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Arithmetic Properties of Solutions of Certain Functional
Equations with Transformations Represented by
Matrices Including a Negative Entry

Taka-aki TANAKA

Keio University

Abstract. Mahler’s method gives algebraic independence results for the values of functions of several vari-
ables satisfying certain functional equations under the transformations of the variables represented as a kind of the
multiplicative action of matrices with integral entries. In the Mahler’s method, the entries of those matrices must be
nonnegative; however, in the special case stated in this paper, one can admit those matrices to have a negative en-
try. We show the algebraic independence of the values of certain functions satisfying functional equations under the
transformation represented by such matrices, expressing those values as linear combinations of the values of ordinary
Mahler functions.

1. Introduction and the result

a L. . .
Let 2 = < ) be a 2 x 2 matrix with nonnegative integer entries a, b, ¢, and d. We
c

d

define a transformation £2 : C> — C2 by 2(z1,z2) = (Z’fzg, Zfzg). For any 2 x 2 matrix
A with nonnegative integer entries, defining A(z1, z2) by the same way as £2(z1, z2), we see
that A(£2(z1, 22)) = (A$2)(z1, z2), and hence £2%(z1, z2) is well-defined for any nonnegative
integer k.

In what follows, for any field F we denote by F (x1, ..., x,) and F[[x1, ..., x,]] the field
of rational functions and the ring of formal power series in the variables x1, . . ., x;,, with coeffi-
cients in F, respectively. Let K be an algebraic number field. Let f1(z1, 22), ..., fm(21,22) €
K[[z1, z2]] converge in some neighborhood of the origin of C? and satisfy

fi(zi,22) = a; fi($2(z1,22)) + bi(z1,22) (1 <i <m), (D

where ay, ..., a; are nonzero algebraic numbers and b;(z1,z2) (1 < i < m) are rational
functions in the variables z; and z, with algebraic coefficients such that b; (0, 0) (1 <i < m)
are defined.

Theorem 1 below was originally proved by Mahler [4] (see also [5]) and improved by
Loxton and van der Poorten [3]. These three authors dealt with functions f;(z1, ..., 2n)
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of n variables z1, ..., z, satisfying functional equations such as (1); however, it is rather
complicated to state here the precise conditions assumed in their theorems and hence we
mention here only the case of n = 2. Nishioka [6] gave more easily understandable conditions
than those of the three authors for the algebraic independence of the values of the functions

fiz1, .oy zZn)-

THEOREM 1 (A special case of Loxton and van der Poorten [3]). Suppose that a +
d > 0 and the characteristic polynomial X* — (a + d)X + ad — bc of $2 is irreducible over
Q. Let @ be an algebraic number with 0 < |o| < 1. If fi(z1,22) € K[[z1,22]] (1 <i < m)
satisfying (1) are algebraically independent over C(z1, z2) and convergent at (1, «) and if
bi(2%(1, @)) (1 < i < m) are defined for all k > 0, then the values fi(1,«) (1 <i < m) are
algebraically independent.

Here the condition that the entries of £2 are nonnegative is crucial; however, in this paper
we establish the algebraic independence of the values of certain functions satisfying functional
equations such as (1) with §2 having a negative entry.

THEOREM 2. Let {Ry}kez be a sequence of integers with integral subscripts satisfying
Riyo=aR1+ Ry (kel),

where a is a positive integer. Suppose there exists an integer ko such that Ry, = 0 and
Roky+1 > 0. Let y1, ..., v be nonzero distinct algebraic numbers. Define the series

kRok+1 _Rog—1
£, g

Fur(zi.z) =) R Ry (I =m=m)
kez 1 = vuzi " 2,
and
kRok+2 Rox
nz z
Gun(z1,22) = Z 1 R2k+§ Ror (I=sp=<m,

rez 1 — vuzy 2

where & and 1 are algebraic numbers with |§| > 1 and |n| > 1. Then F,£(z1, z2) and
Gun(z1,22) (1 < o < m) are power series which converge in the domain

