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CONVERGENCE OF THE"KAHLERfRICCI FLOW ON
NONCOMPACT KAHLER MANIFOLDS

ALBERT CHAU

Abstract

We study the Kahler—Ricci flow on noncompact Kahler mani-
folds and provide conditions under which the flow has a long time
solution converging to a complete negative Kahler—Einstein met-
ric. We also study the complex parabolic Monge-Ampeére equa-
tion.

1. Introduction

In [15] Yau provided necessary and sufficient conditions for a compact
Kahler manifold to admit a Kéhler-Einstein metric with either zero or
negative scalar curvature. Under these conditions, Cao ([2]) was able to
prove that a Kahler metric converges to a Kdhler—Einstein metric under
the normalized Kahler—Ricci flow. It would be interesting to know the
extent to which this result can be generalized to complete noncompact
Kahler manifolds. The main results generalizing Yau’s work in this di-
rection appear in ([4],[5], [12]) in the case of negative scalar curvature,
and in ([13],[14]) in the case of zero scalar curvature. In this paper
we determine sufficient conditions under which a complete noncompact
Kéhler manifold (M, g;5) converges to a complete Kahler-Einstein man-
ifold with negative scalar curvature under the Kéhler—Ricci flow:

(L.1) dj;] = —Riz + gip,

gij(xu 0) = Gi3-
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We also study the following type of complex parabolic Monge—Ampére
equations on (M g;;):

du det(gx7 + wp)
1.2 = log — kL~ TR g,
(1.2) dt 08 det(gy;) u=1,
u(x,0) =0,

for appropriate choices of the function f. Our main result is:

Theorem 1.1. Assume (M, g;;) is a complete noncompact Kdihler
manifold with bounded curvature and that R;;+gi7 = fi7 for some smooth
bounded function f on M. Then (1.2) has a long time smooth solution
u(x,t) which converges, as t — oo, on every compact subset of M, to a
smooth limit u(x,00). Moreover, gi(x,t) := giz(x) +uiz(x,t) provides a
long time smooth solution to (1.1) and converges, as t — oo, on every
compact subset of M, to a complete Kdhler—Einstein metric g;;(x, 00)
where giz(x,00) has negative scalar curvature, is equivalent to g;;, and
has all covariant derivatives of its curvature tensor bounded.

Analogous analytic results are obtained in ([4], [5], [12]) for the cor-
responding complex elliptic Monge—Ampere equation, and examples of
complete noncompact Kahler—Einstein manifolds of negative scalar cur-
vature are provided there. Their examples are either pseudocovex do-
mains in C", or the complement of a divisor in a compact projective
variety.

Using Shi’s basic theory for (1.1), established in ([9], [11]), we will
derive short time existence and basic theory for (1.2). In doing this
we will see how the smoothing effect of the Ricci flow allows us to
avoid various Holder type conditions typically required when dealing
with the complex elliptic Monge—Ampere equation. We will then follow
the approach in [2]; to adapt the a priori estimates for the complex
elliptic Monge-Ampeére equation to the parabolic case. We will also
formulate higher-order a priori estimates for (1.2) which are necessary
in the noncompact setting. These higher-order estimates correspond to
the curvature estimates formulated by Shi [11]. Most of our estimates
will be proved by the parabolic maximum principles of Shi ([9], [11])
for noncompact manifolds.

The paper is organized as follows: in Section 2 we establish some
analytic preliminaries as well as state Shi’s short time existence result
for (1.1). In Section 3 we derive (1.2) and show its equivalence to (1.1).
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Short time existence for (1.2) is proved in Section 4 and a priori esti-
mates for (1.2) are proved in Section 5. Finally, we prove Theorem 1.1
in Section 6.

Acknowledgments. The author would like to thank his Ph.D. the-
sis advisor M. Kuranishi for his advice and his enduring support and
encouragement, R. Hamilton and J. Loftin for many helpful discussions
and S.T. Yau for overall support in preparing this paper.

2. Preliminaries

2.1. Parabolic Holder spaces. The natural setting for the Monge—
Ampere equation on a general Kéhler manifold (M, g;5) is the elliptic
Holder space defined relative to the metric (see [4], [12], [15]). We will
use these Holder spaces, as well as their parabolic versions, to apply
standard Schauder estimates and to provide appropriate norms to state
our convergence results. In this section we define the parabolic and
elliptic Holder spaces of a noncompact Ké&hler manifold.

Definition 2.1. Let m be a positive integer and a € (0,1). A com-
plex n-dimensional Kéhler manifold (M, g;;) is said to have bounded
geometry of order m + « if there are numbers 71,79, k1, k2, C' > 0 such
that for every p € M:

1) There is a neighborhood U, of p and a holomorphic covering map

& 2 Vp — Up where V,, C C", B, (0) C V), C B,,(0) and &,(0) = p.

2) k1045 < 595 < k20qp on Vp.

3) For all a,b we have [|§5g.pllpm+a < C where || - |lpmta is the

standard C™*® Hélder norm on V, € C".

