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Exponential localization in 2D pure magnetic
wells

Y. Guedes Bonthonneau, N. Raymond and S. Vi Ngoc

Abstract.  We establish a magnetic Agmon estimate in the case of a purely magnetic
single non-degenerate well, by means of the Fourier-Bros-Iagolnitzer transform and microlocal
exponential estimates d la Martinez-Sjostrand.

1. Introduction

The question of proving the localization of a quantum state has many math-
ematical facets. In this article, we investigate the case of the magnetic Laplacian
and prove, under a geometric confinement property on the magnetic intensity, an
Agmon-type localization estimate for low-lying eigenfunctions of this operator.

The interest in the magnetic Laplacian has several origins. From a quantum
mechanical viewpoint, this operator is a simplified model for describing the motion
of an electron in a strong magnetic field, when the electrostatic interaction and the
relativistic effects are ignored; its construction is explained for instance [7]. In the
book [15], the authors recall that the same operator also appears in the linearization
of the Ginzburg-Landau functional in the domain of superconductors. In Spectral
Geometry, the magnetic Laplacian is often regarded as a natural variant of the
Laplace-Beltrami operator when the symplectic form of the cotangent bundle is
twisted by the pull-back of a closed 2-form from the base manifold, and has proved
important in the study of magnetic geodesics; see for instance [25], and references
therein. In the present study, we consider the magnetic Laplacian on the plane,
which can be defined as follows.

When B is a real function on R2, a semiclassical magnetic Laplacian associated
with B is a family of operators, depending on a parameter h>0, of the form

(1.1) L= (—ihV—A)? = (hD1— A1 (2))*+(hDy— Ay(z))*, D=—id.
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Here, A=(A;, As) is a potential vector associated with B, i.e B=0Ay—024;.
Notice that the semiclassical limit h—0 is related to the limit of strong magnetic
field (1/h)B.

The spectral theory of %, has received the attention of several authors; in par-
ticular, it follows from [19] that if B is smooth and admits a global non-degenerate
minimum, uniquely attained at some 2 €R?, the bottom of the spectrum of %}, (for
h small enough) is comprised of multiplicity one eigenvalues A\g(h) <A1 (h)..., with

)\J(h) = b0h+(01+02])h2+0(h2) .

The corresponding eigenfunctions are concentrated around z, in the sense that their
L? mass outside of a fixed neighborhood of z is ¢(h>). The purpose of this article
is to obtain a stronger concentration in the case when B is real analytic.

1.1. Statement of the result

From now on, we assume the following:

(i). The magnetic field B has a unique minimum by at z=0. It is positive,
non-degenerate, and not attained at infinity (liminf B>bg).

(ii). There exists a complex strip S=R?+i[—a,a]? (a>0) to which B can be
holomorphically extended as a bounded function.

(iii). The function (w1, z2)— [3" %f’;?) du is bounded on the strip S.

For example, B =2—¢~ 121 satisfies our assumptions. We will say that a func-
tion f:R™—R goes linearly to infinity at infinity if there is a constant C'>0 such for
|z|>C, f>]z|/C. Our main result is the following exponential localization estimate.

Theorem 1.1. Consider a Lipschitz function d:R?>—R, with a unique and
non-degenerate minimum at 0, d(0)=0, and going linearly to infinity at infinity, and
let K>0. Then there exist C,hg,e>0 such that, for all he(0,ho) and uc L*(R?)
such that

Lyu=hpu  with p<bg+Kh,

we have
/ <A M () 2 do < Cllu) 2z,
RZ

Observe that here, the third Assumption (iii) seems technical, and depends on
a choice of a system of coordinates, but we have not been able to remove it. Also
note that since we are not trying to optimize constants in our theorem, the value
of >0 in (ii) is not essential. As a consequence, to lighten notations, we will use
a>0 as a generic constant throughout the paper. The size of the strip on which we
are working will be reduced a finite number of times.
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1.2. Eigenvalues asymptotics

Strong localization of eigenfunctions, such as the one claimed by Theorem 1.1,
is often a footprint of discrete spectrum. Indeed, under Assumption (i), it follows
from the usual theory (see [2]) that below h lim inf B, the spectrum of .%, is discrete.
Let Ag(h)<A1(h)<..A¢(h)<...<liminf B be the (possibly finite) sequence of such
eigenvalues, repeated according to their multiplicity.

The following theorem has been established via a dimensional reduction in [20]
(see also [19] and the review paper [18]) and via a Birkhoff normal form in [37].
In fact, this theorem does not require the analyticity of B (i.e Assumptions (ii)
and (iii)), but rather ¥* bounds on B.

Theorem 1.2. ([19], [20] and [37])

1.2
vV H (TrH=
(1.2) VIeN, )\g(h)Zboh—l— <2£ d;t -‘r( rQb ) ) h2+0(h2)7
0 0

where by=ming2 B and H=%Hess(070)B.

1.3. Complex WKB expansions

With Theorem 1.2 comes the question of describing the eigenfunctions. Inspired
by the results about the semiclassical Schréodinger operator with an electric poten-
tial, we can wonder whether the complex version of the famous Wentzel-Kramers-
Brillouin (WKB) Ansatz can be adapted to the magnetic case. Such constructions,
solving formally the eigenvalue problem, are rather rare in the context of the pure
magnetic Laplacian; see however [29, VI, §2]|. Their existence has been established
for the first time in a multi-scale framework in [4] and then in non-degenerate mag-
netic wells (é.e., under Assumption (i)) in [16]. Let us recall the latter result (which
was generalized to the Riemannian setting in [35]).

Theorem 1.3. ([16]) Under Assumption (i), and after a rotation, we can
assume

(1.3) B(x1,m2) =bo+axi+yz3+0(|z||?), withO<a<y.

Let LeN. There exist
(i). a meighborhood V' of (0,0) in R?,
(ii). an analytic function S on V satisfying

_bo Va 2 VAl 72 "
ReS(x)= 2 | Vator 1+\/a+ﬁ slHo(=)®),
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(iii). a sequence of analytic functions (a;);en on V,
(iv). a sequence of real numbers (1;)en satisfying

VT | (WA
w1 =20
bo 2bg
such that, for all JEN, and uniformly in V),

MO:bOa

J
eS| (—ihV —A)? hZu]hJ e SN "ahd | =on't?).
Jj=0 j>0

The WKB constructions in [4] and [16] give a positive answer to the open
problem mentioned by Helffer in [17, Section 6.1]: in generic situations with pure
magnetic field, WKB constructions corresponding to the low lying spectrum exist.
Once the WKB analysis is done, we want to know to which extent the Ansétze are
approximations of the exact eigenfunctions u,€ L?(R?). It follows from Theorem 1.2
that, when h is small enough, the eigenvalues are simple and separated by a gap
of order ~h2. Thanks to the Spectral Theorem, we deduce that the WKB Ansétze
are approximations in the L2-sense, and even in a weighted L2-space thanks to
Theorem 1.1 (up to taking a smaller ¢).

Corollary 1.4. Denote by ug j=x(x)e _S/hz o a;h, with x€€5°(V), and
constant around the origin. Then, for fired f€N and €>O small enough, we have
for some R

15X/ M (e ug—ug 7| L2 2y = O(h*

).

(This will be proved at the end of Section 5.) In contrast with Theorem 1.1,
the WKB Ansitze decay like e R¢S/" away from the magnetic well; thus, the ap-
proximation should actually hold in a slight perturbation of the weighted space
L?(e=2ReS/h) Behind this question lies the tunneling effect problem: such expo-
nential estimates are the heart of the analysis of the interaction between multiple
magnetic wells. The present paper does not go that far,(!) but establishes that the
eigenfunctions decay like e=#(*)/" for some non-negative function ¢. These types of
estimates are well-known and proved in the electric Schrodinger operator —h2A4V,
where they go by the name of Agmon (see [1], [21] and [38]). As we will see, the
purely magnetic case seems to necessitate a significantly more advanced strategy,
based on the Fourier-Bros-Iagolnitzer (FBI) transform. (In [21], the FBI transform
does appear, but not for proving the exponential localization; it is used in a second
step, to control the asymptotic expansion of eigenvectors and eigenvalues.)

