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Abstract

graphically and in tables too.

The Lie group method is applied to study the diffusion process of drugs across a biological membrane which tends
to partially absorb the drug. For the diffusion coefficient, we considered two cases. The Lie group analysis is based
on reducing the number of independent variables by one, and consequently the mathematical model described by
nonlinear partial differential equation to, covers the diffusion process with the boundary and initial conditions, and is
transformed into an ordinary differential equation with the corresponding conditions. The obtained nonlinear ordinary
differential equation is solved numerically using the 4" and 5" Runge Kutta method, and the results are illustrated
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Introduction

The diffusion of drugs across a composite structure such as a
biological membrane is one of the interesting types of diffusion studies
and is of great importance in the pharmaceutical sciences [1-4]. In
2002, Abd-el-Malek et al. [5] considered the problem of diffusion of a
drug through a thin membrane to define the concentration of drug in
the membrane in addition to that in the donor and the receiver cells, by
applying the group theoretic approach which is a special case of the Lie
group analysis and leads to limited results.

Several experiments were carried out to study such diffusion
process, one of such experiments was carried out by Hoogervorst et al.
[6] and Spacek and Kubin [7].

Spoelstra and Van Wyk [8] described the process as it is modeled
by two cells of the same volume, called donor and the receiver cells,
which are separated by a thin membrane. In the donor cell a high
concentration of a drug in a saline solution is placed and the receiver
cell contains only a saline solution. Initially, the membrane is free
from the drug, the two cells are stirred continually, and the drug starts
to diffuse through the membrane. The concentration of drug in the
receiver cell and also in the membrane begins to increase. They solved
the problem numerically using the finite-difference method only to
evaluate the values of the parameters of the model and to define the
concentration in the donor and the receiver cells.

Here we apply the Lie group analysis, which is a powerful and
fundamental tool that provides invariant solutions to boundary value
problems. It is applicable to both linear and nonlinear differential
equations. The mathematical technique we use is one-parameter group
transformation. The Lie group analysis expresses the infinitesimals of a
group in terms of one or more functions, called infinitesimal functions,
each of which depends on independent and dependent variables. The
procedure for finding the infinitesimals is then reduced to finding
the auxiliary equation. This can be obtained by solving set of partial
differential equations that arise as a result of invoking invariance of
the partial differential equation and its auxiliary conditions. Hence, the
Lie group analysis can be used to solve a wider variety of nonlinear
problems.

Mathematical formulation
The following assumptions are considered to construct our model:

(1) The rate of absorption at any point in the membrane is
proportional to the concentration of the drug at the point,

(2) The x-axis of the coordinate system is taken in the direction of
the normal on the membrane,

(3) No diftusion takes place through the edges of the membrane,

(4) The concentration in the membrane is considered as a function
of time and of the x-coordinate, and

(5) The rate of transfer of diffusion in the membrane, per unit
area, is proportional to the gradient of the concentration across the
membrane.

Let C(x, t) be the concentration of the drug at a distance "x"
from one face of the membrane and at an instant of time "¢" and P(x,
t) be the function which determines the coefficient of diffusion. The
concentrations of drug in the donor and the receiver cells are D(¢) and
R(1), respectively.

Consider a membrane of unit thickness and if "Q" is the coefficient
of partition, " q " is the coeflicient which determines the rate of

absorption of the drug in the membrane.

The equation which governs the diffusion process may be written as
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with the following conditions.

(i) Initial condition:

C(x,0) =0, 0<x<1 2.2)
(ii) Boundary conditions:
C0,)=9 (), t>0 (2.3)
CLty=y (@), t>0 (2.4)
Where
aQ

£) = , (2.5)
(1) DO)—F
v(=a QR 0) 26)

Lie symmetry group method

According to Lie’s method [9-11], the infinitesimal generator of the
symmetry group admitted by (2.1) is given by

0
o+ 277]
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where

i=1,2,j=1,2,and x' is independent variable (x, t) and¢ / is
dependent variable (C, P).

