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§1. Introduction.

The aim of this paper is to study the relationship between stable vector bundles &
of rank two on P2 and their determinant surfaces S determined by two sections of &.
We discuss specifically the case c¢,(€)=4 in detail.

Vector bundles on a variety are closely related to its special subvarieties. On P3,
a general surface has Picard number one by the Noether-Lefschetz theorem (cf. [Lo]):
If S'is a general surface of degree d>4 in P3, then Pic S~ Z with the generator Og(1).
On the other hand, a smooth determinant surface S is not general because its Picard
number is at least two by Theorem 3.1:

THEOREM 1.1. A4 smooth surface S in P> occurs as a determinant surface of a rank
two vector bundle & on P3 if and only if S has a surjective morphism onto P!,

In this paper we give an estimate of p(S) from below in terms of the behaviour of
& under the restriction to lines and planes. Defining the jumping planes in (5.5), we
can state a sufficient condition for S to have Picard number >3 in (5.6). Moreover we
have the following estimate:

THEOREM 1.2. Let & be a stable vector bundle of rank two on P3 with c,(8)=4
and cy(6)>9. Suppose that & has a smooth determinant surface S and that
c(&)/(h* (8(—4)) + 1) =(degree of a fibre of the Stein factorization of the morphism S — P1
as in Theorem 1.1)>4. Then

p(S)=2+34J(&),
where #J(&) is the number of jumping planes for &.
As a corollary of these theorems and (2.13), we have:

COROLLARY 1.3. For any given c,> 5, there exists a stable vector bundle & of rank
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two with ¢,(€)=0 and c,(&)=c, on P> such that the restriction & | p is stable on any plane
H in P3.

If ¢,(&)=0 and c,(&) =2, there exists a plane H in P? such that the restriction 6’] H
is not stable on H [Ha 2, Proposition 9.10], and for any null-correlation bundle A" (a
stable rank 2 bundle with ¢,(A#)=0 and cy(A)=1), A& | g is not stable for any plane
H in P3 [Ba].

Throughout the paper, we work over a complex number field C, and we use the
standard notation of algebraic geometry [Ha 1].

I would like to thank Professors N. Sasakura, T. Urabe and T. Sasai for many
valuable comments and suggestions during the preparation of this paper. Without their
encouragement this work may not have been completed. In particular, (2.13) was
communicated to me by Professor Urabe.

§2. Preliminaries.

In this section we review known results about rank 2 vector bundles on P3. Let &
be a rank 2 vector bundle on P=P3 and let se H°(P3, &) be a section whose scheme
of zeros has codimension 2, then we obtain a curve Y=(s), (By a curve we mean a
1-dimensional closed subscheme of P3.). In this case we say that the bundle & corresponds
to the cuve Y. For any curve Yc P3, let wy=82¢2(0y,,,) denote its dualizing sheaf.
The following proposition is well known and one of the foundation of our theory.

PrOPOSITION 2.1 (Serre [Ha 2, Theorem 1.1]). A curve Y in P3? occurs as the
scheme of zeros of a section of a rank 2 vector bundle & on P if and only if Y is a local

complete intersection and wy is isomorphic to the restriction to Y of some invertible sheaf
on P3.

COROLLARY 2.2 ([Ha 2, Corollary 1.2]). If a bundle & corresponds to a curve Y,
then Y is a complete intersection if an only if & is a direct sum of line bundle.

ProposSITION 2.3 ([Ha 2, Proposition 2.1]). Let & correspond to a curve Y, and
let Y have degree d and arithmetic genus p,. Then d=c, and 2p,—2=c,(c, —4).

DEFINITION 2.4. A vector bundle & of rank 2 on P" (n>2) is stable (respectively,
semistable) if for every invertible subsheaf Z of &,

c(&¥)<3c,(8) (respectively, <).

REMARK 2.5. (1) Let ¢ (&) (respectively, c,(&)) denote the first (respectively, the
second) Chern class of &, a rank 2 vector bundle on P3. Since the Chow ring of P? is
isomorphic to Z[h]/h*, we will regard ¢, and c, as integers. From the general theory
it follows that A &= 0(c,(&)), c (Em))=c,(&)+2m and c,(E(mM))=c,(&)+mc,(8) +m?
for any me Z. Since & has rank 2, the natural map £® & — A& is a perfect pairing,
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whence & = &(—cy).

(2) A vector bundle & of rank 2 on P" (n>2) is stable if and only if &(m) is stable
for any me Z. Since twisting a rank 2 bundle by m changes its first Chern class by 2m,
we can twist any bundle so that its first Chern class becomes 0 or — 1. In this case we
will say that & is normalized. If & is normalised, then & is stable if and only if H°(&)=0.
In case ¢; =0, & is semistable if and only if H°(&(—1))=0.

