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CONSTANT SCALAR CURVATURE KAHLER METRICS
ON FIBRED COMPLEX SURFACES

JOEL FINE

Abstract

This article finds constant scalar curvature Kahler metrics on
certain compact complex surfaces. The surfaces considered are
those admitting a holomorphic submersion to curve, with fibres
of genus at least 2. The proof is via an adiabatic limit. An ap-
proximate solution is constructed out of the hyperbolic metrics on
the fibres and a large multiple of a certain metric on the base. A
parameter dependent inverse function theorem is then used to per-
turb the approximate solution to a genuine solution in the same
cohomology class. The arguments also apply to certain higher
dimensional fibred Kéhler manifolds.

1. Introduction

This article proves the existence of constant scalar curvature Kéahler
metrics on certain complex surfaces. Let m: X — X be a holomorphic
submersion from a compact connected complex surface to a curve, with
fibres of genus at least 2. Topologically, X is a locally trivial surface
bundle; analytically, however, the fibrewise complex structure may vary.
Examples of such surfaces appear in, for example, [T, 9].

If ¥ has genus greater than one, then X is polarised by k, = —c1 (V) —
rr*c1(X), where V' is the vertical tangent bundle and the integer r is
sufficiently large. More generally, this is a Kéhler class when r is non-
integral.

The precise result proved here is as follows.

Theorem 1.1. If X is a compact connected complex surface admit-
ting a holomorphic submersion onto a high genus complex curve with
fibres of genus at least two, then, for all large r, the Kdhler class k,
contains a constant scalar curvature metric.
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398 J. FINE

In fact, the arguments apply to certain higher dimensional fibred
Kahler manifolds, although the conditions are more awkward to state;
see Theorem §.1.

1.1. Stability of polarised varieties. There are many reasons to be
interested in constant scalar curvature Kéhler (cscK) metrics. Perhaps
the most important comes from a well known conjecture relating the
existence of a cscK metric to the stability of the underlying polarised
variety. This is analogous to the Hitchin—Kobayashi correspondence and
is due, in both chronological order and degree of generality, to Yau [12],
Tian [11] and Donaldson [§].

The surfaces covered by Theorem i[.I are each a family of stable
curves parameterised by a stable base, and so stand a good chance of
being stable, at least for a polarisation in which the base is large. This
is certainly true in the analogous situation for bundles.

The algebro-geometric view point is not explored here, except for a
few comments relating analytic observations to stability conditions.

1.2. Projectivised vector bundles. A result analogous to Theorem
.11 but concerning projectivised vector bundles, is proved by Hong in
[6] and [7]. The techniques used there are similar to those applied here.
There are two important differences between the situations, however.

In both cases, the fibres have cscK metrics. However, in Theorem il 1,
the fibres have no non-zero holomorphic vector fields, whilst the fibres
of a projectivised vector bundle have holomorphic vector fields which
are not Killing. If (F,w) is a compact Kéhler manifold with a cscK
metric, and ¢ is a holomorphic vector field on F' which is not Killing,
then flowing w along £ gives a non-trivial family of cohomologous cscK
metrics.

From the point of view of the analysis, this situation leads to prob-
lems, as is explained later. It is avoided in [6] and [7] by the additional
assumption that, whilst there are holomorphic vector fields on the fi-
bres, they are not induced by a global holomorphic vector field. From
the point of view of the algebraic geometry, this is related to the stability
of the vector bundle which is projectivised.

The other important difference between the two situations is that the
fibres of a ruled manifold are rigid, whilst the fibres in Theorem i1 have
moduli. This leads to extra considerations in the proof, which are not
required in Hong’s work.

1.3. Base genus 0 or 1. Let X satisfy the hypotheses of Theorem il I
apart from the condition on the genus of ¥. When ¥ has genus 0 or 1,
a direct proof of the existence of cscK metrics can be given.
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Theorem 1.2. Let X be a compact connected complex surface ad-
mitting a holomorphic submersion w: X — 3 to a surface of genus O or
1, for which all the fibres are of genus at least 2. Then, X admits cscK
metrics.

Proof. Mapping each fibre of 7 to its Jacobian determines a map
j: 3 — o, where &/ denotes the moduli space of principally polarised
abelian varieties (of dimension equal to the genus of the fibres of 7).
The universal cover of 7 is the Siegel upper half space . which can be
realised as a bounded domain in CV.

The map j lifts to a holomorphic map from the universal cover of ¥
to .. Since g(¥) = 0 or 1, this map must be constant: when g(X) =0
the map is a holomorphic map from a compact manifold; when g(3) = 1
the map is a bounded holomorphic map from C. Hence, j is constant.
By Torelli’s theorem, all the fibres of 7 are biholomorphic.

As the model fibre S of X — X has genus at least 2, its group
of biholomorphisms I' is finite. Define a principal I' bundle P — 3
by setting the fibre over ¢ to be the group of biholomorphisms from
7 1(o) to S. Since P is a cover of ¥, it arises from some representation
m1(X) — I'. Using this representation,

X=P Xﬁl(z) S.

In the case g(¥) = 0, this gives X = S x P! which admits product
cscK metrics. If g(¥) = 1, X is a quotient of S x C by m(X). The
product S x C admits a natural cscK metric, and with respect to this
metric 71(X) acts by isometries. Hence, the metric descends to a metric
on X which also has constant scalar curvature. q.e.d.

From now on, in the proof of Theorem il .1, only the case g(X) > 2 is
considered.

1.4. Outline of proof. This section gives an outline of the proof of
Theorem i.I. The main technique used is an adiabatic limit. This
involves studying a family of metrics on X for which the base becomes
increasingly large.

The first step is to construct a family of approximate solutions. This
is done in Section 8. The motivating idea is that in an adiabatic limit,
the local geometry is dominated by that of the fibre. The approximate
solutions are constructed by fitting together the cscK metrics on the
fibres of X and a large multiple of a metric on the base. If the base
is scaled by a factor r, the metrics on X have scalar curvature which
is O(r~1) from being constant. Section 4 also discusses adjusting these
metrics to decrease the error to O(r~") for any positive integer n.
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The remaining sections carry out the analysis necessary to show that
a genuine solution lies nearby. Doing this involves solving a parameter
dependent inverse function theorem. As is explained in Section 4, such
arguments hinge on certain estimates. Two sorts of estimate are used.
The first kind involves local analysis; the various constants appearing in
Sobolev inequalities are shown to be independent of 7 (see Section ).
The second kind of estimate involves global analysis, specifically a lower
bound for the first eigenvalue of the linearisation of the scalar curvature
equation as is found in Section G,

Before the start of the proof itself, Section & collates some background
information concerning straight forward properties of scalar curvature
and its dependence on the Kahler structure. In particular, it states
precisely how various geometric objects are uniformly continuous with
respect to the metric used to define them. These results are standard
and widely known, although not stated in the literature in quite the
form used here.

2. General Properties of Scalar Curvature

2.1. The scalar curvature map. Kahler metrics on a compact Kéahler
manifold X and in a fixed cohomology class are parametrised by Kéhler
potentials: any other Kéahler form cohomologous to a given one w is of
the form wy = w + i00¢ for some real valued ¢ € C°.

The scalar curvature of a Kédhler metric can be expressed as the trace
of the Ricci form with respect to the Kéhler form: Scal(w)w™ = np A
w" 1, where n is the complex dimension of X. The equation studied in
this article is

Scal(wg) = const.
This is a fourth order, fully non-linear, partial differential equation for
the function ¢.

Scalar curvature determines a map S: ¢ — Scal(wy) defined, initially,
on an open set U C C°.

Lemma 2.1. Let V denote the Lz+4—completi0n of U. S extends to
a smooth map S : V — L} whenever (k + 2)p — 2n > 0. Its derivative
at 0 is given by
100 A p A w2

wn

(1) L(@) = (A% = S(0)A) ¢ +n(n — 1)

Proof. Scalar curvature is analytic in the metric, and hence, S extends
to a smooth map from L} 44 brovided that i00¢ is continuous, i.e., for

¢ € L3, 4 where (k+2)p —2n > 0.
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To compute its derivative, let w; = w + ti00¢. The corresponding
metric on the tangent bundle is g; = g+¢® where @ is the real symmetric
tensor corresponding to 100¢. The Ricci form is given locally by

pt = p + 100 log det (1 + tgfli’) .
Now, tr(g~'®) = A(i00¢) = A¢. Hence, at t = 0,

dw - dp _
— =1 — = 100(A¢).
" 100, pp 100(Ag)
The result follows from differentiating the equation Sw™ = np A w™ L.

q.e.d.

Remarks 2.2. In flat space L = A?; in general, the leading order
term of L is A%, It follows immediately that L is elliptic, with index
Zero.

It follows, either from the fact that [ S (¢)wg is constant, or from the
formula for L, that

[ 1w == [oasour

In particular, for cscK metrics, im L is L?-orthogonal to the constant
functions.