D ={(z1,22) € C* | Alog|z1| +log|za| <0, log|z1] + Alog|za| < 0}, (2)
where ) = (a® + 2 + av/a?® + 4) /2, and satisfy the following two properties:

(i) Let
2
a +2 1
0 =
("7 o)
and define the transformation 2 : C? > (2 by £2(z1,22) = (z?zﬂzg, zl_l). Then

Fue(z1,22) and G y(21, 22) (1 < o < m) satisfy the functional equations

Fue(z1,22) = EFu:(2(z1,22)) and  Guy(z1, 22) = nGpuy(£2(z1,22)),  (3)
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respectively.
(ii) Let a be an algebraic number with 0 < |a| < 1 such that a®% # yﬂil (1<pu<m
forall k € Z. Then the values

&'kaRZk—l -
Fué(laa)ZZm (I=pu=zm &EcQ, & >1)
keZ ®
and
k oy Rok
n'a —
GM(LO!)ZZW (I=u=<m neQ, n>1
keZ ®

are algebraically independent, where Q is the set of algebraic numbers.

REMARK 1. The sequence {Ry}ez is uniquely determined if the consecutive terms,
for example, Ry and R; are given. The explicit expression of Ry for any k € Z and the
convergence of F¢(z1, z2) and G, (21, z2) (1 < @ < m) are explained in Section 3 as the
first half of the proof of Theorem 2. For any k € Z, Ry is expressed, for instance, as (8) in
Section 3.

COROLLARY 1. Let{Ri}rez and i, ..., Ym be as in Theorem 2. Define the series
Riy2 Ry
ghz 42
fue@ra) =) ——tp=a (lsp<m),

rez 1 —vuzy T2

where & is an algebraic number with || > 1. Then f,¢ (21, 22) (1 < u < m) are power series
which converge in the domain D defined by (2) and satisfy the following two properties:
(1) Define the transformation §2 as in Theorem 2. Then each of fue(z1,22) (1 < p <
m) satisfies the functional equation

fut (21, 22) = &2 fus (221, 22)) -

(ii) Let o be an algebraic number with 0 < || < 1 such that o R #* yﬁ“ (1 <pu<m
forall k € Z. Then the values
gkaRk .
furla)=) ———— (I<p<m £€Q [§>1)
1 = yuatt

keZ

are algebraically independent.
EXAMPLE 1. Let {Fy}r>0 be the sequence of Fibonacci numbers defined by
Fo=0, =1, Fup=Fka+F k=0).

Then, as is stated in Section 3, Fj is defined for any integer k. Define the function G, (x) (n =
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1,2, 3,...) of the complex variable x by

x* x* x73 x2 x!
n() %2&—}—11 2734+n 224n 27'4n 2+4n
1 X x2 x3

+1+n+2+n+2+n+22~|—n+

Then G, (x) (n =1,2,3,...) converge in |x| > 1 and the infinite set of the values

2Fc 4
kel +

k p—
{G,@):Z LA R N T T

is algebraically independent by Corollary 1 with —y, € {1,2,3,...} and o = 1/2.

Taking C as Q in the following theorem, we see that, if the entries of £2 are nonnegative,
there are no solutions of the functional equations such as (3) which take transcendental values.
Hence it is essential in Theorem 2 that there is a negative entry in the matrix £2, otherwise the
values Fj¢(1, @) and G, (1, ) in Theorem 2 must be algebraic.

THEOREM 3 (Loxton and van der Poorten [2], see also Theorem 3.1 of Nishioka [6]).
Let C be a field and 2 a nonsingular 2 x 2 matrix with nonnegative integer entries. Assume
that none of the eigenvalues of §2 is a root of unity. Let & be an element of C and F(z1, 22) a
quotient of the elements of C[[z1, z211. If

F(z1,22) = §F(£2(z1,22))
then F(z1,22) € C.

