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Abstract. Let afz), j=1,2,a(z), i=1,2, ---,6 be meromorphic functions. Suppose the differential
equation (*) w3 +a,(2)w'2 +a,(2)w = ag(ZW®+ - - - +a,(z)w+ay(z) possesses an admissible solution w(z). If
#n(z) is a solution of (*) and small with respect to w(z) and if (%) is irreducible, then #(z) is a deficient or a
ramified function for w(z).

1. Introduction.

We use here standard notations in Nevanlinna theory [2][6][8]. Let f(z) be a
meromorphic function. In this paper the term “meromorphic” will mean meromorphic
in |z|<oo. As usual, m(r, f), N(r, f), and T(r, f) denote the proximity function, the
counting function, and the characteristic function of f(z), respectively. Let N(r, f) be
the counting function for distinct poles of f(z). Put N,(r, f)=N(r, f)— N(r, f). For a€C,
the following quantities are defined

oo, )= li?l glf m(r,Tl(i(’ff)———oc)} - (deficiency)

and

O(x, /)= li?; Lnf N 1('}(1r/, (§ )" @)

A function ¢(r), 0<r< oo, is said to be S(r, f) if there is a set EcR™* of finite
linear measure such that ¢(r)=0o(T(r, 1)) as r—> o0, r¢ E. A meromorphic function a(z)
is said to be small with respect to f(z)if T(r, @)= S(r, f). We consider here the deficiency
and the ramification for a small function a(z) instead of complex number a € C. We put,
for a meromorphic function a(z), m(r, a; f)=m(r, 1/(f —a)), N(r, a; f)=N(r, 1/(f —a)),
and N(r, a; f), Ny(r, a; 1), 6(a, f), 6(a, f), etc., are defined in the same way as for a
complex number a e C, respectively. If 8(a, f)>0 or 6(a, f)>0, then a(z) is said to be a

(ramification index) .
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deficient or ramified function for f(z), respectively. .

Let .# be a finite collection of meromorphic functions. A transcendental mero-
morphic function w(z) is admissible with respect to A, if T(r, a)=S(r, w) for any a(z)e
M. Suppose a transcendental meromorphic function w(z) is admissible with respect
to M. For ceC U {0}, z, is admissible c-point with respect to M, if z, is c-point of
w(z) and neither zero nor pole of a(z) which belongs to .#. Suppose N(r, c; f)#S(r, f),
ceCu {o0}. We denote by ng,(r, c; f), the number of c-point z, of f(z) in |z|<r so
that z, satisfies some condition C1. N&,(r, ¢; f) is defined in the usual way. We use the
word ““‘almost all” c-point satisfy the condition Cl1, if

N(r,c; f)—N&(r,c; f)=S(r, ).

REMARK 1. Let .# be a finite collection of meromorphic functions. Suppose a
transcendental meromorphic function w(z) is admissible with respect to .#. Let 5(z)
be rational of members of .# and their derivatives. Then we have T(r,n)<
KZM «T(r, a,)+S(r, w), for some K>0. Thus #(z) is a small function with respect to
w(z). Assume that N(r, w)# S(r, w), then there exists an admissible pole of w(z) with
respect to .#. If n(z) vanishes at almost all poles of w(z), then 7n(z)=0.

Let Q(z,w,w’, ---,w™) be a differential polynomial of w with meromorphic
coefficients and let .# be the collection of coefficients of Q2. We call w(z) an admissible
solution of the equation

(1.1) Az, w,w', -, w")=0,

if w(z) satisfies the above equation and w(z) is admissible with respect to .#.

Let M be the field of meromorphic functions and let Q(z, w, w’) be a polynomial
of w and w’ with meromorphic (possibly transcendental) coefficients. We call the
differential polynomial (z, w, w’)irreducible, if Q(z, w, w’) isirreducible over the ficld M.

We know the following theorem due to Mokhonko [7]:

THEOREM A. Suppose the differential equation (1.1) possesses an admissible solution
w(z). If n(2) is a deficient or ramified small function for w(z), then n(z) is a small solution

of (1.1), i.e.
Qz,n,n', -, n™)=0.

