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Arithmetic Properties of Solutions of Certain Functional
Equations with Transformations Represented by

Matrices Including a Negative Entry

Taka-aki TANAKA

Keio University

Abstract. Mahler’s method gives algebraic independence results for the values of functions of several vari-
ables satisfying certain functional equations under the transformations of the variables represented as a kind of the
multiplicative action of matrices with integral entries. In the Mahler’s method, the entries of those matrices must be
nonnegative; however, in the special case stated in this paper, one can admit those matrices to have a negative en-
try. We show the algebraic independence of the values of certain functions satisfying functional equations under the
transformation represented by such matrices, expressing those values as linear combinations of the values of ordinary
Mahler functions.

1. Introduction and the result

Let Ω =
(

a b

c d

)
be a 2 × 2 matrix with nonnegative integer entries a, b, c, and d . We

define a transformation Ω : C2 → C2 by Ω(z1, z2) = (za
1zb

2, z
c
1z

d
2 ). For any 2 × 2 matrix

A with nonnegative integer entries, defining A(z1, z2) by the same way as Ω(z1, z2), we see

that A(Ω(z1, z2)) = (AΩ)(z1, z2), and hence Ωk(z1, z2) is well-defined for any nonnegative
integer k.

In what follows, for any field F we denote by F(x1, . . . , xn) and F [[x1, . . . , xn]] the field
of rational functions and the ring of formal power series in the variables x1, . . . , xn with coeffi-
cients in F , respectively. Let K be an algebraic number field. Let f1(z1, z2), . . . , fm(z1, z2) ∈
K[[z1, z2]] converge in some neighborhood of the origin of C2 and satisfy

fi(z1, z2) = aifi(Ω(z1, z2)) + bi(z1, z2) (1 ≤ i ≤ m) , (1)

where a1, . . . , am are nonzero algebraic numbers and bi(z1, z2) (1 ≤ i ≤ m) are rational
functions in the variables z1 and z2 with algebraic coefficients such that bi(0, 0) (1 ≤ i ≤ m)

are defined.
Theorem 1 below was originally proved by Mahler [4] (see also [5]) and improved by

Loxton and van der Poorten [3]. These three authors dealt with functions fi(z1, . . . , zn)
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of n variables z1, . . . , zn satisfying functional equations such as (1); however, it is rather
complicated to state here the precise conditions assumed in their theorems and hence we
mention here only the case of n = 2. Nishioka [6] gave more easily understandable conditions
than those of the three authors for the algebraic independence of the values of the functions
fi(z1, . . . , zn).

THEOREM 1 (A special case of Loxton and van der Poorten [3]). Suppose that a +
d > 0 and the characteristic polynomial X2 − (a + d)X + ad − bc of Ω is irreducible over
Q. Let α be an algebraic number with 0 < |α| < 1. If fi(z1, z2) ∈ K[[z1, z2]] (1 ≤ i ≤ m)

satisfying (1) are algebraically independent over C(z1, z2) and convergent at (1, α) and if
bi(Ω

k(1, α)) (1 ≤ i ≤ m) are defined for all k ≥ 0, then the values fi(1, α) (1 ≤ i ≤ m) are
algebraically independent.

Here the condition that the entries of Ω are nonnegative is crucial; however, in this paper
we establish the algebraic independence of the values of certain functions satisfying functional
equations such as (1) with Ω having a negative entry.

THEOREM 2. Let {Rk}k∈Z be a sequence of integers with integral subscripts satisfying

Rk+2 = aRk+1 + Rk (k ∈ Z) ,

where a is a positive integer. Suppose there exists an integer k0 such that R2k0 = 0 and
R2k0+1 > 0. Let γ1, . . . , γm be nonzero distinct algebraic numbers. Define the series

