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Compact Quotient Manifolds of Domains in a Complex
3-Dimensional Projective Space and the Lebesgue
Measure of Limit Sets

Masahide KATO*

Sophia University

Abstract. We shall consider compact complex manifolds of dimension three which have subdomains
in a three dimensional projective space as their unramified even coverings. Assume that the subdomains
contain projective lines. Then any pair of such manifolds can be connected together complex analytically by
an analogue of Klein combinations [K1]. In this paper, we shall prove a (weak) analogue of two results of
B. Maskit [M] on the Lebesgue measures of the limit set of Kleinian groups (Theorems A and B).

In section 1, we shall give definitions of terms and precise statement of our result. In section 2, we shall
analyze the limit set by the same method as that of Maskit. Section 3 is devoted to proving Theorem 2.1.
As a corollary to Theorem 2.1, we obtain Theorem A, which is an analogue of Combination Theorem I of
[M]. In section 4, we shall prove Theorem B, which is an analogue of Combination Theorem II of [M].

1. Introduction.

A complex manifold X, dimX=3, is of Class L by definition, if X contains a
subdomain onto which there is a biholomorphic map from a neighborhood of a projective
line in a three dimensional complex projective space P3. The biholomorphic image in
X of the projective line is called a line.

Klein combination of Class L manifolds is defined as follows ([K2]). Let X, v=1, 2,
be manifolds of Class L. Let £ be a connected and simply connected smooth real
hypersurface in P3, and W a tubular neighborhood of X. Let W; and W, be the
connected components of P>\ 2. Put W, =W, u W and W,=W;u W. Suppose that
there are open holomorphic embeddings j,: W,—X,. Then the Klein combination
KI(Xy, X5, j1, j2» 2) of X, and X, is the union X% U X%, X*=X,\ j,(W,\ W), where
Jji(x)ej (W), xe W, is identified with jy(x)ej,(W). It is easy to check that a Klein
combination can be defined for a pair X;, X, of Class L manifolds if both W] and W,
are of Class L. Let X, denote the hypersurface in P? defined by

|zol?+1 2, 1>=|z,1*+|2;517,

Received September 19, 1994
* Partly supported by the Grants-in-Aid for Co-operative Research as well as Scientific Research, the
Ministry of Education, Science and Culture, 1994, Japan.



100 MASAHIDE KATO

where [z, : z, : z, : z3] is a system of homogeneous coordinates. The Klein combination
is called a connected sum denoted by Sum(X,, X, j,, j», £) or Sum(X,, X,) for short,
if the domain W is biholomorphic to a tubular neighborhood of X,. We can consider
a connected sum for any pair of Class L manifolds and the resulting manifold is also
of Class L.

Let Q be a domain in P3. Assume that Q is of Class L. Then any holomorphic
automorphism of Q extends to an element of PGL,(C) by [K1, Lemma 3.2]. Let I" be
a group of holomorphic automorphism of 2. We can assume that I' is a subgroup of
PGL,(C) without loss of generality. Assume further that the action of I on Q is free
and properly discontinuous and that the quotient manifold I'\ Q2 is compact. It is easy
to see that I'\Q is also of Class L. In the following, a complex manifold X which can
be described as a quotient of a subdomain of P? is said to be covered by a subdomain
of P3.

It is easy to see that a Klein combination of two manifolds of Class L which are
covered by subdomains in P* is also covered by a subdomain in P3 (see [M] or [K2]).

Since a manifold of Class L admits at most one holomorphically flat projective
structure ([K1, Proposition 5.1]), the domain Q can be recovered, up to compositions
of elements of PGL,(C), from the quotient I'\Q as the image of the development of
the projective structure. Therefore the complement A=P3\ Q is defined canonically by
I'\Q up to translations by PGL,(C). It is an easy consequence of a theorem of H. Hopf
that the cardinality of the connected component of A is 0, 1, 2, or that of continuum.

Now we state our main result, which is a (weak) analogue of a part of Combination
Theorem I of B. Maskit [M].

THEOREM A. Let X,, v=1, 2 be compact manifolds of Class L which are covered
by subdomains Q, of P3. Assume that the complements in P> of Q, have Lebesgue measure
zero for v=1, 2. Then Sum(X,, X,) is covered by a subdomain whose complement in P3
has also Lebesgue measure zero.

The theorem above is a corollary to a little more general result (Theorem 2.1) of
Klein combination version of Theorem A, which will be proved in section 3.

2. Decomposition of limit sets.

Let X, =(Qy, I'y), X, =(R,, I';) be compact manifolds of Class L which are covered
by subdomains Q,, Q, of P? and let X=KI(X,, X5, j;, j2» 2) be a Klein combination
of these two manifolds. Since X is also covered by a subdomain, we can write X =(Q, I').
Set A=P*\Q, A;=P3\ Q, and 4,=P3\ Q,. Let Volp; denote the volume (Lebesgue
measure) defined by a Riemannian metric on P3. Now we shall describe the condition
under which Volgi(A4,)=0, v=1, 2 implies Volps(A4)=0. If either I', or I', is a trivial
group, then the implication above holds obviously. Thus it is enough to consider the
case where both I'; and I', are non-trivial groups.
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First we shall make the following

ASSUMPTION A.
Al. W contains projective lines.