Our aim in this note is to get a converse of this result for the special case of (1.1),
that is, for the equation of the form

(1.2) Pz, w)=0(z, w),

where P(z, w’') and Q(z, w) are polynomials of w’ and w with meromorphic coefficients,
respectively. In [3], we obtained the following theorem for the case p=deg,, .[P(z, w)]=
2.
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THEOREM B. Suppose the differential equation
(1.3) w2+ o, (W =au (2w + - - - +a (2w + ay(2)

possesses an admissible solution w(z), where the coefficients are meromorphic and
la,|+|as|+]a,|#0. If n(z) is a small solution of (1.3), then n(z) is a deficient or ramified
Sfunction of w, unless (1.3) is reducible.

In this note, we treat the case p=3 in (1.2), and prove the following theorem.
THEOREM 1. Suppose the differential equation
(1.4) w3+ a,(2)W' 2+ o, ()W =ag(2)WC + - - - +a,(2Iw+ag(2)

possesses an admissible solutionb w(z), where the coefficients are meromorphic and
lag|+|as|+]as|+)asz|#0. If n(z) is a small solution of (1.4), then n(z) is a deficient or
ramified function of w, unless (1.4) is reducible.

2. Preliminary lemmas.

LemMMA 1 ([5]). Suppose (1.4) possesses an admissible solution w(z). If w(z) satisfies
the Riccati equation or the differential equation

(2.1) w2+ B(z, w)w' + A(z, w)=0

where B(z, w) and A(z, w) are polynomials of w with small (w.r.t. w(z)) coefficients and
deg, [B(z, w)] <2, deg, [A(z, w)] <4, then (1.4) is reducible.

REMARK 2. Put y=[a(z)w+b(z)]/[c(z)w+d(2)], ad—bc#0 in (2.1), where a(z),
b(z), c(z) and d(z) are small (w.r.t. w(2)) functions. Then y(z) satisfies the Riccati equation
or the differential equation of the form

(2.1) 2+ B(z, y)y' + A(z, y)=0

where B(z, y) and A(z, y) are polynomials of y with small (w.r.t. y(z)) coefficients and
deg,[B(z, y)]1 <2, deg,[A(z, y)]<4. ‘

The equation (2.1) was treated by Steinmetz in [9] and by Eremenko in [1]. To
state Lemma 2, we define some notations (see [4]).

Let f(z) be a transcendental meromorphic function and let a,(2), - - -, a4(2), B1(2),
s, Ba(2), 71(2), s Ya(2), 04(2), ¢ -+, 04(2), A1(2) and Ao(2) be small functions with respect
to f(z2), where A,(2)>—44y(2)#0, 0,(2)* —A1(2)x3(2)%a(2) + A0(2)23(2)* #0, Pa(2)’—
A1(2)B3(2)Ba(2) + A0(2)B3(2)* £0,  74(2)> — A41(2)73(2)74(2) + A0(2)73(2)* £0,  94(2)* —
41(2)03(2)0.4(2) + A(2)93(2)* #O.

Let z, be a simple pole of f(z). We call z,, strongly representable in the second kind

sense by 0,(2), - - -, 24(2), B1(2), * "+, Bal2), ¥1(2), * *, Va(2), 81(2), " - -, 84(2), A1(2) and Ao(2),
if f(z) is written in the neighbourhood of z, as:
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2.2) f(2)= - Rz +a+ B(z—zo) +Y(z —20)* + 8z — 20)* + O(z — zp)*
—Zp .

and

(2.3) R?+21(zg)R+ Ag(20) =0,
a=°‘1(zo)R+°‘2(Zo) =ﬁ1(zo)R+Bz(Zo)

2.4) o3(Zo) R+ 0t4(2o) Bs(zo)R+ Balzo)

' _7ER+73z0) 5 81(z0R+8,(z0)
Y3(Zo)R+74(z0)’ 83(z)R+84(z0)

For the sake of brevity, we call such simple pole, SS2-kind pole.

LEMMA 2. Let w(z) be a transcendental meromorphic function and let a,(z), - - -,

oz4(z), ﬂl(z)a Tt 54(2)9 }’1(2)5 Tt '}’4(2), 51(2)5 Y 64(2)9 A‘l(z) and A'O(Z) be Sma” funCtions
with respect to w(z). We denote by nss,+(r, w) the number of the SS2-kind poles in | z|<r.
N ss23(r, w) is defined in terms of n ss,y(r, w) in the usual way. If