Fμξ (z1, z2) =
∑
k∈Z

ξkz
R2k+1
1 z

R2k−1
2

1 − γμz
R2k+1
1 z

R2k−1
2

(1 ≤ μ ≤ m)

and

Gμη(z1, z2) =
∑
k∈Z

ηkz
R2k+2
1 z

R2k

2

1 − γμz
R2k+2
1 z

R2k

2

(1 ≤ μ ≤ m) ,

where ξ and η are algebraic numbers with |ξ | > 1 and |η| > 1. Then Fμξ (z1, z2) and
Gμη(z1, z2) (1 ≤ μ ≤ m) are power series which converge in the domain

D = {(z1, z2) ∈ C2 | λ log |z1| + log |z2| < 0, log |z1| + λ log |z2| < 0} , (2)

where λ = (a2 + 2 + a
√

a2 + 4)/2, and satisfy the following two properties:
(i) Let

Ω =
(

a2 + 2 1
−1 0

)

and define the transformation Ω : C2 → C2 by Ω(z1, z2) = (za2+2
1 z2, z

−1
1 ). Then

Fμξ (z1, z2) and Gμη(z1, z2) (1 ≤ μ ≤ m) satisfy the functional equations

Fμξ (z1, z2) = ξFμξ (Ω(z1, z2)) and Gμη(z1, z2) = ηGμη(Ω(z1, z2)) , (3)
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respectively.

(ii) Let α be an algebraic number with 0 < |α| < 1 such that αRk �= γ ±1
μ (1 ≤ μ ≤ m)

for all k ∈ Z. Then the values

Fμξ (1, α) =
∑
k∈Z

ξkαR2k−1

1 − γμαR2k−1
(1 ≤ μ ≤ m, ξ ∈ Q, |ξ | > 1)

and

Gμη(1, α) =
∑
k∈Z

ηkαR2k

1 − γμαR2k
(1 ≤ μ ≤ m, η ∈ Q, |η| > 1)

are algebraically independent, where Q is the set of algebraic numbers.

REMARK 1. The sequence {Rk}k∈Z is uniquely determined if the consecutive terms,
for example, R0 and R1 are given. The explicit expression of Rk for any k ∈ Z and the
convergence of Fμξ (z1, z2) and Gμη(z1, z2) (1 ≤ μ ≤ m) are explained in Section 3 as the
first half of the proof of Theorem 2. For any k ∈ Z, Rk is expressed, for instance, as (8) in
Section 3.

COROLLARY 1. Let {Rk}k∈Z and γ1, . . . , γm be as in Theorem 2. Define the series

fμξ (z1, z2) =
∑
k∈Z

ξkz
Rk+2
1 z

Rk

2

1 − γμz
Rk+2
1 z

Rk

2

(1 ≤ μ ≤ m) ,

where ξ is an algebraic number with |ξ | > 1. Then fμξ (z1, z2) (1 ≤ μ ≤ m) are power series
which converge in the domain D defined by (2) and satisfy the following two properties:

(i) Define the transformation Ω as in Theorem 2. Then each of fμξ (z1, z2) (1 ≤ μ ≤
m) satisfies the functional equation

fμξ (z1, z2) = ξ2fμξ (Ω(z1, z2)) .

(ii) Let α be an algebraic number with 0 < |α| < 1 such that αRk �= γ ±1
μ (1 ≤ μ ≤ m)

for all k ∈ Z. Then the values

fμξ (1, α) =
∑
k∈Z

ξkαRk

1 − γμαRk
(1 ≤ μ ≤ m, ξ ∈ Q, |ξ | > 1)

are algebraically independent.

EXAMPLE 1. Let {Fk}k≥0 be the sequence of Fibonacci numbers defined by

F0 = 0 , F1 = 1 , Fk+2 = Fk+1 + Fk (k ≥ 0) .

Then, as is stated in Section 3, Fk is defined for any integer k. Define the function Gn(x) (n =
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1, 2, 3, . . .) of the complex variable x by

Gn(x) =
∑
k∈Z

xk

2Fk + n
= · · · + x−4

2−3 + n
+ x−3

22 + n
+ x−2

2−1 + n
+ x−1

2 + n

+ 1

1 + n
+ x

2 + n
+ x2

2 + n
+ x3

22 + n
+ · · · .