(1) The only known (and optimal) result of pure magnetic tunnelling has recently been proved
in a two-dimensional setting in [5] by means of microlocal dimensional reductions.
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1.4. Failure of the naive Agmon estimates

Let us explain formally why the electric strategy fails in giving the optimal
Agmon estimates in the pure magnetic case (see also [36, Proposition 4.23] for a
slightly different presentation). This strategy is based on the following formula:

e?/M(—ihV —A)%e %/ = (—ihV —A+V)?,

where ¢ is bounded and Lipschitz continuous, and on using the coercivity of the
real part

Re (/" (=ihV—A)*e™/Mu, u) = ||(=ihV = A)ul|* = | Ve ul*,

where u€%§°(R?). Then, we want to use the magnetic field, and we notice that
|(~ih Y — Ayul? > h/ B()ul? dr,
R2
so that, for all AeR,

Re <(e‘0/h(—ihV—A)2f)\) efw/hu,u> z/ (hB(z)— V2= A) [uf? da .
RQ
From this last inequality, we see that the only possibility to control the gradient
is that ¢ actually depends on h. With the choice wzh%¢, where ® is the Agmon
distance (to 0) associated with the metric (B—by—|V®|?);dz?, we can deduce
that, for eigenvalues such that A=bgh+(h?), the corresponding eigenfunctions
Y(=e~?/"u) satisfy, for h small enough,

(1.4) / /M 2 do < Ol
Rz

Due to the non-degeneracy of the minimum of B, ® may be chosen with a unique
and non-degenerate minimum at 0. Thus, (1.4) tells us for instance that the ground
state is a priori exponentially localized at the scale hi near the minimum. This is
consistent with Theorem 1.3, but much worse than expected. In the analytic case,
the construction of WKB quasi-modes made in [16] suggests that one should be
able to do better; namely, to prove that the eigenfunctions are localized at the scale
h? near the minimum. That it is indeed the case is the main result of this article.

Notice that estimate (1.4) does not require the analyticity of the magnetic
field. We believe that it is optimal in the €>° category, where exponential estimates
cannot be controlled in phase space and the techniques of the present paper don’t
apply. Even the construction of the WKB phase becomes problematic in the smooth
case, see [6].
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1.5. Related results

Some articles have been devoted to the Agmon estimates in the presence of a
magnetic field, but almost always with an additional electric potential. For instance,
in [22], the decay estimates are inherited from the electric potential and the magnetic
field is considered as a perturbation (see in particular [22, p. 629]). In the same
spirit, Agmon estimates are considered in [34, Theorem 1.1] (see also the closely
related articles [14] and [32]) in the case of an electric well with constant magnetic
field. It is proved that the magnetic field improves the decay of the eigenfunctions
away from the electric well.

We will see in this paper that pure magnetic Agmon estimates at the “right”
semiclassical scale can be obtained as projections of microlocal exponential esti-
mates. Our strategy will be inspired by the ideas of Martinez [26] (see also [33],
and [28] in relation with the corresponding WKB analysis). The fact that we are
able to refine this point of view, which is based on the FBI transform, and to apply
it to establish our new magnetic Agmon estimates, is reminiscent of Sjostrand’s
pioneer work on analytic hypo-ellipticity [39].

Remark 1.5. Throughout our analysis, we will meet some known close links
between magnetic and Toeplitz operators. These connections are described, for in-
stance, in [11], or [24, Section 4]. In the context of Toeplitz operators, exponential
decay estimates of eigenfunctions have been the subject of the recent works [12,
Theorem C] and [24, Theorem 1.3]. In these papers, the semiclassical parameter
is of the form h=p~!, where p€N is the degree of tensorization of a line bun-
dle.

1.6. Organization and strategy

In Section 2, we perform various reductions to put the magnetic Laplacian in a
“normal form”. Section 3 is central in our analysis and is devoted to general proper-
ties of the Fourier-Bros-ITagolnitzer transform. Our presentation closely follows and,
sometimes, completes the one exposed in the book by Martinez [27, Chapter 3]. This
part of the investigation can also be considered an interpretation of the magnetic
Laplacian as a Toeplitz operator. In Section 4, we prove that the FBI transform of
an eigenfunction (with low energy) is exponentially localized at the scale h% near
0€R?x (R?)*. We proceed in two steps: firstly, we prove the exponential microlo-
calization near the characteristic manifold {(x,&)€R? xR?; ¢=A(x)}, which is the
zero energy level set of the classical Hamiltonian (Theorem 4.4); secondly, we es-
tablish an exponential localization inside the manifold (Theorem 4.5). In Section 5,
we use the microlocal exponential estimates to deduce Theorem 1.1.
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2. Normal form

In [37], the second and third author constructed a Fourier integral operator Uy,
that conjugates the magnetic Laplacian %, to an operator of the form

Opy (f(H,x2,£2)) +O(h™),

microlocally near the characteristic set of %, where H=h?D2 +2% and Op}, de-
notes the Weyl quantization. If the symbol f were analytic, and the remainder
O0(h>°) improved to @(e~¢/"), this would imply a natural (and probably optimal)
exponential estimate on the bottom eigenfunctions of .%5,. However, the FIO Uy,
is constructed in a relatively non-explicit fashion, including a generically divergent
Birkhoff normal form, and tracking those estimates down would require quite so-
phisticated tools of analytic microlocal analysis.

Since we “only” want to obtain decay of eigenfunctions and not the expansion
of the bottom eigenvalues of %}, to any power of h, we will only need a rather crude
normal form.

Lemma 2.1. Under Assumptions (i), (ii), (iii), there exists a>0 and, for h>0,
a unitary operator Uy, acting on L*(R? dx) such that

(2.1) UnZnUy, = Opy (p2),
where p is an h-dependent holomorphic function on R*+i[—a,a]*, such that
(2:2) Pz =g +29" G +9P T +h7,

where g'*, g'2, ¢?? and q are holomorphic, bounded, and on R* they are real valued.
Additionally, the g¥ are critical at 0, and

(2.3) B(z,§) =V g"g**—(9"%)%

when restricted to R*, admits a positive non-degenerate minimum at 0, uniquely
attained, and not attained at infinity.

This type of operators, whose symbol is a quadratic form of some variables,
with parameters, was studied by several authors in the context of hypo-ellipticity in
the smooth category (see [8] and references therein), and in the analytic category by
Sjostrand in [39]. It would be interesting to obtain a global version of Sjostrand’s
results in order to give a different proof of Theorem 1.1.

Observe that the exponential decay of eigenfunctions is not preserved by general
unitary operators. However, we will see that U}, can be explicitly described, so this
will not be an issue.
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For a given magnetic field B, the choice of magnetic potential A is not unique.
Any other choice A’ differs from A by a gradient, i.e. A’=A+Vf. Then, the cor-
responding magnetic Laplacian is obtained by conjugating %}, by the multiplication
operator urse*//"y, which is unitary, both pointwise and in L2. Hence, it does not
impact Theorem 1.1. Therefore we may, and we will, assume that

(2.4) A(z)=(0,45(x)), Ax(z)= /OI1 B(u, z2) du,

Notice that As is real-analytic, admits a holomorphic extension to the strip S, and
its derivatives are bounded on S according to Assumption (iii).

For d=2 or d=4 depending on the context and a>0, it will be convenient to
set Sp:=R¥+i[—a,a]’.

2.1. Normal form near the characteristic set

In this section, we prove Lemma 2.1. The operator U, will be decomposed as
the composition of a change of variables and a metaplectic operator. Let us start
by constructing the change of variable.

The first idea, which is quite standard, is to choose coordinates in which the
magnetic field is constant as a 2 form. In that case, the natural symplectic structure
becomes canonical, and all the magnetic information is transferred to a variable
Riemannian metric. The guiding model is the case of constant magnetic field and
constant metric, where the magnetic Laplacian takes the form

L= (hDy,)* +(hD,, — Bx1)?,
and its bottom eigenvalue is hB. The solutions, sometimes called zero modes, to
(L' —hB)u=0

are of the form e—B#i/2h f, with f holomorphic, and they play an important role in
the spectral analysis of the magnetic Dirac operator (see [3]).

Coming back to our problem, there are many diffeomorphisms s of R? such
that s, B is the canonical 2 form (Darboux’ lemma), so we pick the following

T
(.731,.132):%(531,5?2), i‘lz/ B(.]?/,J?Q)dl‘l, i‘g =T2.
0

That this defines indeed a global diffeomorphism of R? is ensured by Assumption (i).