ProrosiTION 2.6 ([Ha 2, Corollary 8.4]). The possible values of c¢,, c,, o for a
normalised stable rank 2 bundle on P3 are

¢;=0,a0=0,c,>1. ¢;=0,a=1,¢,>3. c¢;=—1,c, even=>2.
The following proposition gives a criterion for a bundle to be stable:

ProposiTION 2.7 ([Ha 2, Proposition 3.1]). Let & be a rank 2 bundle on P?
corresponding to a curve Y in P3. Then & is stable (respectively, semistable) if and only if

(1) ¢,(&)>0 (respectively, ¢,(&)=0) and

(2) Y is not contained in any surface of degree <%c,(&) (respectively, <4c,(£)).

DEFINITION 2.8. Let & be a stable rank 2 vector bundle on P" (n>2) with ¢,(£)=0.
Since any vector bundle on P! is a direct sum of line bundles and ¢,(£)=0, we know
that for any line L in P", é”| . =20, (—a)® O(a) for some a>0. By the theorem of
Grauert-Miilich [Ba, Theorem 1], & | . =0, ® 0, for almost all lines. The lines for which
this does not hold are called jumping lines of order a (>0) for &.

For the restriction é”l gtoa plane H in P3, the following is known.

ProposITION 2.9 ([Ba, Theorem 3]). Let & be a stable rank 2 vector bundle on
P3, then for almost all planes H in P3, the restriction &|y is stable, unless = (a) for
some a€ N. (N denotes a null-correlation bundle.)

DErFINITION 2.10. Let & be as in (2.9). The planes for which the restriction & | u 18
not stable are called unstable planes for &.

PrOPOSITION 2.11 ([Ha 2, Theorem 3.3]). Let & be a semistable rank 2 bundle on
P3, then for almost all planes H in P3, the restriction &\, is semistable. |, is semistable
for any H in P3.

We will need the following two technical propositions. Professor T. Urabe pointed
out the following fact (2.13) by using the theory of period of K-3 surfaces.

PROPOSITION 2.12. Let X be a smooth hypersurface of d=deg X=2 in P" (n=3)
and H be a hyperplane in P". Then the hyperplane section XNH has only isolated
singularities.

PrOOF. Let £, h and g be defining polynomials of X, H and X n H respectively.
Then f=hf, +g for some f; of degree d—1. Let X be the singular locus of X n H. If
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dim 2 > 1, then X~ {f, =0} # &. By calculating the differential of f, we can see that X
has singularities along X~ n {f; =0}. Q.E.D.

PROPOSITION 2.13. For any given d>3, there exists an elliptic K-3 surface S of
degree 4 in P® such that p(S)=2 and deg(fibre of the elliptic fibration)=d.

§3. The correspondence between vector bundles and surfaces.

In this section we study a correspondence between vector bundles and surfaces
induced by the determinant. Let & be a rank 2 vector bundle on P=P3. Let s, and s,
be nonzero global sections of & Assume that s, and s, are linearly independent, and
that both of the scheme of zeros of s; and s, are curves. Then the scheme of zeros of
s, AS,€ HO(P3, R &), of degree c,(&) in P3, is called a determinant surface of & and is
denoted by (s; A s5,)o- We also say that & has a determinant surface S.

Our first result is to characterize the smooth surface S which occur in this way,
and to show how to recover the bundle & from S. The following theorem is well known
(cf. [Ma]), but we have to give the proof because the important thing is the relationships
of bundles, sections, surfaces, morphisms and fibres.

THEOREM 3.1. A smooth surface S in P3 occurs as a determinant surface of a rank
two vector bundle & on P3 if and only if S has a surjective morphism to P'.

PrROOF. (1) Only if part: We can write S=(s; A s,), for some s,, s, € H'(P3, &).
Since S is smooth, {support of (s,)0} N {support of (s,)o} = and dim(n,s; +7,5,)0=1
for any n=(n, : n,) € P'. By sending (s, :=n,5; +17,5,), to 1, we obtain a projection
from S onto P!.

(2) If part: By considering the Stein factorization of the projection ¢ :=S— P!,
we get a surjective morphism (say, n) from S onto P! with connected fibres. Note that
the target of = is P! since q(S)=h"(S, 24)=0. Let F, (1<i<A) be mutually distinct
smooth fibres of n, and put e=deg F, =deg F;, g=genus of F,. Let Y be the disjoint
union of Fy, F,, - - -, F;. In this notation, we have:

Claim. There exists a rank 2 vector bundle & on P> and a nonzero global section
se HO(P3, &) such that Y=(s),.