Then Gn(x) (n = 1, 2, 3, . . .) converge in |x| > 1 and the infinite set of the values
{

Gn(ξ) =
∑
k∈Z

ξk

2Fk + n

∣∣∣∣∣ n = 1, 2, 3, . . . ; ξ ∈ Q, |ξ | > 1

}

is algebraically independent by Corollary 1 with −γμ ∈ {1, 2, 3, . . .} and α = 1/2.

Taking C as Q in the following theorem, we see that, if the entries of Ω are nonnegative,
there are no solutions of the functional equations such as (3) which take transcendental values.
Hence it is essential in Theorem 2 that there is a negative entry in the matrix Ω , otherwise the
values Fμξ (1, α) and Gμη(1, α) in Theorem 2 must be algebraic.

THEOREM 3 (Loxton and van der Poorten [2], see also Theorem 3.1 of Nishioka [6]).
Let C be a field and Ω a nonsingular 2 × 2 matrix with nonnegative integer entries. Assume
that none of the eigenvalues of Ω is a root of unity. Let ξ be an element of C and F(z1, z2) a
quotient of the elements of C[[z1, z2]]. If

F(z1, z2) = ξF (Ω(z1, z2)) ,

then F(z1, z2) ∈ C.

The property (ii) of Theorem 2 is proved in Section 3 by using the following:

THEOREM 4. Let {R(i)
k }k≥0 (i = 1, 2) be sequences of positive integers satisfying

R
(i)
k+2 = aR

(i)
k+1 + R

(i)
k (k = 0, 1, 2, . . .) ,

where a is a positive integer. Let α be an algebraic number with 0 < |α| < 1, γ1, . . . , γm

nonzero distinct algebraic numbers, and δ1, . . . , δn nonzero distinct algebraic numbers such

that αR
(1)
k �= γ −1

μ (1 ≤ μ ≤ m) and αR
(2)
k �= δ−1

ν (1 ≤ ν ≤ n) for all k ≥ 0. Then the numbers

∑
k≥0

ξkαR
(1)
k

1 − γμαR
(1)
k

(1 ≤ μ ≤ m, ξ ∈ Q, |ξ | > 1)

and

∑
k≥0

ηkαR
(2)
k

1 − δνα
R

(2)
k

(1 ≤ ν ≤ n, η ∈ Q, 0 < |η| < 1)
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are algebraically independent.

2. Proof of Theorem 4

Let M(z1, z2) = zm
1 zn

2, where m and n are nonnegative integers not both zero, and let C

be an algebraically closed field of characteristic 0. In order to prove Theorem 4 we use the
following:

LEMMA 1 (A special case of Theorem 1 of [7]). Let Ω =
(

a 1
b 0

)
, where a and b

are positive integers. Suppose that the characteristic polynomial X2 − aX − b of Ω is irre-

ducible over Q. Assume that F(z1, z2) ∈ C[[z1, z2]] satisfies the functional equation of the
form

F(z1, z2) = ξF (Ωp(z1, z2)) +
p+q−1∑

k=q

Qk(M(Ωk(z1, z2))) ,

where ξ �= 0 is an element of C, p > 0, q ≥ 0 are integers, and Qk(X) ∈ C(X) (q ≤
k ≤ p + q − 1) are defined at X = 0. If F(z1, z2) ∈ C(z1, z2), then F(z1, z2) ∈ C and

Qk(X) ∈ C (q ≤ k ≤ p + q − 1).