Lemma 2.2. Under Assumptions (i), (i) and (iii), s is a bi-Lipschitz analytic
diffeomorphism of R? such that »,B=dz, Adiy and s, A=7%1dEs. Moreover, there
exists A\>1 and a>0 such that s and ' send Sur to Sxar for all ' €(0,a/N).
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It will be useful to let
z1
a(:vl,xg):/ O0x, B(u, x2) dx;y.
0

Proof. s is a global diffeomorphism of R? because B is positive, and » ! is
well defined on S,. Next, there is a C'>0 such that |B|<C and |a|<C), so that !
maps S, into Sy for 0<a’ <a.

We can compute

In particular,

(de(3 1))t = B(lx)_g((?) .
0 1

Since B>by>0 on R?, and using Assumption (ii), there exists 0<ag<a such that
|B|71<(Re B)~1<1/(2by) on S,,. In particular, on S,,, (d.(371))~! is bounded.

Around each real point x, we can apply the holomorphic local inversion theorem
and deduce that there are ., &’.>0 such that »>~! is a biholomorphism between the
ball of radius e, centered at x and its image, which contains the ball of radius
g’ around >~ !(z). One can give lower bounds to the constants e,, €/, expressed
only in terms of the C? norms of »~!, and an upper bound on (d,(»71!))~!. In
particular, we can choose them independent of x.

Additionally, if s~ !(z)=2"1(y) for some x,y€S, with 0<a’<ay, then xo=ys,
and fjll B=0. Observe that

Y1 Rey:1 Im y;

0=Re / / Re B(t+ilm x1, x2) dt — / Im B(Rey; +it, x9) dt.
Rez1 Imz

Since Re B>by/2 on S,,, we deduce that |Re (z1—1)|<C(a')? for some C>0. In

particular, according to the argument above, if a’ is small enough, this implies that

1 is a biholomorphism between S, and 3~ 1(S.),

x1=vy;. For such an a’>0, »~
which satisfies
S C 7 (Sy) CSeurs

for some a” >0. Further, s !

min(a’,a”) as the new value of a and A the Lipschitz constant of s, ~! ends the
proof. O

is uniformly Lipschitz, and so is its inverse. Taking

We can associate » with a unitary operator U,, by setting

U, f (%) = Jac(s)'/? f(5(2)).
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According to Lemma A.1 and keeping the same notation, we have
(2.5) U, LU, = (—ihVz—A)g* (—=ihVz—A)—h?V .

Here, V is explicit in terms of », and g* is the dual Riemannian metric (ds” ds)~*.
Note also that

(2.6) (—ihV;—A)g"(—ihVz—A) = Op}) (9" (E- A(7),E~ A(2)) + O (h%),

where the &'(h?) comes from the explicit computation of the subprincipal term with
the composition formula (the operator in the right hand side is symmetric).

From explicit expressions for the remainders, and dropping the tilde on the
variable x, we deduce that

(2.7) U 24U " = Opy (|| (&1, &2 —21)

2. +0(h?),

where the remainder symbol is of the form h%q;, ¢; holomorphic and bounded on
some S, with a>0. Moreover, letting B=Bos and a=aos, we get

(2.8) |(&1,62—21)

We are now almost in the desired form. We consider the following symplectomor-
phism

2, = B2+ (&1 +ak)?.

wm(x, &) =(x+AE,E), where A:<(1) é) AT =A.

It is associated with the metaplectic operator M, defined as

1

(2.9) Mu(xy,x9) = 2rh? /}R4 e%‘b(”’y’f)u(y) dy d¢ ,

the phase being given by
1
(I)(x»yvg):@(xag)_<yv§>a Q0($7§):<.’E—§A§,£>7
and ¢ being the generating function of »x,. We observe that

Mu(z) = (2rh) =2 / 26 Fyy(£)e— A g

R2

where we used the semiclassical Fourier transform

Fru() :/Rz e_%<z’5>u(x) dz , ]-"h_lv(a:) = (27h) 2 /Rz e%@’@z)(f) dx .

Recalling that
Fy (UV)=F HO)*F V),
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the operator M can be written as a convolution operator

(2.10) Mu=Kxu, K=F;le A58 = L ogntana)
2mh
where we used the well-known result about the Fourier transform of a quadratic
exponential.
For a symbol o in S’(R*), which is surely the case of the symbols we are
manipulating so far, we have the exact “Egorov” correspondence

(2.11) ML Op} (0)M = Op} (0 ° 300m) -

It follows that MU, . %,U_ ' M is in the form announced by Lemma 2.1. It re-
mains to check the conditions on the coefficients. We find that

g1 =(B2+a) osen, g2=aosm, ¢P=1.

Then

(2.12) B(z,8) =/g"g**=(9"?)? = B(#(3em(x, ))),

is suitably non-degenerate according to Assumption (i), and it remains to check
that aosen is critical at 0. But this is true if « itself is critical at 0, and this holds
since (B being critical at 0)
242 3
a=r10;, ., B(0)+0(x°).

It is important to observe that since M somehow mixes x and £ variables, it
does not preserve exponential decay of functions. However, in a sense to be precised
later, we will get decay in “x and £”, which is preserved by M.

In the sequel, it will be convenient to let

(2.13) pmi= gt 4290 &+ g et

Additionally, we will distinguish variables by setting X7 =(x1,&1), Xo=(22,&). In
these new variables, the characteristic set of .}, becomes {X;=0}.

2.2. Reduction to a bounded symbol

Our strategy strongly relies on the presentation of the Fourier-Bros-lIagolnitzer
(in short, FBI) transform given in Martinez’ book [27]. There, many results require
that operators have symbols in the class S(1), which is the space of smooth functions
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on phase space that are uniformly bounded, together with all their derivatives.
However, because the magnetic Laplacian is a differential operator of positive order,
its symbol does not belong to that class. The statements we will use could probably
be extended to the general case of symbols with more general order functions. It is
to avoid this, and concentrate on the essential arguments, that we have decided to
restrict ourselves to the case of a bounded magnetic field, a situation where we can
reduce the problem to a problem in the S(1) class, as follows.

Initially, the symbol of magnetic Laplacian is polynomial in ¢ and hence belongs
to a class with gains of powers of (£): locally in x,

(2.14) ‘828?]),4 Sca)5<£>2—\/3\.

This still holds after the change of variables ». However, the metaplectic transform
M mixes the z and £ variables, so that we do not gain powers of £ anymore. Recall
that for a non-negative function m on R?, Spa(m) is defined as the set of functions
o that satisfy estimates
|0%0| < Cym, o€ N2
If ¢ is holomorphic on a complex strip R?CSCC?, we shall say that o€ Ss(m) if
VzeS, |[0%(2)]<Cqm(Rez), aeN<L

Also recall what it means for a non-vanishing smooth function m on T*R2=R* to
be an admissible order function. First, one requires that m e Sga(m). Second, there
is an N >0 such that for some C'>0 and any (z,¢), (z/,¢')€T*R?,

m(m,f) / N\ N
2.15 ——= < C{(z— — .
( ) m(z/’g/) — <(‘T z 75 §)>
Given two admissible order functions m and m/, then 1/m and mm’ also are ad-
missible and we have the following result (see for instance [13, Proposition 7.7]): if
c€S(m) and o’€S(m’), then

w W / W ! h
210)  Op}(0) Op (") =0} (00" + 5 (010"} + Ot (1))

with the usual sign convention {f, g}=0¢f0,9—0;f0¢g. Following the result of
Boutet de Monvel-Krée [9], a refinement of estimate (2.16) shows that if 0,0’ had
a holomorphic extension to a strip, with uniform estimates, then the symbol of the
product also does, with uniform estimates. Consider now

map (X1, Xo) =14+pm (X1, X2).

Lemma 2.3. Assume that ppaq is in the form (2.13), with coefficients satisfying
the conclusion of Lemma 2.1. Then maq is an admissible order function, and pa €
Ss, (mam) for some a>0.
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If these assumptions are satisfied, we will introduce a bounded spectral param-
eter u and work with

1
P=0p" [ ——— ) Op¥(pe—h
P <1+pM> ph (P —hp)
~ w [(PMm—hp 2\ _ Aow
.17 = (2N 5, 00) ) = Op ).

where po=pr+h3q, see (2.2), so that p, €Ss, (1), uniformly with respect to h and
I

Remark 2.4. Since the intensity of the magnetic field is given by

\/det Hessx, (pn)|x,=0+C(h)

(see Equation (2.12)) the fact that it is globally bounded is actually necessary for
obtaining p,€Ss, (1).