The property (ii) of Theorem 2 is proved in Section 3 by using the following:

THEOREM 4. Let {R,Ei)}kzo (i = 1,2) be sequences of positive integers satisfying

R, =aR!) +R" (k=01,2,..),
where a is a positive integer. Let o be an algebraic number with 0 < |a| < 1, y1,..., Vm
nonzero distinct algebraic numbers, and 81, . . ., 8, nonzero distinct algebraic numbers such

thataRlil) #* yﬂ_l (1 =<spu<m andaRliz) #* 8;1 (1 <v <n)forallk > 0. Then the numbers

ékaR,ﬁ” o
m U=p=m §cQ [§]>1)
k01— Vu“R"

and

ko R
n* o —
P I=<v=<nneQ 0<inl<l
k=0 1 — Spa™*
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are algebraically independent.

2. Proof of Theorem 4

Let M(z1,22) = z’l” zg, where m and n are nonnegative integers not both zero, and let C
be an algebraically closed field of characteristic 0. In order to prove Theorem 4 we use the
following:

LEMMA 1 (A special case of Theorem 1 of [7]). Let 2 = ( ) , Where a and b

a 1
b 0
are positive integers. Suppose that the characteristic polynomial X* — aX — b of §2 is irre-
ducible over Q. Assume that F(z1,z2) € Cllz1, z21] satisfies the functional equation of the
form

p+q—1

F(z1,22) =6F (271 2)) + Y QM(25(z1.22))
k=q

where & # 0 is an element of C, p > 0, q > 0 are integers, and Qr(X) € C(X) (g <
k < p+q—1)aredefinedat X = 0. If F(z1,22) € C(z1,722), then F(z1,22) € C and
Or(X)eC(g<k<p+qg—1).

PROOF OF THEOREM 4. The numbers in question are the values f,e(1, ) (1 < p <
m) and g,,(1, o) (1 < v < n) of the functions

(
észk!:l Zflﬁl)
fug(z1,22) = Zm (I=pn=m

k>0 1 — y'uzl k+lZ2k

and

which respectively satisfy the functional equations

M (z1,22)

9 = Q ’ 1— v, Mi(z1.20)
Jue(z1,22) = Efpue (2(z21, 22)) + 1 —yuMi(z1, 22)

and

M>(z1, 22)

21,22) = @L,2)+—F—,
gon(21, 22) = nguy(£2(21, 22)) T8, Mr(z1. 22)
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where
a 1 R D @ RO
Q:<l O)» Ml(leZZ)zzll 220 ) M2(Zle2):ZII 120 )
and
(1) (1) 2) 2)
R R R R
Mi(2%(z1, ) = 2,5, . Ma(2%(z, ) =2, '," (k= 0).

Suppose on the contrary that there exist distinct algebraic numbers &p, ..., & with |&§]| >
1 and distinct algebraic numbers 7y, ...,n, with 0 < |n;| < 1 such that the values

Jug(La) (1 < w <m, 1 <i <s)and goy;(1,) (1 < v <n, 1 <j <1)areal
gebraically dependent. Noting that the characteristic polynomial ®(X) = X?> —aX — 1 of

£2 is irreducible over Q since %1 are not the roots of @ (X), we see by Theorem 1 that the
functions fug (z1,22) (1 = w =m, 1 =i <s)and gy;(z1,220) (I =v=n, 1 =j=<1)

are algebraically dependent over C(z, z2). Since &1, ...,& and ny, ..., n; are distinct, by
Loxton and van der Poorten’s theorem [2, Theorem 2] or by Kubota’s result [1, Corollary 9],
there exist complex numbers cy, . . ., ¢y, not all zero, such that

m
F(z1,22) ==Y cufug (21, 22) € Cz1, 22)
n=1

for some i, or there exist complex numbers dy, . . ., d,, not all zero, such that