PROOF OF THEOREM 4. The numbers in question are the values fμξ (1, α) (1 ≤ μ ≤
m) and gνη(1, α) (1 ≤ ν ≤ n) of the functions

fμξ (z1, z2) =
∑
k≥0

ξkz
R

(1)
k+1

1 z
R

(1)
k

2

1 − γμz
R

(1)
k+1

1 z
R

(1)
k

2

(1 ≤ μ ≤ m)

and

gνη(z1, z2) =
∑
k≥0

ηkz
R

(2)
k+1

1 z
R

(2)
k

2

1 − δνz
R

(2)
k+1

1 z
R

(2)
k

2

(1 ≤ ν ≤ n) ,

which respectively satisfy the functional equations

fμξ (z1, z2) = ξfμξ (Ω(z1, z2)) + M1(z1, z2)

1 − γμM1(z1, z2)

and

gνη(z1, z2) = ηgνη(Ω(z1, z2)) + M2(z1, z2)

1 − δνM2(z1, z2)
,
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where

Ω =
(

a 1
1 0

)
, M1(z1, z2) = z

R
(1)
1

1 z
R

(1)
0

2 , M2(z1, z2) = z
R

(2)
1

1 z
R

(2)
0

2 ,

and

M1(Ω
k(z1, z2)) = z

R
(1)
k+1

1 z
R

(1)
k

2 , M2(Ω
k(z1, z2)) = z

R
(2)
k+1

1 z
R

(2)
k

2 (k ≥ 0) .

Suppose on the contrary that there exist distinct algebraic numbers ξ1, . . . , ξs with |ξi | >

1 and distinct algebraic numbers η1, . . . , ηt with 0 < |ηj | < 1 such that the values
fμξi (1, α) (1 ≤ μ ≤ m, 1 ≤ i ≤ s) and gνηj (1, α) (1 ≤ ν ≤ n, 1 ≤ j ≤ t) are al-

gebraically dependent. Noting that the characteristic polynomial Φ(X) = X2 − aX − 1 of
Ω is irreducible over Q since ±1 are not the roots of Φ(X), we see by Theorem 1 that the
functions fμξi (z1, z2) (1 ≤ μ ≤ m, 1 ≤ i ≤ s) and gνηj (z1, z2) (1 ≤ ν ≤ n, 1 ≤ j ≤ t)

are algebraically dependent over C(z1, z2). Since ξ1, . . . , ξs and η1, . . . , ηt are distinct, by
Loxton and van der Poorten’s theorem [2, Theorem 2] or by Kubota’s result [1, Corollary 9],
there exist complex numbers c1, . . . , cm, not all zero, such that

F(z1, z2) :=
m∑

μ=1

cμfμξi (z1, z2) ∈ C(z1, z2)

for some i, or there exist complex numbers d1, . . . , dn, not all zero, such that

G(z1, z2) :=
n∑

ν=1

dνgνηj (z1, z2) ∈ C(z1, z2)

for some j . Then F(z1, z2) and G(z1, z2) satisfy

F(z1, z2) = ξiF (Ω(z1, z2)) +
m∑

μ=1

cμM1(z1, z2)

1 − γμM1(z1, z2)

and

G(z1, z2) = ηjG(Ω(z1, z2)) +
n∑

ν=1

dνM2(z1, z2)

1 − δνM2(z1, z2)
,

respectively. By Lemma 1 with p = 1 and q = 0, we see that

m∑
μ=1

cμX

1 − γμX
∈ C or

n∑
ν=1

dνX

1 − δνX
∈ C ,

which is a contradiction since these functions of the variable X have some poles. �
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3. Proof of Theorem 2

PROOF OF THEOREM 2. Let ρ1 and ρ2 be the roots of X2 − aX − 1. Since a > 0, we
may assume ρ1 > 1 and −1 < ρ2 < 0. For any real numbers c and d we define

R∗
k = cρk

1 + dρk
2 (k ∈ Z) .

Then the sequence {R∗
k }k≥−1 satisfies

R∗
k+2 = aR∗

k+1 + R∗
k (k ≥ −1) . (4)

By ρ1ρ2 = −1 we have

(−1)kR∗−k = (ρ1ρ2)
k(cρ−k

1 + dρ−k
2 ) = dρk

1 + cρk
2

for k ≥ −1, and hence {(−1)kR∗−k}k≥−1 satisfies

(−1)k+2R∗−k−2 = a(−1)k+1R∗−k−1 + (−1)kR∗−k (k ≥ −1) . (5)

By (4) and (5) we see that

R∗
k+2 = aR∗

k+1 + R∗
k (k ∈ Z) .