(M, gs7) is said to have bounded geometry of order oo if it has bounded
geometry of order m + « for every m. Let (M, g;;) have bounded ge-
ometry of order m + « and let [0,7") be an arbitrary time interval. For
some choice of maps &, as in Definition 2.1, consider the following norm
for any smooth function w on M x [0,T):

(2‘1) ||uHm+a,m/2+a/2 = SSAI;{HQU |p,m+a,m/2+a/2}v
p

where & u is the pull back of u to Vj, and || - ||, m+a,m/2+a/2 15 the
standard parabolic Holder norm on V), x [0,T"). The following definition
is independent of the choice of £ s.

Definition 2.2. : Let (M, g;;) be a complete Kahler manifold with
bounded geometry of order m + «. With respect to (2.1), we define the
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parabolic Holder spaces C"Fm/2+/2(\[ % [0,T)) to be the closure of
the set of all smooth functions u(z,t) : M x [0,T) — R for which (2.1)
is finite. Also, given (M, g;;) above, one can define the elliptic Hélder
spaces C™ (M) in an obvious way.

Cmtem/2+a/2(Vf % [0, T)) with the norm (2.1) for some choice of
maps &, and C™"*(M) with the analogous elliptic norm, are easily
checked to be Banach spaces.

2.2. Short time existence for Kihler—Ricci flow. The Ricci flow
was first introduced by Hamilton [6] to evolve a real Riemannian metric
with positive Ricci curvature to one of constant positive curvature on a
compact three manifold. In [6] Hamilton showed that on an arbitrary
smooth compact Riemanian manifold, the Ricci flow always has a short
time solution. Under the hypothesis of bounded sectional curvature, Shi
[9] extended this result to complete noncompact Riemannian manifolds
and later applied this result to the case of Kéhler manifolds ([10] [11]).
We will use the following version of Shi’s short time existence theorem
for the Kéhler—Ricci flow.

Theorem 2.3. Let (M, g;;) be an n-dimensional complete noncom-
pact Kdahler manifold with Riemannian curvature tensor Rm satisfying

SqueMHRm(JT)Hg <K,

where K is a positive constant. Then for some constantT > 0 depending
only on n and K, there is a smooth short time solution g;;(x,t) to the
following Kdhler—Ricci flow equation on M :
dgi; ~
(2.2) 5 = R
gij(l‘a 0) = Gi3,
fort € [0,T). Moreover, for allt € [0,T), gi;(x,t) is a Kdhler metric
on M, equivalent to g;;, and satisfies the following estimates for the
covariant derivatives of its curvature tensor:

(2.3) supyepr |V Rm(@, 8)[|2 < Crpymoi(1/0)™,

where the covariant differentiation and the norm is with respect to the
metric giz(x,t) and Cy, i 45 a constant depending only on n,m and k.

Remark 2.4. (2.2) is a normalization of the Ké&hler-Ricci flow equa-
tion treated in [9] and [11].
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2.3. Maximum principles. We now state some maximum principles
for parabolic equations on a noncompact Riemannian manifold.

Lemma 2.5. For t € [0,T), Let gi3(x,t) be a family of complete
Riemannian metrics on a noncompact manifold M such that:

1) giz(x,t) varies smoothly in t.

2) For allt, giz(x,t) is equivalent to gi;(z,0).

3) For allt, gi7(x,t) has bounded curvature.
Suppose f(x,t) is a smooth bounded function on M x [0,T) such that:

1) f(z,0) >0,

2) df/dt = Atf + Q(f,.%',t),

3) Q(f,x,t) > 0 whenever f <0,
where Ay denotes the Laplacian of the metric g;;(x,t). Then f(x,t) >0
on M x[0,T).

Proof. See [9] and [11]. q.e.d.

Lemma 2.6. Let (M, gi;(x,t)) satisfy the hypothesis of Lemma 2.5.
Suppose f(x,t) is a smooth bounded function on M x [0,T) such that:
2) Q(f,.’E,t) < 7fa+K7
where K and o are positive constants. Then f(x,t) < Ck o on M x[0,T)
for some constant C o depending only on K, a and sup,e,y | f(z,0)].

Proof. Let C' = max{sup,¢,, | f(x,0)], K/}, and consider the func-
tion ¢ := C' — f. Then 1 satisfies the first and second condition of the
Lemma 2.5. Moreover, we have

(2.4) dip/dt = —df /dt
= _Atf - Q(f7 x, t)
= At’@b - Q(fa :E?t)

> A+ f¢— K.

It follows that when ¢ < 0 we have f > C and thus —Q(f,z,t) >
f@—K > C%— K > 0. Thus the evolution of 1 satisfies the third
condition of Lemma 2.5 and v remains positive for all ¢. From this, and
the the definition of v, the lemma is readily seen to be true. q.e.d.

At times, we will use versions of the maximum principle which are
slightly different from Lemma 2.5 and Lemma 2.6, but which can also
be derived from Lemma 2.5 by an argument similar to that above. We
will omit these derivations.
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3. The parabolic Monge—Ampeére equation

Let (M, gi;) be a complete noncompact Kéahler manifold satisfying
the following condition:

(3.1) 9i7 + Riz = fiz,

for some smooth function f on M. We would then like to find a smooth
function v on M such that the tensor

(3.2) iz := giz + wij,
is a complete negative Kahler—Einstein metric on M. We will refer to
such a function u as a negative Kéhler-Einstein potential for (M, g;5).
We now derive the parabolic equation (1.2) on M and show that its
stationary solutions are precisely given by negative Kéhler—Einstein po-
tentials for (M, giz).