Proof. Let us check that pri€Ss, (maq). Since the coefficients g/ are in S, (1)
for some a>0, one finds that

10%pm| <Co(1+]X1]%)  on S,.
Thus, it suffices to show that there exists A>0 such that
(2.18) 14+Repu > A(1+|X1[?).

Let us start by proving this on R*. Note that (2.18) is satisfied for example if A<1
and everywhere

- gll+922_\/(911_922)2+4(912)2

A 2

Let
C’zsup{\gu|+|922|}, C,:inf{gng22*(912)2}.

The quantity in the right hand side is larger than
2(911922*(912)2)/(9114’922) > 20//0 >0 ,

uniformly on T*R%  Now, we turn to the case that (z,&)=(Rex, Re&)+i(u,v).
Then, we can write
Repam =Re (g (& —07)+2¢" (G121 —ugv1) + 97 (2] —u}))
—2Im (g11§11)1—|—2912(§1u1 +x1v1)+g22x1u1)
> N(Re X;)?*—Ca®(1+|Re X1]),
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where A may be smaller than the A from before, but is still non-negative if we
assume that inf{Re g''Re g?2 — (Re g'?)2} >0 on R*+i[—a, a]*. Up to taking a small
enough, this holds.
Finally, we consider the temperance of the symbol. We already know that for
some constants C, C’,
Lpm(@,§) _ 1+C(X7)?
I+pm(a’, &)~ 1+C'XE

whence we find

I+pm(z,§) _ C N2
Trppi (e, €) < @(1+>\(X1—X1) ),

for A large enough. [

3. About the FBI transform

Our main tool in this section will be the Fourier-Bros-Iagolnitzer (FBI) trans-
form. Several versions exist in the literature, see [23]; in this paper we follow [27,
Chapter 3], and the FBI transform we use here is defined, for u€.#’(R?), by
Tu(z, ) :ah/ (e a0 /2y () 4y =2 (wh)

R2
The ay, is chosen so that T is isometric from L?(R?) to L?(R*). The knowledge of
Tu implies the knowledge of u via the inversion formula:(?)

(3.1) u(y) =ap / e‘iw_y)yh_‘z_y|2/2hTu(x, §)dxdé=T"Tu.
R4

It will be essential later that
(3.2) (h(0y—1i0¢)—1€)T =0.
In other words, 7' maps L?(R?) into the closed subspace of L?(R*) of functions of
2

the form e2r f(z—i€), where f is holomorphic on C2.

3.1. Towards a Toeplitz representation

Since the naive Agmon tactic fails, it seems natural to try and use weights in
phase space that depend on both x and £&. However, it is not easy to understand
the behavior of an operator of the type Op} (e¥(#€)/") all the more if 1) was not
bounded. (Although, in the case of a quadratic v, see the recent article [10].)
Following the strategy of [27, 3.5] and [31], we use the FBI transform to simplify

(?) sometimes called coherent state decomposition; in relation with the magnetic Laplacian,
it has been used in [4, Section 2.3].
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this, as e?(#€)/" can be seen as an multiplication operator on L2 (R*). Precisely, let
us consider the following quantity

(3.3) (me?/"T P, e"””/hTu>L2(R4) ,

where & is defined in (2.17), and meS(1) is multiplier (it is not an order function!).
In this section, ¥y €5(1) and might depend on parameters uniformly with respect to
the S(1)-topology, and all the bounds will depend on di) only.

Since the FBI transform we are using has a quadratic phase, we have an exact
formula

T Opy (o) =Op}, (o7)T',
where or(z, &, 2%, &) =0(z—£*, 2%), valid for o €./ (R*). From this, we get
(rrLeWthzu7 e’l’/hTu>L2(R4) = <me¢/h9TTu, ew/hTu>L2(R4) .

We set
ﬁqle =e¥/P Pre=v/, Uy = eV/M Py = Tyu,

so that
(3.3) = <m,@§€uw, U¢>L2(R4) .

Thanks to our analyticity assumption and [27, Lemma 3.5.4] or [31, Corollary 5],
@}P is still a pseudo-differential operator with symbol in S(1). Its symbol satisfies

(3.4) PY = pp(x—E* —ide, " +idyh) + O (h?) .

Since we use the Weyl quantization, we have indeed ¢(h?) and not only &'(h). Now,
we apply [27, Theorem 3.5.1] or [31, Theorem 1], which gives

3.5) (T Pume*/"Tu) (s :/ Py (2, & ) |uy | da dE+O(h?)||uy|)?
RY
with
(3.6) Phy oo (.65 h) =, )pn (v +2021), £ —2i0z) + 6 ().
Here, we have introduced the complex variable z=x+i€, and
1 ) 1 .
0, = 5(@—18@, Oz = 5(8904—285).

We stress again that the all the constants in the estimates only involve ¢ via semi-
norms of di in S(1).
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3.2. Subprincipal term

In fact, we can even describe the term estimated by &'(h) and we will actually
need it. For that purpose, and also for the convenience of the reader, let us revisit
and refine [27, Theorem 3.5.1].

3.2.1. General expression of the subprincipal term

Let us focus on the proof of (3.5) once we have (3.4). The following proposition
shows how to explicitly write a pseudo-differential operator acting on the range of
Ty (in the sense of quadratic forms) as a multiplication operator modulo &(h?).

Proposition 3.1. Consider a symbol qg=qo(x, &, *,&*)€Srs(1). We have
(0D (a) i)t = [ (@0 )+ (0, )y i e+ 00 ey
R
where

QO(J:7§) ZQO($7§7§—351/J78:1:1/J) ) Ejl(x?é-) = % ({Uf7g}+{f7 Jg})f:g:() )

with
f(xagax*vg*):x*_g—i_afw
9($7§a$*7§*):§*_8z¢
1
(37) O’f(l’,f,fﬂ*,f*):/o 3z*qO($,§,§*3§¢+tfaf*)dt

1
0y(z,6 2", 6%) = /0 De- o, €, E— e, Dy tg) dt

Proof. Let us follow the presentation by Martinez. The computations also
appear in [31]. We consider

T1($,§,$*,f*) :Q(l‘afax*af*)_Q<$7§a€—851/178z1/)> )

By the Taylor formula,
r1=fort+gog.
We set F=0pj] f and G=O0py, g. Since we use the Weyl quantization, we have

0D} (forg) = 5 (F OBy (o) +Op (o) F) + O(A)

(Here, the symbol f is not in S(1), however all its derivatives are, which is essential
in the computation.) Next, we observe that Equation (3.2) implies that FT,;,=iGTy,
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and deduce
2 ((F Op} (0)+0py (0) F)uy, uy) = 5{[O0py (0), Gluy, uy) -
Thus (again, since dg€S(1))
W h W 2 2
(Opy (foy)uy, uy) = 5Oy ({07, gy, up)+O(h%)|[uy ||
In the same way, we get

(Opy; (gog)uy, uy) = 5 (OPy ({f, 09} uw, up) + O (h?)||uy|* .

NN

Therefore, iterating the argument,

w h
Ov} rrgru) = [ Qor b+ {00y lusl dads+ 0@ uy . O

Notation 3.2. When a€Sga(1), we let
a(z, §) = a(z+20z1), {—2i0z¢) .

Corollary 3.3. We have

B8 TPum T = [ o &0y de e+ 002 g P

where
(3.9) Dy (2, & h) =@, €)pn (. ) +hp) 1 -
and

p;’f,mJ = _Qazm@h—i_ms(xv g) )
with

(0,6) = 5 (107,9)H{,00) y—gro

where we used the notations of Proposition 3.1 with

qo(l‘,f7$*,§*) :ph(x_f*_lag¢ax*+lax¢) .