Lemma 2.3. Let k > 2. If ¢ € CH® satisfies S(¢) € CH®, then
¢ c Ck+4,a'

Proof. S(¢) = AyV where Ay is the wy-Laplacian and
V = —logdet(g + @),

where @ is the real symmetric tensor associated to the (1,1)-form i09¢.

Since ¢ € CFe, Ay is a linear second order elliptic operator with
coefficients in Ck¥=2<. By elliptic regularity (see e.g., [2], p. 87) and
assumption on S(¢), V € Cke,

The map ¢ — — log det(g+ ®) is non-linear, second order and elliptic.
Such maps also satisfy a regularity result (see e.g., [2], p. 86), hence,
¢ c Ck—l—?,a.

This implies that Ay has C*? coefficients meaning that in fact V €
CF+t2.2 and so ¢ € Ck+4e, q.e.d.

Example 2.4 (High genus curves). For the hyperbolic metric on a
high genus curve, S(0) = —1. Hence, the above Lemma gives L =
A% 4 A. The kernel of L is precisely the constant functions. As L is
self-adjoint, it is an isomorphism when considered as a map between
spaces of functions with mean value zero.
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In the above discussion of scalar curvature, the underlying complex
manifold (X, J) is regarded as fixed, whilst the K&hler form w is varying.
An alternative point of view is described in [B]. There the symplectic
manifold (X, w) is fixed, whilst the complex structure varies (through
complex structures compatible with w). The two points of view are
related as follows.

Calculation shows that, on a Kéhler manifold (X, J, w),

258¢ = .,gv(z)w.

Hence, infinitesimally, the change in w due to the Kéhler potential ¢ is
precisely that caused by flowing w along V¢. Flowing the Kéahler struc-
ture back along —V¢ restores the original symplectic form, but changes
the complex structure by —%g4J. This means that the two points of
view (varying w versus varying J) are related by the diffeomorphism
generated by V.

The following result, on the first order variation of scalar curvature
under changes in complex structure, is proved in [8]. The operator

2 : C®(X) — Q"YTX)

is defined by Z2¢ = 0V ¢, where 0 is the 0-operator of the holomorphic
tangent bundle. The operator Z* is the formal adjoint of & with respect
to the L?-inner product determined by the Kihler metric.

Lemma 2.5. An infinitesimal change of —Zvg4J in the complex
structure J causes an infinitesimal change of 2*%¢ in the scalar cur-
vature of (X, J,w).

Taking into account the diffeomorphism required to relate this point
of view to that in which w varies gives the following formula for the
linearisation of scalar curvature with respect to Kéahler potentials:

Lemma 2.6.
(2.2) L(¢) = 2" D¢ + V Scal -V

Alternatively, this can be deduced from (2.1) and the Weitzenbdck-
type formula relating 2*%2 and AZ.

If the scalar curvature is constant, then L = Z*%. In particular,
ker L = ker Z consists of functions with holomorphic gradient. If X
has constant scalar curvature and no holomorphic vector fields, then
ker L = R. Since L is also self-adjoint, it has index zero and so is an
isomorphism between spaces of functions with mean value zero. This
generalises Example 2.4.
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2.2. Dependence on the Kaiahler structure. This section proves
that the scalar curvature map is uniformly continuous under changes
of the Kahler structure. The arguments are straight forward, this sec-
tion simply serves to give a precise statement of estimates that will be
used later.

2.2.1. C*-topology. The results are first proved in the C*-topology.
The Leibniz rule implies that there is a constant C' such that for tensors
T,T eC*

(2.3) 1T Tl e < CIT e T on-

The dot stands for any algebraic operation involving tensor product and
contraction. The constant C' depends only on k, not on the metric used
to calculated the norms (in contrast to the Sobolev analogue, which is
discussed in Section 2.2.9).

Lemma 2.7. There exist positive constants ¢, K, such that whenever
g, g are two different metrics on the same compact manifold, satisfying

lg" = gllor+2 < c,
with corresponding curvature tensors R, R, then,
IR = Rllcr < Kllg" = gllors2-

All norms are taken with respect to the metric g'. K depends only on c
and k (and not on g or ¢').

Proof. Let g = ¢’ + h. If the corresponding Levi-Civita connections
are denoted V and V', then V = V'’ + a, where a corresponds to —V'h
under the isomorphism 7* @ EndT = T* @ T* @ T™* defined by g. That

is,
a- (¢ +h)=-V'h,

where the dot is an algebraic operation. Hence

lallors = lla-g'llow+s,
< [V'hllgrts + Cllallgrs [Pl orr,s

(using inequality (2.3) above). Taking ¢ < C~! gives

_ -1
lallgrsr < [[Allgrse (1= ¢ Allors2)

The difference in curvatures is given by R — R’ = V'a + a A a. The
result now follows from (2.3). q.e.d.
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Lemma 2.8. Given k and M > 0, there exist positive constants c
and K such that, whenever, g and ¢ are two different metrics on the
same compact manifold, satisfying

lg" = gller+2 < e,
[Rlcx < M,
where R’ is the curvature tensor of ¢', then
IRic' = Ricllex < Kllg" — gllcrre,
|Seal' —Scalx < Kllg' — gllcne.
Here, Ric and Ric’, Scal and Scal’ are the Ricci and scalar curvatures
of g and g’ respectively.

Proof. The Ricci tensor is given by Ric = R- g where the dot denotes
contraction with the metric. Simple algebra gives

Ric —Ric=(R' = R)-¢ = (R —R)-(¢J —g)+ R - (¢ — g).

It follows from inequality (2.3) that || Ric’ — Ric||cw is controlled by a
constant multiple

1R = Rllcellg'llox + 1R = Rllcxllg” = glles + 1R e llg" = gllon-

Since the C*-norm of ¢’ is constant, the result follows from Lemma 2.7.
A similar argument applies to Scal = Ric-g. q.e.d.

Lemma 2.9. Given k and M > 0, there exist positive constants ¢ and
K > 0 such that whenever (J,w) and (J',w") are two different Kdihler
structures on the same compact manifold satisfying

(7, 0") = (Jw)llers < e,
IR on < M,

where R’ is the curvature tensor of (J',w'), then the linearisations L
and L' of the corresponding scalar curvature maps satisfy

(L' = L)l < K|I(J,w') = (J,w)llor+2 Il 2

k+4

for all ¢ € Li 44+ All morms are computed with respect to the primed
Kahler structure.

Proof. The formula (2.1) shows that L is a sum of compositions of the
operators A, i00, of multiplication by Scal, p and w, and of division of
top degree forms by w”. It suffices, then, to show that these operations
satisfy inequalities analogous to that in the statement of the lemma.

For multiplication by w, this is immediate. Since dividing top degree
forms by w' is the same as taking the inner product with w™/n!, it holds
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for this operation too. For multiplication by Scal and p, the inequalities
follow from Lemma 2.8 and the inequality |juv|| rr<C llullcx o]l L for
some C' (depending only on k).

On functions, A is the trace of 90, so to prove the lemma it suf-
fices to prove that i00 satisfies the relevant inequality (cf. the proof of
Lemma 2.8). Since 710 = £(1—14J), the operator 0 = m'0d satisfies the
required inequality, similarly for 9. Hence, i00 and A do too.  q.e.d.

2.2.2. Lz-topology. In the above discussion of continuity, it is possible
to work with Sobolev rather than C* norms. The same arguments apply
with one minor modification. Inequality (2.3) is replaced by

17T < CITN Tz,

which holds provided kp > 2n. Moreover, the constant C' depends on
the metric through the constants appearing in the Sobolev inequalities

(2.4) ITlco < C/||THL£ for kp > 2n,
(2.5) 1Tl < C"ITlzs for kp> 2n.

With this in mind, the same chain of reasoning which leads to Lemma

2.9 also proves.

Lemma 2.10. Let kp — 2n > 0, and M > 0. There exist positive
constants ¢, K, such that whenever (J,w), (J',w') are two different
Kdhler structures on the same compact complex n-dimensional manifold,
satisfying

1) = (Lw)llr . < o

k+2 -

HR,HLZv Clv c” < M,

where R’ is the curvature tensor and C', C” are the Sobolev constants
from inequalities (2.4) and (2.3) for the primed Kdhler structure, then
the linearisations L and L' of the corresponding scalar curvature maps
satisfy

oIl r

k+4

(L= L)l < KI(J'w") = (J,w)ll e

k+2

for all ¢ € Li 44+ All morms are computed with respect to the primed
Kahler structure.
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3. Approximate Solutions

Return now to the case where X is a compact connected complex
surface and 7: X — 3 is a holomorphic submersion onto a smooth high
genus curve with fibres of genus at least 2.

This section constructs families of metrics on X, each depending on a
parameter 7, which have approximately constant scalar curvature. Dur-
ing this procedure, various power series expansions in negative powers
of r will be used. Questions of convergence with respect to various
Banach space norms will be addressed later. For now, the expression
f(r)=0(r™") is to be interpreted as holding pointwise. When such an
expression is used to describe an operator, it should be interpreted as
holding after the operator acts on a function.