10,20 2.8
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in which &', £2, #', #* are infinitesimal functions of the group

variables. Then, the corresponding one-parameter Lie group of
transformations is given by

x=gZa2 8

x* =exp(e X)=x+¢ §l(x,t,c,p)+0(62),

t =exp(e X)=t+¢e¢ (xtc p)+0(£2)
) 5 (2.9)

C* =exp(e X) = C+877(xtcp)+0( )

*_ _ 2 2
P =exp(e X)=P+en“(x,tc,p)+0|e

If (2.9) is left invariant by the transformation then (x, t, C, P) > (x,
t, C', P"). Equivalently, we can obtain (x', £, v', ) by solving

dx 51( tCP) dt 52( tCP)

dc_l**** dp_2****
e [x t,C P j 4o =T (x t,C ,PJ

. (2.10)

subject to initial condition (x', t, C', P") _,»> (x, t, C, P)

Since the equation which governs the diffusion has at most second
- order derivatives, the second prolongation of the generator should be
considered in the form:

10 20

x(2)= 51 +§27+77 =t 3 —+§xf Cx **Cx% ,» (211)
where

g)lc:Dx(’ll)_CxDx(fl)_C Dx(fz)a dZDz(Wl)_CxDz(;l)_ClDl(’fz)
é‘%:Dx(’Yz)_PxDx(il)_PtDx(gz)’ é‘tz:Dt(nz)_PXDt(gl)_f;Dt(‘fz) ’(212)

g)lcx:Dx(gjlc)’Cxx Dx(§1)—Cxt Dx(§2)

A vector X given by (2.11) is said to be a Lie point symmetry vector
field for equations (2.1) with Invariant condition X®{2.1} = 0, and
solving this system in view of the invariance of the initial and boundary
conditions we get the determining equation:

1_ £l 1 1 2_ g2 2 _ g2
§t=§C=§p=0: 5xx=0s §x=§C=§P=§ttt=0’
11 22 2 2.,.3£2 2
n 755( 20282 -21qCE2+4qCE2+3 e v21g ) (2.13)
n?=(2el-¢2)p
Solving we get
1
§1 Cyx+es, § _fcl t2+c2t+c3
(2.14)
C(c t+2c )q+tc
1_ 2 3 3 2__(_
n = i , n°= (204+clt+02)P
The auxiliary equation will be
& _ dt _ dc _ dP
cyxtes %cltz+c21+c3 M —P(—2c4+clz+c2) (2.15)

tq

According to our initial and boundary condition we found the
solution when ¢, # 0 and all others will be zeros and substitute in (2.15)
we get

ax _ at _ = . (2.16)
0 CHl C —C P
Solving we get
n(x,1) =x

F,(x) (2.17)
Cr) =yt F(x), P(xt :2f

where y is an arbitrary constant and F (x) and F,(x) are arbitrary
function of x.

By substituting (2.17) in (2.1), we get

2
FZFI +F2F1 7qF1 F 0, (2.18)
and if we consider:
F,(0) = « Q, and substitute in (2.3) and (2.5) we get
D)=L +p (2.19)
yt
F /(1) = Q and substitute in (2.4) and (2.6) we get
R(t)= ﬁ (2.20)
a
Now consider the following two cases for F,(x):
Case (1): F,(x) = e and substitute in (2.18) we get
R -F -yqe" K —eF =0 (2.21)
With boundary condition
F(0)=aQ (2.22)
F(1)=Q (2.23)

From the results of Figure 1, it is clear that the concentration C(x,
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Figure 1: Effect of time on the concentration C(x, t) through the

10°
membrane for a = 2, Q = 81.95, r==—q= 1.16.
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Figure 2: Concentration of the donor and the receiver cells for =

—6 —11
40000, ,-10" 10~
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t) is slowly decreasing from the initial border of the membrane to the
other.

From Figure 2, it is clear that the concentration in the donor cell
D(t) decreases with time and the concentration in the receiving cell R(¢)
increases time which is compatible with our physical model.

From Figure 3, it is clear that the concentration C(x, t) in the
membrane is increasing with time since our membrane does not
contain any drug but at the same time the points near to initial border
has higher concentration.

From Table 1, it is clear that the concentration C(x, f) is slowly
decreasing with distance and is increasing with time.

Case (2): E(x)= e*"z , and substitute in (2.18) we get

Fl"—ZxFl/—;/qex2 Flz—eszl:O (2.24)
with boundary condition

F(0)=aQ (2.25)
F(1)=Q (2.26)

From Figure 4, we notice that the concentration C(x;, t) is decreasing

from the initial border of the membrane to the other border.