69
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Proof. We apply Proposition 3.1 to the pseudo-differential operator Opj} g=
mc@}b. By the composition formula,

Q($a§7x*7£*) :qu($,§7$*,g*)+hQ1(I‘,f,$*,§*)+ﬁ(h2) )

where
Q1($,§,$*,§*) = (22)71{771(])7E),ph(ﬁc—f*—Zag¢,$*+laxw)}
=—(20) " 0pm-Oepp+(2i) "1 Ogm-Ouph, -
We deduce that
. ) ih — —
Py = )0 (@, €) + 5 (0m-Depy —Dem-Bapy, ) +hs(, ),
with
1
s=5{moy, gt+{f,mog})|r=g=0
m 1 — —
=5 (o5, 9} +{f,09})1r=g=0 5 (~0¢p), Ogm—0up),-Oum).
But we have
> (0m-Depy —0em-Buy, ) + 5 (~0ep, - Ogm =0,y - 0m)
1 —_— 1 L
= iaxm-(—&ph—magph)—k§3§m-(—28xph—85ph)

3.2.2. Rough estimate of the subprincipal terms

Here we use the variables introduced in Section 2, in order to describe pf,mg
in the case when m=m(X3)€S(1), and Xo=(z2,&2). Recall that

_ gMEE 292611+ g% 0 — hp

, = +0(h?),
S W R P T B

where the coefficients ¢/ are in S(1) on R*+i[—a,a]*, and x>0. Then we notice
that, since m only depends on z3,

|9=m-8.py| = |(9m) D=1y | < C(min(| Xy |2, 1) +h?)

and that this term is zero when m=1. Also, we observe that a priori, s€S(1), so
that
P =mpn+hm6(1)+hO(min(| X%, 1))+ 6 (h®).
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3.2.3. A more accurate description

When ¢=V¥(X5), we can give a more explicit expression for s. It will be
convenient to set

(3.10) w(z, &, f,9) :=pn(r—20:0—g,§+2i0:0+f),
Then,
1 1
O'f:/ Orw(z, & tf, g)dt, O'g:/ dgw(x,€,0,tg)dt.
0 0

We have
{Uf7 g}f:g:0 = Z{E]).gk}afkaﬁjw(x7 67 07 O)
k.j
1
+5{fj’ gk}afkafjw(xv £, 0, O)+{gj’gk}afkagjw(x7 §,0, 0) )
and

{f7 Jg}f:g:() :Z{fk7xj}agkail)jw(:r7£’ 070)+%{fk7gj}agkagjw(x7£7 Oa 0) .

k,j

From the expressions of f and g, we notice that {&;, gx}=—0;%, {fi,x;}=0d;, and

{gkta g]} = _8§k,ij_a?j,wkw ’
{gr, i} = =0k +0F, ¢, 0+07, o0

Since ¥=U(X3), the only non-zero terms involving 1 are obtained for j=k=2.
Thus,

1 1
(3.11) 2s(z,§)= (Z _afk85k+§8fka.fk+a0k81k+§anagk> w(z,£,0,0)+ Ry,
k

where Ry =0(|d*¥||d%,pal). Let us look at the first term in the right-hand side
of (3.11) and recall (3.10). Then, we can write it as

1 1 1 —
(Z — 05,0, +§afk6fk +04,, Oa), +§agk89k> w(w,&,0,0) = _§APh+R2 )
k
where again, Ry=0/(|d%||d%_pn|), so that finally,

1 —
§= 1 Apt O(min(| 5,2, 1)+ 0(42).

We can summarize the discussion above in the following.
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Scholium 3.4. Under the conclusion of Lemma 2.1, consider v bounded with
dypeS(1) and m=m(X2)€S(1). Then

(me=¥/MT P, e~ ¥/M Ty = / s 2 [mpn+ hims-+hr+ 6 (h2)] dX1 dXa,
R4

where r,s€S(1) and |r|<C(min(|X1|?,1)). Moreover, we have the following prop-
erties.

(i). When m=1, r=0

(ii). When v=¥(X3),

1 — —
s= —ZAph(x,E)—J—R,

where R€S(1) and R=0(|d*¥| min(|X:|%+h3,1)).
Moreover, all estimates are uniform for h small and diy varying in a bounded subset
of S(1).

Noticing that R is zero when 1=0, we get the following.

Proposition 3.5. When oc€5(1),
<Op‘;:(0)u, U>L2(R2) = <T Op}f(a)u, T’U,>L2(R4)
(3.12) :/ <a(x,§)—gAa(:c,§)+ﬁ’(h2)> |Tu|? dz d€ .
R4

Remark 3.6. This classical proposition (see [27, Corollary 3.5.7 & Section 3.6,
Example 7] and consider also [40, Theorem 13.10]) is also true when o is a quadratic
form, and in this case the remainder €'(h?) is zero.

4. Microlocal Agmon estimates

In this section, we establish Agmon estimates with respect to X; in an exponen-
tially weighted space with respect to Xs. These estimates are stated in Theorem 4.3
and 4.4. They imply Theorem 4.1. In this whole section we will consider u€ L?(IR?)
solving the equation

(4.1) 3”u=0p?¥( )Opﬁ(pm—hquth)u:O-

14+pam
with py=pa+h?q satisfying the conclusion of Lemma 2.1, so that the conclusions
of Scholium 3.4 applies.

Theorem 4.1. Let Wy, Vs be non-negative Lipschitz functions with a unique
and non-degenerate minimum at 0 with minimum value 0. We also assume that they
go linearly to infinity at infinity. We set vo(x,&)=U1(X1)+P2(X2). Given K >0,
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there exist e, hg, C >0, such that, for all h€(0, hg), p<bo+Kh and u solving (4.1),
we have

/625¢°(I’§)/h|Tu|2do:d§§C/ |Tu>dzde  (=C ||ul®).
R4 R4

4.1. Decay away from the characteristic manifold

In this section, we establish the exponential decay of Tw with respect to Xi;
we use the notation from Section 3 with ¥ =e1)y.

4.1.1. First estimate
One will need the following elementary lemma.

Lemma 4.2. Recall that pp(z,&)=g'1¢3 —29'2¢1 01 +9%223. Then, there exist
non-negative numbers vy, c1, ca, c3 such that

(i). for all | Xy|Zy, 22— >c1,

(11) fO?” all |)(1|S’}/7 %ZCQ|X1|2'
If, moreover, € is small enough,

(i). for all | X1|>7, Re ﬁ’i"M >eq,

T+p
(ii). for all | X1|<7, Re p%"M >Repa—cs| X1[*, and Re pag>ca| X1,
where we used Notation 3.2.

1+

Theorem 4.3. Given K >0, there exist €, hg, C>0 such that, for all he (0, hy),
u<K and u solving (4.1), we have

/626(\1/1(X1)+‘1’2(X2))/h|Tu\2dxdfgC/ 202 (X2)/h | y)2 dg: dE
R4 R

Proof. Assume temporarily that ¥; is bounded. Let us use Scholium 3.4 with
m=1. Then, taking the real part, we get

/ (Re pp,—Ch)|uy|* dz d¢ <0.
]RAL

Recall (2.6)h
_ bmx,G)—hp 2

Since pag >0,

Pm 2
Re ——C(1+ K h> Uy |“ dr d€ <0.
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Consider R>0 and the set

Jr={X €R":|X,|>Rh?}.

We write
Pm 2
Re — —C'1+Kh>u dx d¢
/( A1 KR
DM 2
<-— Re - —Cl+Kh>u dx d§ ,
[, (re—caemn) u
and notice

‘/ ( pM C(1+K)>|u¢2dzd§’<0Rh/ 22 (X2)/h Py 2 dy de .
CJr R

From Lemma 4.2, we get ¢ >0 such that on Jp,

Re M _C(1+K)h>&R*h—C(14+K)h.
1+pm

Choosing R large enough, we get

/ |u¢\2d:vd§§CR/ W2 (X2)/h Ty |2 dg de
Jr R4

and then
/ |uw|2dxd§§0/ 202 (X2)/h | 1y)2 dg: de
R4 R4

If ¥4 is not bounded, we introduce an appropriate cutoff function. For example, we
apply the previous estimates to ¥y ,:=x(k™1e¥;(X1))eV;(X;) and send k to +o0.
The estimates are independent of k because d¥; j, is uniformly bounded in S(1).
Then, we conclude with the Fatou lemma. [

4.1.2. Agmon estimate with multiplier

Let us now add a multiplier in the previous estimate. This can be done modulo

o(h).

