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Introduction.

In [14, 15], N. Wiener established the generalized harmonic analysis
for the analysis of almost periodic functions and sample paths of the
Brownian motions. The classes of functions he treated are

0.1) WHR)={f & Li(BY : lim _1_5 |F@)dz exists)
T—0 2T J-r
and its subclasses. The R® case of the generalized harmonic analysis was
investigated by K. Anzai, S. Koizumi and K. Matsuoka [1] and K. Matsuoka
[10, 11], and also the R" case by T. Kawata [7].
Unfortunately, the class W*(R") is not closed under addition. Hence,
the following two more conventional Banach spaces were considered:

0.2  MB)={f e LtuR) : |flluras =Tm(5| [f@Pdm) <o,

which is called the Marcinkiewicz space, and

0.8  BYRI={f € Ltu(R) : florar=8up( 5= | |F@)Pdz)  <oo}

. loc . BP(RD) Tg? 2T r »
where 1<p<o. Recently, K. Lau [8, 9] investigated the multiplier theory
on M?(RY). Also, Y. Chen and K. Lau [5] developed the harmonic analysis
on B?(RY) and the related spaces (e.g., the Hardy-Littlewood maximal
function, the Hardy spaces, John-Nirenberg’s BMO, the Carleson measure,
the atomic decomposition, and Fefferman-Stein’s duality).
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It is the purpose of this paper to study the complex interpolation
between B?(R") spaces, i.e. the R" case of B?(R') spaces, and also the
related spaces, which corresponds to that between L?(R") spaces.

§1. Preliminaries.

Let 1<p<c, and let
1.1 B?*=B*(R")

_ ") - ;
=1f e Li(R") : .1l 5o ’?,EP( IS, |

where S, is the open ball in R", having center 0 and radius >0, and

|, [f@Pdz) " <o},

p _ R? ny — » o 13 1 P —
1.2) ?»— B2(R )_{feB : lrl_.IBisrlf(x)l dx_o} .

Also let
(1.8) Ar=A*(R")
={f ¢ Iflo=inf fl iz =int (| If@Po@ +2dz)" <o},
weQ weQ R

where 2 is the class of functions @ on R" such that w is positive, radial,
nonincreasing with respect to |z|, and

w(0)+ Snnw(x)dx= 1.

We call A? the Beurling algebra. Then, it follows easily that B? and A?,
1<p< o, are separable Banach spaces, and both spaces contain C>(R"),
i.e. the class of infinitely differentiable functions with compact support, as
dense subspace (see e.g., Y. Chen and K. Lau [4] and J. Garcia-Cuerva [6]).

Now, we will list two results on B?, B? and A* which are relevant
to our discussions.

PROPOSITION 1.1 (A. Beurling [3]). Let 1<p, p' <o with 1/p+1/p’'=
1. Then A? is a Banach algebra contained in L'N L*(R™). The dual of
A? 48 B*, and the duality is given by

(1.4 S o=\ r@e@d  (feBr, gear).

PROPOSITION 1.2. For 1<p, p'<e, 1/p+1/p’'=1, (B?)* is isomet-
rically isomorphic to A®. :

PrROOF. The R' case was given by Y. Chen and K. Lau [4, Theorem
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2.3]. By applying the same argument that was used in [4], the R" case
immediately follows (cf. J. Garcia-Cuerva [6]). ]

§2. The complex interpolation method.

We will recall here the two definitions of complex interpolation spaces
(see J. Bergh and J. Lofstrom [2], C. Sadosky [12] and H. Triebel [13] for
details). ‘

Let A, and A, be two Banach spaces. Then we shall say that A,
and A, are compatible if there is a Hausdorff topological vector space V
such that A,=V and A,=>V. Here, the symbol =" means that the
left hand side is continuously embedded in the right hand side. Let us
consider in the complex plane the closed strip

S={zeC:0=Rezx1}
and the open strip
S,={ze€C:0<Rez<1}.

