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KAHLER METRICS ON TORIC ORBIFOLDS

MIGUEL ABREU

Abstract

A theorem of E. Lerman and S. Tolman, generalizing a result of T. Delzant,
states that compact symplectic toric orbifolds are classified by their moment
polytopes, together with a positive integer label attached to each of their
facets. In this paper we use this result, and the existence of “global” action-
angle coordinates, to give an effective parametrization of all compatible toric
complex structures on a compact symplectic toric orbifold, by means of
smooth functions on the corresponding moment polytope. This is equivalent
to parametrizing all toric Kéhler metrics and generalizes an analogous result
for toric manifolds.

A simple explicit description of interesting families of extremal Kéahler
metrics, arising from recent work of R. Bryant, is given as an application of
the approach in this paper. The fact that in dimension four these metrics
are self-dual and conformally Einstein is also discussed. This gives rise in
particular to a one parameter family of self-dual Einstein metrics connecting
the well known Eguchi-Hanson and Taub-NUT metrics.

1. Introduction

The space of Kahler metrics on a Kéahler manifold (or orbifold) can
be described in two equivalent ways, reflecting the fact that a Kéahler
manifold is both a complex and a symplectic manifold.

From the complex point of view, one starts with a fixed complex
manifold (M, Jy) and Kéhler class Q € H }01 N H?(M,R), and considers
the space S(Jp, ) of all symplectic forms w on M that are compatible
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with Jp and represent the class . Any such form w € S(Jy,2) gives
rise to a Kéhler metric (-,-) = w(-, Jo-).

The symplectic point of view arises naturally from the observa-
tion that any two forms wp,w; € S(Jy, ) define equivalent symplec-
tic structures on M. In fact, the family wi = wo + t(w1 — wp), for
t € [0,1], is an isotopy of symplectic forms in the same cohomology
class €2, and so Moser’s theorem [23] gives a family of diffeomorphisms
ot : M — M, t € [0,1], such that ¢}(w:) = wp. In particular, the
Kahler manifold (M, Jyp,w1) is Kéhler isomorphic to (M, Ji,wp), where
Ji = (p1): o Joo (@1)«

This means that one can also describe the space of Kéhler metrics
starting with a fixed symplectic manifold (M,wp) and considering the
space J (wo, [Jo]) of all complex structures J on M that are compatible
with wy and belong to some diffeomorphism class [Jp], determined by a
particular compatible complex structure Jy. Any such J € J(wy, [Jo])
gives rise to a Kahler metric (-, ) = wy(+, J*).

The symplectic point of view fits into a general framework, pro-
posed by Donaldson in [13] and [14], involving the geometry of infinite
dimensional groups and spaces, and the relation between symplectic
and complex quotients. Although this framework can be useful as a
guiding principle, the symplectic point of view does not seem to be very
effective for solving specific problems in Kéhler geometry, the reason be-
ing that the space J (wo, [Jo]) is non-linear and difficult to parametrize.
The complex point of view fairs much better in this regard, since the
space S(Jp,€?) can be identified with an open convex subset of the lin-
ear space of smooth functions on M. Indeed, the J9-lemma asserts that
given wy € S(Jo, ) any other w € S(Jp,2) can be written as

(1.1) w = wp + 2i00f , for some f € C°(M).

Moreover, the set of functions f € C'*°(M) for which the form w defined
by (1.1) is in S(Jo, ?) is open and convex.

There are however particular situations in which the space J(wp,
[Jo]) admits a parametrization similar to the one just described for
S(Jo, ), and the symplectic point of view can then be used very effec-
tively. In [2] this was shown to be the case for Kéhler toric manifolds.
In this paper we show that this can also be done for all Kéhler toric orb-
ifolds, and describe an application of the effectiveness of the symplectic
approach in this context.

Let (M, w) be a symplectic toric orbifold of dimension 2n, equipped
with an effective Hamiltonian action 7 : T" — Diff(M,w) of the stan-
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dard (real) n-torus T" = R"/27x7Z", i.e., (M,w,T) is a symplectic toric
orbifold. Denote by ¢ : M — (R™)* the moment map of such an action.
The image P = ¢(M) C (R™)* is a convex rational simple polytope (see
Definition 2.3). When M is a manifold, a theorem of Delzant [11] says
that, up to equivariant symplectomorphism, the polytope P completely
determines the symplectic toric manifold (M,w, 7). In [22] Lerman and
Tolman generalize Delzant’s theorem to orbifolds. The result is that
the polytope P, together with a positive integer label attached to each
of its facets, completely determines the symplectic toric orbifold (see
Theorem 2.5).

The proof, in both manifold and orbifold cases, gives an explicit
construction of a canonical model for each symplectic toric orbifold,
i.e., it associates to each labeled polytope P an explicit symplectic toric
orbifold (Mp,wp,7p) with moment map ¢p : Mp — P (see §2.2).
Moreover, it follows from the construction that Mp has a canonical T"-
invariant complex structure Jp compatible with wp (see Remark 2.7).
In other words, associated to each labeled polytope P C (R™)* one has
a canonical Kahler toric orbifold (Mp,wp, Jp, 7p) with moment map
¢P Mp — P.

The symplectic description of compatible toric complex structures
and Kéhler metrics is based on the following set-up (see [2] for details).
Let P denote the interior of P, and consider M p C Mp defined by
Mp = d)P (P ) One can easily check that Mp is a smooth open dense
subset of Mp, consisting of all the points where the T"-action is free.
It can be described as

MP§PXT”:{(x,9) zePc®RY, GER”/%Z"}

where (x, ) are symplectic (or action-angle) coordinates for wp, i.e.,

wp=dzNdd = dz;Adb,
j=1

If J is any wp-compatible toric complex structure on Mp, the sym-
plectic (z, 0)-coordinates on Mp can be chosen so that the matrix that
represents J in these coordinates has the form

O o
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where G = G(z) = [g;x(2)]j}3, is a symmetric and positive-definite
real matrix. The integrability condition for the complex structure J is

equivalent to G being the Hessian of a smooth function g € C*° (]5), ie.,

_ %
N a$]a$k

(1.3) G = Hess;(9), gjr(x) (), 1 <jk<n.

Holomorphic coordinates for J are given in this case by

z2(z,0) = u(z,0) + iv(z,0) = gg(x) +16 .
i
We will call g the potential of the compatible toric complex structure
J. Note that the Kéhler metric (-,-) = wp(+,J-) is given in these (z, §)-
coordinates by the matrix

I L

In particular, the induced metric on any slice of the form P x {point} C
Mp is given by the matrix G.

Every convex rational simple polytope P C (R™)* can be described
by a set of inequalities of the form

<$7MT>2p7‘7 T:]-a"'7d)

where d is the number of facets of P, each p, is a primitive element of
the lattice Z™ C R™ (the inward-pointing normal to the r-th facet of P),
and each p, is a real number. The labels m, € N attached to the facets
can be incorporated in the description of P by considering the affine
functions ¢, : (R")* — R defined by

b (x) = (z,mppyr) — N\ where A, = myp, and r=1,... ,d.

Then 2 belongs to the r-th facet of P iff 4.(z) = 0, and 2 € P iff
l(x) >0forallr=1,...,d.
We are now ready to state the main results of this paper. The

first is a straightforward generalization to toric orbifolds of a result of
Guillemin [18].
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Theorem 1. Let (Mp,wp,7p) be the symplectic toric orbifold as-
sociated to a labeled polytope P C (R™)*. Then, in suitable symplectic
(x,0)-coordinates on Mp = P xT", the canonical compatible toric com-
plex structure Jp is of the form (1.2)7(1.3) for a potential gp € C*°(P)
given by

1 d

gp(z) = B Z&«(l‘) log () .

r=1

The second result provides the symplectic version of (1.1) in this
toric orbifold context, generalizing an analogous result for toric mani-
folds proved in [2].