Theorem 4.4. Consider m=m(Xs3) non-negative with meS(1). Then, for
M >0, there exist €, hg, C>0 such that, for all he(0, hg), u<M and u solving (4.1),
we have

mezs(‘h(X1)+'I’2(X2))/h|Tu\2dx dESC/ (m+h)62€q’2(xz)/h|Tu\2dm dg .
R4 R4
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Proof. We use again Scholium 3.4, this time without assuming that m=1. We
have

Re [ bl g de de = 007) g
so that, with Theorem 4.3,

/ Rep), . (x,& R)|uy|? de dE < Ch2/
R4 ’

625\1/2(X2)/h|Tu|2 dx df .
R4

Then, by Scholium 3.4,
/ (mRe pp(z, & h)—Chm) |u¢|2dxd§§0h/ | X1 2 |wy|? do dé
R4 R4

+Ch? / W2 (X2)/h Ty 2 dyg de .
]RAL

Using again Theorem 4.3 with a smaller ¢ to absorb the | X |? term,

/ (mRe pp,(z, £; ) —Chm) |uy|? dz d€ < Ch? / V2 (X2)/h |y 2 g dg .
R4 R4
Then, the analysis follows the same lines as in the proof of Theorem 4.4. The same

splitting of the integral in the left-hand-side gives the conclusion. [

4.2. Subprincipal decay estimates

Let us now prove an exponential estimate with respect to all the phase space
variables. In the previous section, we essentially used the ellipticity of the operator
outside of the characteristic set. The results, while new in this precision as far as we
know, are not surprising. However, in this section, we have to understand what is
happening directly on the characteristic set, i.e understand in detail the subprincipal
terms. This is a much finer analysis. At the microlocal level, the computations are
similar to the ones in [39]; however, instead of using the Boutet de Monvel calculus
for polynomial operators, we directly use the invertibility of an effective harmonic
oscillator.

Theorem 4.5. For M >0, there exist €, hg, C>0 such that, for all he (0, hy),
w<bo+Mh and u solving (4.1), we have

/ er\Ilz(XQ)/h‘Tu|2 dxdggc’/ |Tu|2dl‘d§
R4 Ré

Proof. This time, 1»)=V(X5). Let us use Scholium 3.4 again with m=1. We
get

h— -
/ Re <ﬁh—ZAph—R—Ch2> luy|? do dé <0.
]R4
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With Theorem 4.3, we can estimate R and get
B —
/ Re (ﬁh—ZAph—Ciﬁ) [uy|? dz dé <0 .
R4

Observe that

N Dm—hp DM s
42 yOom) =M P P
(4.2) Pt O(h7) =~ g P —

The fourth term in the right-hand side is ¢'(min(|X1]%,1)), and can be absorbed
using Theorem 4.3, and replaced by a @' (h?). The third term can also be absorbed
in the same fashion, and replaced by € (h?u). We deduce that

h —
/ (Re;ﬁM—boh—ZRe Aph—C(1+K)h2> [y |? dz dé <0 .
R4

Using Equation (4.2) to estimate the contribution from A/p\h, and using the same
arguments,

h —
/ (Ref)MbthRe AleMC(lJrK)hQ) luy|? de dé <0,
R4

Now, we will approximate py; by a quadratic form in X7, with coefficients depending
only on X5. To this end, let

Ox,(X1):= [Qlllxlzo} £ -2 {glz\xlzo} S+ {922\)@:0} a3

(Observe that since ¥ does not depend on X7, ~ and differentiation in X; commute.)
Since the coefficients g%/ are assumed to be critical at 0, and dy(0)=0, we find

ReﬁM—gReA;E\/l =Re QXZ(Xl)—gTrRe Ox,
+0(1X1 [P (min(| X1+ | Xa|?, 1) +] X1 [ +h| X1 [ min(| Xz, 1)))
Using Theorem 4.4, we can absorb & (h¥|X;|? min(|X2|?,1)) and replace it by
O(hF*(min(| X»|?,1)+h)).

Therefore, using also | X1 || Xo|<e™'|X1[*+¢|X2[?, we get
h
/ (Re Ox,(X1)—boh— 5 TrRe Qx, —Ceh min (| Xz|?, 1)) lup|? dXy dXo <

(1+5_1+K)h2/|u¢\2dX1 dX.
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For fixed X5, we recognize the Bargmann symbol of the “harmonic oscillator”
in X; (see Remark 3.6) and thus

/Rz <Re QXQ(Xl)—g Tr Re QX2> luy|? dX, > hm/ lup|? dX.
So that
/W (\/m—bo—Csmin(|X2|27 1)—C(1+5_1+K)h) luy|? dz de <0.
Recall now that B=+/det Q, so that
VdetRe Q= B(1+0(TrRe Q 'Im Q)) = B(14+e€(min(| X%, 1))).

Under the conclusion on Lemma 2.1, we get the estimate
/ (min(\X2|2, 1)(1—C£)—C’(1+€’1+K)h) luy|? dz dg <0.
R4

The conclusion follows from the usual Agmon arguments, and again the fact that
the constant only depend on derivatives of . [

5. Space exponential decay
We are now in position to prove Theorem 1.1. Let @€ L?(R?) such that .2, 0=
hud and let u= MU, a=M*U, 4. We have Pu=0, see Equation (4.1).
Remark 5.1. Following [27, Theorem 4.1.2], with Theorem 4.1, one could de-
duce (up to technicalities) that, if K is a compact set away from 0, we have
8]l 2 () = € (e=/™)

for some ¢>0. Below, one will get a more explicit result. Already observe that
we can drop the factor U,,. Indeed, since s is uniformly bi-Lipschitz, it preserves
spatial exponential decay. So we can concentrate on t:=Mu=U,, .

With the notation of Theorem 4.1, we have, for € small enough,
Tue L2, (RY),  where L2y, (RY) := L2(R*; e*¥odads) ,

with a uniform bound: ||Tu||L2d &4 <C||ul|L2(®2), where C' does not depend on h.
EY(Q

From this exponential decay in phase space, we wish to obtain exponential decay

in the position variable x for 4. We start with the inversion formula (3.1):

= MT*(Tu).
Let ¢ be a non-negative Lipschitz function, going linearly to infinity at infinity,

having a unique and non-degenerate minimum at the origin, with minimal value 0
(let us call these functions admissible weights). We would like to obtain a uniform
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bound ||eE/“’ﬂ||Lz(R2)§C||ﬂ||Lz(R2), for some &’>0 small enough. Thus, it is enough
to prove that the operator

(5.1) MT*: L2, (RY) — L%, (R?)
is uniformly bounded with respect to he 0, ho).

Lemma 5.2. Let ¢y, @ be admissible weights on RY. Then there exists C>0
such that

(52) Oil(pl SQOQSO(pl .

Proof. By the Taylor formula at the origin, the estimate (5.2) is valid in a
neighborhood of 0. By the linear behavior at infinity, it is valid outside of a compact
set. On the remaining compact subset of R?\ {0}, it is enough to use that the range
of y; is a compact interval of |0, 4+o0]. O

A consequence of the lemma is that the choice of ¢ and v in (5.1) is not
relevant, as long as we don’t seek the optimal constants and are allowed to play
with g,¢’.

Proposition 5.3. Given an admissible weight @ on R?, there exists an admis-
sible weight 1o on R* of the form required by Theorem 4.1, and a constant C>0
independent of h, such that for all e’ <e/C, e<1, the operator MT* defined in (5.1)
is bounded by O(1).

As a consequence, there exists ) such that if €' <e{, then there exists C'>0
such that

[ @) do < C il e

Proof. By Lemma 5.2, we can always change the function ¢, so we will pick a
convenient one. First, consider the ¢! Lipschitz function f defined by f(p)=p? if
p€l0,1] and f(p)=2p—1 if p>1. Notice that

(5.3) Vp=0, f(2p)<4f(p).

We define now the admissible weight ¢(z):=f(|z|), z€R2.

A formula for MT™* can be obtained from the action of the FBI transform T
on arbitrary metaplectic operators, see [27, 3.4]; here we derive it explicitly. We
have

2

_ .2
Tu(z, &)= aheTi(L*u)(z), with L(z)=e2n , z:=x—i£ €C?.