Recall that g;; is Kahler—Einstein if its Ricci tensor satisfies

(3-3) Rij = P?z’j,

for some constant p, which in our case, we assume to be —1. Also recall
that on any Kéhler manifold (M, g;;) the Ricci tensor R;; is given locally
by

(3.4) Riz = —[log(det g;)]i7-

It follows from (3.1), (3.3) and (3.4) that u is a negative Kéhler—Einstein
potential for (M, g;7) iff u satisfies

det(ger + up) I
det(gkf) i7

on M, and thus, a sufficient condition for u to be a negative Kéhler—
Einstein potential for (M, g;7) is that

(3.6) 0= log T T WD)

det(g)

on M. We point out that necessity in (3.6) holds (up to a constant) in
the the case that M is compact, while in the case M is noncompact it
does not. This results from the possible existence of nontrivial pluri-
harmonic functions on a noncompact Kéahler manifold. (3.6) is a special
case of the complex Monge—Ampere equation and has been solved on
compact Kédhler manifolds in [15] and [1] and on noncompact Kéhler
manifolds in [4] and [12] under special conditions.

(3.5) 0= |log
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It follows, from (3.3)—(3.6), that the stationary solutions to (1.2) are
negative Kahler—FEinstein potentials, and if u is a smooth solution to
(1.2), then g;; := gi5 + wi; defines a family of Kéhler matrics on M
evolving by (1.1). We refer to [2] for a treatment of (1.2) in the case of
compact manifolds.

4. Short time existence
We now prove short time existence for (1.2).

Lemma 4.1. Let (M, gi3) be a complete noncompact Kdihler manifold
such that:
1) sup,en [|[Rm(z)||g < K for some constant K > 0.
2) Ri7 + giz = fi7 for some smooth bounded function f on M.
Then for some constant T > 0, depending only on n and K, (1.2) has
a smooth solution u(x,t) for t € [0,T). Moreover, for every t € [0,T)
we have:
1) The Kdhler metric i == giz(x) + uiz(z,t) is equivalent to g;7 and
has bounded geometry of infinite order. R
2) Riz+ Gi7 = fiy where Ryj is the Ricci curvature tensor of Gi7 and f
is a smooth bounded function on M.

Proof. Starting with (M, gs3), let gi3(z, t) and T" be as in Theorem 2.3.
We will show that g;;(x,t) gives us a smooth solution u(x,t) to (1.2) on
[0,T). To show this we note first that Va € M the following ODE in ¢
has a smooth solution u(x,t) for ¢t € [0,T):

det(gp) (1)
det (gy7) (x)
u(x,0) = 0.

By the equivalence of the metrics g;;(x,t) and g;; for all t € [0,T), the
logarithmic term in (4.1) is seen to be a smooth bounded function on
M x [0,T) thus making (4.1) an ODE with smooth bounded terms.
Consider now the difference tensor Sj; := (giz(x,t) — giz(z)) — wiz(x, t).
It is easily checked that S;; satisfies the following evolution equation:

(4.1) %u(x,t) = log —u(z,t) — f(x),

dSi; o
(4.2) el Si7,
Siz(z,0) := 0,

on M x [0,T). Since the solution to (4.2) is unique, the zero solution,
we conclude that gi;(z,t) = giz(x) + uiz(x,t). Finally, by substituting
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giz(x) + wiz(z,t) for giz(x,t) in (4.1), we see that u(x,t) is in fact a
smooth solution to (1.2) on M x [0,T).

Now fix an arbitrary 7" € [0,T) and let §;; := gi7(x, T"). We want to
show now that f%ii + gi5 = f;-]— where Rij— is the Ricci tensor of g;; and
f is some smooth bounded function on M. By taking applying the 90
operator to (4.1) we get

(4.3) (ut(z, T"))iz = —Riz(2, T') — Giz(x, T").
Also, by differentiating (1.2) in t we get

du ~
(4.4) d—tt = Auy — uy,

ug(x,0) = —f(x).

where A is the Laplace operator for the metric g;;(x,t). Applying the
maximum principle to (4.4), we see that u(x,t) begins as a bounded
function on M and remains uniformly bounded on M V¢ € [0,T). By
(4.3) we see that u(z, T") is precisely the function f we are looking for.

To complete the proof of Lemma 4.1 we need to show that g;; has
bounded geometry of infinite order. In [13] the authors prove that on a
noncompact Kahler manifold, one has bounded geometry of order 2 + «
provided one has bounded curvature and gradient of scalar curvature.
Their proof can be extended to show that one has bounded geometry
of infinite order provided one has all covariant derivatives of curvature
bounded. Thus since g;; has all covariant derivatives of its curvature
bounded by Theorem (2.3), we see that g;; in fact has bounded geometry
of order infinity. This completes the proof of Lemma 4.1. q.e.d.