The ultimate aim of this chapter is to construct, for each non-negative
integer n, a family of metrics w, , parametrised by r, satisfying

Scal(wy,) = —1+ Z ar '+ 0 (r ),
i=1

where ¢1, ..., ¢, are constants. This is accomplished in Theorem J3.14.

3.1. The first order approximate solution. Recall the classes
kr = =21 (1 (V) + rep (D))

mentioned (up to a factor of 27) in the introduction. Here, V' denotes
the vertical tangent bundle over X and r is a positive real number.

Lemma 3.1. For all sufficiently large r, Kk, is a Kdhler class. More-
over, it contains a Kdhler representative w, whose fibrewise restriction
1s the canonical hyperbolic metric on that fibre.

Proof. Each fibre has a canonical hyperbolic metric. These metrics
define a Hermitian structure in the holomorphic bundle V' — X. Denote
the corresponding curvature form by Fy/, and define a closed real (1, 1)-
form by wy = —iFy. Notice that [wg] = —2mc1(V), and the fibrewise
restriction of wy is the hyperbolic metric of that fibre.

Since the fibrewise restriction of wq is non-degenerate, it defines a
splitting TX =V & H, where

H,={ueT,X :wy(u,v) =0 foralveV,}.

Let wy, be any Kéhler form on the base, scaled so that [ws] = —27¢; (2).
The form ws, (pulled back to X) is a pointwise basis for the purely
horizontal (1,1)-forms. This means that, with respect to the vertical—
horizontal decomposition,

wo = wg D Ows,
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for some function 6: X — R, where w, is the hyperbolic Kahler form
on the fibre S, over o.
For r > —inf 6, the closed real (1, 1)-form
Wy = wo + rrws

is positive, and hence Kéhler, with [w,| = k,. Its restriction to S, is w,
as required. q.e.d.

Definition 3.2. The vertical Laplacian, denoted Ay, is defined by

(Av¢) wy = i(0D)vv,
where (a)yy denotes the purely vertical component of a (1, 1)-form a.
The fibrewise restriction of Ay is the Laplacian determined by w,-.
The horizontal Laplacian, denoted Ajy, is defined by

(Apo)ws = (1000)aH,
where (o) denotes the purely horizontal component of a (1, 1)-form

a. On functions pulled up from the base A is the Laplacian determined
by ws.

Lemma 3.3.
(3.1) Scal(w,) = —1 + 77 (Scal(ws) — 0 + Ay6) + O(r—2).
Proof. The short exact sequence of holomorphic bundles
0—-V->TX - H—-0

induces an isomorphism Kx = V* ® H*. This implies that the Ricci
form of w, is given by p, = i(Fy + Fp), where Fyy and Fp are the
curvature forms of V and H, respectively.

The metric on the horizontal tangent bundle is (r 4+ 0)ws. Its curva-
ture is given by

iFg = ps +i001log(1 4+ r710),

where py is the Ricci form of wy. The curvature of the vertical tangent
bundle has already been considered in the definition wg = —iFy,. Hence,

(3.2) pr = —Wy — Bws, + px, +i001og(1 + r16).
Taking the trace gives

1 -0
Scal(w,) = =1+ % + A, log(1+r716).
Where A, is the Laplacian determined by w,. Using the formula
Apg
3.3 A=A
(3:3) v r+0

and expanding out in powers of 7~! proves the result. q.e.d.
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Since Scal(w,) = =1+ O(r=1), setting wy, o = w, gives the first family
of approximate solutions.

3.2. The second order approximate solution. Let L, denote the
linearisation of the scalar curvature map on Kéhler potentials deter-
mined by w,. The r dependence of L, will be of central importance
in the proof of Theorem i .I. Its study will essentially occupy the re-
mainder of this article. A first step in this direction is provided by the
following lemma.

Lemma 3.4.
L.=AY + Ay +0(r ).
Proof. Recall the formula (2.1) for L,:
2i00¢ A py
Lo(¢) = A2¢ — Scal(w,) Ao + #.

T

Equations (3.1)—(3.3) give the r dependence of Scal(w,), p, and A,
respectively. Direct calculation gives the result. q.e.d.

Remark. Notice that the O(1) term of L, is the first order variation
in the scalar curvature of the fibres (see Example 2.4). This can be seen
as an example of the dominance of the local geometry of the fibre in an
adiabatic limit.

Instead of using a calculation as above, this result can be seen directly
from formula (3.1). The O(1) term in Scal(w,) is Scal(w,). Rather than
considering a Kahler potential as a change in w,., it can be thought of as
a change in wg. This gives a corresponding change in w, and the O(1)
effect on Scal(w,) is precisely that claimed.

Given a function ¢ € C*°(X), taking the fibrewise mean value gives
a function ¢ € C*°(X). The projection maps and 7y and 1 — 7y
determine a splitting

CT(X) = Cgo(X) @ (%),

where C3°(X) denotes functions with fibrewise mean value zero.

The previous lemma implies that, at least to O(r~1), functions in the
image of L, have fibrewise mean value zero. It is because of this that
the C§°(X) and C*°(X) components of the errors in Scal(w,) must be
dealt with differently.
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3.2.1. The correct choice of ws;. Notice that the definition of w, has,
so far, involved an arbitrary metric on .

Theorem 3.5. Each conformal class on ¥ contains a unique repre-
sentative wy, such that

7y Scal(w,) = —A—r"1 40 (T‘_Q) ,
where A is the area of a fibre in its hyperbolic metric.

Proof. By Lemma 3.3, the C°°(X) component of the O(r~!) term in
Scal(w,) is Scal(wy) — wxf. It follows from the definition of 6 (as the
horizontal part of wyg = —iFy divided by wy) that

sl = —A_lAzﬂ*(F‘%),

where Ay is the trace on (1,1)-forms on ¥ determined by wy.

Write o = —m,(F2). The surface X determines a map to the moduli
space of curves. The form « is a representative for the pull back of
the first tautological class via this map. (See, e.g., [B].) Since the
first tautological class is ample, [a > 0. The results of [8] (which
discusses prescribing curvature on curves) can now be applied. They
prove the existence of a unique metric in each conformal class with
Scal —A~'Aa = —1. q.e.d.

From now on, this choice of metric is assumed to be included in the
definition of w,.

3.2.2. The correct choice of Kahler potential ¢;. Let ©; denote
the C$°(X) component of the O(r~!) term in Scal(w,). This means that

Scal(w,) = =1+ 7401 — 1) + O(r?).
It follows from Lemma 3.4 that
(3.4)  Scal(w, +ir~'00¢) = Scal(w,) + 1 AL + Ay)p + O(r2).
Lemma 3.6. Let © € C§°(X). There exists a unique ¢ € C§°(X)

such that
(A7 +Ay) ¢ = 0.

Proof. Given a function ¢ € C*°(X), let ¢, denote the restriction of ¢
to S,. The fibrewise restriction of the operator A%,—I—AV is the first order
variation of the scalar curvature of the fibre. Applying Example 2.4
fibrewise certainly gives a unique function ¢ on X such that ¢ has
fibrewise mean value zero; for each o, ¢, € C°(S,) and Ly, = O,
ie, (AL + Ay)p = ©. It only remains to check that ¢ is smooth
transverse to the fibres. (The operator A% + Ay is only elliptic in
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the fibre directions, so regularity only follows automatically in those
directions.)

In fact, this is straight forward. Since ¢, = L;'©,, the required
differentiability follows from that of ©® and the fact that L, is a smooth
family of differential operators. q.e.d.

Applying this lemma to © = —0; and using Equation (8.4) shows
that there exists a unique ¢; € C§°(X) such that the metric w,; =
wy. +i00r 1 ¢y is an O(r~2) approximate solution to the constant scalar
curvature equation:

Scal(wy1) = —1 =71+ 0(r ).
3.3. The third order approximate solution. Now that the correct
metric has been found on the base, the higher order approximate so-
lutions are constructed recursively. In order to demonstrate the key
points clearly, however, this section does the first step in detail.

The strategy is straight forward, even if the notation sometimes is
not. The first step is to find a Kahler potential f; on the base to deal
with the C°°(X) component of the O(r~2) error; that is, so that

Scal(wy1 +i00f1) = =1 —r '+ (c+ OY)r 2+ O(r™?)

for some constant ¢, where ©) has fibrewise mean value zero.
The second step is to find a Kéahler potential ¢o to deal with the
remaining O(r~2) error ©); that is, so that

Scal (wﬁl +i00(f1 + ?”_2<152)) = 1—r e+ 0(7“_3)'

Both of the potentials fi and ¢ are found as solutions to linear partial

differential equations. To find the relevant equations, it is important
to understand the linearisation of the scalar curvature map on Kéhler
potentials determined by w;; (and the operators determined by the
later, higher order, approximate solutions). To this end, the first lemma
in this section deals with the r dependence of such an operator when the
fibrewise metrics are not necessarily the canonical constant curvature
ones. First, some notation.
Notation for Lemma 3.11. Let Q) be any closed real (1,1)-form
whose fibrewise restriction is Kéahler. Let €2, be the Kéhler form on
S, induced by . Let Qs be any choice of metric on the base. As in
Lemma 8.1, for large enough r, the form €2, = Qq + rQyx is Kéhler; the
vertical-horizontal decomposition of the tangent bundle determined by
), depends only on €.