2 _ —
From (2.10) we obtain T/\/l*u(w,5):aheTi((L*K)*u)(z), where LxK is a com-
plex Gaussian that can be computed explicitly, using in particular that (I+iA4)~t=



Exponential localization in 2D pure magnetic wells 79
L I A :
2 ( -t ) :

LxK(y) = V2 hean (T+iA)yy) A= <(1) (1)> .

Hence

_e2 — .
T, =@ [ SOOI ay, =
R2 V2

and therefore, taking the adjoint, we have for ve L2, (R*)

2

(MT")o(y) :&h/ eWez_f}(u_m)(g_y)’g_wv(az,f) dedé, ZzZ=x+i&.

R4

sﬁ)Q

Let K pr+(y, ,§) be the Schwartz kernel of e” MT*e~ &, viewed as an operator

L2(RY—L2(R?), i.c.

e & CAN(s = P (w,€)
K- (y,f,f):ahes = e~ an (I —iA) (Fy) 2 —y) = T .

We have
Re ((I—iA)(z—y), 2—y) = |z —y|* — |¢]* —2(A&, z—y)
=|A¢—(z—y)|*-2¢,

where in the second line we used |A¢|>=|¢]2. Therefore,

co(y) _ |AE—(z—y)|?2 _ o (x,8)
R 2h R .

(K (y, @, §)| < dine

Let us choose now, as we may, vo(x,&):=p(x)+|£|?/{¢). Indeed, ¥ is not of the
form W;+Psy, but is bounded from below by a function of this form (this can be
written explicitly, or by invoking Lemma 5.2). By convexity of ¢,

e(y) < 50(22)+30(2(y—1)),

and hence

do(2m) o) 4 oCy=—a) lo—y-AL®  clel?
h 2h 2h

| K pr=(y, 2, 6)| < ape 2" RiEy .

If ¢’<e/2 then, by (5.3), e'¢(2x)/2<ep(x) for all z€R? so that

oy—x)  |e—y—Ag2 g2
2h

(5-4) [Kpmr=(y, @, §)| <ane 2" e

We wish to conclude on the L? continuity of MT* by applying the Schur lemma.
For given (z,€), we make a change of variables to get

/]Rz |KMT* (yax’§)| dy:A2 ‘KMT*(Q+$+A€,.T,§)| dy
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From (5.4) we have

o+A) _ |y? _ ee?

|[Kmr-(y+a+ ALz, &) <ape 2 I
Using again the convexity of ¢,

p(2y+A€) yI° €€ _p(dy)  e'p(4Af) Jy|? e
(5:5) 2h _%_h@g T 2k h(E)

From Lemma 5.2, there exists Cy,>0 such that, ¢(4A8)<C,|E|?/(€). Hence, if

g/ <4C e, we get El“"f:,tAg) - ,f<; <0, and
e pay y|?
/ |K pir (y+a+AE, z, €)| dygah/ e 5= gy
R? 2

Using Laplace’s method, the integral on the right-hand side is &'(h) provided &’'<
1/16. Hence,

[ st (y.0) dy < Chi
R

On the other hand, for a given y, we make an analogous change of variables:
[ Vntr- O dode = [ |Kner- (46,6 dade

and write (5.4) as

ozta) |z|2_ eg?

|KMT* (y,x+y+A§7§)| Sahe 2h R

Applying Equation (5.5) with y replaced by x, and choosing £’ <2C ¢, gives

o(dx) |2

62
/ [ Kaare (y, ey + A€, €)] dwdE <&, / eTT@ g [ e T da.
R4 R2 R2

Using that both integrals are &'(h), we have
[ V- (44 A8, )] o de < CH
R4

Hence, the Schur lemma gives MT*=06(a,h*/?)=0(1):L2, (R*)=L2 (R?). O

With this Proposition 5.3, the proof of Theorem 1.1 is complete. It would be
very interesting to investigate the optimality of (¢,e’) for which Proposition 5.3
holds, in particular by relating ¢”(0) to the behavior of the magnetic field at the
origin.
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Proof of Corollary 1.4. In L*(R?), we can decompose u, j=aeus+w with w
orthogonal to u;, #€R and a>0. Since the eigenvalues of %, are h? separated,
the Spectral Theorem implies that ||(Z, —Ae(h))ue s||>Ch?||w]||, so |w]|<Ch’. In
particular, 1—a<(Ch”7)%/2. We then get

e~ el =2(1-a) < (CRY.

Now, we turn to exponentially weighted spaces. We consider €>0 small enough so
that Theorem 1.1 applies to 2¢. Then we observe that

1 1 1/2 1 1/2
[tse,5 =€ wel| L2 (eeatorsn ey < ||Ue,.1—619ue||L/2 ||U’Z,.]_eleufnL/Z(ezsd(m)/hdm) O

A. Change of variables

Since .Z}, is invariantly defined by the 2-form B and the Riemannian metric on
M , its principal and subprincipal Weyl symbols are well defined, which implies that
a change of variables like the one defined in Lemma 2.2 and used in Lemma 2.1 acts
naturally on the Weyl symbol modulo terms of order &(h?) (see also [30]). Here we
give a direct proof of this and compute explicitly the &'(h?) remainder.

Lemma A.1. Consider a change of variable x:R%—)Ri. We let

Uty =|g| T4 o 3= Jac(se) 4o 5.

We have N N

UL, Ut =(—ihV,—A)g* (—ihV,—A)—h*V ,
with

v =1lg~* (aiv(lgl gV (19l 1)+llg"V(Ig1 1) .
and

g =", g=(dn)"(dx), A=(dx)ToAocx.

Proof. Considering the quadratic form 2, of .}, on L?(R2, dz), we have

2n(¥) = /RJ(—Z'Wy—A(y))ﬂ?, (—ihVy—A(y))D)g-lg|? dy,

where
=T, g=(dx)"(dx), P=vox, A=(dx)"Aosx.
In terms of forms, this means that

wgo=g, xp=1, x*(Ardri+Asdrs)=Ardy+Asdys .
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We let P:—ihvy—:&(y) and notice that

/ (Plgl4 3,19/t P3). dy+ / gl P lgl PO, dy

and then

+ [ ol PG lal Py dy [ (Pl sl Pl

so that

+2Re [ (gl Pl ol PO)gedy= [l PLOIE. dy.
Since [P, |g|i]=—ihV(|g|7) and A is real-valued, we deduce that
2Re [ (lolt PId.lol P dy=2ntm [ (G912, bl (k9,00 dy
—2tRe [ (09 (1gl}). 1ol ¥, 0hye dy
—=2h%Re | (F-V,)ddy
R2
—i [ BV, [0R) dy
R2
:—hQ/ divF 4] dy .
R2

where F=|g|3¢*V(|g|7). Therefore,

2 2 2
o dy=ii [ ViU,

and the conclusion follows. O
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this work was started. N.R. also thanks Martin Vogel for many stimulating discus-
sions in the Mittag-Leffler library.



=

10.

11.

12.

13.

14.

15.

16.

17.

18.

Exponential localization in 2D pure magnetic wells 83

References

AGMON, S., Lectures on exponential decay of solutions of second-order elliptic equa-
tions: bounds on eigenfunctions of N-body Schrédinger operators, Mathemati-
cal Notes 29, Princeton University Press, Princeton, NJ; University of Tokyo
Press, Tokyo, 1982.

AvVRON, J., HERBST, I. and SIMON, B., Schrédinger operators with magnetic fields. I.
General interactions, Duke Math. J. 45 (1978), 847-883.

BARBAROUX, J.-M., Le TrREUST, L., RAYMOND, N. and STOCKMEYER, E., On
the semiclassical spectrum of the Dirichlet-Pauli operator, Preprint, 2019.
arXiv:1810.03344.

BONNAILLIE-NOEL, V., HERAU, F. and RAYMOND, N., Magnetic WKB constructions,
Arch. Ration. Mech. Anal. 221 (2016), 817-891.

BONNAILLIE-NOEL, V., HERAU, F. and RAYMOND, N., On a purely magnetic tunnel
effect in two dimensions, Preprint, 2019.

BONTHONNEAU, Y., RAYMOND, N., NGUYEN Duc, T. and VU Ncoc, S., Magnetic
WKB constructions on surfaces, Preprint, 2019. arXiv:2003.00985.