Proof of the claim. By (2.1), it is sufficient to show that Y is a local complete
intersection and wy is isomorphic to the restriction to Y of some line bundle on P3.
Y is smooth, and hence a local complete intersection. By adjunction formula
Os® 0y 2wy ®(O(—Y)® Oy) = wy and g wp R Op(d) ® O, where d=deg S. So wy is
isomorphic to the restriction to Y of Oy(d —4). These imply the claim by (2.1).

Continuation of the proof. By (2.3), ¢,(&)=d=deg S and c,(§)=el=degY. Ap-

plying the functor s#z»:(-, Op) to a map (9,—s>¢£ we get a map & —s-»(D,. whose image

is a sheaf of ideal .#, in 0@,. Since Y has codimension 2, locally the two generators of
£y form a regular sequence.in @p, so the local Koszul complexes glue together to give a
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resolution of #:
0— 2(6Y)—&¥ 2 5y —0.
By identifying &V to &(—c(£)), we obtain:

0‘_*(91'("6'1(03’))"—’5(“01(5))—"JY_’O .

Moving to the long exact sequence, we get the following exact sequence

0— HO(P?, 0,) 25 HO(P?, &) - HY(P3, $4(d)) — 0,

where p(+)="-s, v(+)="* As. Since Y is contained in S, there exists an fe HO(P3, #4(d))
such that S={f=0}. Let s, € H°(P>, &) be an element with f=v(s,)=s; A 5. One knows
that S=(s,; A 5), is a determinant surface. Q.E.D.

REMARK 3.2. (1) In the proof above, if we take A€ N satisfying the inequality
eA>d?*/2, then & is stable by (2.7).

() If eA>d?, then h°(P3, #y(d)=1, so h°(&)=2.

(3) p(S)=(Picard number of S)=>2.

COROLLARY 3.3. If a bundle & has a smooth determinant surface S, then & is a
direct sum of line bundles if and only if Y is a complete intersection, where Y is a general
fibre of the natural projection ¢ :=S — P* as in the proof of (3.1).

Proor. It follows from (2.2) and (3.1). Q.E.D.

§4. Determinant surfaces of stable bundles with c,(&£)=4.

‘Throughout this section & will denote a stable vector bundle of rank two on P=P?
with ¢,(€)=4, and assume that & has a smooth determinant surface S=(s; A 5,)o for
some s,, 5, € H%(&). We denote the natural morphism S> (1,5, +7252)0 = 1=, : N2)€

P! by ¢. Let n: S— P! be the Stein factorization of ¢. By Y we denote a general fibre
of . .

PROPOSITION 4.1. Let S be as above, then S is an elliptic K-3 surface. Conversely,
every elliptic K-3 surface of degree 4 in P> with deg(fibre of ¢)>5 occurs in this way.

PrOOF. Since deg S=c,(£)=4, S is a K-3 surface. We may assume that Y=(s,)o
is a disjoint union of smooth curves. Y=Y,[[Y,]]- - -11Y; for some AeN. Since Y,
is linearly equivalent to Y; (1<i<A), degY,=---=deg¥; and p,(Y )= " =p,(Y,).
Hence p(Y)=1—x(0y)=1—A(1—p,(Y,)). By (2.3), we can see degY,=c,/A and
p.(Y)=1. Hence the morphism n: §— P gives the structure of elliptic surface. The
second statement follows from (3.1). Q.E.D.

REMARK 4.2. (1) For any given d>3, there is a smooth elliptic curve of degree
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d on a smooth quartic surface in P* [Mo]. So, given d> 3, there exists an elliptic X-3
surface m: S — P! (with connected fibres) such that deg(fibre of n)=d.

(2) By (2.6), we have ¢, >S5 by stability. By (2.7) and (1) just above, there is a
stable rank 2 bundle &, ¢,(£)=4 which has a smooth determinant surface.

PROPOSITION 4.3. A :=(number of irreducible components of Y)=h'(&(—4))+1.
PrOOF. As in the proof of (3.1), we get the following resolution of .#,
0—0p(—4) — (-4 —Fy—0,
from which follows h'(&(—4))=h'(Fy). Viewing the exact sequence
0—SFy—0p— 0y—0,
we have h%(Oy) =h°(Op) + h'(Fy). Since h°(Oy) = A, we have A=h'(€(—4))+1. Q.E.D.
A determinant surface S with ¢,/A=3 has a special property as below.

PROPOSITION 4.4. In our situation, c,/A=3 if and only if there exists a line L, on
S such that (Lo, Y)=c,. Moreover, such L, is unique if it exists and m corresponds to
@Dy - 1,)» where H is the hyperplane section of S and Dy _ ;| is a morphism to P! associated
to the linear system | H— L, |.