By Assumption Al, © contains a line. Since the action of I' on @ is properly
discontinuous, we see that the limit of a line in Q has no common points with Q. Hence
A contains a line. Thus let /, be a line such that

(1) l, is contained in A .

We use the notation of section 1. Let jvv: W,—Q,cP? be a lift of j,. Since W
contains projective lines, j, extends to an element of PGL,(C) by [K1, Lemma 3.2]. Put
W, = j'v( W, and X = jvv(Z). Let F, be a fundamental region for I', on Q, which contains
W,. Here we can assume that the F, are compact simplicial complexes embedded in
Q,, by considering triangulations of X,. By j, !, we regard F, as a subset in P? which
contains W,, and X, as X. Put F =(F1\W;)vu (FZ,\ W3 and Q=() ger 9(F), where
I' is the subgroup of PGL,(C) generated by j, 'I',j,, v=1,2. Then it is easy to see
that Q is an unramified even covering of X. Moreover, we can show easily that F is
a fundamental region for I and that I' is the free product of fv‘lF v jvv, v=1, 2 by the
same argument as the proof of Maskit [M, Proposition 1]. We follow an argument of
[M]. Our case is simpler than that of [M]. For a group G, we indicate the set G\ {1}
by G*. Every element of I'* can be written in the normal form

2 g=gn° """ °9g1 >

where either g,; €'Y, g5, 1€ '%,0rg,;€'%, g5, , €' ¥. Itis well-known that the number
of factors »n in the right hand side of (2) is determined by the element g. We call # the
length of g, and denote the length by | g|. We set | 1 |=0. Furthermore, writing g in the
normal form (2), we say that g is positive (g>0) if g, e I'¥, and we say that g is negative
(g<0)ifg,el%.

By Assumption Al, there is a line /, in W. We consider the following sets of lines

’@1={ICP3 : g(l)—_"loo) g>0} ’ '@2={ICP3 : g(l)=loo>g<0} ’
and their supports

|#,|={J Supp!.

le?,

It is easy to see that the set | 2, | is contained in P3\ W,.
In what follows, throughout this paper, we let U denote the domain in P3
defined by

U={z=[z0:21:2,:23] : | 26> +| 2, > <| 2, 1* +| 235 *} .

We shall assume the following condition on X.
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ASSUMPTION A (continued). There are subdomains W/, v=1, 2, which admit open
coverings {U!, - - -, U%} such that
A2. each W contains W, U X,
A3. each U/ is biholomorphic to U,
A4. the closure of each U{ does not intersect the closure of |, |,
A5. each UJ satisfies either Ui n U(lp)= & or Ui n U(l,,)= &, where U(l,) (resp. U(l,,))
is a small neighborhood of /, (resp. /).

It is easy to see that if there are open coverings which satisfy A2, - - -, A4, we can
replace them by those which satisfy also AS. Note that Assumptions Al, - - -, A5 are
obviously fulfilled in the case of connected sum. We shall prove the following

THEOREM 2.1. If X satisfies Assumptions A1, - - -, AS, then Volps(A;) = Volps(A4,)=
0 implies Volps(A)=0.

This section and the next are devoted to proving the theorem above. To prove the
theorem, we decompose I' into the sets of positive elements, negative elements and the
identity element, and write

?3) IF={1}+ Pum+ 2 dum »
where | pum | =|Gum | =1 Pum>0, and g,,,<0. For fixed n>0, we set
) T, = panWD U U gun(W3) -

LEmMMA 2.1. Forn>1,T,_,>T, holds.

ProoF. Let xe T, be any element. Suppose x € p,..(W1) for some p,,,>0. We write
Pam=9n° ' ** °g, in the normal form, where g, e I'§¥. Since g,(W})c W3, we have

pnm(Wi)cgno e ng(Wé) .

Since |g,° " °g,|=n—1 and g,0 - - - g, is negative, we conclude xeT,_,. We can
settle the case x e g,,(W3) for some g, <0 in the same manner. O

LEMMA 2.2. For any geI with|g|<n,n>1, g(T,)=T,_,, holds.

Proor. Take any xeT,. We write g=g,o - - - og, in the normal form, k=|g|.

Then we see easily that g(x)e | ) ;’: :_ . Th- Since {T,} is a descending sequence by Lemma
2.1, we have g(x)e T, _,. ' O
We set
T=(\T,.
n21

As a corollary to Lemma 2.2, we have immediately
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LemMA 2.3. For any geI', g(T)<=T holds and hence T is I'-invariant.
LEMMA 2.4. For any gel', T,n g(F)= holds for n>|g|+1.

PROOF. 1t is clear by the definition that T, N F=J. Since {T,} is a descending
sequence by Lemma 2.1, we have

&) T,nF=¢

for n>1. We shall prove the lemma by induction on k=|g|. The lemma holds for k=0
by (5). Supposethatk>1.Putg=g,oh,|h|=k—1, g, eI'*, wherev=1 or 2. Then we have

(6) T, N g(F)=T, N g, h(F)=gdgi "(T,) " h(F)).
For n>1, we have
g (T)<=T,-,
by Lemma 2.1. By the induction assumption, we have
T, i.nhF)=&.
Hence by (6), we have
T, N g(F)=glgi "(T,) "h(F) =g T,-1 "HF)= . O
LEMMA 2.5. TcA.