5. A priori estimates

Assume (M, g;;) satisfies the hypothesis of Theorem 1.1 with the ad-
ditional assumption of bounded geometry of order co. By the previous
sections we know that on some time interval [0,7"), (1.2) has a smooth
solution u(z,t), and g;7 := ¢i7 + usy solves (1.1). We will show that u
stays bounded in every Holder norm on (M, g;;) independent of T". This
will be done by establishing several a priori estimates.

5.1. Estimates for u and u;. Differentiating (1.2) in ¢ we get

(51) —_— = Aut — Ug,
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Applying the maximum principle to (5.1), we get that sup,¢c,, |ue(z,t)]
starts off bounded and continues to decay exponentially:

(5.2) supyearlu(a, £)] < Ke™,

for some constant K independent of 7. From this we may bound
SUp(g nemxfo,r) [z, )], independent of T', by the following estimate:

t
/ us(x, s)ds
0

where C' is some constant independent of T'.

¢
(5.3) lu(z,t)] = < K/ e *ds < C,
0

5.2. Estimates for Au. Consider the quantity
(5.4) A =log(n + Au) — ku,

defined on M x [0,T"), where we choose the constant k later. Clearly a
bound on |A| implies a bound on |Au|. We will bound A from above
using the maximum principle. The bound from below will follow di-
rectly from some simple inequalities derived from (1.2). We begin by

computing % and AA separately as

dA 1 dAu du
55) — =———— —k—
(5:5) dt  (n+Au) dt dt’

—AA < —(k— )3V gnu —

d
(Au+Af+Ad7:> + nk,

1
(n+ Au)

where C' depends only on the curvature of the initial metric g;;. We
estimate some of the terms on the right side of (5.5).

1
d t~‘7‘ n u
(5.6) (n+Au)> [ ¢ g”] — on (HG),

1
1( f du) 1 1-n|n-1
A n\ T4 T .
(n + Au)e d <n—1>

\i 1
g)\#!])\ﬁ > m

The details of (5.5) and (5.6) can be found in [1]. Note that by (5.2),
(5.3) and (1.2), (5.6) already gives a bound on inf(, yeprxjo,r) A(,1)
independent of T'. Substituting estimates (5.6) back into (5.5) gives the
following:
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dA 1 dAu du i
1 du
<AA—(k-O)§ ——¥(Au+Af)+nk:—kd—u
- 7" 9 (n+ Au) dt
<5A—(k—C)§)‘ﬂgA—— 1 (— n—i—Af)—i—nk—kd—u
- ¥ (n+ Au) dt
<AA+e n(“+f+dt)|n+Af|—|—nk kcj;;
1
]{: C ( u— f_dj) 1 1-n|n-1 %
Cn—1 (n—l) (n+ Au)m=r
Choosing k sufficiently large, we have
A
(58) % <AA Nl(n—l—Au)n 1 —|—N2

~ A+ku
< AA — Nje n-1 4+ No
S AA — Ngeﬁ + NQ,

where the constants IV; are positive and independent of 7. The bound
on A from above now follows from the maximum principle. From
this and our previous bound on A from below we obtain a bound on
sup(z emxo,r)|Au(r,t)| independent of 7. We now show that these
bounds imply the equivalence of the metrics g;; and g;; where the fac-
tor of equivalence is independent of 7.

Consider any point ¢ € M and any time ¢ty € [0,7). Then at this
point in time consider orthonormal holomorphic local coordinates z; at
q such that:

1) g5 = 0,

2) 9i5(q,t) = 9;5(a) + uiz(g, t) = O; for i # j.

By our estimates above we have

(5.9) 9ii(q, ) >0; Vi,
Zgu ¢.1) = (n+ Au)(q,t) < C1,
[ 7a(at) = det(9ua@:1) _ jwrr+8) 5 ¢,

— det(gyi(q))
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where the constants C; are independent of ¢ and T. We see that these
inequalities provide us with the following equivalences:

where the constants K; are independent of ¢ and T'. This provides, for all
t € [0,T), the uniform equivalence of the metrics g;; and g;5 := g;5 +uj,
where the uniformity is independent of T'.

5.3. Estimates for third derivatives of mixed type. Consider the
quantity

(5.11) Q =7 U ot s

defined on M x [0,T), where the covariant differentiation is in the orig-

inal metric g;; and g% represents the inverse of the time dependent
metric ﬁag. By the previous subsection, this norm is equivalent to that

using the original metric g"ﬁ . We will apply the maximum principle to
the evolution of ). We begin by noting the following expansions, the
details of which can be found in [1]:

(5.12)