(2.5) m(r, w)+(N(r, w)— N ss25(r, w))=S(r, ),
then w(z) satisfies a first order differential equation of the form (2.1).
The proof of Lemma 2 is given in [4].
LEMMA 3. Suppose the differential equation
(2.6) w' (U +n(2u?)? =b,(2u’ + - - - +bs(2)u+be(2)
possesses an admissible solution w(z). If w(z) satisfies
2.7 Ny(r, w)y+m(r, u)=S(r, u),
then u(z) satisfies the Riccati equation or an equation of the form (2.1).
PrROOF. We write (2.6),
(2.8) Uz, u, w')>=V(z,u,u’),
where
Uz u,u)=u+nu?, V(z,u,u)=[b,(2u’+ - +bs(2u+bs(2)]/u’ .
Let .# be the collection of coefficients of U(z, u, ') and V(z, u, u’). Let z, be an

admissible (w.r.t. .#) simple pole of u, and write in the neighbourhood of z,,

2.9) u(z)= +a+0(z—2z) -

Z"—ZO

Since the order of pole of V(z)=V(z, u(z), u'(z)) at z, ié at most three, by (2.8), the order
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of pole of U(z)=U(z, u(z), u'(2)) at z, is at most one. Thus we have —R+7(zo)R*=0.
Hence R is written by small function, that is, R=1/5(z,). For the sake of brevity, we
put R(z)=1/x(z) in this proof. |

First we treat the case N(r, U)=S(r, u). From (2.7), we have

m(r, U)<mlr, ' [u)+m(r, w)+m(r, u*)+ S(r, u)
<3m(r, u)+S(r, w)<S(r, u) .

Hence U(z) is a small function with respect to u(z). Therefore u(z) satisfies the Riccati
equation in this case.

Secondly we treat the case N(r, U)# S(r, u). We show that almost all admissible
poles of u(z) are simple poles of U(z). By (2. 7) we have to consider merely simple poles
of u(z).

We denote by n*(r, 1) the number of admissible simple poles of u(z) in | z|<r which
are regular point of U(z). N*(r, u) is defined in the usual way. Suppose N*(r, u) # S(r, u).
There exists an admissible simple pole z; of #(z), which is a regular point of U(z). The
order of pole of left-hand side of (2.6) at z, is at most two. If | by |+|b,|+|b3|#0,
then by the definition of admissible pole, the order of pole of right-hand side of (2.6)
at z, is at least three, which is a contradiction. Thus b,(2)=5b,(2)=b3(2)=0 in (2.6).
Hence, by (2.6) N(r, U)=S(r, u), which is a contradiction. Therefore, N*(r, u)=S(r, v)
which implies that almost all admissible simple poles of u(z) are simple poles of U(z).

Let z, be an admissible simple pole of u(z) and simple pole of U(z). The order of
pole of left-hand side of (2.6) at z,, is four. If b,(z) #0, then by the definition of adm1ss1ble
pole, the order of pole of right-hand side of (2.6) at z, is five, which is a contradiction.
Thus b,(z)=0, and from the above estimation, we have b,(z) #0. By simple calculation
in the neighbourhood of z,,

V(z)— q(zo) P1(Zo)+P2(Zo)d+0(1) ’
(z—2o)? Z—2Zo

‘I(Z) w(z)= — q(zo) 2+P3(Zo)+0(1) ’
R(Z) (z—20)° z—2

where g(z)= —b,()R()?, py(2)=—b%(2)R(2)>—b3(D)R(2)?, pa(z)=—4b:(2)R(z)*> and
p3(2)= —(q'(2)R(2) — 9(2)R'(2))/ R(2)-
Hence near z,

q(2) o' P1(Z)+P3(Z) _Pz(zo)aC
(2.10) Ve + s R = o.
We have
@.11) v+ @2 L oq).

R(2) z—2Z,




274 KATSUYA ISHIZAKI AND KENIJI FUJITA

From (2.10) and (2.11), put

(2.12) P(z)= 2[ Viz, u,u)+ 92 ,_P1(2)+ps(2) u]

R(z) R(2)

n, R
_pZ(z)I:U(Z’ u,u )+ R(Z) u] ’

then ¢(2) is regular at z,.

By (2.8), V(2) is regular .at zero of u’(z). Thus, we have N(r, ¢)=S(r, u). From (2.7)
and (2.8), '

m(r, @)<m(r, V)+m(r, U)+4m(r, u)+ S(r, u)
<3m(r, U)+4m(r, u)+ S(r, w) < S(r, u).

Hence ¢(2) is a small function with respect to u(z). From (2.8) and (2.12), u(z) satisfies
an equation of the form (2.1). Q.E.D.