Hereafter we put

c = R2k0+1 − ρ2R2k0

ρ1 − ρ2
ρ

−2k0
1 = R2k0+1ρ

−2k0
1

ρ1 − ρ2
(6)

and

d = ρ1R2k0 − R2k0+1

ρ1 − ρ2
ρ

−2k0
2 = −R2k0+1ρ

−2k0
2

ρ1 − ρ2
. (7)

Then

c > 0 and d < 0

by the condition R2k0+1 > 0. Since R∗
2k0

= R2k0 and R∗
2k0+1 = R2k0+1, we see that R∗

k =
Rk (k ∈ Z) and so

Rk = R2k0+1

ρ1 − ρ2
ρ

k−2k0
1 − R2k0+1

ρ1 − ρ2
ρ

k−2k0
2 (k ∈ Z) , (8)

which is the explicit expression for the terms of the sequence {Rk}k∈Z.
For any k ∈ Z, define

S
(1)
k := R2k−1 = cρ−1

1 (ρ2
1 )k + dρ−1

2 (ρ2
2 )k and S

(2)
k := R2k = c(ρ2

1)k + d(ρ2
2 )k , (9)
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where c and d are defined by (6) and (7), respectively. Since ρ2
1 +ρ2

2 = (ρ1 +ρ2)
2 −2ρ1ρ2 =

a2 + 2 and ρ2
1ρ2

2 = 1, the sequences {S(i)
k }k∈Z (i = 1, 2) satisfy

S
(i)
k+2 = (a2 + 2)S

(i)
k+1 − S

(i)
k (k ∈ Z) . (10)

Since cρ−1
1 , dρ−1

2 > 0 and ρ2
1 > 1 > ρ2

2 , we see that S
(1)
k > 0 for any k ∈ Z and S

(1)
k tends to

+∞ as k tends to ±∞. Hence

Fμξ (z1, z2) =
∑
k≥0

ξkz
S

(1)
k+1

1 z
S

(1)
k

2

1 − γμz
S

(1)
k+1

1 z
S

(1)
k

2

+
∑
k<0

ξkz
S

(1)
k+1

1 z
S

(1)
k

2

1 − γμz
S

(1)
k+1

1 z
S

(1)
k

2

converges in C[[z1, z2]] with respect to the topology defined by its maximal ideal (z1, z2);

moreover, Fμξ (z1, z2) converges in the domain D since S
(1)
k+1/S

(1)
k tends to ρ2

1 = λ as k tends

to +∞ and S
(1)
k /S

(1)
k+1 tends to 1/ρ2

2 = λ as k tends to −∞ and so the first sum converges if

|z1|λ|z2| < 1 and the second sum converges if |z1||z2|λ < 1. By (10) we have

ξFμξ (Ω(z1, z2)) = ξFμξ (z
a2+2
1 z2, z

−1
1 ) =

∑
k∈Z

ξk+1z
S

(1)
k+2

1 z
S

(1)
k+1

2

1 − γμz
S

(1)
k+2

1 z
S

(1)
k+1

2

,

which converges in the domain D and which converges to

Fμξ (z1, z2) =
∑
k∈Z

ξkz
S

(1)
k+1

1 z
S

(1)
k

2

1 − γμz
S

(1)
k+1

1 z
S

(1)
k

2

in C[[z1, z2]] with respect to the topology.

Since ρ2
1 > 1 > ρ2

2 and so S
(2)
k+1 − S

(2)
k = c(ρ2

1 − 1)ρ2k
1 + d(ρ2

2 − 1)ρ2k
2 > 0, {S(2)

k }k∈Z

is a strictly increasing sequence of integers with S
(2)
k0

= R2k0 = 0. Hence

Gμη(z1, z2)