PrOOF. We shall prove the lemma by absurdity. Suppose there were a point xe T
which were contained in Q=P3\ A. Let K be a compact neighborhood of x in Q. By
the definition of 7" and the fact that {7} is a descending sequence,

@) . xeKnT, for all n>1.

Since K and F are compact, and since F is a fundamental region, there is a finite number
of elements, g,, g,, - -, g,€I such that

Kc | g,(F) and
j=1

Kng(F)=g  forall geI'\{g;, 92 """ 9.} -
Hence, by (7),

Q giF)NnT,oKnT,>{x}#

for all n>1. On the other hand, by Lemma 2.4, we have T, N g;(F)= & for all integers
n with

n>max;_,,..,{g;|+1}.
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Thus we have a contradiction for such n. O

We set

S,=P\T,, S=US

n-
n

Then we have
LEMMA 2.6. A=(ANnS)UT.
Proor. Since P3=Su T, the lemma follows immediately from Lemma 2.5. [
Following three lemmas follow immediately from Lemmas 2.1, 2.2 and 2.3.
LemMA 2.7. Forn>1,S,_,<S,.
LEMMA 2.8. For any gel and n>1, ¢(S,)> S, _,, holds.
LEMMA 2.9. For any geI', g(S)= S holds and hence S is I'-invariant.
It is easy to verify the following.

LemMa 2.10. If xeP? satisfies

® x¢ Ur g(A;) v Ur g(A4y),
then
)] gx)e, N2, for all geT .

Lemma 2.11. ScQul, r9(41) v, r9(A2).

Proor. Take xe€ S satisfying (8). It is enough to show that xe Q. Since xS and
{S,} is ascending, there is an integer n, such that xe€S,,\ S,,—;.- Then xeT, _,=
P3\ S,,_ . Therefore either there is a point w; € W} and an element p,,_; ,>0in I" with
X=Dp,, - 1m(Wy), OF there is a point w,€ W, and an element ¢,,_;,<0 in I' with x=
@no— 1 m(W2). Suppose the former case holds; the proof of the latter case is similar. If
w, € T,, then there is a point v,€ W3 and geI'§ such that w, =¢(v,). Hence we have
X=Dp,—1m°q(vs)- SInCe p,,_ 1,4 is negative and has length n,y, we see that xe T,,,. But
this contradicts xe S,,. Hence w, ¢ T, i.e., w; € S;. Namely, for every element x€ S,
with n> 1, there is an element g € I' such that g(x) € S;. On the other hand, by the choice
of x and by Lemma 2.10, we also have g(x)e 2; n Q,. If g(x)¢ Wi L W), ie., g(x)eZ,
then g(x) e F. Hence x € Q. If g(x) e W3, then g(x) ¢ W73. Since g(x)€ 2,, g, ° g(x) € F; holds
for some g, eI';. Suppose that g, - g(x)e Wi. Then we have g, #1 and g(x)=g7 g, °
g(x))egi {(W})c T,. This contradicts g(x)€ S,. Therefore g, - g(x)e F, \ Wi =F. Hence
x € Q. The remaining case g(x)e W) can be settled similarly. O

Lemva 2.12. A5\, 940U Uper H(A).
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PrOOF. Since A is I'-invariant, it is enough to show that Q<=Q,. We consider
the case v=1. The proof works also for v=2. Recall that Q= ger9(F) and @, =
Uge r, 9(F1). The lemma follows immediately from the following.

SUBLEMMA 2.1. Let g be an element of I and put k=|g|. If g is positive, then
g(FYc F,nQ, for odd k, and g(F)< F, for even k. If g is negative, then g(F)c F, for
odd k, and g(F)c F, N Q, for even k.

Proor. Consider the case g positive. We shall prove the sublemma by induction
on k. If k=1, then gerl'}. Hence g(F)cg(F,)cF,n Q2,. If k=2, then g=g,-g, for
some g, €I'§ and g,eTI'¥. Hence

g(F)cgy09,.(F)cgr(Fyn Q) cgy)Fy)=F; .

Suppose that k>3. Write g as g=g,oh, h=¢g,_,° " og,. If k is odd, then g, e I'¥ and
h(F)c F, by induction assumption. Hence g(F)=g, - W(F) < g, (F) = F, n Q. If k is even,
then g, e '} and h(F)< F, n 2, by induction assumption. Hence

g(F)=gioh(F)cgdF, nQ)cgdF)<=F, .
The case g negative can be settled similarly. O
ProposITION 2.1. A=\, r9(A) U U M(A) O T

ProoOF. By Lemmas 2.6 and 2.11, we have

Ac(Qu Ugapou U h(A2)>u T.

gel hel'

Hence, by Q n A= J, we obtain

Ac Jga) v hUrh(AZ)u T.

gel
The other implication follows from Lemmas 2.12 and 2.5. O

REMARK 2.1. By Assumption Al and the definition of 7, T contains lines.