4Q _ o abypab | ~aBabmb
—e =0 20"57G" + 570G T u ot qas ()3

+ 375G [ g (e) b + 2 g (10) )
AQ = GG (w hoy — Wit 5T ) (W dair — U ds5thand"’)
+ (U far — U ppatherad”” — Uepath 45,9") X
(W dagp = pant a3 — U arpt,5apd” )
= 2575775 + 5T T sl (e + u+ o5 — Rog)
+ 377G G o5t + 1+ £) o+ 10 e (it + 0+ F) o]
+ GGG g (R e + R Wep + Ripatt )
+ u,cga(R;—ﬂcuw\B + RZ,\BU,JW + R;—Mgu,ycg)]
+ 5775 1 go5 (T R r — 5 R )

oy ~ab
’ u,cBa(g MR%)\B,Q - ga RCZC,B)]'
We note that in % — AQ, all terms involving %‘ cancel, and all terms

containing fourth derivatives of u can be collected as above to give
negative terms, while all other terms are contractions involving second
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and/or third mixed derivatives of u and f, the metric g;; and the cur-
vature tensor of the initial metric g;;. Thus by our previous estimates
on the second derivatives of u we have

(5.13) % <AQ+C1Q + C2/Q,

where the constants C; are positive and independent of T'. The evolution
of () does not admit to the standard maximum principle argument since
(1 is positive. To fix this we consider the modified quantity

(5.14) Q' = Q + hAu,

where we determine the constant h later. Certainly, a bound on @Q’ will
provide a bounding on ). We proceed by computing the evolution of
Au. The following estimate can be found in [1]:

(5.15) AAu = grgiBy PN

St + AG + A+ Af+ B

23Q+A%+Au+Af+E,

where the constant B and the term E is bounded on M x [0,7T) inde-
pendent T. Equivalently, we write this as an evolution for Au as

(5.16) ddAT“ < A(Au) — BQ — Au—Af — E.

This provides the following estimate for the evolution of Q':

ddt/ <AQ' +C(Q+ Q) — BhQ — hAu — héf — hE

< AQ' 4 (C —hB)Q+ C\/Q — hAu—héf — hE.

(5.17)

Choosing the constant i such that (C' — hB) is negative, we can ap-
ply the maximum principle to the above equation to conclude that

SUP(z,t)e M x [0,T) Q/<1’, t)a and thus also SUP(z,t)e M x[0,T) Q(l’,t), is
bounded independent of T'.

5.4. Estimates for fourth derivatives of mixed type. Consider
the quantity

(5.18) Q= ga’gﬁts&g/\ﬂﬁyﬁu,aaxﬁu,gaﬂy,

defined on M x [0,T), where the covariant differentiation is in the orig-
inal metric g;; and G represents the inverse of the time dependent
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metric g, 3. We begin by computing the evolution of @

(5.19)

@ ~aB~66~)\ﬂ~Vﬁ(ut)

_ ~a =65\
dt g g"g

e \pU Bspy +9"79"g ﬂgypu,a&Aﬁ(ut),Béﬂy

+ §taﬁ§56§>\ﬁ§qjﬁu7a5/\ﬁu735ﬁy + g0 e U,aoA\pU 36w

ey S5 ~Ni~s 5 ey B S5~ N~V D
+ 3G G T U aoast gs T 5T T TG U oAU G5

B

Expanding the term gy gives

(520) g7 =g up,

~a[§kﬁ lo det(gij—i_uij)

=3 —u—f

det(gi7) Tk
= =G [§7u i — up— fil
ol i~

= "7 07w reku 57+ G0 i, — w g — f s
while the term (u;) o525 gives

(5.21)

det(gi7 + ui)
(ut) aorp = |log == —u — f
g det(gi7) QFNp

= [gdju,ija — U — f,oz],&/\ﬁ

= [—Zjﬂ_ﬁkju,l-k&uﬂa + Eiju,ija& — Uz — f,oz&])\ﬁ
G755 U s AU J5 Uijo T GG U FsAU g U,ija
@d gkjujka)\u,ijoc - @il_fgvkju,ik(?u,ija)\

-9g QSju,Fs)\U,ijozc_f + @ﬁu,ijam — Uasr — fasrlp
TPG7 GG gt a7

Q

~iF~sp~ql~k]
— GGGl Gy

~iF~sl~kp~q7,, _ _ _ B ~iF~sl~kj _ _
=9 9 979 U pgplFs Al fjaWize T 9§ G U msApl ks U,ija

PapFsAU [15 U ijo

~ir~sl~

k7 ~iF~sl~k7]
+9°979 Ju,fs)\ujkapu,ija_kg g g ju,Fs)\Ujkau,ijaﬁ
. T FsT ~
— 979797 971 papt Ferl 15 U i70

i~k ~sp~

~1 ~8], _
= 9" 9" g7 U ppu msAU U iga
~1 7 ~jl~kF~s]
99 g gq]u,ﬁqﬁu,fs)\ujkgu,ija +9°9"9 ]u,fs)\ﬁujk&u,ija
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+ @ﬂilgkfgsju,fs)\u,l’kapu,ija + ?[akF§Sju,FSAuyfkau,ijaﬁ

+ 575" G paptirnt o + TG T gt ot

- ﬁiiﬁkju,ikaxpu,ija - ?iﬁkju,ikaxu,iiaﬁ

+ ?ﬁnggkju,ﬁqﬁu,l’k&“ﬂock + ?[gkﬁgqju,ﬁqﬁu,ikﬁu,ijak
~il~kj I

~il~kJ
—949 ju,l‘kc—ru,z‘ja/\ﬁ —99 Ju,l_kﬁﬁu,ijaA

~ip~qiF~s] ~iF~sp~q]
+9"g"g j“,ﬁqﬁuis/\u,ija& +9°9 pgq]u,ﬁqﬁufs)\u,ijaﬁ
iT~S7, ~IT~S],
g jufs)\ﬁu,ij_ac_f —99 Ju,fs,\u,z‘ja&ﬁ