=
∑
k≥k0

ηkz
S

(2)
k+1

1 z
S

(2)
k

2

1 − γμz
S

(2)
k+1

1 z
S

(2)
k

2

+ γ −1
μ

∑
k<k0

ηk

⎛
⎝ z

−S
(2)
k+1

1 z
−S

(2)
k

2

z
−S

(2)
k+1

1 z
−S

(2)
k

2 − γμ

− 1

⎞
⎠

=
∑
k≥k0

ηkz
S

(2)
k+1

1 z
S

(2)
k

2

1 − γμz
S

(2)
k+1

1 z
S

(2)
k

2

− γ −2
μ

∑
k<k0

ηkz
−S

(2)
k+1

1 z
−S

(2)
k

2

1 − γ −1
μ z

−S
(2)
k+1

1 z
−S

(2)
k

2

− γ −1
μ

∑
k<k0

(η−1)−k

converges in C[[z1, z2]] with respect to the topology defined by its maximal ideal (z1, z2);

moreover, Gμη(z1, z2) converges in the domain D since |η−1| < 1 and since S
(2)
k+1/S

(2)
k tends
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to λ as k tends to +∞ and S
(2)
k /S

(2)
k+1 tends to λ as k tends to −∞. By (10) we have

ηGμη(Ω(z1, z2)) = ηGμη(z
a2+2
1 z2, z

−1
1 ) =

∑
k∈Z

ηk+1z
S

(2)
k+2

1 z
S

(2)
k+1

2

1 − γμz
S

(2)
k+2

1 z
S

(2)
k+1

2

,

which converges in the domain D and which converges to

Gμη(z1, z2) =
∑
k∈Z

ηkz
S

(2)
k+1

1 z
S

(2)
k

2

1 − γμz
S

(2)
k+1

1 z
S

(2)
k

2

in C[[z1, z2]] with respect to the topology. This gives the property (i) of Theorem 2.
Let

R
(1)
k = Rk+2k0+1 (k ≥ 0) .

Then by (9) we have

S
(1)
k+k0+1 = R2k+2k0+1 = R

(1)
2k (k ≥ 0)

and

S
(2)
k+k0+1 = R2k+2k0+2 = R

(1)
2k+1 (k ≥ 0) .

Let

R
(2)
k = (−1)kR2k0−k−1 (k ≥ 0) .

Then by (9) we have

S
(1)
k0−k = R2k0−2k−1 = R

(2)
2k (k ≥ 0)

and

S
(2)
k0−k−1 = R2k0−2k−2 = −R

(2)
2k+1 (k ≥ 0) .

Since R
(1)
0 = R2k0+1 = S

(1)
k0+1 > 0, R

(1)
1 = R2k0+2 = S

(2)
k0+1 > S

(2)
k0

= 0, R
(2)
0 = R2k0−1 =

S
(1)
k0

> 0, and R
(2)
1 = −R2k0−2 = −S

(2)
k0−1 > −S

(2)
k0

= 0, and since

R
(1)
k = cρ

2k0+1
1 ρk

1 + dρ
2k0+1
2 ρk

2 (k ≥ 0)

and

R
(2)
k = (−1)k(cρ

2k0−1
1 ρ−k

1 + dρ
2k0−1
2 ρ−k

2 ) = dρ
2k0−1
2 ρk

1 + cρ
2k0−1
1 ρk

2 (k ≥ 0) ,

we see by (4) that {R(i)
k }k≥0 (i = 1, 2) are sequences of positive integers satisfying

R
(i)
k+2 = aR

(i)
k+1 + R

(i)
k (k ≥ 0) .
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For 1 ≤ μ ≤ m, define the functions

f +
1μ(x, z) =

∑
k≥0

(
√

x)kzR
(1)
k

1 − γμzR
(1)
k

, f −
1μ(x, z) =

∑
k≥0

(−√
x)kzR

(1)
k

1 − γμzR
(1)
k

,

f +
2μ(x, z) =

∑
k≥0

(
√

x)kzR
(2)
k

1 − γμzR
(2)
k

, f −
2μ(x, z) =

∑
k≥0

(−√
x)kzR

(2)
k

1 − γμzR
(2)
k

,

f +
3μ(x, z) =

∑
k≥0

(
√

x)kzR
(2)
k

1 − γ −1
μ zR

(2)
k

, f −
3μ(x, z) =

∑
k≥0

(−√
x)kzR

(2)
k

1 − γ −1
μ zR

(2)
k

.