Theorem 2. Let J be any compatible toric complex structure on
the symplectic toric orbifold (Mp,wp,Tp). Then, in suitable symplectic
(z,0)-coordinates on Mp =2 P x T", J is given by (1.2)~(1.3) for a
potential g € C=(P) of the form

g(x) = gp(x) + h(z),

where gp s given by Theorem 1, h is smooth on the whole P, and the
matrix G = Hess(g) is positive definite on P and has determinant of

the form
d -1
Det(G) = (51‘[&) ,
r=1

with § being a smooth and strictly positive function on the whole P.
Conversely, any such potential g determines by (1.2)—=(1.3) a complex

structure on Mp = P><']T” that compactifies to a well-defined compatible

toric complex structure J on the symplectic toric orbifold (Mp,wp,Tp).

Note that there is no imposed condition of J being in the same
diffeomorphism class as Jp. The reason is that, by Theorem 9.4 in [22],
any compatible toric J on (Mp,wp,Tp) is equivariantly biholomorphic
to J P-

Our next results describe an application of the parametrization of
compatible toric complex structures given by Theorem 2. In a recent
paper [8] R. Bryant studies and classifies Bochner-Ké&hler metrics, i.e.,
Kahler metrics with vanishing Bochner curvature. He shows in particu-
lar that these metrics always have a very high degree of symmetry, the
least symmetric ones being of toric type. It turns out that the models
for these least symmetric Bochner-Kahler metrics, given by Theorem 9
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in [8], have a very simple explicit description in the above symplectic
framework.

For us, the most relevant geometric property of these metrics is
that of being extremal in the sense of Calabi (see §4.1), and we will
construct them only as such. However, the reader should keep in mind
that these are indeed the same metrics given by Theorem 9 in [8], and
hence the word “extremal” can be replaced by “Bochner-Kéahler” in the
statements that follow.

Let PJ, denote the labeled simplex in (R™)* defined by the affine
functions

(1.5) () = me(1 + ), r=1,...,n,

bor1(2) =mpa(1—9), = Z%ﬁ
=1

where m = (my,... ,mpr1) € N**1is a vector of positive integer la-
bels. The associated symplectic toric orbifold will be called a labeled
projective space and denoted by (SPp,,wm,™m) (the “S” is supposed
to emphasize its Symplectic nature).

Theorem 3.  For any vector of labels m € N"t1, the potential
g € C®(P}) defined by

1 n+1
g(@) = 5 (Z £,() log b, (2) — () 1ogez<x>> ,
r=1

where the £,’s are given by (1.5) and

n+1

lo(z) =Y £(z),
r=1

gives rise to an extremal compatible toric complex structure on (SP},
Wm,Tm)- In other words, the metric defined by (1.4) is an extremal
Kahler metric.

As we will see in §2.3, there is a close relation between labeled pro-
jective spaces SP, and the more common weighted projective spaces
CPj. These are defined for a given vector of positive integer weights
a=(ay,...,an11) € N ag

CP, = (C"*1\ {0}) /C,
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where the action of C* = C\ {0} on C"! is given by

(21, 2ng1) = (E921, ...tz 0), tE€ C* .

The relation between SP};, and CP},, implies the following corollary to
Theorem 3 (see also Theorem 11 in [8]).

Corollary 1. FEwvery weighted projective space CPPy has an extremal
Kdhler metric.

The potential g of Theorem 3 defines an extremal Kéhler metric on
]—E’SI x T™ for any positive real vector of labels m € RT‘I. Although these
do not correspond in general to compact orbifold metrics, they do admit
a natural compactification as metrics with simple conical singularities.

Theorem 4. Consider the smooth symplectic toric manifold (SP}
= CP",w1,m1) associated to the simplex P C (R™)*. Denote by ¢1 :
SP} — Py the corresponding moment map. Then, for any m € RTFI,
the extremal Kdhler metric (1.4) defined on ]5f xXT"™ by the potential g of
Theorem 3, corresponds to an extremal Kdhler metric on SPY with coni-
cal singularities of angles 2w /m,. around the pre-images N, = gi)l_l(Fr) of
each facet F. C P{', r=1,... ,n+1 (note that N, = SIP”I%l =~ CP* ).

As noted before, all extremal Kéahler metrics of Theorem 4 are in
fact Bochner-Kéhler. In dimension four (n = 2) the Bochner tensor is
the same as the anti-self-dual part of the Weyl tensor, and so in this case
“Bochner-Kéahler” is the same as “self-dual Kéahler”. A local study and
classification of these metrics in this later context was also obtained in
recent work of Apostolov and Gauduchon [4]. They show in particular
that, whenever the scalar curvature S is nonzero, a self-dual Ké&hler
metric is conformally Einstein with conformal factor given by S=2. In
Section 5 we consider a particularly interesting family of such metrics
provided by Theorem 4 when n =2 and m = (1,1,m), m € R;. We
will see in particular that this family gives rise to a one-parameter family
of U(2)-invariant self-dual Einstein metrics of positive scalar curvature,
with end points the Ricci-flat Eguchi-Hanson metric on T CP! (m =
1/2) and the also Ricci-flat Taub-NUT metric on R* (m = +o00). We will
also point out how, for a particular discrete set of values of the parameter
m, these metrics are related to the ones constructed by Galicki-Lawson
in [17] using quaternionic reduction.

A general discussion of the usefulness of the symplectic approach
to the construction of U(n)-invariant extremal Kéhler metrics will be
given in [3].
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The rest of the paper is organized as follows. In Section 2, after some
necessary preliminaries on orbifolds, we give the definition and combi-
natorial characterization of symplectic toric orbifolds in terms of labeled
polytopes, due to Lerman and Tolman. Labeled projective spaces and
their relation to weighted projective spaces is discussed in §2.3. Theo-
rems 1 and 2 are proved in Section 3, while Theorems 3 and 4 are proved
in Section 4.

2. Symplectic toric orbifolds

In this section, after some necessary preliminaries on orbifolds, we
give the definition and combinatorial characterization of a symplectic
toric orbifold, and discuss the family of examples given by weighted
and labeled projective spaces. Good references for this material are Sa-
take [24] (for general orbifolds) and Lerman-Tolman [22] (for symplectic
orbifolds).

2.1 Preliminaries on orbifolds

Definition 2.1.  An orbifold M is a singular real manifold of
dimension n, whose singularities are locally isomorphic to quotient sin-
gularities of the form R™/I", where I' is a finite subgroup of GL(n,R)
such that, for any 1 # v € I', the subspace V, C R" fixed by v has
dimV, <n — 2.

For each singular point p € M there is a finite subgroup I'), C
GL(n,R), unique up to conjugation, such that open neighborhoods of
pin M and 0 in R"/T", are homeomorphic. Such a point p is called an
orbifold point of M, and I', the orbifold structure group of p.

The condition on each nontrivial v € I' means that the singularities
of the orbifold have codimension at least two, and this makes it behave
much like a manifold. The usual definitions of vector fields, differen-
tial forms, metrics, group actions, etc, extend naturally to orbifolds.
In particular, a symplectic orbifold can be defined as an orbifold
M equipped with a closed nondegenerate 2-form w, while a complex
orbifold can be defined as an orbifold M equipped with an integrable
complex structure J. A Kéahler orbifold (M,w, J) is a symplectic and
complex orbifold, with w and J compatible in the sense that the bilin-
ear form (-, ) = w(-, J-) is symmetric and positive definite, thus defining
a Kahler metric on M.
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All orbifolds we will consider in this paper (underlying a symplectic
toric orbifold) arise through the following natural construction. Let
Z be an oriented manifold and K an abelian group acting smoothly,
properly and effectively on Z, preserving the orientation and such that
the stabilizers of points in Z are always finite subgroups of K. Then the
quotient M = Z/K is an orbifold (the orientation preserving condition
eliminates the possibility of codimension one singularities). Its orbifold
points [p] € M correspond to points p € Z with nontrivial stabilizer
I'y C K, and I, is then the orbifold structure group of [p].