IR

o e
PaUu septh ijacr + 97U 50505 — Uagrp — faarp-

Upon substituting this and its conjugate expression back into (5.19), we

get two terms involving sixth derivatives of u which we examine below.
Our goal of course is to recover AQ = §i7(§aﬁ§55§/\ﬂ§”ﬁu7a5,\,3u’55ﬂy)Jj—
out of these two terms. In doing this, we show how to permute indices in
any covariant derivative of u occurring above. The two sixth derivative
terms are

(522) gaﬁgd&gAﬁgyﬁu7ijoaé’)\ﬁuﬁgﬁy7
gaﬁjqﬁ&g)\ﬁgyﬁu,a&kﬁu,ijﬁciﬁu.

Consider the term u ;x5 in (5.22). We would like to express this

in terms of u o255 as this is a term occurring in the expansion of AQ.
We have,

(5.23) Uizac p — U, Fiag\p

U FaiG\p

= (U gagi + Rositaa + Rozita) Ap
= U jaging + (Rizitlaa + Risitiza) ap
= Ujacip + (R%iuaa + Rgaz‘uja),/\ﬁ
= U ja5pi T R?ﬁiuaaa)\ + Ripiujaw

+ Rgﬁi“joaﬂ + Riﬁiujoa?a + (R%’n'uéa + RoziUja) Ap-

Note that so far we have expressed u ;ja525 i terms of u ja525;. Repeat-

ing the above process allows us to express u jasapi in terms of u o557

Doing the same for the term w ;;55;, in (5.22) and examining all the
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terms involving the curvature tensor R above, we have,

(524) U izae p — W,a5Api + (terms),

Uijacrp = Uagrpiy + (terms),
where by (terms) we mean terms involving a contraction of the curvature
tensor R (or up to three covariant derivatives of R) with derivatives of

u such that the contraction is linear in u, and the derivatives of u are
of degree at most four. This now gives

(5.25)
~iJ~af~=6G NA=vp, . _ Y
9°9 9 99 u,z]aakpuﬁ(sl‘w‘{'g g 99
= ?j(gaﬁgd&ﬁAﬁﬁwﬁU,a&AﬁU,Bapy)ij - 2§ij§a6§66§Aﬁ§Vﬁu7a5’>\ﬁiuﬂééﬁyj
+ (terms)

= AQ — 2|V u|? + (terms).

U055 i538 v

where now, by (terms) we mean terms involving a contraction of the
curvature tensor R (or up to three covariant derivatives of R) with
derivatives of u where the contraction is now quadratic in u, and the
derivatives of u are of degree at most four (the notation |V3 u|? will be
explained below). Expanding (5.19) and using the above technique to
permute covariant derivatives of u, we have the following:

Remark 5.1. In (5.19), by adding terms involving contractions of
the curvature tensor R (or up to three covariant derivatives of R) with
either third mixed derivatives or second derivatives of u, we may assume
all fifth derivatives occur in the form u 57, or uj;;; and all fourth
derivatives of u occur in the form W iakls Uikts Wiglk OF U jik-

We distinguish between the different types of fourth and fifth deriva-
tives above by establishing the following notation:
(5.26) [Voul = 305G T amt sy
Vil = 3775 GG P 0035 G
|V;Ln / u|2 _ Eaﬁg&?g)\ﬂgpﬂ -
Vonul® = 37575 G 75 u aanpatt s

By the remark above, and noting our previous bounds on the mixed
third derivatives and all second derivatives of © we can now estimate
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the evolution of @ as follows:

d| V4 ul?

pra AIVEul? = 2V2 ul? + K|V ul|V2 ul + K|V ul?

(5.27)
+ K|V ul? + K|V ul? + K|Vl |Vl
+ K|V u||VEul + K
< A|VEul* = 2|V5 u? + K|Viaul|V5u| + K[VAu
+ K|V ul? + K|V u||VE ) + K,
where in (5.27) and in all that follows, we will denote any strictly positive
constants, not necessarily the same, by C' and any other constants, not
necessarily the same, by K. Of course, all constants C and K will be
independent of T'.
We now combine the evolution of |V3 u|? and Q. Remembering that

|V2 u|? has already been estimated, using (5.12), we can estimate its
evolution by

dV3 ul?>  ~
(5.28) |d?“| < AIVEuf? = C|Viu? - Vi ul? + K.
Consider the quantity
(5.29) S = (|V3ul* + A)(|Viul* + B),

where A and B are positive constants to be chosen later. Clearly, a
bound on S implies a bound on ). We begin by computing the evolution
of S as