3. Volume of limit sets.

We use the notation in the earlier sections. Let [zo:z,:2,:2z5] be a system of
homogeneous coordinates on P* such that the two lines /,, /,, in Assumptions A2, - - -, A5
are given by

lO:ZO=Zl=O’ 100:22=23=0.
Recall that

(10) I, is contained in A4,
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(11) /., is contained in W .

By a small displacement of / , if necessary, we can assume without loss of generality that

(12) I, is mapped bijectively into X=I\Q

by the canonical projection. Every line in P3\ /_ can be written uniquely in the form
z'=Xz"

where z'=%(z, z;), z"=%z,,25) and X is a 2x2 matrix with complex components,
X e M,(C). Consider the subgroup in SL,(C) defined by

F={§eSL,C) : § represents an element geI'} .
Set
F*={gef : §is not a scalar matrix} .
Note that the equality
(13) det(AC~'DC—BC)=1

holds for any §= (’é s ) € SL,(C) with det C+0, where A, B, C, D € M,(C). We identify

the set of quaternions with the set of 2 x 2 matrices

H={X=<x1 —_x2> : xl,xzeC}.
X2 X

On M,(C), we define a norm by

1/2
IIXII=( 2 Ix,-jlz) ,

1<i,js2

where x;; is the (i, j)-component of X € M,(C). Define a diffeomorphism

o: P3\/, — Hx P!

14
(14) [z0:21:25:23] > (X, 2")
by
X=(ZO __21>(22 _'—23)_1’ Z"=[22:Z3].
21 Zo 23 Z3
Let

n: HxP! > H

be the projection to the first component. By the assumption (10), there is a positive
number R such that the set :
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Vea=n"Y{IIX||>R})vl,

is contained in Q. Note that V' is biholomorphic to the domain U. Further, if R is
sufficiently large, then

(15) gVp N Vr=C
holds for any ge I'* by the assumption (12). For later use, we put
Vi=n"'{IX|>R}), Ur=n"'({IXI<R}).

LemMma 3.1. For any “7:(2 Il;)ef*, we have the following.

(16) detC+#0
(17) detD#0
(18) IACTHI<R,
(19) IC™!'D| <R,

where R, is a positive number which is independent of §.

Proor. We fix an R,= R which satisfies (15).

Proof of (16). Suppose that detC=0. Then there is a point z on /,, such that
g(z)el,. Thus g(l,) N[, # . Since g#1 by assumption, this contradicts (15).

Proof of (17). Suppose that det D =0. Then there is a point z on /, such that g(z) € /.
Thus g(l,) N I, # &. Since g(Q)=Q, this contradicts (10).

Proof of (18). The equation of the line g(l,) is given by z'=AC~
g(lo) N Vg,= by (15), we have |ACT|| <R,. ,

Proof of (19). The equation of the line g~ (/) is given by z'=A4'C’'~!z"”, where
g ! =<g’, ;). Since A'C'"'=—C~'D, we have |C !'D|<R, by the argument
above. O

1,7 Since

For an element g =(/é ﬁ) e SL,(C), the composition g=¢ojo ¢! is defined on
(HxPY)\ £, where
2={X,z")eHxP! : (CX+D)z"=0}.

In particular, every § with je I is defined on V. In the following, we write § instead
of § to avoid abuse of symbols. On H x P!, we introduce a volume form dV by

(20) dV =dv(X) A wpi(2) ,

where
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[_ 2 ——-
dU(X)=<———2_l> dxl/\d)fl /\dxz/\diz 9 X=<X1 xZ) 9

Xy X
and wp: =wp1(2), z=[2,:z,], is the Fubini-Kéihler form

iodlog(|zo 1>+ 2, 1?)

on P'. For a 2-vector w=(:‘ ), we put |wl=(w, |>+]|w, P2
i

LEMMA 3.2. For § =< ﬁ' z>eSL4(C) with detC+#0, the pull-back of dV is given
by

” 4 ” 8
g*dV=< "Z_'ll _ )( "l _ )|det(X+C’1D)|2dv(X)/\wpx(z”)
I(X+C~ D)z"| I(CX+D)z"|

on (H x P1)\ 2,, where the homogeneous coordinates z"" on P! are regarded as a 2-vector.

PROOF. Any element § with detC#0 can be written as a composition §=
gsogacgsog, g, of the following;

~_(1 C'lp) ~_(0 1) ~_(B—AC'ID 0)
gl_ 0 I s gz— I 0 ’ g3_ 0 I s

. (1 0) . I AC™!
ga= 0 C s 9s 0 I .
It is easy to check that the volume form dV is invariant by the translations §, and §s.