Let (M,w) be a symplectic orbifold, and G a Lie group acting
smoothly on M. This group action induces an infinitesimal action of
the Lie algebra g on M, and for each £ € g we denote by &y the induced
vector field on M. The G-action is said to be symplectic if it preserves
w, and Hamiltonian if it has a moment map ¢ : M — g* ie., a
G-equivariant map from M to the dual of the Lie algebra of G such
that

Ep)w =d(§, ), forall £€g.

When G = S! = R/277Z, a moment map is simply given by a Hamil-
tonian function H : M — R* = g* whose Hamiltonian vector field
X, defined by «(Xpy)w = dH, generates the S'-action. Note that H is
uniquely defined up to addition by a constant.

2.2 Symplectic toric orbifolds

Definition 2.2. A symplectic toric orbifold is a connected
2n-dimensional symplectic orbifold (M,w) equipped with an effective
Hamiltonian action 7 : T" — Diff (M, w) of the standard (real) n-torus
T = R"/27Z".

Denote by ¢ : M — (R™)* the moment map of such an action
(well-defined up to addition by a constant). When M is a compact
smooth manifold, the convexity theorem of Atiyah [5] and Guillemin-
Sternberg [20] states that the image P = ¢(M) C (R™)* of the moment
map ¢ is the convex hull of the image of the points in M fixed by T", i.e.,
a convex polytope in (R™)*. A theorem of Delzant [11] then says that
the convex polytope P C (R™)* completely determines the symplectic
toric manifold, up to equivariant symplectomorphisms.

In [22] Lerman and Tolman generalize these two theorems to orb-
ifolds. While the convexity theorem generalizes word for word, one
needs more information than just the convex polytope P to generalize

159
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Delzant’s classification theorem.

Definition 2.3. A convex polytope P in (R™)* is called simple
and rational if:

(1) There are n edges meeting at each vertex p.

(2) The edges meeting at the vertex p are rational, i.e., each edge is
of the form p + tv;, 0 <t < oo, where v; € (Z™)*.

(3) The vy,...,vy in (2) can be chosen to be a Q-basis of the lattice
(2.

A facet is a face of P of codimension one. Following Lerman-Tolman, we
will say that a labeled polytope is a rational simple convex polytope
P c (R™)*, plus a positive integer (label) attached to each of its facets.

Two labeled polytopes are isomorphic if one can be mapped to
the other by a translation, and the corresponding facets have the same
integer labels.

Remark 2.4. In Delzant’s classification theorem for compact sym-
plectic toric manifolds, there are no labels (or equivalently, all labels
are equal to 1) and the polytopes that arise are slightly more restric-
tive: The “Q” in (3) is replaced by “Z”.

Theorem 2.5 (Lerman-Tolman). Let (M,w,T) be a compact
symplectic toric orbifold, with moment map ¢ : M — (R™)*. Then
P = ¢(M) is a rational simple convex polytope. For every facet F' of P,
there exists a positive integer mp, the label of F', such that the structure
group of every p € ¢_1(F) is Z/mpZ (here F' is the relative interior of

Two compact symplectic toric orbifolds are equivariant symplecto-
morphic (with respect to a fized torus acting on both) if and only if
their associated labeled polytopes are isomorphic. Moreover, every la-
beled polytope arises from some compact symplectic toric orbifold.

The proof of the last claim of this theorem is important for our pur-
poses. It associates to every labeled polytope P a compact symplectic
toric orbifold (Mp,wp,7p), with moment map ¢p : Mp — P C (R™)*.
The construction, generalizing Delzant’s for the case of symplectic toric
manifolds, consists of a very explicit symplectic reduction.
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Every labeled polytope P C (R™)* can be written uniquely as

d
(2.1) P= {x e RM* : bo(z) S (@, mopm) — A > o} ,

r=1

where d is the number of facets, each u, is a primitive element of the
lattice Z™ C R™ (the inward-pointing normal to the r-th facet of P),
each m, € N is the label attached to the r-th facet of P, and each A, is
a real number.

Let (e1,... ,eq) denote the standard basis of R%, and define a linear
map
(2.2) B:RY - R™ by Ble,) =mppr, r=1,....d.

Condition (3) of Definition 2.3 implies that 3 is surjective. Denoting by
t its kernel, we have short exact sequences

0-t5RTERY 50 andits dual 0— (R")* 25 R S ¢ — 0.

Let K denote the kernel of the map from T¢ = R?/27Z% to T" =
R™/2xZ"™ induced by 3. More precisely,

d
(2.3) K = {[9] €T : ) bmyp, € QWZn} .
r=1
The Lie algebra of K is ¢ = Ker(0).
Consider R?¢ with its standard symplectic form
d
wog=duANdv= Zdur/\dvr .
r=1

We identify R?*? with C? via 2z, = u, +iv,, r = 1,... ,d. The standard
action of T on R?¢ = C? is given by

0-z= (ewlzl, ... ,ewdzd)

and has moment map

d 2
bralen 2 = 3 e g x e @)
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where A € (R%)* is an arbitrary constant. We set A = > A.e} and so

= (el
(24) qud(zl, R ,Zd) = Z < A )\r> 6;‘: S (Rd)* .

Since K is a subgroup of T¢, K acts on C? with moment map

d 2
(2.5) G = 1" 0 ppa = Z <|Z;’ + )\r> ey) e .

r=1

The symplectic toric orbifold (Mp,wp) associated to the labeled
polytope P is the symplectic reduction of C? with respect to the K-
action. As an orbifold it is

(2.6)
Mp = Z/K where Z = ¢;'(0) = zero level set of moment map,

the symplectic structure comes from the standard one in R?¢ (via sym-
plectic reduction), while the action of T" 2 T¢/K comes from from the
reduction of the action of 7% on Z.

In order to verify these claims, several things need to be checked
(see §8 of [22]):

(i) Zero is a regular value of ¢k and so Z is a smooth submanifold of
R2?? of dimension 2d — (d — n) = d + n.

(ii) With respect to the action of K on Z, the isotropy of any z € Z is
a discrete subroup I', of K. Hence the reduced space Mp = Z/K
is a symplectic orbifold of dimension d +n — (d — n) = 2n.

(iii) The action of T% on Z induces an effective Hamiltonian action of
T" = T?/K on Mp, whose moment map ¢n = ¢p : Mp — (R?)*
has image precisely P.

(iv) The orbifold structure group I'(,j, for any point [2] € Mp that gets
mapped by ¢p to the interior of the r-th facet of P (cut out by
the hyperplane {z € (R™)* : ¢,(x) = 0}), is precisely Z/m,Z.

Regarding (iii) above, recall that the moment map is apriori only defined
up to a constant. In this construction we can characterize ¢p uniquely
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by requiring that it fits in the commutative diagram

VA ¢Td (Rd)*

(2.7) wl Tﬁ*

MP op (Rn)*
where 7 : Z — Mp = Z/K is the quotient map. It is with this normal-
ization that ¢p(Mp) = P.

Remark 2.6. The isotropy and orbifold structure groups of (Mp,
wp, 7p) can be determined directly from the labeled polytope P (Lemma
6.6 in [22]). Given p € Mp, let F(p) be the set of facets that contain

op(p), ie.,
F(p)={re{l,....d}: L(¢p(p)) =0} .