Definition 3.7. The form 2y, is a pointwise basis for the horizontal
(1,1)-forms. Define a function & as follows: write the vertical-horizontal
decomposition of €y (with respect to ) as Qp = Q, @ £Qyx.
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Definition 3.8. The family of fibrewise Kéhler metrics 2, deter-
mines a Hermitian structure in the vertical tangent bundle. Denote the
curvature of this bundle as Fy,. Define a function n as follows: write the
horizontal-horizontal component of iFy (with respect to €2,) as nQsx.

Remark. Since the fibrewise metrics are not the canonical constant
curvature ones, this curvature form is not the same as that appearing
earlier. If, instead of any old €y and Qy, the forms wy and ws, from
before are used in both of these definitions, then £ = —n = 6.

Definition 3.9. Taking the fibrewise mean value of 1 gives a function
w1 on the base. Using this, define a fourth order differential operator

Dy, : C* (%) — C* (%),

Dx(f) = A% f — (Scal(Qx) + msn)As f,
where Ay is the Qx-Laplacian.

Remark 3.10. The operator Dy is the linearisation of a non-linear
map on functions, which is now described. Taking the fibrewise mean
value of nQ)y, defines a 2-form on the base Y. Notice this is independent
of the choice of 25.. The trace of this form with respect to {1y is precisely
the fibrewise mean value of 7.

Next, consider varying s, by a Kéhler potential f € C°°(X). Denote
by Ay s the trace operator determined by Qs + i00f. The equation

Ax
Ass 14+ Axf
shows that the linearisation at 0 of the map f — myn is —mynAyx.
Combining this with the formula for the linearisation of the scalar cur-
vature map on curves derived in Example 2.4, shows that Dy is the
linearisation, at 0, of the map

F: f — Scal(Qs, +i00f) + msn.

If, instead of using any old €2, the definitions were made using wy
from the earlier, then the map F' is one which has been described before.
It is precisely the map which was shown to take the value —1 at wy
(see Section B.2.1). Notice that using wy and wy, to define Dy, gives
Dy, = AL+ Ay. As in Example 2.4, this operator is an isomorphism on
functions of mean value zero (when considered as a map between the
relevant Sobolev spaces).

The vertical and horizontal Laplacians are defined just as before,
with Qo and Qy replacing wy and wy, respectively (see Definition 3.2).
To indicate that they are defined with respect to different forms (and
also a different vertical-horizontal decomposition of the tangent bundle,
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notice), the vertical and horizontal Laplacians determined by €y and 25
are denoted Af, and A’;. The un-primed symbols are reserved for the
vertical and horizontal Laplacians determined by wy and wy,. Let L(£2,)
denote the linearisation of the scalar curvature map on Kéahler potentials
defined by €2,..

Lemma 3.11.
L(Q,) = (AR — Scal(Q,)AL) + 771Dy + 772Dy + O(r™3),

where the operators Dy and Do have the following behaviour: if f is a
function pulled back from 3,

(3.5) Di(f) = 0,
(3.6) msDa(f) = Ds(f).

Proof. The proof given here is a long calculation. A slightly more
conceptual proof is described in a following remark. Recall the formula
(2.1 for the linearisation of the scalar curvature map. It involves the
Laplacian, the scalar curvature and the Ricci form of €),.. Repeating

the calculations that were used when the fibres had cscK metrics gives
formulae for these objects. They are, respectively,

Al
r+ &
Scal(Qx) + 7
r+&
(3.9) p(Q) = p(Q) + (Scal(Qx) + 1) s + 100 log(1 + r~1¢).
The result now follows from routine manipulation and expansion of
power series; the following formulae can be verified for D and Do:

Dy = 20LAY — (AVEAY,

Dy = AR —(Scal(Qs) +n)Aly —nAl, Al
1
+5 (A (62)Ay + (Ayn) Al

The statements about D1 (f) and 7y, D2 (f) for f pulled up from the base
follow from these equations. q.e.d.

(3.7) AQT = A/V =+

(3.8)  Scal(2,) = Scal(Q) + + Ag, log(1+7r71¢),

Remark. The actual equations for Dy and Dy will not be needed in
what follows. All that will be used is their stated behaviour on functions
on the base as stated in Lemma 3.11. This behaviour can be understood,
without laborious calculation, as follows.

The potential f can be thought of as altering (2yx;, rather than €2,.
Since 2y, is scaled by r in the definition of €2, the effect is equivalent
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to adding the potential 7~ f to Qx. The analogue of Equation (3.1)
shows that the lowest order effect of 2y on Scal(f2,.) occurs at O(r~1).
Hence, the combined effect is O(r~2): for potentials f pulled up from
the base, Di(f) = 0.

The fibrewise mean value of the O(r~!) term in Scal(€2,) is

Scal(Qy) + mxn.

So, after taking the fibrewise mean value, a change of r~! f in Qx gives
a change in 7y Scal(€2,) whose O(r~2) term is given by the derivative
of the above expression with respect to Kéhler potentials on the base.
Hence, mx Dy (f) = Dx(f).

3.3.1. The correct choice of Kahler potential fi. Let L,; be the
linearisation of the scalar curvature map on Kéhler potentials deter-
mined by wy. 1.

Lemma 3.12. Let f € C*(X). Then
5L (f) =12 (AF + Ag)f+O(r ).
Proof. Begin by applying Lemma 3.1T with
Qo = wo+i00r Loy,
Oy = wy.

There is a slight difficultly in interpreting the expansion given in Lemma
811 The r-dependence of €y means that the coefficients in the O(r~3)
piece of that expansion will be r-dependent, a priori making them of
higher order overall.

In fact, this cannot happen. The reason is that all such coefficients
come ultimately from analytic expressions in the fibrewise metrics in-
duced by Qq (as is shown, for example, by the calculation described in
the proof of Lemma 3.11!). These metrics have the form

Qe = (1 + T_IAVQbI)wU'

(Here, Ay is the vertical Laplacian determined by wq.) Since the fibre-
wise metric is algebraic in 7~!, the coefficients in the expression form
Lemma 3.1T are analytic in 7!, i.e., they have expansions involving
only non-positive powers of r.

This means that the O(r~2) term can simply be read off from the
formula given in Lemma 3.11. This gives

ms L1 (f) = 2Dx(f) + O(r~®).

As is pointed out in Remark g.10, for the choice of wy, that was deter-
mined whilst finding the O(r~2) approximate solution, Dy, = A% + Ay,
as required. q.e.d.
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Denote the C*°(X) component of the O(r~2) term of Scal(w,1) by
@22
T Scal(wy1) = =1 — 71+ 7720y + O(r?).
Let ¢ be the mean value of ©9 and let fi solve (A% + Ax)fi = ¢ —
©s. (Existence of f; follows from Example 2.4.) Elliptic regularity
ensures that f; is smooth, completing the first step in finding the O(r~3)
approximate solution: by Lemma 3.12,

Scal(wy.1 +i00f1) = =1 — 1L+ r72(c+ 04 + O(r™?),
where ©% has fibrewise mean value zero.

3.3.2. The correct choice of Kéhler potential ¢,. Let L;,J be the
linearisation of the scalar curvature map on Kéhler potentials deter-
mined by the metric w,; + 100 f;.

Lemma 3.13.
L1 =AV+ Ay +0(rh.

Remark. Again, the symbol Ay means the vertical Laplacian deter-
mined by the form wg. Compare this with Lemma .4.

Proof. Apply Lemma 3.11 with

Qy = wo+i58r_1¢>1,
Qy = wy +i00r Lf.

As in the proof of Lemma 3.12, there is a problem with interpreting the
expansion in Lemma 3.11, namely that the r-dependence of Qg and Qy,
means that the coefficients in the expansion are also r-dependent. As
in the proof of Lemma 3.12, however, this actually causes no difficulty.
Both forms are algebraic in 7—1, hence, the coefficients in the expansion
are analytic in 7! the r-dependence of the coefficient of r~" causes
changes only at O(r~"=%) for k > 0. This means that the genuine
O(1) behaviour of L; , is the same as the O(1) behaviour of AP —
Scal(Q,)AY,. Here, Q, is the metric on S, determined by Q, i.e.,
Q, = (1 + ’I”_IAvqbl)wa.
Since, to O(1), 2, and w, agree,

Scal(9,) = Scal(wy,) +O(r 1),
A, = Ay +0@r™h.
Hence,
AR — Scal(Q,)Al, = A2 + Ay + 0.
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Let wyo = wr1 + i00(f1 + r~2¢7), where ¢o solves (A%, + Ay)pe =
—0). (Existence of ¢ follows from Lemma J.6.) Then,

Scal(wy2) = —1 — e+ 0>r ).
3.4. The higher order approximate solutions.