Noting that

{1, 0, ξ, 0, ξ2, 0, ξ3, , . . .} =
{

(
√

ξ)k + (−√
ξ)k

2

}
k≥0

,

we have

Fμξ (1, α) =
∑

k≥k0+1

ξkαS
(1)
k

1 − γμαS
(1)
k

+
∑
k≤k0

ξkαS
(1)
k

1 − γμαS
(1)
k

=
∑
k≥0

ξk+k0+1α
S

(1)
k+k0+1

1 − γμα
S

(1)
k+k0+1

+
∑
k≥0

ξk0−kα
S

(1)
k0−k

1 − γμα
S

(1)
k0−k

=
∑
k≥0

ξk+k0+1αR
(1)
2k

1 − γμαR
(1)
2k

+
∑
k≥0

ξk0−kαR
(2)
2k

1 − γμαR
(2)
2k

= ξk0+1

2

∑
k≥0

(
(
√

ξ)k + (−√
ξ)k
)
αR

(1)
k

1 − γμαR
(1)
k

+ξk0

2

∑
k≥0

(
(
√

ξ−1)k + (−√ξ−1)k
)

αR
(2)
k

1 − γμαR
(2)
k

= ξk0+1

2

(
f +

1μ(ξ, α) + f −
1μ(ξ, α)

)

+ξk0

2

(
f +

2μ(ξ−1, α) + f −
2μ(ξ−1, α)

)
. (11)

Next we have

Gμη(1, α)
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=
∑

k≥k0+1

ηkαS
(2)
k

1 − γμαS
(2)
k

+ ηk0α
S

(2)
k0

1 − γμα
S

(2)
k0

+ γ −1
μ

∑
k≤k0−1

ηk

(
1

1 − γμαS
(2)
k

− 1

)

=
∑
k≥0

ηk+k0+1αR
(1)
2k+1

1 − γμαR
(1)
2k+1

+ ηk0

1 − γμ

+ γ −1
μ

∑
k≥0

ηk0−k−1

⎛
⎝ 1

1 − γμα−R
(2)
2k+1

− 1

⎞
⎠

= ηk0+1
∑
k≥0

ηkαR
(1)
2k+1

1 − γμαR
(1)
2k+1

+ γ −1
μ ηk0−1

⎛
⎝−

∑
k≥0

η−kαR
(2)
2k+1

γμ − αR
(2)
2k+1

−
∑
k≥0

η−k

⎞
⎠+ ηk0

1 − γμ

.

Noting that

{0, 1, 0, η, 0, η2, 0, η3, . . .} =
{

(
√

η)k − (−√
η)k

2
√

η

}
k≥0

,

we see that

Gμη(1, α) = ηk0+1

2
√

η

∑
k≥0

(
(
√

η)k − (−√
η)k
)
αR

(1)
k

1 − γμαR
(1)
k

−γ −2
μ ηk0−1

2
√

η−1

∑
k≥0

(
(
√

η−1)k − (−√η−1)k
)

αR
(2)
k

1 − γ −1
μ αR

(2)
k

− γ −1
μ ηk0−1

1 − η−1
+ ηk0

1 − γμ

= ηk0+1

2
√

η

(
f +

1μ(η, α) − f −
1μ(η, α)

)
− γ −2

μ ηk0−1

2
√

η−1

(
f +

3μ(η−1, α) − f −
3μ(η−1, α)

)

+γ −1
μ ηk0

1 − η
+ ηk0

1 − γμ

. (12)