Let y(g)=1v(g, X) denote the automorphism of P* induced by the linear map
z+—>(CX+ D)z, zeC?,

Then, by somewhat tedious calculations, we have
g3dvV=|1X|"%du(X) A (@) *wp: ,
g3dV=|det(B— AC™'D)|>du(X) A Y(G3)*wp: ,

e 1270\ ~
gadv= ,, dv(X) A (Ga)*wp: ,
ICz”|l

grixmn=Iz"1""I(x+C~'D)z"| .
By composition of these equations and (13), we obtain

12”11

I(X+C~'D):z"|| ((CX+ D)z”

g*dv=| detCl’z( ” )4dv(X) AY(G) *wpi(z") .
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Since

~\ %k "y _ 2 ”Z”” 4 "
Y(§)*wpi(z")=|det(CX + D) (”(CX+D)Z”H) wp1(z")

we have the lemma. O
PROPOSITION 3.1. ) - [|C(g)l|*| detC(g)|~°® < co.

Proor. For simplicity, put 4= A(g), B= B(g), C=C(g) and D= D(g). By (15), all
g(Vg), g€ I'*, are mutually disjoint and contained in the closure [Ug] of Ug. Therefore
we have

@D )y dV < oo
gel* Jgwr)
for any sufficiently large R>0. Now we shall estimate the value |,  dV from below.

Letting y'=y(§)z” and Y=X"1 =(y‘ _}72), we have by Lemma 3.2 that

Y2 Y1

’ 4
(22) g*dV:IdetCI“Z( A_lfY,,y)’ >dv(Y)/\co,,1(y’),
NC™ Yyl
where
(23) M(Y,y)=|YU+C'DY)'C 1y || Y| 2.

For | Y||<R™*, R>2R,, it follows from Lemma 3.1 that
I+ C DY) ' —I| <(1—RoR™*)"'R,R™'.
Hence, using the fact that Y|| Y| "' e SU(2), we have
MY, y)=(IYC™ !y | - | I+ C7 DY) =D)C™ Yy’ Y[ ~2
2(ICT 1Y | =(1=RoeR™H)T'ReR™YC™ 1Y)
=(1=RoR™H 7M1 =2R,R™HIIC™1y"||%.

Therefore we obtain

J dV=J dV=J G*dv
gV R) aVR) V&

2M1|detC|'2f

O<||Y||<R-1,y'eP!

(M)4dv(Y) Awpi(y’)
Iyl

C~ ' 4
=M1|det(:l_6Jv dU(Y) ( “ J: ” ) wpx(y’) ’
Y| <R-1 yert \ Yl
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where M, >0 is a constant independent of g and C is the cofactor matrix of C. By an
elementary calculation, we have

Cy'| \4 n 92
f (" y,”)w.u(y')z—(ts— )IICII‘*-
er U Iy 24 \° " 6

J V> M| detClg) |~ * I C@)I* ,
g(VR)

Thus we have

where M, >0 is a constant independent of g. Combining this inequality with (21), we
obtain the proposition. O

Now recall Assumptions A2, - - -, AS. Put

(24) v,=U ui,
i=1
(25) I/(n) = U pnm( Vl) v U qnm( VZ) ’
m, ppm >0 mgnm <0
(26) ve= (N Vy,
k=1
Q7 V=lim y®

Obviously, we have V,>[W,]. Note that, the set g(V,) (resp. g(V,)) is contained in
P3\ [, for geI'* with g>0 (resp. g <0) by Assumption A4.

LEMMA 3.3. The inequality

(28) j dvV < M| C(g)|*| detC(g)|~®
g(Vy)
holds for any ge I'* with g>0 if v=1, and for any ge I'* with g<O0 if v=2, where M is
a positive constant which is independent of g.
PrROOF. Since V, is covered by finitely many UJ’s, it is enough to prove the case
V,=Ui;
(29) f ~dV<M||C(g)l*| detC(g) |~ .
o(U3)

First we consider the case where UinU(l,)=(F. There exists an element

p =(£1 iz)eSL4(C) which sends U onto UJ bijectively ([K1, Lemma 3.2]). We

3 4
introduce a system of coordinates on U by the restriction of the differeomorphism ¢
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(see (14)) to U. Note that U=n"({|| X || <1}). The image (X, x")e U} of (Z,z")e U by
the map P is determined by

{ Xx"=(P,Z+P,)z"
x”=(P32+P4)Z” N

where X, ZeH. Letting x'=Xx", from Lemma 3.2 we get

j dv= f P*g*dv
9(Ud) U

_ J( x| )( |(PsZ+ Pz )
o\ Ix'+CTDx" ) \I(C(P,Z+ Py) + D(PZ+ P2 |

x | det(X + C~ D) [2p(Z, 2")dv(Z) A wpi(z") ,

where p(Z, z") is a differentiable function defined by
dv(X) A wpi(x")=p(Z, z")AUZ) A wp:(2") .
Obviously, p(Z, z") is determined independently of § and satisfies
(30) m,<p(Z,z"Y<m,
on U for some positive numbers m,, m,. Now we shall prepare two sublemmas.
SUBLEMMA 3.1. The inequality
1"+ C(g) ™ 'D(g)x" || =6, [1x"|l

holds on Ui for any ge I'* with g>0 if v=1, and for any ge I'* with g<O0 if v=2, where
0, is a positive constant which is independent of g.