The isotropy group of p is the subtorus H,, C T" whose Lie algebra b,
is the linear span of the normals p, € R™, for » € F(p). The orbifold
structure group Iy, is isomorphic to A,/ Ap, where A, C b, is the lat-
tice of circle subgroups of H),, and Ap is the sublattice generated by

{mrﬂr}ref(p)-

Remark 2.7. Note that because (Mp,wp) is the reduction of a
Kihler manifold (C? with its standard complex structure and symplectic
form) by a group action that preserves the Kahler structure (K C U(d)),
it follows that Mp comes equipped with an invariant complex structure
Jp compatible with its symplectic form wp (see Theorem 3.5 in [21]).
In other words, (Mp,wp, Jp) is a Kéhler toric orbifold.

2.3 Weighted and labeled projective spaces

We will now discuss the family of examples of symplectic toric manifolds
given by weighted and labeled projective spaces. As we will see, these
are closely related to each other.

Consider C"*! with complex coordinates (z1, ... , znt1), and define
an action of the complex Lie group C* = C\ {0} by

(2.8) (21, 2pg1) o (E921, ... %2 0), t € CF,

where aj,...,ap+1 are positive integers with highest common divisor
1. The weighted projective space CP} is defined as the complex
quotient

CPy = (€1 {0)) /T*,

163
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where a denotes the vector of weights: a = (a1, ... ,an41). One checks
that CP}, is a compact complex orbifold, whose orbifold structure groups
are determined in the following way. Let [z]a = [z1,...,2n+1]a be a
point in CPy, and let m be the highest common divisor of the set of
those a; for which z; # 0. The orbifold structure group I';, of [2]a is
isomorphic to Z/mZ. In particular, [z], is a smooth point of CP} if and
only if m = 1. Since we assumed that the highest common divisor of
all the a;’s is 1, this means that any point [z]a = [21,... , Zn+1]a € CP},
with all z; # 0, is a smooth point. Note also that CP} is the usual
complex projective space CP", and we will omit the subscript 1 when
referring to it.
There is a natural holomorphic map 7, : CP;, — CP" defined by

7"—a([zlw .. 7zn+1]a) = [Zflv- e 7z7(-lbj—-§1]>

where a; denotes the product of all the weights except the j-th one:

n+1
a, = H ar .
k=1,k#r
The map m, factors through the quotient of CP}, by the following finite
group action. Let a = Zg ag and consider the finite group I'y defined
by
Lo = (Zay %+ X Za,,,) [ Za,

where

Ly — Zdlx"‘XZ&n+1
¢ = (¢, 0t

(here Zq = 7Z/qZ is identified with the group of ¢g-th roots of unity in
C). T'a acts on CP} via

M- [zla=[mz1,--- s Mnt12ntila, forall [n] € Ta, [2]a € CPL,
and one checks easily that
ma([z]a) = 7a([2']a) iff [z']a = [1] - [2]a for some [n] € Ta.
Hence we have the following commutative diagram:
cer = CP"

(2.9) N /mal
CP,/I'a
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The action of Ty is free on CP, = {[z1,... , znt1]a € CP? : zj # 0 for
all j}. In particular, 7, has degree [[a| = (a)"~'. It is also clear that, if
a is a nontrivial weight vector, the I'y-action has nontrivial isotropy at
some points in CPQ\(CVIP’Z, and so CPy /', has a nontrivial orbifold struc-
ture. The bijection [m,], although a biholomorphism between CPyL /T’y
and the standard CP", is obviously not an orbifold isomorphism be-
tween CPL /Iy and the smooth CP". We will look at [ma] as inducing
an orbifold structure on CP" isomorphic to CPy /Is.

Definition 2.8. The orbifold projective space (CIP’@] is defined
as the finite quotient

Py cPr/ra = “orbifold” CP” .

Remark 2.9. Once the orbifold structures are taken into account,
the map 7, : CP, — CIPFa] is an orbifold covering map of degree (@)~ !.
In particular, any orbifold geometric structure (symplectic, Kahler, etc)
on (CIP”[L] lifts through 7, to an orbifold geometric structure on CPj. For
our purposes it is then enough, and, as we will see, also more convenient,
to work with (CIP)f;].

In order to better understand CIP”[;], in particular its orbifold struc-
ture groups and symplectic description in terms of labeled polytopes,
it is useful to go back to C"*! and consider a finite extension of the
C*-action defined by (2.8).

Let KT be the complex Lie group defined by

(2.10) K$ = (Zay x -+ X Za,,, x C) [ Z,
where
Zd — Z&l X XZ&n-H x C*
e (S T I

KT acts effectively on C"*! via

(2.11) [, 0)] - 2= (mt* 21, a8 2ns)
for all [(n,t)] € KS

n+1
e, 2€C'TH.
Because of the exact sequence

1 - C — K& — T, — 1
t = (1,0
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we have that

(2.12)
(€™ 1\ {0}) /Kg = [(C""\ {0}) /C*] /Ta = CP3/Ta = CP .

Hence, the orbifold structure of (C}P’[T;} can be described directly from the

different isotropy subgroups of the K<-action on C"*! (see Lemma 2.10
below).

We will now give the symplectic description, in terms of labeled poly-
topes, for the orbifold projective spaces (CIP’T;]. Recall that the polytope
corresponding to CP", with symplectic (K&hler) form in the same coho-
mology class as the first Chern class, is the simplex P;* in (R™)* defined
by

n+1
(2.13) Py = m {x € (R")" : bp(x) = <$>mr,ur> —Ar > 0} )
r=1
where: m, =1=-\., r=1,... ., n+1;, up =e¢,., r=1,... ,n, and
Pl = — E?:l e;. Here (eq,... ,ey,) denotes the standard basis of R".
_ 1 _
m, = 1 m,= 1
_1 1\
-1 m,= 1

Figure 1: The polytope P} corresponding to CP?.

From §2.2 we know that a facet of a labeled polytope has label m € N
if and only if the orbifold structure group of the points that are mapped
to its relative interior, via the moment map, is Z,, = Z/mZ. In the case
of CP", the pre-image of the r-th facet

F.={x e P;: 4l (x) =0}

is
Nr:{[21,... ,Zn+1] e CP": 2, :O} ,
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while the pre-image of its interior F, is

Ny ={[z1,... ,2n11) € Ny iz, ZO for all k # r} .

In (CIP’?;] this corresponds to

]\vf[a]’r = {[zl, e s Znt1]fa) € (CIP”[Ta] :zp =0 and 2 # 0 for all k # r} )

Lemma 2.10. The orbifold structure group F[z][a] of any point
[2][a) € N[aw C CPy, is isomorphic to Zyy, where

n+1
m, = 4, = H ag -
k=1,k#r

Proof.  Because of (2.12), the orbifold structure group I‘[Z][a] of

any point [z]y € N[a],r is the isotropy of the KS-action at any point
2 = (21,... ,2n41) € C"! with 2z, = 0, and 2z, # 0 for all k& # 7.
It follows from (2.11) that such an isotropy subgroup is given by the
elements [(n,t)] € KT such that n, = t~%, for all k # r. Since ny, € Za, ,
this implies that t € Z; C C*, and so

F[Z][a] = (Zdr X Z&) / ((Car7<_1)a < € Zd) .

The right-hand side is isomorphic to Z;, via the map

(7, O] = e - C* 5 0y € Za, , C € Zg

q.e.d.

1

The natural candidate for labeled polytope corresponding to (C}P’[a}
is then the labeled simplex P in (R™)* defined by

n+1
(2.14) Py =) {z € RY)" : () = (&, mppir) = A > 0},
r=1

where m, = a, = —\,, r=1,...,n+ 1, and the p,’s are as in (2.13).

Proposition 2.11.  The compact Kdhler toric orbifold (M), w|a),
Jia)), associated to the labeled polytope P’;} via the construction of §2.2,

1s 1somorphic as a complex toric orbifold to (CIP’I;}.
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m,= a3, 1% aa,
-1 1\

-1 m,=aa

Figure 2: The labeled simplex P[El] corresponding to (CP[Za].