Theorem 3.14 (Approximately cscK metrics). Let n be a positive in-
teger. There exist functions fi,..., fn—1 € C®(X), ¢1,..., ¢, € CF°(X)
and constants cy,...cy, such that the metric

n—1 n
Wrn = Wy + 100 Z T 300 Z r i,
=1 =1

satisfies

Sca‘l(wr,n) =—-1+ Z Ci’l”_i +0 (,r—n—l) ]
i=1

Proof. The proof is by induction, the inductive step being the same
as that used to construct the third order approximate solution above.
q.e.d.

In fact, it is straight forward to show that the functions f;, ¢; are
unique subject to the constraints

/2fiUJZ:0 /chbiwazo'

This uses the injectivity of the operator discussed in Example 2.4 (acting
on functions with mean value zero).

It is also possible to calculate the exact values of the ¢; by considering
the mean value of Scal(w,). Let vol, = [w?/2 = rA+ B where A =
[wol.[ws] and B = L[wg)?, and let [ Scal(w,)w?/2 = 2mey(X).[w,] =
rC + D where C' = 2mci(X).[wg] and D = 27e(X).Jws]. Then, the
mean value of the scalar curvature is (rC+D)(rA+B)~! = -1+ ¢;r ™"
where

¢ = (-1)'A"'B"(A"'C — B™'D).

3.5. Summary. Four essential facts were used in the construction of
the approximate solutions in Theorem 3.14.

(1) The non-linear partial differential equation Scal(w,) = constant
in the fibre directions has a solution. This enables w,o to be
constructed.

(2) The linearisation of this equation, at a solution, is surjective onto
functions with mean value zero. This enables the C§°(X) compo-
nents of error terms to be eliminated.
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(3) The non-linear partial differential equation Scal(wy) — Ay =
constant on the base has a solution. This enables w, 1 to be con-
structed.

(4) The linearisation of this equation, at a solution, is surjective onto
functions with mean value zero. This enables the C*°(X) compo-
nents of error terms to be made constant.

The equation in (3) and (4) is needed only because the linearisation
of (2) does not map onto functions pulled up from the base. The sur-
jectivity of the linear operators in (2) and (4) can be viewed in terms
of automorphisms of the solutions in (1) and (3), respectively. This is
because both operators are elliptic with index zero; they are surjective
if and only if they have no kernel (thought of as maps between spaces of
functions with mean value zero). The absence of any kernel is equivalent
to there being no non-trivial family of solutions to the equations in (1)
and (3).

Finally, it should be noted that the two parameters » and n appearing
in the approximate solutions are of a very different nature. In partic-
ular, whilst the perturbation to a genuine solution is carried out, n is
considered as fixed, whilst r tends to infinity.

4. Applying the Inverse Function Theorem

First, some notation. The integer n is considered as fixed throughout
and so is often omitted. Write g, for the metric tensor corresponding to
the Kéhler form w, ,. Each metric defines Sobolev spaces L% (g,) of func-
tions over X. Since the Sobolev norms determined by g,, for different
values of r, are equivalent, the spaces L%(gr) contain the same functions.
The constants of equivalence, however, will depend on r. Similarly, for
the Banach spaces C*(g,). When the actual norms themselves are not
important, explicit reference to the metrics will be dropped, and the
spaces referred to simply as C* or Li.

Statements like “a, — 0 in C*(g,) as r — oo,” mean “larllcrigy — 0
as r — 00.” Notice that both the norm and the object whose norm is
being measured are changing with r. Similarly, statements such as “a,
is O(r7') in L} (g,) as r — 00,” mean “Ha’THLi(gr) is O(r~1) as r — 00.”

Let L, denote the linearisation of the scalar curvature map on Kéhler
potentials determined by w;,,. As with Example 2.4, this derivative will
be shown to be an isomorphism when considered modulo the constant
functions.

Recall from Remark 2.2 that when the scalar curvature of a Kahler
metric w is constant, the corresponding linear operator maps into func-
tions with w-mean value zero. In the situation considered here, w,, has

)
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nearly constant scalar curvature. So it makes sense to try and show
that L, gives an isomorphism after composing with the projection p
onto functions with w, ,-mean value zero.

Let L% o denote functions in Li with w; ,-mean value zero. Compos-
ing the scalar curvature map with the projection p gives, for k > 1, a
map

SriLiia0— Lig,  Se(9) = pScal(wyy, + i00¢).
To complete the proof of Theorem J.T, it will be shown that for each k
and sufficiently large r, there is a unique ¢ € L? 4,0 With Sy(¢) = 0.

In order to apply the inverse function theorem to find ¢, it is necessary
to know that S,.(0) is sufficiently close to zero. Assume, for now, that
S,(0) — 0in L2(g,). (Section B shows only that S,.(0) converges to zero
pointwise. Convergence in L3 (g,) is proved in Lemma 5.7.) Assume also
that pL,, the linearisation of S,., is an isomorphism between spaces of
functions with mean value zero. (This is proved in Theorem 6.1.) These
two facts alone, however, are not sufficient to be able to apply the inverse
function theorem. A close look at the statement of the inverse function
theorem may clarify why.

Theorem 4.1 (Quantitative inverse function theorem).

e Let F': By — By be a differentiable map of Banach spaces, whose
derivative at 0, DF, is an isomorphism of Banach spaces, with
inverse P.

e Let & be the radius of the closed ball in By, centred at 0, on which
F — DF is Lipschitz, with constant 1/(2||P]|).

o Let § =0"/(2||P]]).

Then, whenever y € By satisfies |ly — F(0)|| < 6, there exists x € By
with F(x) =y. Moreover, such an x is unique subject to the constraint
Jall < 8.

(This quantitative statement of the inverse function theorem follows
from the standard proof; see, for example, [10].)

Applying this to the map S, : Li+470 — Li,o (and assuming its de-
rivative is an isomorphism) gives the existence of a §, such that if
||ST(0)||L§(g,«) < Oy, then there exists a ¢ with S,(¢) = 0. The proof
will be completed by showing that (for any choice of n > 6) S,.(0) con-
verges to zero more quickly than J,.

5. Local Analysis

To control the constants appearing in the local analytic estimates,
this section constructs a local (over the base) model for the metrics
Wr .-

)
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The notation used here is all defined in Section g. In particular, the
forms wy, w, and the function @ are defined in the proof of Lemma 3.1,
whilst the higher order approximate solutions w,., are constructed in
Theorem 3.14.

5.1. Constructing the local model. Let D C ¥ be a holomorphic
disc centred at og. Since D is contractible, X|p is diffeomorphic to
S x D. The horizontal distribution of wq is trivial when restricted to
the central fibre S,,. By applying a further diffeomorphism, if necessary,
the identification X|p = S x D can be arranged so that the horizon-
tal distribution on Sy, coincides with the restriction to S,, of the T'D
summand in the splitting

(5.1) T(S x D) =TS & TD.

For each value of r, there are two Kéhler structures on S x D of
interest. The first comes from simply restricting the Kahler structure
(X, J,wrp) to X|p. The complex structure has the form J = J, & Jp
with respect to the splitting (5.1), where Jp is the complex structure
on D and J, is the varying complex structure on the fibres.

The second is the natural product structure. With respect to (5.1,
let

J = Js @ Jp,

/

w, = wWsdrwp.

where wp is the flat Kahler form on D agreeing with wy;, at the origin,
and Jg, wg are the complex structure and Kéahler form on the central
fibre S = S,,. Denote by g, the corresponding metric on S x D.

It is useful to have the following result stated explicitly.

Lemma 5.1. Let a € CH(T*X®"). Over X|p, lallgr gy = O(1).
Moreover, if « is pulled up from the base, ||OéHCk(g;) =0 (7“*2'/2).

Proof. These statements follow from the fact that ¢, is a product
metric, scaled by r in the D directions. q.e.d.

Theorem 5.2. For alle > 0, 0g € X, there exists a holomorphic disc
D C X, centred at o, such that for all sufficiently large r, over X|p,

1(Jwp) = (Jswrn)llor(gr) < €

Proof. First notice that, by Lemma 5.1, for any holomorphic disc
D cC X, over X|p,

lwrn = wrollcr gy = O ).
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Since wy., — wro is O(r~1) in Ck(gl), it suffices to prove the result just
for n = 0.

Choose a holomorphic disc D centred at og. The splitting (5.1) is
parallel, implying that

Vi{(J —J') € End(TS) ® T*(S x D)%

The only changes in length as r varies come from the 7™ factor. Write
Vi(J —J') as a; + (3; with respect to the splitting

T*(S x D)% = 7*5% o ( (T*S® ' @ T*D) @ --- & T*D@”’).

a; € T*S%%, Bie (T*S®'®@T*D) & - & T*D.