PrROOF. Suppose that, for each n>0, there are g,e I'* with g,>0 (resp. g,<0) if
v=1 (resp. v=2), and a point [x, x/] in U such that

G x5+ Clgn) ™ Dignx, | <(1/n)llx;1l -

Since UJ does not intersect U(/,), there is a positive number R such that
Ui =z~ }({|| X|| < R}). Hence, choosing a subsequence, we can assume that the sequence
{[x.,, x,/1} converges to a point xo=[xp, x¢]€[U], and {C(g,)” ' D(g,)} converges to
some matrix Q by Lemma 3.1. Then, in the limit, we have

xo+0xg=0.
Since the line x’ + C(g,) ~1D(g,)x"” =0 is a member of %, the equality above implies that

the limit point x, is in [|2,[] and consequently [|Z |1 N [UJ]# . This contradicts
Assumption A4. O
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SUBLEMMA 3.2. The inequality
|det((P,Z + P,)+ C(g)” 'D(g)PsZ+ P,))| =6,

holds on m(U) for any geI'* with g>0 if v=1, and for any geI'* with g<0 if v=2,
where &, is a positive constant which is independent of g.

PrROOF. Suppose that, for each n>0, there are g,e I'* with g,>0 (resp. g,<0) if
v=1 (resp. v=2), and a point Z,e n(U) such that

(32) | det((P1Z,+ P2)+ C(g,) ™ ' D(g, NP3 Z,+ Po) | <1/n .

Choosing a subsequence, we can assume that the sequence {Z,} converges to a point -
Z,e[n(U)], and {C(g,)” ' D(g,)} converges to some matrix Q by Lemma 3.1. Then in
the limit, we have

det((Plzo+P2)+Q(P320+P4))=0 .
Hence there is a point zje P! such that
(PyZo+ Py)+ Q(P3Zo+ Py))zg=

Put x,=(P,Z,+ P,)zy and x, =(P3;Z,+ P,)zy. Since the limit line x'+Qx"=0 is
contained in [| %, |] and since the limit point x, of the sequence {x,}, x,=[x,, x], is
on the limit line, x, is in [| %, []. On the other hand, each x, is contained in the image
of U, i.e., x,e UJ. Consequently, {xo}<[| 2 |] n[Ui]# . This contradicts Assump-
tion A4. O

Now we shall continue proving (29). Put
F=(P12+P2)+C_1D(P3Z+P4) .
By Sublemma 3.1, it follows from (30) that

P,Z+Py)z"|| \®
(33) J j dvsj 5;4< I 3” C-;Z"TI)Z‘ ”) |det(X(Z, z")+ C™ ' D)|?
g(U3) Y

X p(Z, z")dNZ) A wps(2")

where X(Z, z”) indicates the X-coordinate of the point in U’ which corresponds to
(Z,z")e U. Put u” =CFz". Then the right-hand side of the inequality above is equal to

J 5_4< I(PsZ+ P XCF) 'u”|
U

1
12"

)SI det(X(Z, (CF)"'u")+ C~1D)|?

ll2”

W) | det(CF) |~ 2dv(Z) A wpi(u") .

x p(Z,(CF)~ 1u")(

Since U? does not intersect a neighborhood of /_, there is a positive number R such
that Ujc=n™'({|| X|| < R}). Therefore by Lemma 3.1, there is a positive constant M,
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which is independent of g such that

(34) | det(X(Z, (CF) " 'u")+ C™'D)|<M;.
By the same reason, it follows that

(35) IFI=|1F|l <M,

holds for some M, >0. Hence, by Sublemma 3.2, we have
(36) |detF|~t<é5?,

37 IF- <M, .

It is clear that

(38) IP3Z + Pl <M

holds for some Mg>0. Thus combining the inequalities (30) and from (34) to (38), we
obtain from (33) that

[l 1l

holds, where M,, Mg are positive constants which are independent of g. This proves
our lemma in the case where Ul n U(l )= .

The other case where U’ n U(l,)= & can be settled by the same manner by using
coordinates (Y, z') with Y=X"1 and z'=[z,:z;] on U/ instead of (X, z"). O

-1, 4
j stMﬂdetCl“zf (M) dU(Z) A wpi(u") < Mg | C ||| det C| =6
a(U) U

We define the volume form on P2 by
dvps = (wps)?,

and for a measurable set E, we put

V01P3(E) = J~ XEvaS s
p3

where yj is a characteristic function of E.
LEMMA 3.4. Volps(V)=0.

Proor. For simplicity, we put

uE)= XeP*(@V(X) A wp1)

P3\l°°

where y; is the characteristic function of E. Since V< P?*\ [_, it is enough to show

f Xvd*(dV(X) A wp1)=0.
P3\I®



114 MASAHIDE KATO

By Proposition 3.1 and Lemma 3.3, we have

Z U( I/(n)) S z o v(pnm( Vl )) + Z v(qnm( V2))

n n, Pnm > n,qnm<0

<M 3}, |C())*|detC(g)| <o .

el

Therefore we infer that

lim (V) =0 .