G(z1,22) == Zdvgvnj (z1,22) € C(z1, 22)

v=1

for some j. Then F(z1, z2) and G(z1, z2) satisfy

2 cuMi(z1, 22)
F(z1,22) = & F(82(z21,22)) + S
l /; I —yuMi(z1, 22)

and

n

dyM>(z1,z
Gar,2) = 1;G(R2(ay, 1) + Y~ 22)
v=l1

1 —8,Ma(z1,22)°

respectively. By Lemma 1 with p = 1 and g = 0, we see that

m n

X dy X
Yo eC o Yo eC,
n=1 Y v=1 e

which is a contradiction since these functions of the variable X have some poles. O
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3. Proof of Theorem 2

PROOF OF THEOREM 2. Let p; and p; be the roots of X2 —aX — 1. Since a > 0, we
may assume p; > 1 and —1 < pp < 0. For any real numbers ¢ and d we define

R =cot +dps (keZ).

Then the sequence { R} }x>—1 satisfies

Ry =aR{  + R (k=-1). )
By p1p2 = —1 we have

(=D R, = (p1p2)" (coi* + dpy ™) = dp{ + cpy
for k > —1, and hence {(—l)kak}kZ_l satisfies
(DR, =a(=D"'RY L+ (DFRY (k= -1, ®)

By (4) and (5) we see that

Ri,=aR; +R; (kel).

Hereafter we put

—2k
Rokgr1 — p2Roky —oky  Rokgr1py 0
== 0y 0= (6)
P1 — P2 L1 — P2
and
P1 Ry — Rokg+1 —ok Roy, +1P_2k0
d — 070 pz_ 0 = —70 2 . (7)
P1 — P2 P1 — P2
Then

c>0 and d <0

by the condition Rog,+1 > 0. Since Rikko = Roy, and R;‘ko +1 = Roky+1, we see that R} =
Ry (k € Z) and so

Rokg+1  k—2k Rokg+1  k—2k
Ri=—"—p, 0= —"p, " (kel, (8)
P1 — P2 P1 — P2

which is the explicit expression for the terms of the sequence { Ry }rcz.
For any k € Z, define

—_ — 2
S = Ro1 = cp ' (pDF +dpy ' (0D)* and S = Ry = c(pD* +d (o). (9)
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where ¢ and d are defined by (6) and (7), respectively. Since P12 + ,0% = (p1 +02)>—2p100 =
a®+ 2 and plzp% = 1, the sequences {S,Ei)}kez (i =1, 2) satisty

S, =@ +2)8), -8 (ke). (10)

Since c,ol_l, d,oz_1 > (0 and ,012 > 1> p%, we see that S,El) > (O forany k € Z and S,El) tends to
~+o00 as k tends to =co0. Hence

(1) (1 (1) (1
kSIS) kSIS)

k7 £z
Fue(z1,22) = Z s(” < + Z S“) sth

k+1 k+1
201 —yuz) gyt k=0T =y

converges in C[[z1, z2]] with respect to the topology defined by its maximal ideal (z1, z2);

moreover, Fg (21, z2) converges in the domain D since S,Sr)l / S,El) tends to :012 = )\ as k tends

to +o00 and S,El)/S,gr)l tends to 1/,0% = X as k tends to —oo and so the first sum converges if
|z1/*z2] < 1 and the second sum converges if |z1||z2|* < 1. By (10) we have

s ¢

215 | %-k+lzlk+2Z2k+1
EFu:(82(21.22) = EFue (2] 20,27 ) = Z FORETOR
k+2 k+1

keZ 1 —yuz, "z

which converges in the domain D and which converges to
(D (1)
gk Z5k+1 ng
_ 1
Fue(iz) =Y S0 s
keZ l — )/le + sz
in C[[z1, z2]] with respect to the topology.