The metric g, does not change in the S-directions, so |a;ly is inde-
pendent of . Since J = J’ on the central fibre, reducing the size of D
ensures that |a;|y is less than £/(2k + 2).

The metric g). scales lengths of cotangent vectors by r~Y2 in the base

directions. So, |Bi|y = O(r~1/?); for large enough 7, |Bilg: is less than
e/(2k +2). Hence,

V(T — J')HCO(%) <e/(k+1).

Summing from i = 0,...,k proves ||J" — J|ory) <e.

To prove [|w; —wr[lor(gy < €, it is enough to prove the same result for
the metrics g, g, (since the Kahler forms can be recovered algebraically
from the metric tensors via the complex structures).

Let w1, us be alocal gg-orthonormal frame for 7'S and vy, v2 be a local
gp-orthonormal frame for T'D. Recall g, induces a different horizontal—
vertical splitting of the tangent bundle of S x D, which is independent
of r. With respect to this splitting, g, = g, ® (r + 0)gs, where g, is the
hyperbolic metric on the fibre S, and gy, the metric on the base. Write
v; = n; +§&; with respect to the horizontal-vertical splitting induced by
gr (n; is horizontal, ; is vertical). With respect to the g,.-orthonormal

~1/2 ~1/2

frame uy, ug, r v1,T v9, the matrix representative for g, is

go’(ui>uj) Tﬁl/ZgU(ubgj)

r V20, (u; &) (L4+7710) gu(miymy) + 177190 (&,€))
This means that, in a g;-orthonormal frame, g, — g;, has the matrix
representative
9o (Ui, uz) — 045 0
+r 12440718,
0 92(771,773')—51'
for fixed matrices A and B.
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The top left corner of the first term vanishes along the central fibre.
Just as in the proof of ||J" — J|| < e, this can be made arbitrarily small
in C*(g") by shrinking D and taking r large.

The bottom right corner of the first term is a function of the D-
variables only. By construction, it vanishes at the origin. The C%(g/)-
norm of this piece is just the conventional C°-norm of the function
g%(ni,n;) — 6;; and hence can be made arbitrarily small by shrinking D.

The derivatives of this piece are all in the D-directions. The length of
the i-th derivative is O(r~*?) due to the scaling of ¢, in the D-directions.
Hence, the C*(g") norm of this piece can be made arbitrarily small by
taking r large (once D has been shrunk to deal with the C° term).

Finally, since A and B are independent of r, the C*(g’.)-norms of the
tensors they represent are bounded as r — oo. So 7~ Y/2A4, r~!B — 0 in
C*(g), which proves the theorem. q.e.d.

5.2. Analysis in the local model. This section states various ana-
lytic results concerning the Kéahler product S x C. Since this manifold
is not compact, the results are not standard per se. The situation is
almost identical, however, to that of “tubes” considered in instanton
Floer homology. A tube is the four-manifold ¥ x R, where Y is a com-
pact three-manifold. The proofs of the following Sobolev inequalities
(as given in Chapter 3 of [4]) carry over almost verbatim.

Lemma 5.3. For indices k,l, and q > p satisfying k —4/p > 1—4/q
there is a constant ¢ (depending only on p, q, k and l) such that for all
b€ LE(S x ),

I6llzs < cllglzp.

For indices p, k satisfying k—4/p > 0, there is a constant ¢ depending

only on k and p, such that for all ¢ € LZ(S x C),

[pllco < cllollre-

The Kéhler structure on S x C determines a scalar curvature map on
Kahler potentials. Denote the linearisation of this map by L’. Again,
using the same arguments as in Chapter 3 of [4] gives the following
elliptic estimate for L’. (The elliptic operator considered in [EI] is not
L’; the arguments given there apply, however, to any elliptic operator
determined by the local geometry.)

Lemma 5.4. There exists a constant A such that for all ¢ € L%+4(S><
C),

Iolzz,, < A (I9lle + L' (@)l z2 ) -
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Lemma 5.5. There exists a constant C such that for any compactly
supported u € C*4(C), and any ¢ € L%+4(S x C),

k+4
I (ug) —ul!(9)llz < C Y IV7ulleo 192,
j=1

Proof. This follows from the fact that the coefficients of L’ are con-
stant in the C directions. q.e.d.

5.3. Local analysis for w, ,. This section explains how to use Theo-
rem p.2 to convert the results over S x C from above to uniform estimates
over (X, J,wrp).

First, notice that by Theorem 5.2, with e < 1, over X|p, ¢, — g is
uniformly bounded in C¥(g.). Moreover, the choice of ¢ ensures the
metrics are sufficiently close that the difference g=' — ¢/~! in induced
metrics on the cotangent bundle is also uniformly bounded. This means
that the Banach space norms on tensors determined by g, and g|. are
uniformly equivalent. An immediate application of this is the following.

Lemma 5.6. For a tensor o € CF(T* X %), ol eng,y = O(1). More-
gr) =0 (7“72'/2).

Proof. By Lemma 5.1, the result is true for the local model. Let
D be a disc over which Theorem 5.2 applies for, say, ¢ = 1/2. Since
C*(g,) and C*(g.) are uniformly equivalent over X|p, the result holds
for C*(g,) over X|p. Cover ¥ with finitely many discs D;. The result
holds for C*¥(g,) over each X|p, and hence over all of X. q.e.d.

over, if a is pulled up from the base, oo

Lemma 5.7.
Scal(wy,) = O (r™™71) in C*(g,) as r — oo,

Scal(wy ) = O (r_”_1/2> in L3(g,) as r — oo.

Proof. The expansions in negative powers of 7 in Chapter § all arise
via absolutely convergent power series and algebraic manipulation. This
means that with respect to a fized metric g,

Scal(wy,) = O (r™™7 ') in C*(g) as 7 — 0.
For example, log(1 +r~16) is O(r~!) in C*(g) because
el
|log(1+7710)|cx < ZT—UHWM,
i1 J
= log (1+Cr 0] cx) -
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where C' a constant such that ||¢9||ox < C|| @] x| ok -

The same is true with respect to the C*(g,)-norm provided that the
C*(g,)-norm of a fixed function is bounded as 7 — co. (Notice that the
constant C' above does not depend on g.) The C* result now follows
from Lemma &5.6.

To deduce the result concerning L%—norms, notice that the g/.-volume
form is r times a fixed form. Hence, over a disc D where Theorem 5.2
applies with ¢ = 1/2, the g,-volume form is O(r) times a fixed form.
So, the volume of X|p with respect to g, is O(r). Cover ¥ with finitely
many such discs, D;. The volume vol, of X, with respect to g,, satisfies
vol, < Y vol(X|p,) = O(r). The result follows from this, the C* result
and the fact that ||¢HL§(W) < (V01T)1/2||¢HC’“(9T)' q.e.d.

To transfer other results from the product to X, a slightly more
delicate patching argument is required. Fix ¢ < 1 and cover X in discs
Dy,...,Dy satisfying the conclusions of Theorem 5.2. Let y; be a
partition of unity subordinate to the cover D;.

Let ¢ € Li. Then, by the Leibniz rule and the boundedness of
[Xillcr(g,), there exists a constant a such that, for any i =1,..., N,

(5.2) Ixill L g) < alldllp (g,)-

Everything is now in place to transfer the estimates from S x C to
(X, J,wrp).

Lemma 5.8. For indices k, I, and q > p satisfying k—4/p > 1—4/q,
there is a constant ¢ (depending only on p, q, k and 1) such that for all
¢ € LY and all sufficiently large r,

161225,y < cll@llre(g,)-

For indices p, k satisfying k—4/p > 0, there is a constant ¢ (depending
only on k and p) such that for all ¢ € LZ and all sufficiently large r,

[¢llco < cll@lie g,)-

Proof. Recall the analogous result for S x C (Lemma 5.3). Using the
partition of unity yx; from above,

Il 235,y < D Ixi@ll L,y < const. > [Ixidllra(gr),

(using the uniform equivalence of the g,- and g/.-Sobolev norms).
Considering x;¢ as a function over S x C, Lemma 5.3 gives

IXi®ll Lo gy < comst.|xidl| 1r (g1)-
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Using the uniform equivalence of the g,- and g/.-Sobolev norms again
gives
IXi®ll Lr g1y < comst.|Ixiol| Lz (g,)-

Finally, combining these inequalities and inequality (5.2) gives

19ll2g(g,) < const. }  [Ixidllzr(g,) < const.[|d]lrp(g,)-
l k k

The second Sobolev inequality is proved similarly. q.e.d.

Lemma 5.9. There is a constant A, depending only on k, such that
for all ¢ € Li+4 and all sufficiently large r,

1612z, 0y < A (I9l1z2(g0) + ILe (@225, -

Proof. Recall the analogous result for L' over S x C (Lemma 5.4).
This time, the patching argument must be combined with Lemma 2.9
on the uniform continuity of the linearisation of the scalar curvature
map. To apply this result, it is necessary to observe that the curvature
tensor of ¢ is bounded in C*(g). Also, ¢ must be taken suitably small
in Theorem §.2.