PROOF. (1) Assume that there exists a line L, on S such that (Lo, Y)=c,. Let
H, be a generic hyperplane section of S containing L,. Then Hy=Ly+ R, as a divisor
on S, where R, is a smooth plane cubic curve on S. Since ¢, =(H,, Y)=(Lo,Y)+(R,, Y),
we get (Rg, Y)=0. Hence R, is contained in some fibre of n. By genericity of
Ro=H,— Ly, Hy— L, is linearly equivalent to the fibre of n. Hence c,/A=3 and =
corresponds to @4, . If there is a line L, on S such that (L,, Y)=c,, for any plane
H, containing L, we have Hy—L,~Y, and H, — L, ~ Y, as above, where Y, is a fibre
of m and ~ means linearly equivalence. By 4=(Hy, H,)=(Lo+ Y, L, + Y,)=6+(L,,
L,), we have L,=L,.

(2) Next assume that ¢,/A=3. Let Y, be a fibre of n. Y, is a plane cubic curve,
so there is a unique plane H containing Y,. We also denote the hyperplane section
of S by H. Then (L, Y)=(L¢y, AY;)=3A=c, and = corresponds to Diy_r,: S—P,
since H—Ly,=Y,. Q.E.D.

PROPOSITION 4.5. If S contains a smooth rational curve C= P!, then p(S)> 3, unless
¢, /A=3 and C= L, such that (Lo, Y)=c, as above.

PROOF. Let M be the intersection matrix with respect to three divisors H
(hyperplane section of S), Y and C. det M= —2(2(Y, C)?>—c,(Y, C)deg C—c32), so
det M =0 if and only if degC=1 and (Y, C)=c,. Hence this proposition follows from
(4.4). Q.E.D.

PROPOSITION 4.6. Let H be a plane in P3. The restriction (S’I g 1o H is semistable,
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unless c¢,/A=3 and H contains a line Ly lying on S such that (Y, Lo)=c,.

PROOF. Since cl(cg’(—2)| ) =0, it is sufficient to show that H°(é"’(—3)| p=0.1f H
contains an irreducible component Y; of Y, then deg Y;=3 and c,/A=3. In this case, by
(4.4), there exists a line L, such that HnS=Y;+ L, and that ¢, =(L,, Y). So we may
assume that dim Yn H=0. The exact sequence

0 — Op(—3)— &(—3)— Fy(1) —0,
induces the exact sequence
0—> On(—3) — &(—3) |y — F2(1) —0,

where Z= YnH is a zero-dimensional scheme of degree ¢, in H, and h°(é°(—3)|H)=
h°(#/(1)). Z lies on the reduced plane quartic curve C=SnH. Since ¢, > 35, the scheme
Z is contained in some line on H if and only if H contains a line L on S such that
(L, T)=c,. Hence this follows from (4.4). Q.E.D.

PROPOSITION 4.7. Let H be a plane in P3. Assume that SNH is irreducible and
that c,(&)>8. Then the restriction & | p is stable on H.

Proor. Since c¢,(&(—2) | ) =0, it is sufficient to show that H °(¢€(—2)| ) =0. This
follows from the same argument as in (4.6). Q.E.D.

COROLLARY 4.8. Let H be a plane in P3. Assume that c,(§)>8 and that p(S)=2.
Then the restriction é’l y is stable on H, unless c,/A=3 and H contains a line L, on S
such that (Lo, Y)=c,. !

PRrROOF. - It follows from (4.5) and (4.7), since any reducible plane quartic curve
contains a smooth rational curve as a component. Q.E.D.

'As a corollary of (2.13), (3.1) and (4.8), we get:

COROLLARY 4.9. For any given c,> 5, there exists a stable vector bundle & of rank
two with ¢,(€)=0 and c,(&)=c, on P3 such that the restriction & | u s stable for any plane
H in P3.

§5. Jumping planes.

From (4.8), if ¢c,(&) =9, the unstability of é’l  gives some information on the Picard
number p(S). Our main object is to estimate the value p(S) by the grade of unstability
of é”] y- First of all we shall study jumping lines and pairs of jumping lines and unstable
planes. :

NOTATIONS.
& : a stable vector bundle of rank two with ¢,(€)=4 and c,(6)=9 on P>.
S=(s; A 8,)o : @ smooth determinant surface of &, deg S=4.
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@ : §2(1151+1352)0 = (11 : n;) € P* denotes the natural projection.
Y : a generic fibre of ¢, deg Y=c,.

A=h'(&(—4))+ 1 =the number of the irreducible components of Y.
n: S— P! the Stein factorization of ¢.

Y, : a generic fibre of =, deg Y, =c,/A.

