the decomposition
in irreducible K -sub-variations of Hodge structures. Then MT ® K is
conjugate to a subgroup of GI(W7) x --- x GI(W,)) where W; denotes the
fibre of W; over y.

Proof. Since the decomposition Wi ®- - - W, is defined over a subfield
of R, one can decompose the complex structure correspondingly as a
sum of h; : Resc/rGm — GI(W; @k R). Then GI(W;) x -+ x GI(W,),
extended to R, contains the image of h. q.e.d.

Proposition 10.3. If f : V — U satisfies the assumptions made in
Theorem 5 one has Mon® = MTdr,

Proof. Recall that MT = MT(F') for a very general fibre F' of f. By
[S92, 4.4] Mon" is reductive. By [D82, 3.1 (c)] it is sufficient to show
that each tensor

k
ne N(H'(F,Q ®---©H'(F,Q) = HF x --- x F,Q)

which is invariant under Mon® is also invariant under MT9". By abuse
of notations, let us replace F' x --- x F by F.

So we will consider sections H”*(F,Q). Since each section which is
invariant under Mon® is a sum of global sections

k
neHO(U,/\W@),

for Q-irreducible local sub-system W¢q C R! f.Qy, it is sufficient to show
that such 7 are invariant under MT9",

Let L be a Galois extension of Q with Galois group I', containing all
the fields K (y/a;) constructed in 9.3. Over L the section 7 decomposes

as
= m
I
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where I is a set of tuples k = (k1,..., kg, ksri1,k ks, kL), sat-

isfying the equation (9.2), and where

s ki s ki k;
meW,=(QR@AV)e( Q AVie AVY).
=1

i=s""+1

/
M40

If in the decomposition (9.1) one has s = s”, or more generally if k; = k!
for i =s"+1,---,s and for all k£ with n; # 0, then by 9.4 the section 7
has bidegree (p(n),p(n)), hence it is a Hodge cycle and invariant under
MTder.

Otherwise choose some k), say with ;L0 # k:’go), and 7,0 # 0.
Consider the fix group I of W, (). Replacing 7, ) by the sum over its
conjugates under I', we may assume that I' is also the fix group of 1,0 .

Let 7’ be the sum over all different conjugates of 7, (o) under the action
of I'; then n = o' +n”, with ' and 1" defined over Q.

Hence it is sufficient to consider n = 7/, hence to assume that 7 is
equal to the sum over all different conjugates of 7,). Choosing the
index set I to be minimal, one has -

I = Ao, mw }

hence a transitive action of I" on I. We write this action as k — (k).
So for each ¢ there is some v, € I' with 7,y = 7.(7,0)-
The section 7 gives rise to

v
/
o = /\ Ny -
=1

The Galois group I' permutes the different components of n and o
+0’. This defines homomorphism y : I' — {#+1}. Choose a generator (3
of the Galois extension of QQ, defined by this homomorphism, such that
I' acts on 3 by multiplication with y. Then o = -0 is invariant under
I.

By 9.4 each n; is concentrated in a unique bidegree (p(ng),q(nx))-
Posing the conditions

"o

() —q(me) <0 or p(ng) —q(nk) >0

defines two disjoint subsets I and I~ of I of the same cardinality. If
ni € I, then its complex conjugate lies in I~, and vice versa. So 9.4
implies that the sum over all p(n;,) with 7 € I coincides with the sum
over all g(ny) with n, € I~.

Then o is pure of bidegree (p,p) for some p. Finally remark that
o is again a section of some tensor bundle, hence a Hodge cycle and
invariant under MT.

Let T denote the Weil restriction of the one dimensional subspace
(M) L of /\k Wp. So Ty is generated by the 7, for v € I', and a basis
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of Ty is given by the sections 7,(0),...,7,w). The group MT leaves o
invariant, hence the subspace T, as well.

By Lemma 9.3 and Lemma 10.2 the group MT respects the decom-
position of R f, Ky in irreducible K-sub-variation of Hodge structures.
Hence if one considers the decomposition in L irreducible direct fac-
tors, it can for each ¢ only permute V; and V). Since MT" lies in the
kernel of the corresponding morphism MT — {£1}%% the group MT"
respects all the V; and VY, hence W (o).