For a couple of compatible Banach spaces A, and A4,, let & =
Z (A, A,) be the space of all functions f from S to A,+ A, which satisfy
the following properties:

(i) f is continuous and bounded on S;

(ii) f is analytic on S;

(iii) the function ¢— f(j+4it) is a continuous and bounded function

from R into A, (=0, 1).
We provide & with the norm

(2.1) Ifll-=max{ sup [If(@&)lls sup [IFQA+it)lla}-

Then, for 0<#<1, the complex interpolation space (A, A, is defined by

(2.2) (A, ADi={f(0) e A+ A,: feF}
and the norm is given by
(2.8) Ha’”(AO,Al)[0]=inf{”f||ﬁ’ : f@)=a}.

We now proceed to another definition of complex interpolation spaces.
For a couple of compatible Banach spaces B, and B,, let ¥ =%(B, B, be
the space of all functions g from S to B,+ B, which satisfy the following
properties:

(i) g is continuous on S and
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lg(@|lzp+5,=cA+2]) (2€8);

(ii) g is analytic on S,;
(iil) 4,90 +it) = g(§ + it,) — g(j + it,) has values in B, for all real
values of ¢, £, (=0, 1) and
o)
is finite.

4,4, S (2t)
tl_t2

Then, for 0<#<1, the second complex interpolation space (B, B)" is

defined by

(2.5) (B, B)"'={g'(§) e B,+ B, : g€ &}

s |[dusf@it)

By —-°°<t1,t2<ooi| t,—t,

(2.4) IIglly=maX{ sup

—0<t),tg<oo

and the norm is given by

(2.6) 16]] (s,,8101=1nf{||g||s : g'(6) =D} .

Concerning the relation between the two complex interpolation spaces,
there are the following two well-known theorems.

THEOREM A (The complex equivalence theorem). For any couple of
compatible Banach spaces A, and A, we have

(2.7 ’ (Am Al)[d]c"(Ao’ Al)w] (“ ¢ “(A(,,Al)w]g ” * ”(40,41)[01) .

THEOREM B (The duality theorem). Assume that (A, A,) is @ couple
of compatible Banach spaces, and that A,N A, is dense in both A, and A,.
Then

(2.8) (A, A)=(AF, AN (equal norms) .

We finish this section with a proposition which plays an important
role in Section 3.

PROPOSITION 2.1. Let 0<0<1 and (A, A, be a couple of compatible
Banach spaces such that A,N A, is dense in both A, and A,. Assume that

(2.9) (A, A=A, (equal morms)
and
(2.10) (A, A )= A5 N1l cag,appior =l llag) -

Then



GENERALIZED HARMONIC ANALYSIS 121
(2.11) (As, AND=(AF, ANI=AF (equal norms) .
ProOF. Using Theorems A and B, we obtain, by (2.9),
(2.12) (A, AN = (AT, A= (4,, A)in=A4F .
Thus, combining this with (2.10), we easily have (2.11). ]

§3. Interpolation theorems.

In this section, we shall characterize the complex interpolation spaces
(A"", Am)w]’ (Azno’ Am)[ﬁl and (B"°, Bm)w]’ (Bpo, Bm)[”]‘

THEOREM 3.1. Suppose 1<p, p,<~ and 0<0<1. Then
3.1) (AP, AP = (AP, AP)01=A? (equal norms) ,
where 1/p=(1—6)/p,+6/p,.

THEOREM 3.2. Suppose 1<p, p, <>~ and 0<8<1. Then
(8.2) (B?°, B?1)5=(B?, B?)lY1=PBr (equal morms) ,
where 1/p=(1—6)/p,+6/p,.

Before proving the theorems, we show the following lemma.

LEMMA 8.8. Suppose 1<p, p, < and 0<8<l. Then
3.3) (B2o, Bi)=DB? (equal norms) ,
where 1/p=(1—86)/p,+6/p,.

Proor. We can assume, without loss of generality, that 1<p,<
p,<oo. It is sufficient to prove that for all a € Co(R™),

(3.4) ”a“(Bgo,Bo"l)mz llalize .