5.1. Let Lbealinein P3. &(—2)|, =0, (—a) ® O.(a) for some a>0. Pick a section
Sy =111 +125,€ H(&). Put Y, =(s,), and let

0—0p—2 8 — 5y (4)—0

be the corresponding exact sequence as in the proof of (3.1). If Y, meets L at finite
number of points Py, P,, - - -, P, (0<r<c,), then the tensor products with 0, give an
exact sequence

0—0, —»JIL — 0'1‘(4-21’,-)@2161” —0,

where k,, is the skyscraper sheaf C at P, If r=0, then H%&(-5) IL)=0 SO we must
have &(—2)|,=0®0, O(—1)® 0O(1) or O(=2)®0Q2). If r=1,8(—2)|,=00 or
O(—1D)@0(). If r=2, £(—2)|, =2 0(—r+2)® O(r —2).

DEFINITION 5.2. Let L be a line in P3. If L is the jumping line of order a (>0)
for £(—2) in the sense of (2.8), we call that L is the jumping line of order a (>0) for 8.

ProPOSITION 5.3. (1) Let L be a jumpimg line of order a>3 for & Then LcS
and the intersection number (Y, L)=a+ 2.

(2) Let H be an unstable plane for & Then H contains at most two Jumping lines
with order greater than 2.

Proor. (1) By (5.1), ¥,nL=(a+2)-points scheme, but if L &S then deg(LNS)
=4. So L<S and (Y, L)=(Y,, L)=a+2.

(2) By (4.7), SnH is reducible (but reduced, since s is smooth). From the proof
of (4.6) and (4.7), ¢5’| g 18 not stable (possibly not semistable) if and only if
h%(&(—2)|g) =h°(H, £ A2))#0, where Z=HANY is a c,-points scheme in H. Take a
nonzero section T € H(H, .# ,(2)), then (), is a conic on H containing Z (possibly (1), & S).
Assume that (1), is smooth. Z<=(1)o=SnH and H has no jumping line with order
greater than 2 by considering the intersection (7)o (a line) of degree two. Assume that
(7)o is a singular conic. Let L be a jumping line of order a>3 on H. Then (1)onL contains
S-points scheme, so L < (t),. Q.E.D.

5.4. Let H be an unstable plane (2.10) in P3. Then continuing the argument of
the proof of (5.3), we get the following (5.4.1)—<(5.4.3). Note that S~ H is reduced by (2.12).

(5.4.1) Assume that H has exactly one jumping line L with order greater than 2.
Then SNH=L+ R as a divisor on S, where R is the residual curve. In this case
(L, Y)=c,—4 and there exists a line L' on H (possibly L' ¢S) such that Z< LUL'.
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(5.4.2) Assume that H has two jumping lines L; and L, with order greater than
2. Then SNnH=L,+ L,+ R, where R is the residual curve and contained in a singular
fibre of the elliptic fibrationn : §— P!.Inthiscase Zc L,uL,and(Y, L,)+(Y, L,)=c,.

(5.4.3) Assume that H has no jumping line with order greater than 2. Then
SNH=C+ R, where C is a smooth conic such that (C, Y)=c,, Z<C. In this case the
residual curve R is contained in a singular fibre of =n.

Let U be a set of these triple (H, P, R), where H is an unstable plane, P= L in case
(5.4.1), P=L,UL, in case (5.4.2), P=C in case (5.4.3) and R is the residual curve in
the corresponding case. We define the following equivalence relation ~ between the
elements of U,

(H,, P, R))~(H,, P,, R,) ifand onlyif P;=P, (asa set).

Set J:= U/~ the quotient set of U and denote by [(H, P, R)] € J the equivalence class
of (H, P, R)eU.

DEFINITION 5.5. * An element h=[(H, P, R)] € J is called a jumping plane of type J,,
if P=L (as in (5.4.1)) and ¢=c,—(Y, L), in this case 0<¢<4 and A|¢; of type J,, if
P=L,uL, (asin (5.4.2)) and ¢ =min{(L,, Y), (L,, L)}, in this case 5 <¢ <[c,/2] (integral
part of ¢,/2) and A|¢&, and of type J,,, if P=C (as in (5.4.3)).

Set Ja={heJ; h is a jumping plane of type J; and 0<¢<4}, a=4#Ja,
Jb={heJ; his a jumping plane of type J, and 5<¢<[c,/2]}, B=4#Jb,
Je={heJ; h is a jumping plane of type J,,} and y=*#Jc,

where # A4 stands for the number of elements of a finite set 4.

REMARK 5.6. (1) In general U is an infinite set, but J is always finite.
(2) By (4.4), the following conditions are equivalent.

(1) c,/A=3. (ii)) There exists one and only one jumping plane of type J,.
(3) By (4.8) if ¢,/A=>4 and p(S)=2, then U=J=F i.e. if J# & then p(S)=>3.
(4) If A>5, then Ja={a jumping plane of type J,}.