BouURrBAPHY (ed.), Physics in a Strong Magnetic Field, Séminaire Poincaré 2, 2004.

BouTET DE MONVEL, L., GRiGIS, A. and HELFFER, B., Parametrixes d’opérateurs
pseudo-différentiels & caractéristiques multiples, in Journédes: Equations auz
Dérivées Partielles de Rennes (1975), Astérisque 34—35, pp. 93-121, Société
Mathématique de France, 1976.

BOUTET DE MONVEL, L. and KREE, P., Pseudo-differential operators and Gevrey
classes, Ann. Inst. Fourier (Grenoble) 17 (1967), 295-323.

CoOBURN, L. A., HITRIK, M. and SJOSTRAND, J., Positivity, complex FIOs, and
Toeplitz operators, Preprint, 2018. arXiv: 1807 .00922.

COLIN DE VERDIERE, Y., Champs magnétiques classiques et quantiques, in Séminaire
de Théorie Spectrale et Géométrie, No. 18, Année 1994—1995, Sémin. Théor.
Spectr. Géom. 13, pp. 15-22, Univ. Grenoble I, Saint-Martin-d’Heres, 1995.

DELEPORTE, A., Toeplitz operators with analytic symbols, Preprint, 2018.
arXiv:1812.07202.

Dimasst, M. and SJIOSTRAND, J., Spectral asymptotics in the semi-classical limit, Lon-
don Mathematical Society Lecture Note Series 268, Cambridge University
Press, Cambridge, 1999.

ERDOs, L., Gaussian decay of the magnetic eigenfunctions, Geom. Funct. Anal. 6
(1996), 231-248.

FourNals, S. and HELFFER, B., Spectral methods in surface superconductivity,
Progress in Nonlinear Differential Equations and their Applications, 77,
Birkh&duser Boston, Inc., Boston, 2010.

GUEDES BONTHONNEAU, Y. and RAYMOND, N.;, WKB constructions in bidimensional
magnetic wells, Preprint, 2019. arXiv:1711.04475.

HELFFER, B., Introduction to semi-classical methods for the Schrédinger operator
with magnetic field, in Aspects théoriques et appliqués de quelques EDP issues
de la géométrie ou de la physique, Sémin. Congr. 17, pp. 49-117, Soc. Math.
France, Paris, 2009.

HELFFER, B. and KORDYUKOV, Y. A., Semiclassical analysis of Schrédinger operators


http://arxiv.org/abs/arXiv:1810.03344
http://arxiv.org/abs/arXiv:2003.00985
http://arxiv.org/abs/arXiv:1807.00922
http://arxiv.org/abs/arXiv:1812.07202
http://arxiv.org/abs/arXiv:1711.04475

84

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

Y. Guedes Bonthonneau, N. Raymond and S. Vi Ngoc

with magnetic wells, in Spectral and scattering theory for quantum magnetic
systems, Contemp. Math. 500, pp. 105-121, Am. Math. Soc., Providence,
2009.

HELFFER, B. and KORDYUKOV, Y. A., Semiclassical spectral asymptotics for a two-
dimensional magnetic Schrédinger operator: the case of discrete wells, in Spec-
tral theory and geometric analysis, Contemp. Math. 535, pp. 55-78, Am. Math.
Soc., Providence, 2011.

HELFFER, B. and KORDYUKOV, Y. A.; Semiclassical spectral asymptotics for a mag-
netic Schrodinger operator with non-vanishing magnetic field, in Geometric
methods in physics, Trends Math, pp. 259-278, Springer, Cham, 2014.

HELFFER, B. and SJOSTRAND, J., Multiple wells in the semiclassical limit. I, Commun.
Partial Differ. Equ. 9 (1984), 337-408.

HELFFER, B. and SJOSTRAND, J., Effet tunnel pour I’équation de Schrodinger avec
champ magnétique, Ann. Sc. Norm. Super. Pisa, Cl. Sci. 14 (1988), 625-657.
1987.

HiTrIK, M. and SJOSTRAND, J., Two minicourses on analytic microlocal analysis,
Algebraic and Analytic Microlocal Analysis, pp. 483-540, Springer, Cham, 2018.

KorDYUKOV, Y., Semiclassical spectral analysis of toeplitzoperators on symplectic
manifolds: the case of discrete wells, Preprint, 2018. arXiv: 1809.06799.

KoRrDYUKOV, Y. A. and TAIMANOV, I. A., Trace formula for the magnetic Laplacian,
Russ. Math. Surv. 74 (2019).

MARTINEZ, A., Microlocal exponential estimates and applications to tunneling, in
Microlocal analysis and spectral theory (Lucca, 1996), NATO Adv. Sci. Inst.
Ser. C Math. Phys. Sci. 490, pp. 349-376, Kluwer Academic, Dordrecht, 1997.

MARTINEZ, A., An introduction to semiclassical and microlocal analysis, Universitext,
Springer, New York, 2002.

MARTINEZ, A. and SORDONI, V., Microlocal WKB expansions, J. Funct. Anal. 168
(1999), 380—402.

Masrov, V. P.; The complex WKB method for nonlinear equations. I, Progress in
Physics 16, Birkhauser, Basel, 1994. Linear theory, Translated in part from
the 1977 Russian original by M. A. Shishkova and A. B. Sossinsky and revised
by the author.

MoORIN, L., A semiclassical Birkhoff normal form for symplectic magnetic wells.
Preprint. hal-02173445, arXiv: 1907 .03493.

NAKAMURA, S., On Martinez’ method of phase space tunneling, Rev. Math. Phys. 7
(1995), 431-441.

NAKAMURA, S., Gaussian decay estimates for the eigenfunctions of magnetic
Schrodinger operators, Commun. Partial Differ. Equ. 21 (1996), 993-1006.

NAKAMURA, S., Agmon-type exponential decay estimates for pseudodifferential oper-
ators, J. Math. Sci. Univ. Tokyo 5 (1998), 693-712.

NAKAMURA, S., Tunneling estimates for magnetic Schrédinger operators, Commun.
Math. Phys. 200 (1999), 25-34.

NGUYEN, D. T., Classical and Semi-classical dynamics of magnetic fields, Ph.D. The-
sis, Univ. Rennes, 2019.

RAyMOND, N., Bound states of the magnetic Schrédinger operator, EMS Tracts in
Mathematics 27, European Mathematical Society (EMS), Ziirich, 2017.


http://arxiv.org/abs/arXiv:1809.06799
https://hal.archives-ouvertes.fr/hal-02173445/
http://arxiv.org/abs/arXiv:1907.03493

Exponential localization in 2D pure magnetic wells 85

37. RayMOND, N. and VU NGOC, S., Geometry and spectrum in 2D magnetic wells, Ann.
Inst. Fourier (Grenoble) 65 (2015), 137-169.

38. SIMON, B., Semiclassical analysis of low lying eigenvalues. II. Tunneling, Ann. Math.
120 (1984), 89-118.

39. SJOSTRAND, J., Analytic wavefront sets and operators with multiple characteristics,
Hokkaido Math. J. 12 (1983), 2:392-433.

40. ZWORSKI, M., Semiclassical analysis, Graduate Studies in Mathematics 138, Am.
Math. Soc., Providence, 2012.

Y. Guedes Bonthonneau S. Vil Ngoc

CNRS, IRMAR — UMR 6625 CNRS, IRMAR — UMR 6625

Univ Rennes Univ Rennes

F-35000 Rennes F-35000 Rennes

France France

yannick.bonthonneau@univ-rennesl.fr san.vu-ngoc@univ-rennesl.fr

N. Raymond

Laboratoire Angevin de Recherche en
Mathématiques, LAREMA, UMR 6093
Univ Angers

SFR Math-STIC, 2 boulevard Lavoisier
F-49045 Angers Cedex 01

France

nicolas.raymond@univ-angers.fr

Received February 27, 2020
in revised form August 22, 2020


mailto:yannick.bonthonneau@univ-rennes1.fr
mailto:nicolas.raymond@univ-angers.fr
mailto:san.vu-ngoc@univ-rennes1.fr

	Exponential localization in 2D pure magnetic wells
	1 Introduction
	2 Normal form
	3 About the FBI transform
	4 Microlocal Agmon estimates
	5 Space exponential decay
	A Change of variables
	References