(5.30)
dS_d]Vf’nu\Q 4,12 3 12 d|vizu|2
= = S (Va2 + B) + (| Vaul? + A) 72

< (AIVul* = C|Vhuf? = CVyul® + K)(|Vyul® + B)
+ (|3 ul® + A)(K|Vﬁzu|2 —2IV2 ul? + K|V u||V2 ul + K
+ K|V ul? + K|V ||V u)? + K)
< AVl (IViul + B) = C|Vyul* = C|Vo,ul* [V, ul®
— CB|IVE > + (VL ulPm2 + A)A|VE u)? — 24|V u)?
+ AK|VE u||V2 u| + AK |V u* + AK |V} ul?
+ AK|VEu||VE ul* + K
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< AS — 24|V ul? — C|VAult = CIVEu)?|VE u> — CBIVE ul?
+ K|Voul?|Voul + AK|Vy,ul|[Viul + K|V ul|[Vi,ul[V,ul
+ AK|VEuf + AK|VE u> + K|V ul?| V2l
+ AK|VEu||VE u? + K.
The last inequality follows from the identity
(5.31) AS = AIV3 w2 (VA ul? + B) + (V3 ul> + A)A|VE u?
+ 5P|V ul2 | Vil

and by noting that the last term above is bounded by a linear combi-
nation of the terms |Viul> , |V ul|Viul? | V2 u||VEul|VEul and
V2, ul2 |V, ul.

We now state two elementary propositions which we will use to esti-
mate the last expression in (5.30).

Proposition 5.2. Let C7 and Cy be given constants with C; > 0.
Then there exists a constant Cy, depending only on C1 and Cs, such
that for all x,y > 0 the following inequality holds:

—C122y + Coxy < —(C1/2)xy + Cyy.
Proof. Choose Cy such that for all x > 0,
2 — (Co/Ch)x = (1/2)2* — (Cy/Ch). qe.d.

Proposition 5.3. Let C; and Cy be given constants with C; > 0.
Then there exists a constant Cg > 0, depending only on C7 and Cs,
such that for all x,y > 0 the following inequality holds:

—C32% + Cozy — Cry? < —(C3/2)2* — (C1/2)y?
Proof. Begin by writing

(\/ (C3/2)z — /(C1/2) y> — (C3/2)22 — \/C1Cszy + (C1/2)y% > 0.

Then from the above inequality and for a sufficiently large choice of Cs
we have:

—(C3/2)2* = (C1/2)y* < —/C1Csmy. < —Cozy.
This gives
—(C3/2)2* 4+ Cozy — (C1/2)y* <0,
and thus
—C32% 4 Cozy — Chy? < —(C3/2)2* — (C1/2)y?
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q.e.d.

Using the two propositions above we now continue our estimate on
the evolution of S. K4 will denoted any constant depending only on A.

(5.32)
B < R5 241V — CIVhul* — OV AP |l — CBIVA P

+ K[Voul?|Vi,ul + AK[V,ul [ Vo,ul + K|Vl [V,ul |V, ul
+ AK|VEuf + AK|VE u> + K|V ul?| V2 ul
+ AK |V || Vi ul? + K

< AS —24A|V2 u? — C|VE ul* — C|VE ul|VE u)? — CB|V2 ul?
+ C|Vul* [ Voul + Ka|Voul + K|V ul|[Va,ul [Vl
+ AK|VEuf + AK|VE ul> + K|V ul? + Ka|Vhu)? + K

< AS — AVyul’ = (C/2)|Viul* = (C/2)|Viul’[Viul®
— CB|V ul? + Ka|V2u| + AK |V ul® + AK|VE ul?
+ K|Viul? + KalV2 uf> + K.

The second inequality follows by applying Proposition 5.2 to the expres-
sions

—(C/2)|Vpul?|Vyul® + K|Vy,ul? [V, ul,
and
—(C/2) |V ul*|Voyul® + AK|Vy,ul [V, ul?,

formed by grouping terms from the right-hand side of the first inequality,
and also by estimating

K|V ul?|Voul + AK |V ul| VD u| < OV ul?|Voul + Ka|Viul,

for C' large enough. The third inequality follows by applying the Propo-
sition 5.3 to the terms

— AV ul® + C|Vaul* | Voul — C|Vul?,
and
— AV, ul? + K|Vl Vy,ul[Viu| — CIV o ul* Vil

appearing in the right-hand side of the second inequality.
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By the last inequality in (5.32), we can choose the constants A and
B large enough to give the following estimate:

d ~
(535 % < K5~ AV~ (C/2Vhul* — (C/D|VhuP (VP

— CB|V: u* + K.

By applying the maximum principle to (5.33), we can bound

SUP(g emxfo,r) S(,t), and thus also sup(, pyenrxo,r) @z, 1), indepen-
dent of T

5.5. Holder norm estimates. Recall that (M, g;;) has bounded ge-
ometry of order co. In Definition 2.1, choose some large m and consider
a holomorphic chart &, : V,, € C" — U, for arbitrary p € M. Through-
out this subsection, all local expressions will be with respect to the
standard coordinates on V, € C"; CF*® and C*+ek/2+a/2 will denote
the standard Holder spaces on V), and V), x [0,T") (or subsets of these)
respectively; ¥+ (M) and Ck+®k/2+a/2(Vf % [0,T)) will denote Holder
spaces relative to g;;; all estimates derived will be independent of p and
T and in general we will refer to any quantity independent of p and T
as being a uniform quantity.