Proof.  With respect to the standard basis of R**! and R”, the
linear map B : R"™! — R™ defined by (2.2) is given by the matrix

mq 0 e 0 —Mp41 &1 0 e 0 —CALn+1
0 .o . : o
0 : T ()
0 PN 0 mMp —Mp41 0 NN 0 dn —dn+1

Using multiplicative notation, the kernel K, C T"*! of the induced map
B : T — T is then given by

K, = {(eiel’ L) e T L gm0 L gitngaOn } .

Ka acts on C"*! as a subgroup of T"*!, and from (2.6) and Remark 2.7
we have that (M), wya); Jja)) is the Kéhler reduction

(2.15) Mia) = ¢, (0)/Ka,

where gbl}i is the moment map defined by (2.5).
One easily checks that K, is isomorphic to the Lie group

(Zay x - X Zap,y x TY) [ Za

dn+1
where

1
Gt 1 x T

al’ R ’Can+1’ <_1)7

Zo — To % X1
¢ —
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the isomorphism being given explicitly by
[(77’ ei@)} N (memle’ o 777n+1€ian+19) c Ky C Tnt+l

This means that the complex Lie group KY defined by (2.10) is the
complexification of K,, and by (2.12) we know that
~ C
(2.16) CPp; = (C"1\ {0})/Ky
The statement of the proposition now follows from a general prin-
ciple that gives an identification between the Ké&hler reduction (2.15)

and the complex quotient (2.16). A good reference in our context is the
appendix to [19]. q.e.d.

The construction of §2.2 applies of course to any labeled polytope,
and hence to any labeled simplex

n+1
(2.17) Pr=(){z e ®")" : {(z) = (&, mepsr) — A > 0},
r=1

with arbitrary m, = =\, € N, r =1,... ,n+ 1, and the yu,’s again as
in (2.13).

Definition 2.12. Given an arbitrary vector m = (mq,... ,my41)
of positive integer labels, we define the labeled projective space
(SPL,, wm, Tm) as the symplectic toric orbifold associated to the labeled
simplex P} C (R™)* defined by (2.17).

Remark 2.13. It follows from Remark 2.7 that any labeled projec-
tive space (SP},, wm, Tm) comes equipped with a “canonical” compatible
toric complex structure Jy,. Theorem 9.4 in [22] implies that as a com-
plex toric variety, not only with respect to Jy but also with respect to
any toric complex structure J compatible with wy,, SPh is equivariantly
biholomorphic to CP". The biholomorphism [rra] : CPp; — CP" defined
by (2.9) is just a particular explicit instance of this more general fact.

Remark 2.14. In Definition 2.12 we have normalized all labeled
simplices P} by the conditions m, = —=\,, r = 1,... ,n 4+ 1, which
amounts to the fact that the underlying simplex is always the same
Py c (R™)*. This also means that the cohomology class of wy, in
H?(SPZ,) is apriori fixed. One can allow for an arbitrary positive scaling
of this cohomology class by scaling the A,’s in the same way.

169
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Remark 2.15.  Although labeled projective spaces might seem
to be a more general class of toric orbifolds than orbifold projective
spaces, that is not really the case. In fact one can easily check that, up
to scaling, global coverings and/or finite quotients, the classes of labeled,
orbifold and weighted projective spaces consist of the same Kéhler toric
orbifolds.

3. Toric Kahler metrics

Let (Mp,wp,7p) be the symplectic toric orbifold associated to a
labeled polytope P. In this section we describe how all wp-compatible
toric complex structures on Mp (in other words, all toric Kéhler metrics)
can be effectively parametrized by smooth functions on P, according to
the statements of Theorems 1 and 2.

3.1 The “canonical” toric Kahler metric

Recall from the construction of §2.2 that (Mp,wp, 7p) comes equipped
with a “canonical” wp-compatible toric complex structure Jp, induced
from the standard one on C? through symplectic reduction. Following
Guillemin [18], we will now prove Theorem 1, which states that the
potential gp of Jp is given by

d

1
(3.1) gp(x) =5 ) _br()logbr(x),
r=1
where (., 7 = 1,... ,d, are the affine functions on (R™)* defining the

polytope P as in (2.1).

It is enough to show that the Ké&hler metric given in symplectic
(x,0)-coordinates by (1.4), with G = Gp = Hess,(gp), corresponds
to the Ké&hler metric (-,-)p = wp(-, Jp-) on Mp. Because both these
metrics are invariant under the T"-action and Mp is open and dense in
Mp, one just needs to find a suitable slice, orthogonal to the orbits of
the T™-action on M p, and isometric to P via the moment map ¢p. Here
the word “isometric” is with respect to the metric on the slice induced
by (-,-)p, and the metric on P given by Gp.

Such a slice arises naturally as the fixed point set of an anti-holomor-
phic involution, induced from complex conjugation in C%:

(3.2) 0:Cl—C?, o(z) =%, Fix(c) =R*c C? .
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The construction of §2.2 is invariant (or equivariant) with respect to
o. In particular, the submanifold Z = cb;(l (0) € C%, with ¢x defined
by (2.5), is stable under 0. The K-action on Z commutes with o, and
so o descends to give an involution on Mp.

Let Z° c R% and M, denote the fixed point sets of o on Z and Mp.
Define

77 =7°NRY and M% =M% N Mp,

where R? = {(u,... ,uq) € R?:u, #0forallr=1,... ,d}. The fol-
lowing can be easily checked from the construction in §2.2:

- The quotient map 7 : Z — Mp induces a covering map 7° : 79 =
Mg, with group of deck transformations given by {a € K : a? =

1.

- 77 is an isometry with respect to the metric on Z° induced by the
Euclidean metric on R%, and the metric on M7 induced by the
metric (-,-)p on Mp.

- The moment map ¢p : Mp — P C (R™)* induces a covering
map gzvﬁ‘l’a : MI% — ]5, with group of deck transformations given
by {# € T : > = 1}. Moreover, Mg is (-,-) p-orthogonal to the
orbits of the T"-action on Mp.

Hence, any connected component of ]\Zf}‘i can be taken to be the slice we
were looking for. It is isometric via 77 to any connected component of
77 C R

Let Z9 = ZUOR‘L where RY = {(u1,...,uq) € R : u, > 0

forall 7 =1,...,d}. From (2.5) we have that Zvi is the subset of R%
defined by the quadratic equation

d 'LL2
> (; + )\T> F(e) =0
r=1

Consider the change of coordinates in R‘i given by

Zi is now defined by the linear equation

d

S (s 4 A (€)= 0,

r=1
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and the Euclidean metric " (du,)? becomes

d
ds,
3 (

r=1

)2

(3.3)

N

The commutative diagram (2.7) can be written here as

o

79—, (RY*

(3.4) fr”l Tﬂ*

M 9, pe (R™)*

and we want to determine the form of the metric (3.3) on P. The
map (3*, being dual to the surjective linear map defined by (2.2), is an
injective linear map given by

d

(3'5) 5*(x) = Z<xa mrﬂr> 6:

r=1

The map gz%d, being the restriction of ¢pa defined by (2.4), is given in
the s-coordinates by

d

(3.6) 0Fa(s) =D (sr+ M)

r=1

From (3.5) and (3.6) we conclude that

(80 + M) = (@, My piy) = 50 = (T, Mpfir) — N = Lp(T),
forall r=1,...,d.

Hence the metric (3.3) can be written in the xz-coordinates of the poly-
tope P as

d
1 dfr 02gp
5 d ld ) 9
— 9 Z L, ]Z:l 0x;0x; L0

r=1 r=1

where gp is given by (3.1) and the last equality is a trivial exercise.
This completes the proof of Theorem 1.
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3.2 General toric Kahler metrics

We will now prove Theorem 2, which states that on a symplectic toric
orbifold (Mp,wp,Tp), associated to a labeled polytope P, compatible
toric complex structures .J are in one to one correspondence with po-
tentials g € C°°(P) of the form

where gp is given by (3.1), h is smooth on the whole P, and the matrix
G = Hess(g) is positive definite on P and has determinant of the form

d -1
1] er] )
r=1

with ¢ being a smooth and strictly positive function on the whole P.