5.7. Intersection of jumping planes. Let (H,, Py, R,), (H;, P,, R;)€ U and assume
[(H,, Py, Ry)]1#[(H;, P,, Ry)] in J. Note that (P;, P)+(P;, R)=4—(R;, P)—(R;, Rj)=
degree of P; in H, for i, j=1, 2. A possible common component of P, +R; and P,+R,
is the line L=H,nH,. Moreover if L is their component, then Supp(P,+R;—L)n
Supp(P,+ R, — L)= and (L, L)= —2. By these facts we can show the following:

(1) Assume that both P, and P, are smooth conics. Then (P,, P,)=(R,, R;)=0,1
or 2. More precisely, P,nP,=J<>R,NnR,=F or a line, deg(P,NP,;)=r<>deg(R;N
R,))=r(r=1,2).

(2) Assume that P, is a smooth conic and that P, is a singular conic. Then
(P4, P;)=(R,, R;)=0,1 or 2 and the same as (1).

(3) Assume that both P, and P, are singular conics. Then (P,, P,)=(R;, R,)=0, 1
or 2. More precisely, P,nP,=a line=R;NR,=F, deg(P;NnP,)=r<deg(R,NR,)=
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rir=12), RRnR,=F or a line=P,NnP,=.

(4) Assume that P, is a smooth conic and that P, is a line. Then (P,, P,)=0 or
1. Namely, P,nP,== R,NnR,=a single point or a line; in this case (R, P,)=
(R,, Ry)=1. deg(P,nP,)=1=deg(R;NnR,)=2; in this case (R, R;)=2, (R,, P,)=0.

(5) Assume that P, is a singular conic and that P, is a line. If (P,, P,)>0, then
there exists a plane H,< P> such that SnH, contains P, and one of the irreducible
component L, of P,. But this leads a contradiction: c,=(H,, Y)=>(L,, Y)+(P,, Y)>c,.
In this case P,nP,=, (R,, P,)=1 and R,NR, is a single point or a line.

(6) Assume that both P, and P, are lines. Then, the same as in (5), P,nP,=,
(R;, R;)=2 and R;NR, is a finite scheme of degree two or a line.

If ¢, /A =3, the unstable planes for & is completely described. Because of the following
proposition and (4.8), we have to assume c,/A >4 for Theorem 2.

PROPOSITION 5.8. If c,/A=3, then J consists of only one element of type J, and U
is parametrized by P*.

Proor. By (4.4) and 5.6 (2), there exists a jumping plane of type J,,
ho=[(Hy, Lo, Ry)] and the fibre Y; of = is a plane cubic curve. Now L,+ Y, ~H
(linearly equivalent to the hyperplane section).

(1) Assume that there exists h, =[(H,, L,, R;)]€Ja. Now A>3 by assumption
¢, =>9. Combining with 5.6 (4), A=3 or 4. Let A=3, then ¢,=9. By 5.7 (6), LonL, =
so (Ly, L;)=0. Hence 1=(H, L,)=(Ly, L,)+(Y,, L))=(Y,, L,). On the other hand,
since h, is of type J3, 3=c,—(Y,L)=9—(Y,L,) so (Y,L,)=6. By 6=(Y, L,)=
(Y, Ly), (Y, Ly)=2. This is a contradiction 1=(Y,;, L;)=2. The same argument
applies to the case A=4 and c,=12.

(2) Assume that there exists h, =[(H,, P,, Ry)]e JbuJc. R, is contained in some
singular fibre Y, of n. Noting that R, is a reduced conic, there is a line L on § such
that Y, =R,+ L. Then 3=(Ly, Y,)=(Ly, R+ L)=(Ly, R))+ (Lo, L). By 5.7 (4) and
(5), (Lg, R;)=0 or 1, so we have (Ly, L)=2 or 3. This is impossible. Q.E.D.

§6. Picard numbers of determinant surfaces.

In this section we will prove Theorem 1.2. The proof consists of some lemmas.
Throughout this section we will use the same notations as in §5 and the following.

ao=4%#Ja, B=#Jb, y=#Jc, HJ=a+B+y (see (5.5)) .
(D, D,, -+, D, : the intersection matrix of divisors D,, D,,---, D, on S.

DEFINITION 6.1. Let D;=P' (i=1,2,- -, n) be curves on S with D;#D,; if i#j.
By a cyclic chain contained in U:'= . Di, we shall mean a curve composed of some
of components say D,, D,, ---, D, such that (D;, D,)=(D,, D3)=""-*=(Dy_,, D)=
(Dy, D;)=1 and (D;, D;)=0 for other pairs (i, j).
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Theorem 1.2 follows easily from the following two propositions.