Hence

limoy(V®™)=0,

and consequently, we get o(V)=0. O
PROPOSITION 3.2. Volps(7T)=0.
Proor. Since TV, this follows from the lemma above immediately. O

PrOOF OF THEOREM 2.1. It is enough to show the equality Volps(A4)=0 under the
assumption

VOIPJ(A 1) = VOIPS(A 2) = 0 .
By Proposition 2.1, we have

Volps(A)< Y. Volps(g(A,))+ Y., Volps(h(A,))+ Voles(T) .
hell

gel
Hence, by the assumption and by Proposition 3.2, we obtain Volps(4)=0. O
PrROOF OF THEOREM A. Since Assumptions Al, - - -, A5, are satisfied for connected
sum, Theorem A follows from Theorem 2.1 immediately. O

REMARK 3.1. There are many examples of compact manifolds of Class L covered
by a domain in P? whose complement is of volume zero. All examples treated in [K2]
have this property. There are compact non-singular quotient of a complement in P* of
a real 3 or 4-dimensional differentiable manifold (e.g. [K3]), which are twistor spaces
over a conformally flat 4-manifolds. Note also that connected sum in differential topology
between conformally flat 4-manifolds induces our (complex analytic) connected sum
between twistor spaces. But converse is not true.

4. Handle Attachment.

In this section, we consider volumes of limits in the case of handle attachments,
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which corresponds to Combination Theorem II in [M]. Let X=(Q,, I',) be a compact
manifold of Class L which is covered by a subdomain Q, of P3. Let X be a connected
and simply connected smooth real hypersurface in P3, and W a tubular neighborhood
of Z. Let W', and W’ be the connected components of P\ X. Put W, =W’ u W and
W,= W’ u W. Suppose that there are open holomorphic embeddings j,: W,— X such
that [j,(W)]1n[j(W,)]=&. We consider the quotient space X¥/~, where
X=X\ (ji(W \ W)U j,(W,\ W)), and j,(x)€j (W), xe W, is identified with j,(x)e
J2(W). The quotient space X*/~ is indicated by KI(X, j,, j,, 2) and called a Klein
combination of the second type (The Klein combination KI(X, X,, j;, j,, 2) stated in
section 1 is said to be of first type, if there is any danger of confusion). If W is
biholomorphic to a tubular neighborhood of X, the Klein combination of the second
kind is called a handle attachment and denoted by Ha(X, j,, j,, X), or Ha(X) for short.
In this section, we shall prove the following.

THEOREM B. Let X be a compact manifold of Class L which is covered by a subdomain
Qo of P3. Assume that the complement in P* of Q, has Lebesgue measure zero. Then
Ha(X) is covered by a subdomain whose complement in P* has also Lebesgue measure zero.

Similarly to the case of Klein combinations of the first type, there is a little more
general result, which we shall explain.
Let j,: W,—»Q,<P? be a lift of j,.

ASSUMPTION B.
B1l. W contains projective lines.

By Assumption B1, A contains a line as in the beginning of section 2. We let /,
be a line such that

(39) l, is contained in A4 .

Put W= (W), W.=j(W)), W,=j(W,), and %, =j,(%). Since X is simply connected, there
is a fundamental region F, for I'y on ©, which contains both W, and W,. Here we
can assume that F, is a compact simplicial complex embedded in 2, by considering
a triangulation of X. Since W contains projective lines, the map j, o j; * defined on W
extends to an element f of PGL,(C) by [K1, Lemma 3.2], which sends W onto the

complement of the closure of W3, and X, onto X,. Put F=F,\(W;u W} and
Q= Uge r 9(F), where I is the subgroup of PGL,(C) generated by I’y and f. Then it is
easy to see that Q is an unramified even covering of Ha(X)=Ha(X, j,, j,, 2). Moreover,
we can show easily that F is a fundamental region for I and that I is the free product
of I'y and f by the same argument as the proof of Maskit [M, Proposition 12]. Put
Ae=P3\ Q, and 4=P3\ Q.

We follow the argument of [M, page 310-313]. Every element of I'* can be written
in the normal form
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(40) g=f"oguo---ofog,,

where g, €y, 95, ", 9,€I's, and a,, - - -, a,_, #O.

The number ) ;_, | a;| determined by g is called the length of g and is denoted by
lg|. We set | 1|=0. Writing g in the normal form (40), we say that g is positive, g>0,
(resp. non-negative, g >0) if g, =1 and a, >0 (resp. g, #1 or a, >0), and negative, g <0,
(resp. non-positive, g<0) if g, =1 and a, <0 (resp. g, #1 or a,<0). Note that I'¥
coincides with the set of elements which are non-positive and non-negative, but
neither positive nor negative, and with the set of non-unit elements whose length are
Zero.

By Assumption B1, there is a line /,, in W. We consider the following sets of lines

2,={IcP?: g()=1,,9<0}, 2,={IcP?:g()=l,,g>0},
and their supports

12,1=J Supp /.

le2,
It is easy to see that the set | 2, | is contained in Wj_,.

AssUMPTION B (continued). There are subdomains W, v=1, 2, which admit open
coverings {U!, - - -, U?} such that
B2. each W contains W/ U ¥,
B3. each U! is biholomorphic to U,
B4. the closure of each U! does not intersect the closure of 2,,
B5. each U satisfies either U n U(ly)= & or UL n U(l,)= &, where U(l,) (resp. U(l,))
is a small neighborhood of [, (resp. /).