The proof of this theorem for symplectic toric orbifolds given in
the Appendix of [2], generalizes with very minor modifications to our
orbifold context.

We first prove that any potential g € C°°(P) of the form (3.7)
and satisfying (3.8), defines through (1.2) a compatible toric complex
structure J on (Mp,wp,7p). It is clear that J is well defined on Mp =
P x T". To see that it extends to the whole M p one has to check that
the singular behaviour of J near the boundary of P is the same as the
singular behaviour of Jp, which we know extends to the whole Mp.

This singular behaviour is best described in terms of the Hessians
Gp = Hess(gp) and G = Hess(g). Explicit calculations show that
although Gp is singular on the boundary of the polytope P, G;l is
smooth on the whole P and its determinant has the form

(3.8) Det(G) =

d
Det(Gp') = dp [] 4
r=1

where 0p is a smooth and strictly positive function on the whole P. This
formula captures the relevant singular behaviour and has the following
geometric interpretation. Given x € P, let F(x) be the set of facets of
P that contain z, i.e.,

Flx)={re{l,...,d}: l(x) =0} .

The kernel of G;l(:c) is precisely the linear span of the normals p, € R"
for r € F(z). Due to Remark 2.6, this kernel is also the Lie algebra of
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the isotropy group I', C T" of any p € Mp such that ¢p(p) = =. Con-
ditions (3.7) and (3.8) guarantee that G~! has these same degeneracy
properties, and that is enough for the corresponding J to extend to a
compatible toric complex structure well defined on the whole Mp.

We now prove that any compatible toric complex structure J on
(Mp,wp, Tp) corresponds, in suitable symplectic coordinates on Mp =
P x T", to a potential ¢ € C°(P) of the form (3.7). Because J is
apriori defined on the whole Mp, the matrix G = Hess(g) will automat-
ically satisfy (3.8). The idea of the proof is to translate to symplectic
coordinates some well known facts from Kéhler geometry.

It follows from Theorem 9.4 in [22] that there is an equivariant bi-
holomorphism

@0y (Mp,Jp,7p) — (Mp, J,7p),

with ¢ acting as the identity in cohomology. This means that (Mp,
wp, J) is equivariantly Kéhler isomorphic to (Mp,wy, Jp), where w; =
(0s)*(wp) and [wy] = [wp] € H?>(Mp). It follows from [6] that the 9O-
lemma is valid on K&hler orbifolds, and hence there exists a T"-invariant
smooth function f; € C°°(Mp) such that

wy :wP+2i85fJ,

where the 0- and O-operators are defined with respect to the complex
structure Jp.

In the symplectic (z, 8)-coordinates on Mp =P x T", obtained via
the “canonical” moment map ¢p : Mp — P C (R™)*, we then have a
function f; = f;(x), smooth on the whole polytope P, and such that

wy =dx Ndf +2i00f; .
The rest of the proof consists of the following three steps:

(i) Write down on P the change of coordinates ¢y : P — P that cor-
responds to the equivariant biholomorphism ¢; : Mp — Mp and
transforms the symplectic (z, #)-coordinates for wp into symplec-
tic (Z = ¢(x), §)-coordinates for wy. These (Z,#)-coordinates are
the suitable symplectic coordinates we were looking for.

(ii) Find the potential g = g(Z) for the transformed J = (¢).(Jp) in
these (Z, 0)-coordinates.

(iii) Check that the function h : P — R given by h(i) = g(&) — gp(&),
with gp(&) = 1>, £,(2) log £,(%), is actually defined and smooth
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on the whole P. Here, as always, £,.(Z) = (Z,mppy) — A\p, 7 =
1,...,d, are the defining functions of the polytope P.

All these steps can be done in a completely explicit way. We refer
the reader to the Appendix in [2] for details. The change of coordinates
in Step (i) is given in vector form by

or)
oz’

where 0f;/0x = (0f;/0x1,...,0f;/0x,)t = column vector. @ is a
diffeomorphism of the whole P and, due to the degeneracy behaviour of
the matrix G;I on the boundary of P, preserves each of its faces (i.e.,

i=¢sx)=2+Gp-

each vertex, edge, ... ,facet and interior ]5) In Step (ii) one finds that
~ ~ 1= dgp -1\ - ~—1\/~ ~—1\/~
o) = (7= 55, (2 057 ) @)+ apo35")@) ~ (170871 (@)

Since (fy o ¢;') € C*°(P) and @, is a smooth diffeomorphism of the
whole P, Step (iii) reduces to checking that

(810) = 2. 22@)) + g0(a) = g0(s(e)) € (P

Simple explicit computations show that this is true provided

0 ()
o (@J(l‘))
and this follows from the fact that $; preserves the combinatorial struc-

ture of P.
The proof of Theorem 2 is completed.

e C®(P) forall r=1,...,d,

4. Extremal metrics

In this section, after some preliminaries on extremal Kéhler metrics,
we use the framework of Sections 2 and 3 to prove Theorem 3, i.e.,
we give a simple description of a toric extremal Kéahler metric on any
labeled projective space. Due to Proposition 2.11 and Remark 2.9, this
gives rise in particular to a toric extremal Kahler metric on any weighted
projective space, as stated in Corollary 1. Theorem 4 is proved in the
last subsection.
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4.1 Preliminaries on extremal metrics

In [9] and [10], Calabi introduced the notion of extremal Kéahler met-
rics. These are defined, for a fixed closed complex manifold (M, Jp),
as critical points of the square of the L?-norm of the scalar curvature,
considered as a functional on the space of all symplectic Kéhler forms
w in a fixed Kéhler class Q € H?(M,R). The extremal Euler-Lagrange
equation is equivalent to the gradient of the scalar curvature being an
holomorphic vector field (see [9]), and so these metrics generalize con-
stant scalar curvature Kéhler metrics. Calabi illustrated this in [9] by
constructing families of extremal Kahler metrics of nonconstant scalar
curvature. Moreover, Calabi showed in [10] that extremal Kéhler met-
rics are always invariant under a maximal compact subgroup of the
group of holomorphic transformations of (M, Jp). Hence, on a complex
toric manifold or orbifold, extremal Kéhler metrics are automatically
toric Kéahler metrics, and one should be able to write them down using
the framework of Section 3. This was carried out in [1] for Calabi’s
simplest family, having CP# CP? as underlying toric manifold.

We now recall from [1] some relevant differential-geometric formulas
in symplectic (z,#)-coordinates. A Kéahler metric of the form (1.4) has
scalar curvature S given by!

0 . 0log Det(G)
4.1 S =— — g
(1.0 I e

Jk
which after some algebraic manipulations becomes the more compact
82 g Jk
4.2 S=-
(4.2) Z Ox;0xy,’
Jk

where the ¢/%, 1 < j,k < n, are the entries of the inverse of the matrix
G = Hess;(g), g = potential. The Euler-Lagrange equation defining an
extremal Kahler metric can be shown to be equivalent to

oS
4.3 —— = constant, j=1,...,n,
(4.3) oz, j
i.e., the metric is extremal if and only if its scalar curvature S is an
affine function of x. One can express (4.3) in more invariant terms,
giving a symplectic analogue of the complex extremal condition saying
that the gradient of the scalar curvature is an holomorphic vector field.

!The normalization for the value of the scalar curvature we are using here is the
same as in [7]. It differs from the one used in [1, 2] by a factor of 1/2.
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Proposition 4.1. Let (Mp,wp,7p) be a compact symplectic toric
orbifold with moment map ¢p : Mp — P C (R™)*. A toric compatible
complex structure J gives rise to an extremal Kdhler metric (-,-) =
wp(+, J*) if and only if its scalar curvature S is a constant plus a linear
combination of the components of the moment map ¢p.