For proving the theorem, it is enough to show that, for any distinct algebraic numbers
ξ1, . . . , ξs with |ξi | > 1 and for any distinct algebraic numbers η1, . . . , ηt with |ηj | > 1,
the values Fμξi (1, α) (1 ≤ μ ≤ m, 1 ≤ i ≤ s) and Gμηj (1, α) (1 ≤ μ ≤ m, 1 ≤ j ≤
t) are algebraically independent. Replacing {ξ1, . . . , ξs } with {ξ1, . . . , ξs} ∪ {η1, . . . , ηt } if
necessary, we may assume that {ξ1, . . . , ξs } ⊃ {η1, . . . , ηt } without loss of generality. Hence
it suffices to prove that, for any distinct algebraic numbers ξ1, . . . , ξs with |ξi | > 1, the values
Fμξi (1, α) and Gμξi (1, α) (1 ≤ μ ≤ m, 1 ≤ i ≤ s) are algebraically independent.

Letting {δ1, . . . , δn} = {γ1, . . . , γm}∪{γ −1
1 , . . . , γ −1

m } and noting that ±√
ξi (1 ≤ i ≤ s)

are distinct numbers in {x ∈ Q | |x| > 1} and ±
√

ξ−1
i (1 ≤ i ≤ s) are distinct numbers in

{x ∈ Q | 0 < |x| < 1}, we see by Theorem 4 that the numbers
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f +
1μ(ξi , α) =

∑
k≥0

√
ξi

k
αR

(1)
k

1 − γμαR
(1)
k

, f −
1μ(ξi, α) =

∑
k≥0

(−√
ξi)

kαR
(1)
k

1 − γμαR
(1)
k

(1 ≤ μ ≤ m, 1 ≤ i ≤ s)

and

θ+
νi :=

∑
k≥0

√
ξ−1
i

k

αR
(2)
k

1 − δνα
R

(2)
k

, θ−
νi :=

∑
k≥0

(
−
√

ξ−1
i

)k

αR
(2)
k

1 − δνα
R

(2)
k

(1 ≤ ν ≤ n, 1 ≤ i ≤ s)

are algebraically independent.
Since

f +
2μ(ξ−1

i , α), f +
3μ(ξ−1

i , α) ∈ {θ+
νi | 1 ≤ ν ≤ n, 1 ≤ i ≤ s} ,

f −
2μ(ξ−1

i , α), f −
3μ(ξ−1

i , α) ∈ {θ−
νi | 1 ≤ ν ≤ n, 1 ≤ i ≤ s}

for 1 ≤ μ ≤ m and 1 ≤ i ≤ s, we see by (11) and (12) that there exists a 2ms × 2(m + n)s

matrix M with algebraic entries such that
t (F1ξi (1, α),G1ξi (1, α), . . . , Fmξi (1, α),Gmξi (1, α) | 1 ≤ i ≤ s)

= M t (f +
11(ξi , α), f −

11(ξi , α), . . . , f +
1m(ξi, α), f −

1m(ξi , α), θ+
1i , θ

−
1i , . . . , θ

+
ni , θ

−
ni | 1 ≤ i ≤ s)

+ t (0, γ −1
1 ξ

k0
i /(1 − ξi) + ξ

k0
i /(1 − γ1),

. . . , 0, γ −1
m ξ

k0
i /(1 − ξi) + ξ

k0
i /(1 − γm) | 1 ≤ i ≤ s) .

Moreover, by (11) and (12), the matrix M has a minor of order 2ms whose value is equal to

s∏
i=1

∣∣∣∣∣
ξ

k0+1
i /2 ξ

k0+1
i /2

ξ
k0+1
i /(2

√
ξi) −ξ

k0+1
i /(2

√
ξi)

∣∣∣∣∣
m

�= 0 .

Hence the 2ms values Fμξi (1, α) and Gμξi (1, α) (1 ≤ μ ≤ m, 1 ≤ i ≤ s) are expressed
as linearly independent linear combinations of 1 and the algebraically independent numbers

f +
1μ(ξi , α), f −

1μ(ξi , α) (1 ≤ μ ≤ m, 1 ≤ i ≤ s), θ+
νi, θ

−
νi (1 ≤ ν ≤ n, 1 ≤ i ≤ s) with

algebraic coefficients, which gives the property (ii) of Theorem 2. This completes the proof
of the theorem. �
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