Using the uniform equivalence of g/.- and g,-Sobolev norms,

2]l 2 < const. ZHXz@f)HLk+4 CAL
const. 3 (162 + 12 (il o)) -

Since the ; are functions on the base, by Lemmas 5.1t and 5.7,
IL"(xi®) — xiL'(®) Il 12 (gp) < CODSt-"”fl/2||¢HL§(g;)

Using this, the uniform equivalence of ¢/.- and g,-Sobolev norms, and
Lemma 2.9 to replace L' with L, gives

161122, 00y < const. (19]lz2(an) + 19l 20 + 1 Er (@)l 200,))

k+4
This proves the result for £ = 0. It also provides the inductive step
giving the result for all k. q.e.d.

k+4(9T

IN

6. Global Analysis

Recall that Li o is the Sobolev space of functions with g,-mean value
zero, whilst p is projection onto such functions. The aim of this section
is to prove the following result.
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Theorem 6.1. For all large r and n > 3, the operator pL, : L%+4 0=
L%O 18 a Banach space isomorphism. There exists a constant C, such
that for all large r and all ¢ € Li o» the inverse operator P, satisfies

1PN 2 gy < Cr2 11226,

k+4
Unlike the uniform local results of the previous section, controlling
the inverse P, is a global issue; indeed it is only because of global con-
siderations (compactness of X, no holomorphic vector fields) that such
an inverse exists. This means that the local model used in the previous
chapter is not directly useful. Instead, a global model is used to make
calculations more straight forward.

6.1. The global model. Define a Riemannian metric h, on X by using
the fibrewise metrics determined by wg on the vertical vectors, and the
metric rwy, on the horizontal vectors. The metric h, is a Riemannian
submersion on X — (X, rwy).

By construction, g, o = h, + a for some purely horizontal tensor a €
s2(T*X), independent of r (which is essentially given by the horizontal
components of wy). Since horizontal 1-forms scale by r1/2
h,, it follows immediately that for all r sufficiently large,

(6.1) 1gr.0 = hellcon,) < 1/2.

Moreover, since [|g, — grollcogn,) = O (') , inequality (6.1) holds with
gro replaced by g.. In particular, this means that the difference in
the induced metrics on the cotangent bundle is uniformly bounded and
so the L%-norms on tensors determined by h, and g, are uniformly
equivalent:

in the metric

Lemma 6.2. Let E denote any bundle of tensors. There exist pos-
itive constants k and K such that for all t € T'(E) and all sufficiently
large r,

Elltl on,y < It 2y < Klltl 2,
6.2. The lowest eigenvalue of Z*%. It is more convenient to work
first with the positive self-adjoint elliptic operator 2* 2. Here, 2 = 0oV
where 0 is the J-operator of the holomorphic tangent bundle and Z* is
the L%-adjoint of 2. Recall Equation (2.3) which relates 2*2 to L.

Notice that 2*2 depends on w;.,,, and so on 7. This section finds a
lower bound for its first non-zero eigenvalue.

Lemma 6.3. There are no non-zero holomorphic vector fields on X.

Proof. The fibres and base of X have high genus. The short exact
sequence of holomorphic bundles

0=V ->TX -7TY -0
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gives a long exact sequence in cohomology
0— H'(X,V) - H' (X, TX) — H'(X,7*T%) — - --
H°(X,V) = 0 as the fibres admit no non-zero holomorphic vector

fields. Similarly, H)(X,m*TY) = HY(Z, 7. 7m*TY) = H(Z,TY) = 0.
The result now follows from the long exact sequence. q.e.d.

Corollary 6.4. ker 2*% = R. Equivalently, 2*9: Lz+4’0 — Li,o 18
an isomorphism.

Proof. ker 2*9 = ker 2 is those functions with holomorphic gradi-
ent. The previous lemma implies such functions must be constant. The
second statement now follows from the fact that 2*Z is a self-adjoint
index zero operator. q.e.d.

To find a lower bound for the first non-zero eigenvalue of 2* %, similar
bounds are first found for the Hodge Laplacian and for the 0-Laplacian
on sections of the holomorphic tangent bundle.

Lemma 6.5. There exists a positive constant Cy such that for all ¢
with g.-mean value zero and all sufficiently large r,

1d8)172(5,y = Crr ™ I8l172(q, -

Proof. There exists a constant m such that ¢ —m has h;-mean value
zero and, of course, dp = d(¢ — m). Using Lemma 6.2, 1Al 24,y =
constant [[d(¢ — m)|| 2, -

Let | - |p, denote the pointwise inner product defined by h,. By defi-
nition of h,, it follows that |d(¢ — m)|ir >rtd(¢ — m)|}2ll. Moreover,
the volume forms satisfy dvol(h,) = rdvol(hy). Hence,

d(¢ = m) |2,y = (@ = m)|72(s,) -
Now, ¢ — m has hi-mean value zero. Let ¢ be the first eigenvalue of
the hi-Laplacian. Then
[d(¢ — m)H%Q(hl) >clo - m”%?(hl) =t - m||%2(hr) :
Using Lemma 6.2 again gives
|6 = ml 52, > constant ¢ — ml[7a(,) > constant |¢]|Zz(,,) .
where the second inequality follows from the fact that ¢ has g,-mean

value zero.
Putting the pieces together completes the proof. q.e.d.
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Lemma 6.6. There exists a positive constant Co such that for all
¢ e I(TX) and all sufficiently large r,

19€]|72(q,) = Cor > €172, -

Proof. The proof is similar to that of Lemma 6.5 above. By Lemma

6.2

==

HZ%H;(QT) > constant Héﬁ”iz(hr) .
By definition of h,, |0¢[; > r~'|J¢[; . Using this and dvol(h,) =

. 50012 Ael12
rdvol(hy) gives H@ﬁHLQ(hT) > H8£HLQ(hl).
Let ¢ be the first eigenvalue of the d-Laplacian determined by the
50012 »
O nyy = cll€ 22,y By definition of hy., [¢[7 >

1 |£‘ir‘ Hence, ||§H%2(hl) > 2 ||§H%2(hr)' Finally, using Lemma f.2 to

metric hy. Then, !

convert back to the L?(g,)-norm of ¢, and putting all the pieces together
gives the result. q.e.d.

Lemma 6.7. There exists a constant C' such that for all ¢ with g,-
mean value zero and all sufficiently large r,

12811324,y = Cr3 16l 72s,) -

Proof. Combining Lemmas 6.5 and 6.6 shows that whenever ¢ has
gr-mean value zero,

10V6|7ey = Cor Vel
= Cor?[|dgl[72 (4,
> C1Cor 2|9l 72y,

q.e.d.

6.3. A uniformly controlled inverse.

Lemma 6.8. There is a constant A, depending only on k, such that
for all ¢ € Li+4 and sufficiently large r,
1602, ytar) < A (16112 + 122D 220419 ) -

k+4

Proof. Recall Equation (2.2): L,(¢) = 2*92(¢) + V Scal(wy.,) - V.
Since Scal(wy.,,) tends to zero in C*(g,), L, — *2 converges to zero
in operator norm calculated with respect to the L?(g,)-Sobolev norms.

Hence, the estimate follows from the analogous result for L, (Lemma
5.9). qe.d.
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Theorem 6.9. The operator 2* 7 : Lk+4 0= L k.0 i a Banach space
zsomorphzsm There exists a constant K, such that for all large v and
all ¢y € Lk 0 the inverse operator @, satisfies

1@ llzz, (o) < KWLz g,

_ Proof. The inverse @, exists by Corollary 6.4. It follows from Lemma
6.7 applied to ¢ = Q,¢ that there is a constant C such that for all

b€ Lj,
HQerLQ(gr) < CT?)HQpHLQ(Qr)‘

Applying Lemma P.8 to ¢ = Q1) extends this bound to the one required.
q.e.d.

Next, recall the following standard result (proved via a geometric
series).

Lemma 6.10. Let D: By — By be a bounded invertible linear map
of Banach spaces with bounded inverse Q. If L: By — Bs is another
linear map with

IL =Dl <len™!

then L is also invertible with bounded inverse P satisfying ||P| < 2[|Q]|.

The pieces are now in place to prove Theorem 6.1 (which is stated at
the start of this chapter).

Proof of Theorem 6.1 Since (L, — 2*2)¢ = V Scal(w,,) - Vo, there
exists a constant ¢ such that, in operator norm computed with respect
to the g,-Sobolev norms, ||pL, — 2*P|| < er—" 1.

So, for n > 3, and for large enough r, ||pL, — 2*2| < (2]|Q,||)~!
Lemma P.10 shows that pL, is invertible and gives the upper bound

1P < 2@l < Cr?
for some C. q.e.d.

6.4. An improved bound. It should be possible to improve on this
estimate. For example, over a product of two curves, a simple separation
of variables argument shows that || P, | = Cr2.