First, we assume that ||a||z;>=1. Now, let us put for any ¢>0,

(3.5) fRy=e-ma@pro 2D _ ges),

|a(z)|
where 1/p(z)=(1-—2)/p,+2z/p,. Then, clearly, f is a function from S to
B+ B?:, which is bounded and continuous on S, and analytic on S, and

moreover, the function ¢ — f(j+4t) is a continuous and bounded function
from R into B/ (§=0, 1), that is, f €. (B¥, Bf). Also,
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(3.6) _sup [IfG+ib)lsm e lallpi=e”  (7=0,1).

Hence, it follows from f(f)=a that a € (B}, Bj');, and
Ila«llmgo, Bgn[,]éllfllr=6‘ .

Therefore, because ¢>0 is arbitrarily close to 0, we get

“a”(Bg“,Bo”l)w]é“a”BP ’

which implies half of (3.4).
Next, we assume that ||a||s20,51,,=1. In order to prove the re-
maining half of (3.4), we note that by Proposition 1.2,

3.7 la|l z»=sup{|<a, b>| : |[b|l.»-=1, be C(R™)} .

Because of the definition ||-||(s%0 5?1, for any >0, we can choose a
function f €. (B?, Bf') such that

(3.8) NfG+Dlz;<1l+e  (3=0,1).

Now, letting b€ C>(R") such that |b||,»»=1, for any &' >0, there exists
an w, € 2 such that

, 1/p’
(8.9) ( SM |b(2)|”’ @, ()~ ‘* ‘”dx) <1+é€'.
Let us put for any &¢”’>0,

gmo(z) —_ ee'(cz-—-ﬁg) Ib(w)lp’/p'(z) b(w) a)o(w)—(p'/p’(z)—l) (z =8 + ,';t € S) ,

b(2)]

where 1/p'(2)=(Q1—2)/p, +2/p,’. Then, since g, (2) € L,,’,;_“(;,,(.,_l, and A C A,
it is readily seen that g, is a function from S to A*'+ A7, which is
bounded and continuous on S, and analytic on S,. Consequently, writing

(3.10) FR=(f@), 9=\ f@e.@ds (eS),

F' is a function from S to R, which is bounded and continuous on S, and
analytic on S,. Further,

(3.11) |F(F+ )| = || F (G +38)]| 5os+ ew(sm |b(a,)|,'wo(x)-(p'_ndw)m’

<(1H4e)A 4P ri'ed (43=0,1).

Therefore, by three line theorem, we obtain
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I<a, by|=|F(0)| <1 +e)A+e")?"*'e” ,
which implies that
lallzr < llall 20, 52114, -
Thus, (3.4) holds. This completes the proof of Lemma 3.3. |

PrROOF OF THEOREM 3.1. B,N B,/ is dense in both B,> and B, .
Hence, by Proposition 2.1 and Lemma 8.8, it is clearly sufficient to prove
that

(8.12) (A%, A1) = AP .

In order to do this, we apply the same argument as in the second half
of the proof of Lemma 8.3. Letting a € A?, for any ¢>0, there exists
an o, € 2 such that

i/p
(3.13) (|, Je@Prag@rrde) " <llalo+e .
Therefore, putting for any & >0,

319  fu@=e M@)o LD @) wro  (es),
|a(z)]

where 1/p(z) =1 —2)/p,+2/p,, it follows from Su, € F (AP, A™) and f, (0)=a
that a € (A7, A7)y, Also,

”a”mpo,ﬂn[alé“a'”AP .
Thus, we have (8.12). This concludes the proof of Theorem 3.1. |

PrROOF orF THEOREM 3.2. Let us put for any £>0,

(3.15) fA=eMa@pree LD es),
|a ()|

where a € B*. Then, arguing as in the first half of the proof of Lemma
3.3, we obtain

(3.16) (B*, B*)ig<=B* .

Thus, since A”N A” is dense in both A* and A”, the desired conclusion
follows from Proposition 2.1 and Theorem 38.1. ]
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