. 2 2 2
Since p? > 1> p3 andso S — S = c(p? — D +d (03 — p3* > 0, {7 Jrez

is a strictly increasing sequence of integers with Sko () = Rog, = 0. Hence

Gp,n (z1,22)
2) 2 2) 2
Sk+1 5 ) =S -5
n* R -1 | 2
=2 +rg Do ~1
(2> 5@ W —s@ _s®
1
k>k0 l — VMZI Z2 k<k0 Zl + ZZ ko _ VM
@ @ ) @)
Sk+1 Sk fe, =Sk =Sk
Z n“z z _
_ Z 21 2 . Z 1 2 . 12( 1) —k
5@, 5O Y | s?, s Yu n
kzko 1 — y, Zlk+1Z2 k<ko 1 —y; 'z, k1 z, k<ko

converges in C[[z1, z2]] with respect to the topology defined by its maximal ideal (z1, z2);

moreover, G, (z1, z2) converges in the domain D since |n_1| < 1 and since S,gr)l / S,Ez) tends
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to A as k tends to +oo and S,Ez)/S,gr)1 tends to A as k tends to —oo. By (10) we have

S(Z) S(2)
245 | 77I<+1Z1k+222k+1
a“+ -
NG un(82(z1,22)) = nGuy(z] 22,27 ) = § T 0 O
keZ 1 _ k+2 _“k+1
Yuzy %

which converges in the domain D and which converges to

@
&Sk Sk
USRS
Gz )=y —L 2
Mmn ’ SIEZ)I 5(2)
1 5%
keZ 1 — Yuz 2,

in C[[z1, z2]] with respect to the topology. This gives the property (i) of Theorem 2.

Let
@1 _
R, = Ritokg+1 (k= 0).
Then by (9) we have
1 1
S,EJ:,{OH = Rog42kg+1 = Rék) (k>0
and
2 1
S,EJ:,{OH = Rok+2kg+2 = Rék)_;’_l (k>0).
Let
RP = (=1} Roty s (k= 0).
Then by (9) we have
2
S,E;)_k = Rogy—2k—1 = Rék) (k>0)
and
2 2
S,EO)_k_l = Roky—2k—2 = —Rék)ﬂ (k>0).

i ! ! 1 2 2 2
Since Ry = Raty1 = Slgol-l >0, R\" = Rygs2 = Slgoid > S;EO) =0, R = Rog—1 =
SIE;) > 0,and R = —Ryyy» = _Slgi)—l - _S/E? — 0. and since

1 2ko+1 2ko+1
R = ot o+ dp3" T ok (k= 0)

and
2 2ko—1 _— 2ko—1 — 2ko— 2ko—1
RE = (=D o} pr* 4 dpy " py ") = dpy 7 pf + 0T ph (k= 0),
we see by (4) that {R,Ei)}kzo (i = 1, 2) are sequences of positive integers satisfying

R, =aR!) + R (k>0).
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For 1 < pu < m, define the functions

kR _ vk RY
f;;(xiz)zzm fﬂl(x’Z):Z(ﬁ%’

k=0 1 — yuz™* k>0 1 — yuz™*
T (kR (—v/Dk R
fzu(x,z)=27R(2)v Jou (x, Z @
k>0 1 — yuz™k k>0 1 —yuz’k
® @
(V)R _ (=X R
f;M(X )= Z 1 r®" f3ﬂ(x,z) = Z _1 R<2) ’
k=0 1=y 2% k=0 1=y 25
Noting that
WK + (=B
{1,0,5,0,52,0,53,,...}={f ,
k>0
we have

gk Sk
Fug(l,a) = Z o T Z PO

S
k=ko+1 1 — v k<o 1 — ypos

ketko+1 , Strkg+1 ko—k o Sig &
§ ot §0 a0
- Z ) + Z s
k=0 1 — yyo ot k>0 1 — y o kot
1 2
ghtkot1o Ry gho—kg R
= M e