On the other hand, since the fix groups of W, and of 1,0 in T
coincide, the intersection W, o) NTy is generated by M0 - In particular

one finds for h € MT some a0 (h) € L with h(n,0) = a9 (k) -9, ).
Then - -

h(n) =Y a“(h) -,
=0

where v(a(9(h)) = o) (h) if and only if v(k?) = £“). Obviously, for
g, h € MTder,

V(g oh) =aW(g)0al(n),
and one obtains a homomorphism
U MTI — L x - x L*.
By definition of MT" such a morphism must be trivial, and
N =m0 + -+ 1)

is invariant under MT9" | as claimed. q.e.d.

As mentioned in Remark 4.4, the poly-stability of E'? and E%! for
all direct factors of the variation of Hodge structures allows us to ap-
ply B. Moonen’s characterization of bounded symmetric domains in A,
[Mo098]. There one uses the existence of at least one CM point in U.
Then 10.1, b), would imply the equality Mon® = MT9er,

After we established such an equality by different arguments, one
can use [Mo098, 3.8] to deduce that U is a Shimura subvariety of the
moduli stack Ay. Let us sketch the argument, using a slightly different
language.

The Hodge group Hg = Hg(F') is contained in

MT N Sp(H'(F,Qr), Q)-
By 10.2 the induced real group Hgp is conjugate to a subgroup of
Sp(V1,Q) x -+ x Sp(Ver, Q) x Sp(Ver41,Q) x -+ x Sp(Vi, Q)
where again V@ is the fibre of VZ at y e U.
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Mumford constructs in [M66] a Shimura variety X (Hg,u), as the
image of

centralizer of the
complex structure u

@ Hep — Sp(H'(F,0),Q)/( ) = Ay — Ay,
The morphism @ factors through the quotient of Hgp by a maximal
compact subgroup.

The monodromy group Mon? is contained in Hg, hence equal to
Hgd®" = MT9". We may replace in Mumford’s construction Hg by the
isogenous group Hgd®", and the dimension of X' (Hg,u) is the dimension
of ®(Hgder).

Corollary 10.4. dim(X'(Hg,u)) < an
i=1

Proof. The variation of Hodge structures comes from a representation
with values in the real group

G=(U(1,1) x U(f1)) x -+ x (U(1,1) x U(Lgn))
X (U(ngryi1,1) x Ullgry1)) X -+ x (U(ng, 1) x U(Ly)).

Since Mon” = Hg" is contained in G, the image of ® lies in the quotient
of G by a maximal compact subgroup. Since U(¥;) is compact, the latter
is isogenous to

U(l, 1)/K1 XX U(l,l)/Ks// X U(nsu+1, 1)/K5N+1 XX U(ns, 1)/K5

for maximal compact K; C U(n;,1). However, U(n;, 1)/K; is a ball
quotient of dimension n;. q.e.d.

Proof of Theorem 6. By Proposition 4 we know that for each irreducible
C-sub-variation of Hodge structures the conditions a)-c), stated there,
hold true. So we can apply Theorem 5 and deduce that after replacing
Y by an étale covering, all such V are of the form U; ®L; with U; unitary
and L; as in Theorem 5, b).

The structure of the irreducible components of the variation of Hodge
structures was used in Section 9 and in this section to show Corollary
10.4. The rigidity has been verified in Lemma 9.5. So it remains to
show that Corollary 10.4 together with Lemma 4.2 imply that U is a
Shimura variety.

Since X (Hg, u) is a moduli variety for Abelian varieties with Hodge
group contained in Hg, the morphism ¢ : U — A, factors through

U £ x(Hgu) —— A,

By assumption, ¢ is generically finite, hence 10.4 implies that ¢ is
dominant. On the other hand, writing F10 @ FO! for the Higgs bundle
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of R'f.Cy, we had seen in Lemma 4.2 that the inclusion

splits. So T} — @’*T}((

[A92]

[B-L92]

[D72]
[D82]

[D-Ms6]

[Do87]
[B-V92]
[F83]

[F-HO1]

[G02J

[H-L97]

[L04]

[Lz04]

[Lo03]

[Mo98]

Ty — ¢"Th, = S*(F*)ly

He,u) splits as well, and ¢ is étale. q.e.d.
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