It is easy to see that if there are open coverings which satisfy B2, - - -, B4, we can
replace them by those which satisfy also B5. Note that Assumptions B1, - - -, B5 are
obviously fulfilled in the case of handle attachment. We shall prove the following.

THEOREM 4.1. If X satisfies Assumptions Bl, - - -, BS, then Volpi(Ay)=0 implies
Volps(A)=0.

To prove the theorem above, as in the section 2, we decompose I' into the set of
positive elements, negative elements and the identity element, and write

(41) r={1}Y. pum+2. qum>

where | ppm | = Gpm | =1, Ppm =0, and g, <0.
For fixed n>0, we set

(42) To= qumW1) U U PumlW3) .
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Lemma 4.1. Forn>2, T, >T, holds.

PrOOF. Let xe T, be any element. Suppose x € g,,,(W}) for some ¢,,, <0. We write
Gum=JS"%ogyo o f"og, in the normal form. If a; >0, put g*= f%og,o0 -+ -0 fo171,
Then, since g, =1, we have fog,(W;)c W} and q,,(W,)=q*(W}). Since |g*|=n—1
and ¢*>0, this implies that xe T,_,. If a; <0, put g*=f%og,o- -0 f**1 Then, we
have g, (W)= q*(W"). Since |g*|=n—1 and ¢* <0, again we have xe T,_,. We can

settle the case x €p,,(W3) for some p,,,>0 in the same manner. O
We set
T=()T,,
n>1
and

S,=P\T,, S=Us,.

n

All lemmas 2.2, - - -, 2.9 hold true also in this case, which can be proved by éxactly the
same manner as before.
It is easy to verify the following.

LEMMA 4.2. If xeP? satisfies

(43) x¢ UF 9(A) 5
then
(44) g(x)e 2, for all gerI' .

LEMMA 4.3. A5 (), g(Ao).

PROOF. Since 4 is I'-invariant, it is enough to show that Q = Q,. Take any element
gerl and write g in the normal form (40). Note that f*og,(F)<F, for non-zero a,
S?egi(Fo)= F, for non-zero a and g, €'y, and %, \ F,) < F, for non-zero a. From
these three facts the implication Q = Q,, follows immediately. O

LemMa 4.4. ScQuU |, r9(4).

PrOOF. Take xe § satisfying (43). It is enough to show that xe Q. Since x&S
and {S,} is ascending, there is an integer n, such that xe Spo \Spo—1- Then xe
T,,—1=P*\'S,,_,. Suppose that X=¢,,—1mw;) holds for some point w,e W} and
an element ¢q,,_;,<0 in I The other case that x=p, _,.(w,) for some point
w, € W’ with an element Pno—1m=0 1n I' can be settled similarly. For some a>0,
yi=f%w)eP3\ (W, L W?). If ye T,, then either there are a point v, € W, and he I'*
such that y = h(v,) with h<0, or there are a point v, € W’ and heI'* such that y=h(v,)
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with 2>0. In the former case, g*:=gq,,_ | ,°f ~“ch is non-positive with |g*|>n,, and
satisfies x=g*(v;). Thus xeT,,. In the latter case, we also have xe T, by the similar
argument. This contradicts xe S, . Hence w, ¢ T, i.e,, w;€S,;. Namely, for every
element xe S, with n> 1, there is an element geI" such that g(x)e S;. By Lemma 4.2,
we also have g(x) e Q,. If g(x)¢ W, U W}, then g(x) € F. If g(x) e W}, then by Lemma 4.2,
f~tog(x)e Qo \ W;. Suppose f~'g(x)e W, then g(x)=f(f " - g(x))e f(W3)<= T,. This
contradicts g(x)eS;. Therefore f~log(x)eQ\(W;,u W, =F. Hence xeQ. The
remaining case g(x)€ W can be settled similarly. O

ProposiTiON 4.1. A={),_.g(A4o)UT.

PrOOF. By Lemmas 2.6 and 4.4, we have

AcQu (Jg(A)uT.

gel

Since @ N A=, we obtain

A Jgdo)uT.

gerl
The other implication follows easily from Lemmas 4.3 and 2.5. O
REMARK 4.1. By Assumption Bl and the definition of T, T contains lines.

PROOF OF THEOREM 4.1. As in section 2, we choose a system of homogeneous
coordinates [z, : z, : Z, : z;] on P3 such that the two lines /,, « W and [, < f(W) are given
by

lo:Zo=zl=0, lw:22=23=0. )

Then the whole argument in section 3 works without essential changes: The definition
of V, of (25) should be replaced by

(45) V(n) = U qnm( Vl) 5 U pnm( V2) ’
m,gnm <0 m, ppm >0
and £, should be replaced by 2,. O

PrROOF OF THEOREM B. Theorem B follows immediately form Theorem 4.1.

REMARK 4.2. A connected sum of a Class L manifold M with an L-Hopf manifold
[K2, page 372] is a handle attachment of M. Converse seems to be false.
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