PROPOSITION 6.2. The following inequalities (1)«3) hold.
M) pS)=1+a. (2) p(S)=3+aif f>0. (3) p(S)=2+a if y>0.

PROPOSITION 6.3. The following inequalities (1) and (2) hold.
(D p(S)=2+3(B+7). (@) p(S)=2+a+y if a>0.

ProOF OF THEOREM 1.2. We may assume that #J>3 by 3.2 (3) and 5.6 (3).

(1) If a=0 then p(S)=2+3(B+7y)=2+%44%J by 6.3 (1).

(2) If B+y=0 then p(S)>1+a>2+1#J by 6.2 (1).

(3) Ifi#J<B+y<#Jthen p(S)=2+B+y=2+3#J by 6.3 (2).

4 Ifi#J<a<#J then p(S)>2+a>2+4#J by 6.2 (2) and (3). Q.E.D.

PROOF OF 6.2. Let hi= [(Hi, Li’ Rl)] eJa (i= 1, 2, Tt T, 0(). Note that (L,', L])=0 fOl‘
i#j by 5.7 (6).
(1) Then

<Hs Ll: L29 B Laz>=

1 0 )
has maximum rank.

(2) Let hy=[(Hp, Ly ULy, Ry)JeIb. (L;, Lg,)=0 for any 1 <i<a and j=1, 2 by
5.6 (5). Then

4 1 1 1 1

1 -2 1 0 0

1 1 -2 0 0

<H’ Lﬂl’ LﬂZ’ Ll’ T, La>= 1 0 0 _2 O
\1 0 o O —2/

has maximum rank.

(3) Leth,=[(H,, C,, R)]eJc. Now (L;, C,)=0or 1 by 5.6 (4). So we may assume
that (L;, C,)=1 for 1<i<k, =0 for k<i<a for some k (0 <k <o). Then by elementary
transformations of rows and columns,
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<H9 Cy, Ll, ot 'st, Lk+1’ o '9La>

/4 2 1 1L e 1
2 -2 1 - 1 0 - 0
1 1 =2
= 1 -2
)
\1 0 O _2/
8 4 11 1
/4 —4 1 0 0 )
2 2 -2
=12 2 )
2 0 )
\2 0 0 2/
[ k148 k+4 1 I\
k+4 k—4 0
0 0 -2
= 0 0 -2
0 0 )
\ o o O 2/

and

(k+l+8 k+4
det|
k+4 k—4

)=(k—4)(l—4)—64,

where /=a—k. Since S is a K-3 surface, p(S)<20. By (1) 1 +a < p(5)<20,s0 a=k+1<19
and (k—4)+(/—4)<11. Then (k—4)(I—4)—64<0. Hence rank{H,C,, L,,---,L,>=
2+a. Q.E.D.
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For Proposition 6.3, we have to investigate more carefully the intersections of
jumping planes of type Jb and of type Je.

6.4. Let h,=[(H, P;, R)JeJbuJc, i=1,2, -, n. Assume that | J7_ R cn” (p)
for some pe P!. Set N=the number of the 1rredu01ble components of U Rl, and let
Z, Ri= Z JiF: (fieN) be the irreducible decomposition. Note that R is either a
smooth conic or a union of two lines with normal crossing at one point. We consider
the following five cases.

(6.4.1) Every R; is a smooth conic and )} R;G7n '(p). Then N=n and
(Fy, F,, - -+, F,) has maximum rank by the following well known Lemma 6.6.

(6.4.2) Every R; is a smooth conic and (J}_, Ri=n"'(p). Then N=n and
(Fy, Fy, -+, F,_{> has max1mum rank by Lemma 6.6. Moreover n*(p)= Z miR; for
some m; eN and c,/A=degn*(p)=deg};_ JR=237

(6.4.3) There is a singular conic and a smooth comc We may assume that R, is
a singular conic and R, is a smooth conic. By induction on n, we get N>n+1. By
Lemma 6.6, (Fy, F,, - - -, F,> has maximum rank.

(6.4.4) Every R;is a singular conicand N>n+1. By Lemma 6.6, (F,, F,, - - -, F,>
has maximum rank.

(6.4.5) Every R; is a singular conic and N<n. Then by the following Lemma
6.5, we can see that ( J7_ R; is a cyclic chain and N=n. Then by the classification of
singular fibres of elliptic surfaces [Ko], n*(p) is a singular fibre of type ,I, (m=multi-
plicity>1, n=the number of the irreducible components>3) or of type IV. Then
Yo Ri=2red(}_ R), n*(p)= mred(})_ R)= (m/Z)Z Ri and c,/A=degn*(p)=
(m/2)zl ,deg R;= mn By Lemma 6.6, {F,, F,, -, F,_;> has maximum rank.