In other words, the metric is extremal if and only if there exists
£ € R" = Lie algebra of T™, such that

4.2 Extremal orbifold metrics on S?

Here we prove Theorem 3 when n = 1. This very simple case is already
interesting and motivates well the formula for the potential g in the
general case.

Consider the one dimensional labeled polytope defined by

l(z) =mi(14+2) and la(x) = ma(l —x), with my,mg € N.

The corresponding labeled projective space S}P’Qm is homeomorphic to the
2-sphere S?, and the orbifold structure at each pole can be geometrically
interpreted as a conical singularity with angle 27 /m, , r = 1,2. We look
for an extremal metric generated by a potential g € C*°(—1,1) of the
form

g(x) = (ml(l + x)log(m(1 + x))

| =

+ ma(1 — z)log(me(1 — z)) + h(x)) ,

with h € C*°[—1,1]. Formula (4.2) for the scalar curvature becomes

560) = () = (- )’

- 2
h(z) = mi(1 —x) +ma(l + ) + (1 — 22)h"(z)

e C*[-1,1].

Equation (4.3) says that the metric is extremal if and only if S is a first
degree polynomial, hence if and only if h is a first degree polynomial.
Since h(—1) = 1/my and h(1) = 1/mo we must have

— 1 1 L 14

B(2) = ——(1+2) + ——(1 = 2) = 2@ + @)

o 2mo 2mq 2mima
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Solving for h”(x) and integrating one gets
h(z) = —(m1(1 + x) + ma(1 — z))log(mi(1 + z) + ma(1 — x)),

ie.,
h = —/lxlogly with fy =01+ 4.

Note that, because fx is strictly positive on [—1,1], h is defined and
smooth on [—1,1]. Moreover,
o1 1 _ b4bis
g"  2mim3
is strictly positive on (—1,1) and has the degeneracy behaviour at the
boundary points —1 and 1 required by (3.8).
Hence the potential

1
(4.4) 9=5 (¢11og ty + lalog by — Uy log Is))

defines a toric extremal Kihler metric on SP2 . Its scalar curvature is
given by
() = (m1 +ma) + 3x(m1 — my) '

mimsa

As a function on SPZ, it can be written as

1 1 1 1
SRTATNER FETERRER P
mip Mo mo My

where ¢p, : SPZ, — [~1,1] C R* is the moment map. Hence

1 1
dS = d(ém, dm) for &m =3 < — > € R = Lie algebra of T'.

ma m1

4.3 Extremal metrics on SP,,

We now consider a general labeled simplex P C (R™)* defined by
be(z)=m,(1+2z), r=1,... ,n, lpt1(x) =mp1(1 =), = Zm’j,
j=1

with m, € N, for all r = 1,... ,n 4+ 1. The corresponding labeled pro-
jective space SPp, is homeomorphic to CP" (see Remark 2.13). Under
this homeomorphism the pre-image of the r-th facet

F.={xe€ P} :{(x) =0}
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by the moment map ¢m, : SP, — Py, corresponds to
Ny ={[z1,-- , 2nq1] €CP": 2, = 0} = CP" !,

The orbifold structure of SP}. can be geometrically interpreted on CP"
as a conical singularity with angle 27 /m, around each N, = CP"!, for
r=1,...,n+ 1.

Motivated by the form of the potential (4.4) for the toric extremal
Kéhler metric on SP2, we consider now the potential g € C*(Pm)
given by

n+1 n+1
(4.5) g= % (Z L logl, — Uy log €g> with fy = Zﬁr .
r=1 r—1

Note that since ¢y is strictly positive on PJ,, this potential g is of the
general form (3.7).

The entries of the matrix G = Hess(g) are easily computed from
(4.5):

(4.6)

2
Gix = %9 1 Sy ma 1 (mj—mag) (my — M)
T oror, - 2\l T U /s ’

where ;1 is equal to 1 if j = k and equal to 0 otherwise. The proof of
the following lemma is left as an exercise to the reader.

Lemma 4.2.  The matric G = Hess(g) = (ij)?_}?:l 18 positive
definite on ﬁ’gl with determinant given by

" 1
ﬁlg 9" 05,
r=1 ' (n + 1)2 H:"Li_ll m%

(4.7) Det(G) =

The entries of the matriz G~ = (g/%)""_. are given by

Jk=1
(4.8)
+1
gjk=2 5‘kﬁ—mj+mk Ejfk " 1 fjfk nzﬁ"
J m? n+1 mimj  (n+1)2m;my = m '

It follows that the potential g defined by (4.5) satisfies the conditions
of Theorem 2, and hence defines a toric Kéhler metric on SP;,,. More-
over, since each ¢/* is a third degree polynomial, it is clear from (4.2)
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that the scalar curvature S is a first degree polynomial. By (4.3) this
means that the metric defined by g is indeed extremal, thus finishing
the proof of Theorem 3.

More explicitly, we have that the scalar curvature is given by

on [ 2(n +2) & 1 1
o=t (B TR G ) e

m
r=1 j=1 N\l

As a function on SPy, it can be written as

m n+1 1
§= (Zm> + (€m: bm) -

r=1

where ¢p, is the moment map and

2 2 1 1 1 1
gm: (n+ )< -, _ >€RTL.
n+1 \mp1 m Mpt1 My

4.4 Conical extremal metrics on SP}

The purpose of this subsection is to prove Theorem 4, i.e., we will de-
scribe natural “conical” compactifications of extremal Ké&hler metrics
defined by potentials g of the form (4.5), for any positive real vector of
labels m € RTLI.

The symplectic toric orbifold where this compactification takes place
is obtained by forgetting the labels. Hence we consider the standard
smooth symplectic toric manifold (SP}, w1, 1) associated to the simplex
PP C (R™)*, and denote by ¢1 : SP} — Pj' the corresponding moment
map. Note that (SPY,wi, 1) is equivariantly symplectomorphic to CP"
with a suitably normalized Fubini-Study symplectic form and standard
torus action.

For any m € Riﬂ, the potential g € 000(15{‘) given by (4.5) de-
fines an extremal Kahler metric (-,-)m on SP; = 7N (PP) = PP x T
given by (1.4). Consider the pre-image N, = ¢7'(F,) of each facet
F.cP,r=1,...,n+1. Each N, is a real codimension 2 symplectic
toric submanifold of SPY, symplectomorphic to a suitably normalized
S]P’QL_1 ~ CP" . The restriction é1|n,. : Ny — F, is a corresponding
moment map. We want to show that (-, -);, extends to an extremal met-
ric on the whole SP} with conical singularities of angles 27 /m, around
each N,.
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The potential g, although only smooth on the interior Pf, is a con-
tinuous function on the whole polytope Pj'. Denote by g, € C*> (Z:"T) N
CO(F,) the restriction of g to F, (here F, denotes the relative interior of
F}). Using the explicit form of the matrix G = Hess(g) given by (4.6),
one can easily check that the extremal metric (-, -), defined on SVIP’;E, ex-
tends to a well defined smooth extremal metric on N, = ¢7(F,) whose
potential is exactly given by g,. Note that the hyperplane in (R™)* that
contains F; has an induced affine structure, and so it makes sense to
consider G, = Hess(g).

Because of the equivariant version of Darboux’s theorem, we can
understand what happens in the normal directions to each point p € ]\7T
by analysing a neighborhood of zero in R2. In (r,#)-polar coordinates
the standard symplectic form is rdr A df, and the moment map for the
standard circle action is given by z = r2/2. The moment polytope is
[0,400) defined by the single affine function ¢(x) = z. The standard
smooth Kahler metric is defined by the potential g; = %xlog x, hence
given by

1 1
() =G da® + Edez = %dﬁ + 22 d6?,

while the “orbifold” one is defined for any m € Ry by the potential
Im = %mx log(mz), and hence given by

m 2

1
. — 2 2 _ 2 2
(-, Ym = Gm dx +9§/nd0 2xdw +md0.