3. Proof of Theorem 1.
Put u=1/(w—n(z)) in (1.4). Then by simple calculation (see [3])
(3.1 B1(2)u'u® + Br(2)u'*u? + By(2)u’3
=®B(2u®+b,(2)u’+ - - - +bs(2)u+bg(2) ,

where

ﬂk(z)=(- l)k i (i)aj(z)n,(z)j_k H a3(Z)El s k=0’ 1’ 2’ 3 ’
j=k

blz)= i (Jl:)aj(z)"(z)j-ia i=0,1,---,6,
j=i

6 3

D(2) = bo(2) — Bo(2) = .ZO af2)n(z)’ — _Zo af2)n'(z)’ .
J= J=
We assume that 7(z) is a small solution of (1.4). Thus we have &(z)=0 in (3.1). For the
proof of Theorem 1, we show that w(z) satisfies (2.1) under the condition that #(z) is
neither deficient nor ramified small function w.r.t. w(z), that is"

(3.2) m(r, u)+ Ny(r, u)é S(r, u) .
Let z, be an admissible simple pole of u(z). Write u(z) near z, as:
R
(3.3) u(z)= +a+ Pz —2zo) + Wz —2z0)* + 8z —z0)® + O(z—2,)* .

Z—2Zy
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From (3.1) and (3.3), since ¢(z)=0,

(3.4) B1(zo)R? — B(20)R+ B3(20) =0 ,

(3.5 [4B1(20)R—2B5(z0)]Jo = Py(R; zo) ,

(3.6) [3B1(20)R? —3B3(20)1B=P(R, &; 2o) ,

(3.7 [281(20)R* + 2B(20)R— 6B3(20)1y = P3(R, , B; 2o) ,
3.8 [—B1(z0)R* —4B(20)R* +9B3(20)R?J0 = P4(R, , B, ¥; 2o) ,

where P{ - ; zo) (j=1, 2, 3, 4) are polynomials of corresponding arguments with small
coefficients.

Since |ag |+ as|+|as|+|as | #0, the right-hand side of (3.1) does not vanish. Thus
-~ we have ' -

(3.9) | |B11+1B21+1B51#0.

First we treat the case §,(z)=0 or f5(z)=0.

If B1(2)=0, then we have B,(z)#0 and f5(z)#0. For, if f,(z)=0 (85(z)=0), then by
(3.4) B3(z9)=0 (B1(zo)=0). By Remark 1, we have f;(z)=0 (8,(z)=0), which contradicts
(3.9). Hence by (3.4) and (3.5), R and « are written by small functions, which implies
that u(z) satisfies the Riccati equation (see [9], pp. 47-48).

Similarly to the case f,(z) =0, if f5(z)=0, then f,(z) #0 and £,(z) #0, and we obtain
that u(z) satisfies the Riccati equation.

Secondly we treat the case ,(z)#0 and B(z)#0.

If (— B2(2)/B1(2))> —4(B3(2)/B1(2) =0, that is, B,(2)> —4B1(2)B3(2)=0, then the form
of (3.1) is of the form (2.6). Thus by Lemma 3, u(z) satisfies the Riccati equation or
an equation of the form (2.1).

Hence, in the below, we assume that f,(z)> —48,(2)B;(z) 0.

If any one of a, B, y and J is not written by the linear transformations of R with
small (w.r.t. u(z)) coefficients, that is, if 48,(zo)R—2B2(z)=0, 3B.(z0)R>—3B1(z0)=0,
2B1(20)R? +2B5(25)R—6B3(z0)=0 or — B1(Z,0)R4 —4B,(z0)R>+9B5(z0)R* in (3.5~
(3.8), then by (3.4), B,(z0)>*—4B,(z0)B5(zo)=0 for each case. Hence by Remark 1,
B(2)> —4B,(2)B5(z) =0, which contradicts our assumption.

Here we have that for any admissible simple poles z,, «, B, y and é are written
by linear transformations of R with coefficients of small (w.r.t. #(z)) functions. Thus,
almost all admissible poles are SS2-kind poles. Hence by (3.2) and Lemma 2, u(z) satisfies
the Riccati equation or a differential equation of the form (2.1). Thus by Remark 2,
w(z) satisfies a differential equation of the form (2.1). Therefore by Lemma 1, (1.4) is
reducible, which implies that Theorem 1 is proved.

We would like to thank the refree for many comments and suggestions.
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