LEMMA 6.5. Under the situation of (6.4.5), U:’= , Ri is a cyclic chain and N=n.

PrROOF. (1) Assume that every f; is greater than 1. By chasing the component
R;, we can see U:’= . R; has a cyclic chain. By the classification of singular fibres of
elliptic surfaces [Ko], (J7_, Ri==""'(p)=the cyclic chain. If f, > 3, we may assume that
Fi=R,nR,NR;. We can write R;=F,; + R (i=1, 2, 3) for some line R} (i=1, 2, 3), note
that F; #R; (i=1, 2, 3) and R;# R} if i#j. Then (F, R))=1 (i=1, 2, 3), this is impossible,
since U:’= , R;=the cyclic chain. Therefore we have f;=2 for any 1<i<N, and N=n.

(2) Assume that fy=1. We want to show that N>n+1 by induction on n. We
may assume that Fy— R, and Fy¢ R, forany 1<i<n—1.Let Y 'Ri=Y._ f,F fi=
0) be the irreducible decomposition. If f{ >2 for any f; #0, then U" 1R —n“(p) by
(1) as above. Since Fy ¢ U" ! R,, there exists i such that fi=1.By the 1nduct10n hypothe-
sis, (the number of the 1rredu01ble components of Z" 1R)>n Also by Fy¢ U" 'R,
N>n+1. By the assumption N<n, every f; must be greater than 1. Q. E D.

LEMMA 6.6 (cf. [Be, Corollary VIII. 4]). Let X be a smooth projective surface, B
a smooth projective curve and g : X — B a surjective morphism with connected fibres. Let
be B, g*(b)=) ,m;X; be the irreducible decomposition and let D=Y ;r.X; (r;c Z). Then



334 SHIGEHARU TAKAYAMA

D? <0, with equality if and only if D=rg*(b) for some re Q.

LEMMA 6.7. Let D,, D,, - - -, D, be divisors on S. Suppose that (Y, D;)=0 for each
lsisk. Then det(H, Y, Dl’ Dz, tt ey, Dk>= “‘C% dCt(Dl, Dz, T, Dk>‘

ProOOF. Since (H, H)=deg S=4, (H, Y)=deg Y=c, and (Y, Y)=0,

4 ¢, * . *
c, 00 0
(H,Y,D;,Dp,--, D= | * ©

<D1’ Dza T Dk>
* 0

At first, expand along the first row. By expanding each cofactor along the first column,
we get the assertion. ’ Q.E.D.

PrOOF OF 6.3 (1). Let h;=[(H;, P;, R)]eJbulJc (i=1,2,---, B+7). Since ¢, /A=
deg n*(p)>4 and deg R;=2, R;<n~ !(p) for any 1 <i<pB+7. Hence we need at least two
h; and h; so that R,UR;=7""'(p). By (6.4.1)(6.4.5), we can find k-irreducible curves
F,, F,, -- -, F, contained in singular fibres such that rank{F,, F,, - - -, F,)> =k, where
k=B+y—[(B+7y)/2]. By (6.7), {H, Y, F,, F,, - - -, F;,> has maximum rank. So p(S)>
2+1(B+y). Q.ED.

LEMMA 6.8. Assume that there exists an hy=[(H,, Ly, Ry)]€Ja. Then both of
(6.4.2) and (6.4.5) do not occur.

PrOOF. (1) Assume that (6.4.2) does occur. Then n*(p)=)"_ m;R; for some
meN and c,/A=2) m;. Note that (Lo, R)=0 or 1 by 57 (4), (5). Now
¢, —4=< (Lo, Y)=(Lo, An*(p))=A(Lo, Z:; JR)= A ZL 1 my{(Lo, R) < /lz:; JMi=C2 /2.
We get ¢, <8. This contradicts our assumption ¢, >9. ‘

(2) Assume that (6.4.5) does occur. Then n*(p) =(m/2)z:;'= , Ri for some me N and
c,/A=degn*(p)= (m/Z)Z'I,'= , deg R,=mn. Note that (L,, R;)=0 or 1 by 5.7 (4), (5). Now
c2—4< (Lo, ¥)=(Lo, 2m*p) = MLo, (/) X_ R)=(im/DT!_ (Lo, R) < (A/2)mn =
c,/2. We get ¢, <8. This contradicts our assumption ¢, >9. Q.E.D.

PROOF OF 6.3 (2). By Lemma 6.8, (6.4.1), (6.4.3) or (6.4.4) occurs. So we can

find (B+y)-irreducible curves Fy, F,, - - -, Fp,, contained in singular fibres such that

rank{Fy, F,, -+, Fg.,>=B+7.ByLemma 6.7, {(H, Y, Fy, F,, - - -, F,,> has maximum
rank. So p(S)=>2+f+7. Q.E.D.
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