=0 1=y Gzo 1 -y

_ e (VB + B &
2

1)
k=0 1 - Vu“R
()
5 (WETF + (—VETF) aki
_I__
k=0 1= e

§k0+1

(fi 60+ fEw)

ko
i = (AE o+ fE @) . (11)
Next we have

Guy(l, @)
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@
nkaSIEZ) nk()asko
=2 @ T E) DD e -1
k>ko+1 1 — ypa 1 -y Sko k<ko—1 I — yua
k+ko+1 Réllc)+1 ko 1
Ui
:Z 50 + 1 +Vulznk0 et “RD
k>0 1 — yuo 2 k>0 1 — yua "2k
k r(D _k R® ko
_  ko+l N a2 ko1 noTo —k n
=0ty e DS e DY i
k>0 1 — Yo 2kt k>0 Y — @ 2k+1 k>0 Y
Noting that
2 a3 (WD = (=yD*
{0, 1,0, n, 0,n° 0, n,...}= B S —— ,
V1 k>0
we see that
plo+1 k Ky RD
Gty = T 32 (W2 V) e
pn s

0
2\/ﬁ k>0 1— ]/p,Ole
@
y—z ko—1 ((,/n—l)k_(_J —l)k) aRi y—l ko—1 ko
20T = R ok l—p7! 11—y,

k0+1 VILQ. k() 1

=537 (oo - fm) - 27\/’7—1(1‘31(77‘1,06)—}‘3;('7‘1&))

1ko k

y 0

R + n . (12)
I—n 1 —yu

For proving the theorem, it is enough to show that, for any distinct algebraic numbers
&1,...,& with |§] > 1 and for any distinct algebraic numbers 71, ..., n, with [n;| > 1,
the values Fg(1,00) (1 < <m, 1 <i <s)and GW,J.(I,a) I<pu<ml1<j<
t) are algebraically independent. Replacing {1, ..., &} with {&1, ..., &} U {n1,...,n}if
necessary, we may assume that {£1, ..., &} D {n1, ..., n/} without loss of generality. Hence
it suffices to prove that, for any distinct algebraic numbers &1, . . ., & with |&;| > 1, the values
Fug(I,a)and Gy (1, o) (1 < u <m, 1 <i <) are algebraically independent.

Letting {81, ..., 8} = {¥1, .., ym}U{y; ' ..., ¥,y '} and noting that £/& (1 <i < s)
are distinct numbers in {x € Q | |x| > 1} and + sl._ (1 < i < s) are distinct numbers in

{(x €Q|0 < |x| <1}, we see by Theorem 4 that the numbers
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kgD . RD

+ NEKR - (=& o™
G =) ———m fiE =) ———
k>0 1 — yua™ k>0 1 — yua™

(I<pu=<m, 1<i=<s)

and
k
k _ (2)
VE! ok <_ § 1) ol
+ . ! - :
9”-—5 7]{(2), eui'_E —R(z) I<v<n 1<i<ys)
k>0 1 —dya™k k>0 1 —3&ua’k

are algebraically independent.
Since

LLET e, fhET e b 11 <v<n, 1<i<s),
Fon & @), 6 o) e I T<v<n 1<i<s)

for]l <u<mandl <i <s, weseeby (11) and (12) that there exists a 2ms x 2(m + n)s
matrix M with algebraic entries such that

’(Flgl.(l, a),Gig(1,a), ..., Fpug, (1, ), G, (1,a) | 1 <0 <0s)
= M'(fiiG @), [ E ), [ G ), fr, L), 0,00, ..., 65,6 11 <i<s)
+10, g0/ — &) + 8/ -y,
L0y e /(=6 + /L~y [ 1<i <)

Moreover, by (11) and (12), the matrix M has a minor of order 2ms whose value is equal to

s

1_[ &-l_k0+1/2 giko-i-l/z
e evE) -0 evE)

Hence the 2ms values Fjg (1, @) and Gy (1, 0) (1 < u <m, 1 < i < s) are expressed
as linearly independent linear combinations of 1 and the algebraically independent numbers
G, fl o) (< p<m 1 <i<s),0/6,(0<v<n 1<i<s)with
algebraic coefficients, which gives the property (ii) of Theorem 2. This completes the proof
of the theorem. g

£0
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