The above proof of Theorem 6.1 concatenates two eigenvalue esti-
mates, each of which is saturated only when applied to an eigenvector
corresponding to the first eigenvalue. Certainly over a product, the
functions which get closest to saturating the first estimate (Lemma 6.5)
have gradients which can be controlled more efficiently than is done in
the proof of the second estimate (Lemma 6.6).
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In general, it should be possible to obtain a better bound for || P.|| by
examining this interplay between the two eigenvalue estimates. How-
ever, the bound proved above is sufficient to complete the proof of The-
orem il I.

7. Loose Ends

7.1. Controlling the non-linear terms. Denote by Scal, the scalar
curvature map on Kéhler potentials determined by wy.,: Scal,(¢) =
Scal(w, + i00¢). Recall that S, = pScal,. Denote by N, = S, — pL,
the non-linear terms of S,

Lemma 7.1. Let k > 3. There exists positive constants ¢ and K,
such that for all ¢, ¢ € L3, , with ||¢HL2+4, ||¢HL£+4 < ¢ and for suffi-
ciently large r,

INH(9) = No(w) 2 < K max { ]l

k+4

elzz,, }le = vl

k+4

where g,-Sobolev norms are used throughout.

Proof. By the mean value theorem,

I2:00) = N ()l < sup IONNIG = bloz, o

where (DN,), is the derivative of N, at x.

Now, DN, = p(Ly)y —pL, where (L;), is the linearisation of Scal, at
X- In other words, (L), is the linearisation of the scalar curvature map
determined by the metric w,, + i09y. Applying Lemma 2.1} to this
metric and wy,, gives [[(Ly)y — Ly|| < constant||x||Li+4(gr). As k > 3,
the condition on the indices in Lemma 2.1{] is met. Notice also that
Lemma 2.10] requires the constants in the g,-Sobolev inequalities to be
uniformly bounded — which is proved in Lemma 5.8 — and the C*(g,.)-
norm of the curvature of w;.,, to be bounded above — which follows from
Theorem 5.2 and Lemma 2.7.

Since p is uniformly bounded (an L? (g, )-orthogonal projection even)
and since, for all x € [6,4], [xlsz . < max{|#lz . [¥l5: ) the
result follows. q.e.d.

7.2. Completing the proof.

Proof of Theorem 1. 4. For all large r and n > 3, the map
Sy Lz+4,0(9r) - L%,O(gr)

has the following properties:
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(1) Sp(0)=0 (r‘”_l/Q) in L7(g,), by Lemma 5.7 and the fact that p
has operator norm 1.

(2) The derivative of S, at the origin is an isomorphism with inverse
P, which is O(r3). This is proved in Theorem B.1.

(3) There exists a constant K such that for all sufficiently small M,
the non-linear piece N, of S, is Lipschitz with constant M on a
ball of radius K M. This follows directly from Lemma i1

Recall the statement of the inverse function theorem (Theorem 4.1).
The second and third of the above properties imply that the radius
4!, of the ball about the origin on which N, is Lipschitz with constant
(2| P+]|)~! is bounded below by Cr~2 for some positive C. As §, =
SL2||P)7E, it follows that d, is bounded below by Cr=% for some
positive C'.

Hence, for ¢ € L? with ||S,(0) — wHLi(gr) < Cr~% the equation
Syr(¢) = 1 has a solution. In particular, the first of the above properties
implies that, for n > 6 and sufficiently large r, the equation S,(¢) = 0
has a solution.

Since Scal differs from S, by a constant, the metric w,, + i00¢ has
constant scalar curvature. Iteratively applying the regularity Lemma 2.3
(which can be done provided k is high enough to ensure that L% 1y
C?®) gives that ¢ is smooth. q.e.d.

8. Higher Dimensional Varieties

Theorem il T' extends to certain higher dimensional fibrations. The
required conditions are set out below. To understand their relevance,
compare the summary at the end of Chapter 3.

(A) Let X be a compact connected Kdihler manifold with no non-zero
holomorphic vector fields and w: X — B a holomorphic submer-
ston.

Let kg be a Kahler class on X; denote by x; the Kahler class on the
fibre Fj over b obtained by restricting xg.

(B) For every b € B, Ky contains a unique cscK metric wy; the form
wyp depends smoothly on b.

Let w be a Kahler form representing kg. For each b, there is a unique
function ¢, € C*°(F}p) with wy-mean value zero such that the fibrewise
restriction of w plus i0d¢y is wy. The smoothness assumption in (B)
implies that the ¢, fit together to give a smooth function ¢ € C°(X);
S0, Wy = w + 100¢ is a Kahler metric in ko whose fibrewise restriction
has constant scalar curvature.
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The metric wy gives a Hermitian structure in the vertical tangent bun-
dle V' and hence, also in the line bundle A™#*V*; denote its curvature F'.
Taking the fibrewise mean value of the horizontal-horizontal component
of iF (with respect to the metric wg) defines a form o € Qb1(B).

(C) There is a metric wp on the base solving Scal(wp) — Aa = const;
there are no non-trivial deformations of wp through cohomologous
solutions to this equation.

Theorem 8.1. Let X satisfy (A), (B) and (C). Then, for all large
r the Kdhler class ky = ko +r(wp] contains a constant scalar curvature
Kahler metric.

Proof. The proof follows the same lines as that of Theorem |[.1. Using
the same notation as in the preceding paragraphs, let w, = wg + rwp,
where wp is the solution to the PDE mentioned in (C). Notice that
[wr] = Kp.

The first step is to construct approximate solutions of arbitrary ac-
curacy. An identical calculation to that in Lemma 8.3 shows that
Scal(w,) = Scal(wp) + Y. r71h; for some functions 1);; moreover, the
fibrewise mean value of of ¢ is Scal(wp) — A, . By assumptions (B)
and (C), then the fibrewise mean value of Scal(w,) is constant to O(r~2).

The same argument which proves Lemma 3.4 gives that the lineari-
sation of the scalar curvature map determined by w, satisfies L, =
Ly + O(r~1), where Ly is the linearisation of the scalar curvature map
on the fibre over b determined by wp. By assumption (B), wp is the
unique constant scalar curvature metric in k3, hence, ker Ly is the con-
stant functions on Fp. This, elliptic regularity and the fact that L; is
self adjoint mean that for any © € C°°(F},) with wy-mean value zero,
there exists a unique ¢ € C*°(F}) with wy-mean value zero satisfying
Lyp = 0.

Applying this argument fibrewise, as in the proof of Lemma 3.6, shows
that Ly is a bijection on C§°(X) (i.e., on functions with fibrewise mean
value zero). This guarantees the existence of a function ¢; € C§°(X)
with

Scal (wy +i00r~ " ¢1) = co + crr™ ! + Zrijxj
Jj=2

for some constants ¢y and ¢; and functions ;.

The higher order approximate solutions are constructed exactly as
in Sections 8.3 and 3.4. The argument hinges on the surjectivity of
two particular linear differential operators. The first is the operator
Ly: C§°(X) — C§°(X) whose surjectivity is justified above. The second
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is the linearisation of the map C*°(B) — C*°(B) given by
G: f — Scal(wp +i00f) + A, 5050

Notice that [ G(f)(wp + i00f)4™B is independent of f; by assump-
tion (C), G(0) is constant; hence, differentiating gives that im DG is
L?-orthogonal to the constants. By assumption (C), ker DG is the con-
stants. This, elliptic regularity and the fact that DG has index zero
implies that DG is surjective onto smooth functions on B with mean
value zero.

In conclusion, for any integer n, there exist functions fi,..., fn_1 €
C*®(B), ¢1,...,¢n € C§°(X) and constants cy,...,c, such that the
metric

n—1 n
Wrpn =Wy + 100 Z Tﬁjfj +i00 Z Tﬁjqu
j=1 j=1

satisfies
n

Scal(wy.p,) = Z e +0 (r ).
=0

The remainder of the proof of Theorem il is not dimension specific.
Similar to Section 8, the local model is given by (F x CIM B \r ® what)
with wpr a constant scalar curvature metric on F. The same Sobolev
inequalities (modulo the obvious changes regarding the indices) hold
over this space as over S x C. (Indeed, they hold over any manifold with
uniformly bounded geometry, as is remarked in [4].) These estimates
transfer to X in an identical way to before.

The global model is, as in Section 6, a Riemannian submersion con-
structed by ignoring the horizontal contribution of wy. The remaining
steps in the proof now proceed identically. q.e.d.

It is, perhaps, suprising that condition (C) is more complicated than
just the existence of a constant scalar curvature metric on B. Indeed,
the equation in (C) involves the whole of X and is not just a condition on
the base. Bearing in mind the conjectured correspondence with stably
polarised varieties, this may have an algebro-geometric interpretation.
Namely, X may be stable with respect to the polarisation kg + r[wp] if
the fibres are stably polarised by the restriction of k¢ and if the base is
also stably polarised, not with respect to [wg|, but rather some other
polarisation constructed from [wg]| and the push down of the top exterior
power of the vertical cotangent bundle of X.
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