In Figure 5, we studied effect of time on the concentration; we
found that firstly the concentration C(x, t) in the membrane increased
with time since our membrane does not contain any drug, but at the
same time the points near to the initial border has higher concentration.

Table 2, illustrates the concentration C(x, t) is slowly decreasing
with distance and is increasing with time.

0.025
x=0,02,04,06,08,1

0.015

C(x,1)

0.01 8

0.005 | N
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Figure 3: Concentration C(x, f) through the membrane for =2, Q =

-6
81.95, ,-10" g=1.16.

4
X F,(x) C (x, 50) C (x, 150)
0.0 163.9000 0.00204875 0.00614625
0.1 152.0091 0.00190011 0.00570034
0.2 140.6348 0.00175794 0.00527380
03 129.8698 0.00162337 0.00487012
0.4 119.8154 0.00149769 0.00449308
05 110.5853 0.00138232 0.00414695
06 102.2979 0.00127872 0.00383617
07 095.1040 0.00118880 0.00356640
0.8 089.1688 0.00111461 0.00334383
0.9 084.6975 0.00105872 0.00317616
1.0 081.9500 0.00102438 0.00307312

Table 1: F,(x), C (x, 50) and C (x, 150) for a = 2, Q= 81.95, , 19" q=1.16.
4

t=20, 40, 60, 80, 100

-

Figure 4: Effect of time on the concentration C(x, t) through the

—6
membrane fora =2, Q = 81.95,72%, q=1.16.
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The relative difference between two cases:
3.5
R‘D.%:Fl(x)caseZ_Fl(x)casel %100 3l i
Fl (x)caseZ o5l i
R.D.% = Clx, 50)cu532 -Clx, 50)casel %100 i 2+ 4
C(x>50)casez = 1.5¢ i
a
o
R.D.%:C(x,lSO)amz—C(x,lSO)mse1 100 10 |
C(x,150), .2 0.5f 1
We find R.D% in three cases typical as below ° |
5, 0.2 0.4 0.6 0.8 1

Table 3 illustrates that, the small relative variation in concentration
for the two cases is explained in Tables 1 and 2, therefore the effect of
the diffusion coefficient in Eq. (2.1) very small (Figure 6).

The value of R.D.% increases gradually against ¥ and reached to
its maximum value at x = 0.7, then starts to decrease again and reaches
zero atx = 1.

Conclusion

Non-linear partial differential equation, has been solved using Lie
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x=0,02,04,06,0.8,1

0.02 1 <

0.005 b
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Figure 5: Effect of time on the concentration C(x, t) through the

—6
membrane for a =2, Q = 81.95, y:L, q=1.16.
4

X F,(x) C (x, 50) C (x, 150)
0.0 163.9000 0.00204875 0.00614625
0.1 151.5883 0.00189485 0.00568456
0.2 140.5958 0.00175745 0.00527234
0.3 130.6503 0.00163313 0.00489939
0.4 121.5661 0.00151958 0.00455873
0.5 113.2246 0.00141531 0.00424592
0.6 105.5353 0.00131919 0.00395757
0.7 098.4788 0.00123098 0.00369296
0.8 092.0940 0.00115118 0.00345352
0.9 086.5033 0.00108129 0.00324387
1.0 081.9500 0.00102438 0.00307312
107

Table 2: F,(x), C (x, 50) and C (x, 150) fora =2, Q=81.95, y =—— ¢ =1.16.
4

X 0 01 0203 04 05 06 07 0809 1
RD.% 0 |-0.28-0.03 0.6 |1.44 233 3.07 343 318 209 O

Table 3: lllustrates R.D%.

Figure 6: R.D.% for different value of x.

group analysis, and C(x, t) and P(x, t) have been evaluated analytically
using the parameters of an experimental Study [8]. The results obtained
map the state of the membrane in a way similar to the one obtained by
Spoelstra and van Wyk [8], using a finite-difference method.

The other transformations, like spiral transform and linear
transform, do not work for leaving the differential equation as well as
the initial and boundary conditions invariant.

The concentration proportional linear with time and P(x, ¢) which
describes the coeflicient of diffusion is inversely proportional with
time. Value of R.D.% depends on the method of numerical solution to
equation (2.18) and the value of F,(x).
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