In (r,0)-polar coordinates we get

(-, )1 = dr? + r?2d#? = standard smooth flat metric,

-y Ym =m (dﬁ + (%)2 d02>

which is the polar form of a metric with a conical singularity of angle
27 /m around the origin.

while

Hence we have an extension of each extremal Kahler metric (-, ) ,
m € Ri“, from SUIP’: to SUIP: U (U:}ill]v,,), having normal conical singu-
larities around each N,. The same argument can be used to show that
the metric on each N, extends to the moment map pre-images of the

relative interior of each facet of F, (an (n — 2)-dimensional simplex and
face of P{'). One can continue this process until the metric is extended
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to the whole SP}. For example, at the last step one extends the metric
to the fixed points of the T"-action, corresponding to the vertices of Py'.
There the metric looks like the product of n cones of dimension two and
angles 2w /m,,, where m, ,... ,m,, are the positive real labels of the n
facets of P;* that meet at the relevant vertex.

5. A family of self-dual Einstein metrics

Recall from the introduction that the extremal Kahler metrics given
by Theorem 4 are actually Bochner-Kéahler (see [8]). In dimension four
(n = 2) “Bochner-Kéahler” is the same as “self-dual Kahler”. It follows
from the work of Derdzinski [12] and Apostolov-Gauduchon [4] that,
whenever its scalar curvature S is nonzero, a self-dual Kéhler metric
is conformally Einstein, with conformal factor given by S~2. In this
section we explore this relation for a particular one-parameter family of
metrics arising from Theorem 4.

Consider the smooth symplectic toric manifold (SP§ = CP?,wy,71)
associated to the simplex P} C (R?)*. For any m = (1,1,m), m € Ry,
let (-, ), be the extremal K&hler metric defined by the potential

3
(61 gnl) = (Z () og by () — £(2) logezm) ,
r=1

where (1(x) =1+ x1, lo(x) =1+ 22, l3(x) = m(l — ) and lx(z) =
2+m—(m—1)y. Here and in the rest of this section ¢ = z1 +xz2. Note
that in (5.1) the two terms with ¢; and ¢ correspond to the standard
flat metric on R*, while the terms with f3 and ¢5; only depend on the
“radial” coordinate . This means that the metric (-, -),, defined by the
potential g, is U(2)-invariant (see [3] for a general discussion of this
type of metrics).
The scalar curvature S, of (-, ), is given by

(5.2) Sm() = o (2m+ 1421~ m)y),

which is strictly positive on SP? if m > 1/2. Hence, for any 1/2 <
m < +oo, the metric (-,-)%, = S2(-,-),, is a self-dual Einstein metric
on SP? = CP? with a normal conical singularity of angle 2 /m around
a SP; = CP'.

In this simple case it is not hard to check explicitly that (-,-)F, is
Einstein and compute its scalar curvature. A result of Derdzinski [12]
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(see also [7]) states that for any 4-dimensional extremal Kéhler metric
(-,-) with non constant scalar curvature S, the metric (-,-)* = S72(-, )
is Einstein if and only if

(5.3) S3 —6SAS — 12|dS|* = constant .

Moreover, a standard formula for the scalar curvatures of conformally
related metrics (see e.g. [7]) states that the scalar curvature S* of (-, -)*
is given by

(5.4) S* = S36A(STH) +1).

In both these formulas A is the Laplacian with respect to the metric
().

For any toric Kéhler metric defined by a potential g € C*(P),
the Laplacian A of a function f € C*°(P) (i.e., a smooth T"-invariant
function on Mp) is given by

"0 1 af
- _ Jk_~ .
A (DetG) Z g oz; (DetG 8:@;) ’

J,k=1

where G = Hess(g) = (g;x) and ¢’* are the entries of G~!. This formula,
together with the simple form of ¢, and S,,, makes the calculations
involved in (5.3) and (5.4) easy enough.

For example, one computes that the scalar curvature Sy, of (-, )} is

St = (4)3(2m— 1.

m

given by

One sees that the self-dual Einstein metric (-,-)”, has positive scalar
curvature when 1/2 < m < 400, but is actually Ricci-flat when m = 1/2
or m = +oo provided we can make sense of it.

When m = 1/2 the extremal scalar curvature S; /2 1s given by

Sy () = B2+ 1),

3
and hence vanishes at the unique point of SIP’% =~ CP? corresponding
to the vertex (—1,—1) € P?. The complement of this point in CP?
is just the normal bundle of the “opposite” CP* (corresponding to the
facet F3 C P12), i.e., a line bundle with first Chern class ¢; = 1. The
label m = 1/2 means that the normal conical singularity can be re-
solved by passing to a Zs-quotient, i.e., to the line bundle with ¢; = 2
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given by T'CP'. This means that the self-dual Ricci-flat Einstein met-
ric (-, ->’{/2 = Sf/22(-, *)1/2 is smooth and complete when considered on
T CP!. Being U(2)-invariant, it must coincide with the well-known
Eguchi-Hanson metric [16].

When m — oo the matrix G, = Hess(g,,) converges to the matrix

R 4—)
1 | = T (1-)? (1-¢)2
G =
OO('%.) 2 4_w 1 + 4_w
(1-9)2 Iz T (1-9)?

One easily checks that G, = Hess(go) where

3
Joo(T) = % (Z lr(x)log l,(x) — 3log(1l — ¢)> .
r=1

The metric (-, -)oo defined by this potential does not extend to the whole
SPF = CP? However it is a well-defined smooth complete extremal
Kihler metric of finite volume on B = SP% \ SPi, where the sphere
SP] = CP' corresponds to the facet F3 C P{. In the normal directions
to this sphere at infinity, the extremal metric (-, -) looks like a complete
hyperbolic cusp (this can be seen by considering for example m; = 1
and mg — +oo for the orbifold metrics on S? discussed in §4.2). Note
that B is symplectomorphic to an open ball in R* and, with respect to
the complex structure Ja, defined by ¢so, biholomorphic to C2.
The scalar curvature of (-, ) is given by

Sool) = S(1— 1),

3
which vanishes exactly at the sphere at infinity. Hence, the metric
(-, = 872(-, ") is a smooth complete self-dual Ricci-flat Einstein
metric on B, obviously with infinite volume. Being U(2)-invariant and
B being diffeomorphic to R*, it must coincide with the well-known Taub-
NUT metric [15].

As promised in the introduction, we get in this way a one parameter
family of U(2)-invariant self-dual Einstein metrics (-,-)},, 1/2 < m <
+00, having positive scalar curvature when 1/2 < m < 400 and con-
necting the Ricci-flat Eguchi-Hanson metric on T CP! (m = 1/2) with
the Ricci-flat Taub-NUT metric on R* = C? (m = +00). Note that one
of the metrics in between is the Kéhler-Einstein Fubini-Study metric on
CP? (m = 1).
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In [17] Galicki and Lawson use quaternionic reduction to produce
self-dual Einstein metrics on certain weighted projective spaces. These
include (CIP%p tapta.2p) which up to covering/quotient correspond in the
above family to m = (p + ¢q)/2p. Galicki-Lawson assume that p,q € N,
g <pand (p,q) = 1. They point out that when ¢/p — 1 their metrics
converge to Fubini-Study on CP?, while when ¢/p — 0 they converge
to Eguchi-Hanson on T'CP!'. This is consistent with the m = 1 and
m = 1/2 cases in our family. In fact, it follows from the classification
results of [4] that the Galicki-Lawson metrics, whenever defined, are the
same as the ones constructed here for the corresponding value of the

parameter m.
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