At any time t € [0,7), in V,, we have an estimate for |u|, Au and
the Holder derivative in space of Aw (this last estimate follows from our
estimate on the third mixed derivatives of u). We apply the standard
elliptic Schauder interior estimates to u in V, to get an estimate on the
C?*% norm of « in some uniformly large subset of Vp. Also, by looking
at (1.2) we see that our third and fourth derivative estimates in space
are in fact equivalent to estimates on wu, Wjg, Uy and ug in V. Using
all these we obtain an estimate on the C2+®1¥¢/2 norm of u in U x [0, T)
for some uniformly large subset U C V,,. To see that we can extend this
to an estimate on the C*t®2+%/2 norm, we differentiate (1.2) in the
natural coordinates on V}, giving

dur, .3
(5.34) e 7°Pu oz — uk — fi

= "7 a5 + G RS gua — i — fi
= ﬁuk + §°‘ﬁRZk5ua — U — fk

= &uk — Uk + (ﬁo‘ﬁRZkﬁua — fk)
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We view (5.34) as a linear parabolic equation for uy in V, with the
last term viewed as a single forcing term. It is clear that our previous
estimate on the C2+17/2 norm of u provides an estimate on the C®2/2
norm of the coefficients and forcing term in the linear equation under
consideration. By standard parabolic Schauder estimates, we get an
estimate on the C2t1+e/2 norm of wy in U x [0,T) for a uniformly
large subset U C U . This then gives an estimate on the C®®/2 norm
of the first space derivatives of the coefficients and forcing term in U.
We again apply the Schauder estimates to obtain an estimate on the
C%tel+a/2 norm of the first space derivatives of uy, in U’ x [0,T) for
a uniformly large subset U’ C U. Noting that the index k is arbitrary,
and repeating the above process for a barred index k it is easily checked
that this is in fact equivalent to an estimate on the C*4t®2te/2 norm
of win U" x [0,T). Noting that U’ in V,, can be made uniform and the
choice of V), was arbitrary, we see that this gives an estimate for the
CA+a2+a/2(V % [0, T)) norm of u relative to the maps &,. In particular,
we see that the curvature of the corresponding evolving metrics stays
uniformly bounded. Finally, we note that the above process can be
repeated successively giving an estimate for the C¥+ek/2+a/2(\f x [0, T))
norm of u relative to the maps &, for every £ < m, and that m was
chosen arbitrarily large. In particular, u(z,t) is a smooth function of
space and time.

6. Long time existence and convergence

Lemma 4.1 together with our a priori estimates allow us to prove the
following;:

Lemma 6.1. Assume (M, gi7) is a complete noncompact Kdhler man-
ifold with bounded geometry of infinite order and that R;; + gi5 = fi7 for
some smooth bounded function f on M. Let C™"% denote the Holder
spaces on M relative to the metric g;;. Then (1.2) has a smooth long
time solution u(x,t) which converges, as t — oo, in every C" ™ norm,
to a smooth limit u(x,00). Moreover, giz(x,t) := giz(x) + uiz(x,t) pro-
vides a smooth long time solution to (1.1) and converges, as t — oo,
in every C"" norm, to a complete Kdihler—Einstein metric giz(z, co)
where giz(x,00) has negative scalar curvature on M, is equivalent to g,
and has all covariant derivatives of its curvature tensor bounded.

Proof. By Lemma 4.1 we know 37 > 0 such that there is a smooth
short time solution u(x,t) to (1.2) on M x [0,T). Moreover, we may
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assume that [0,7) is the maximal time interval on which we have such a
solution. Our estimates from Section 5 show that the C?*®!*% norm of
u is bounded on M x [0,T") independent of 7. Combining this with the
arguments from Section 5.5 and the assumption of bounded geometry
of order oo implies that for every n the C" ™ norm of u(z,t) is bounded
independent of ¢. This allows us to take a limit of u(z,t), in C"T¢ for
any n, as t — T, yielding a limit metric g;;(z,T) := giz(x) + wiz(x, T)
on M equivalent to g;; and with bounded geometry of order oo. Now
if T < oo, by Lemma 4.1, with g;5(z,T') as initial metric, we see that
we may continue our solution u(x,t) past T for some short time thus
contradicting our assumption that 7' is maximal and thus proving long
time existence of u(x,t).

It remains to be shown that for any n, u(z,t) converges in C"** as
t — o0o. By subsection 5.1 u(x,t) converges in the C” norm to a unique
limit u(z, 00). Moreover, we have seen that for any n the C"** norm of
u(z,t) remains uniformly bounded in time. Combining these two facts,
it is easily seen that u(z,00) € C"* Vn, and u(x,t) must converge in
every C"® norm to u(x,00). Taking the limit of (1.2) as t — oo, and
noting the estimates of the previous section, we see that the limit metric
giz(x,00) is a Kéhler-Einstein metric as stated in the lemma. q.e.d.

Our main Theorem 1.1 now follows immediately from Lemma 4.1 and
Lemma 6.1.
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