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SC,-moves and the (n + 1)-st Coefficients
of the Conway Polynomials of Links
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Abstract. A local move called a Cj,-move is related to Vassiliev invariants. It is known that two knots are
related by Cy,-moves if and only if they have the same values of Vassiliev invariants of order less than n. In the link
case, it is shown that a C;-move does not change the values of any Vassiliev invariants of order less than . It is also
known that, if two links can be transformed into each other by a C;-move, then the n-th coefficients of the Conway
polynomials of them, which are Vassiliev invariants of order n, are congruent to each other modulo 2. An SC;;-move
is defined as a special C;-move. It is shown that an SCj;-move does not change the values of any Vassiliev invariants
of links of order less than n + 1. In this paper, we consider the difference of the (n 4 1)-st coefficients of the Conway
polynomials of two links which can be transformed into each other by an SC;-move.

1. Introduction

In 1990, V. A. Vassiliev introduced a knot invariant called a Vassiliev invariant. It is
proved that many invariants derived from polynomial invariants are Vassiliev invariants. For
example, the n-th coefficient of the Conway polynomial and the n-th derivative of the Jones
polynomial at # =1 are Vassiliev invariants of order n ([1]). We can define a Vassiliev invariant
of links as the same way as that of knots. If two links cannot be distinguished by any Vassiliev
invariants of order less than or equal to n, then they are said to be V,,-equivalent ([11]).

K. Habiro defined a new local move called a C,,-move as indicated in Figure 1.1.
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A Ci-move is defined as a crossing change. He also obtained the result that shows the
relationship between Vassiliev invariants and C,-moves. The following theorem was proved
by M. N. Goussarov and Habiro independently:

THEOREM 1.1 ([4,7]). Two oriented knots in S> can be transformed into each other
by a finite sequence of C,+1-moves if and only if they are Vy,-equivalent.
In the case of links, the following result is known:

THEOREM 1.2 ([3, 12, 16]). If two oriented links in $3 can be transformed into each
other by a finite sequence of Cy1-moves, then they are V,-equivalent.

In [8], the author discussed the relationship between C,-moves and polynomial invari-
ants which are Vassiliev invariants of order n. We take the n-th coefficient of the Conway
polynomial of a link L and the n-th derivative of the Jones polynomial of L at ¢ = 1, denoted
by a, (L) and V(L) respectively, as Vassiliev invariants of order n. Then we can obtain the
following theorem:

THEOREM 1.3 ([8]). Iftwo oriented links L and L' in S3 can be transformed into each
other by a finite sequence of C,-moves, then

an(L) —ay,(L'"y =0 (mod 2)
and
V@) —v®(L)Y=0 (mod 6-n!)
for any integer n > 2.

Recently Y. Ohyama and H. Yamada obtained the precise result for the change of the
n-th coefficient of the Conway polynomial under a C,-move for a knot.

THEOREM 1.4 ([15]). If two oriented knots K and K' in S can be transformed into
each other by a C,-move, then

an(K) —ap(K) =0 or £2
for any integer n > 2.

We define a special C,-move which is called an SC,,-move as follows: Let aq, ..., o1
be the arcs shown in the tangle applied a C,,-move and c(«;) denote the component of the
link which contains «; for each i withi = 1,2,...,n + 1. If there is an arc o such that
c(ag) # c(ay) for all i with i # k, we call the C,-move an SC,-move. We can describe
the necessary and sufficient condition for that two links are V»-equivalent or V3-equivalent
to each other in terms of C,,-moves and SC,-moves ([9]). With respect to SC,-moves, the
following result is also shown:

THEOREM 1.5 ([9, 13]). If two oriented links L and L' in S* can be transformed into
each other by a finite sequence of SC,-moves, then they are V,-equivalent.
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Comparing Theorems 1.2 and 1.5, an SC,,-move seems to be similar to a Cj,4-1-move. In
this paper, we will consider a relationship between an SC,,-move and the (n + 1)-st coefficient
of the Conway polynomial of a link which is a Vassiliev invariant of order n + 1 and prove
the following result:

THEOREM 1.6. If two oriented links L and L' in S® can be transformed into each
other by a finite sequence of SCy-moves, then

ant1(L) — an+1(L') =0 (mod 2)

for any integer n > 2.

2. Proof of Theorem 1.6

Let n be an integer more than 2 and L and L’ links which are transformed into each other
by an SC,-move. We can suppose that the difference of the diagrams between L and L’ is
illustrated in Figure 2.1.

e £
D[ e b6

s Ml o

o, a; a, a, Apey W Q.

n-1 Uy ay;  a,
L r

FIGURE 2.1

LEMMA 2.1. Let v be a Vassiliev invariant of order k. Then
o - 1 2 - n
(L) —v(L') = 1] si Z:ﬂ i]leiv(L ( D e e )) :
where s1 is the sign of the crossing c1 and s; (i = 2,3, ..., n) is the sign of the crossing c;1 of

1 2

1 e : ) is the singular link with n double points that is obtained from
s e &y

L by the following: Collapse the crossing to a double point at c1. If ¢; = 1, collapse the

crossing at c;1 and if e; = —1, switch the crossing at c;1 and collapse the crossing to a double

L, and L(

pointatcip (i =2,3,...,n).

PROOF. Fix a natural number k. If n > k, then the equation holds because for any

1 2 ...
82,83,...,£n=j:1,v(L( "

)) = 0 and a C,-move does not change the
1 &y - &n
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value of any Vassiliev invariants of order less than n. If n = k, then the equation was proved
in [14]. Suppose n < k. We show the equation by induction on n. If n = 1, then we have

vag—v@5=vq?TD_”q]ﬂ)zﬂvq?ﬂ>

by the Vassiliev skein relation. We suppose that the equation holds for n = [. Suppose
n =1+ 1andlet L and L’ be two links as shown in Figure 2.1. Let M and M’ be links which
are obtained from L and L’ respectively by a C,,_-move (see Figure 2.2).

o =
al

[ s R o — a o o, Wt Oy Oy oo Oy O a,
M M

ar

FIGURE 2.2

From the assumption of the induction,

n—1

n—1
1 2 - -1
mLy-wM)lex > II&ML<1 S &11>
i=1 €2,€3,00,8p—1=%1 i=2
and
n—1 n—1 1 2 n—1
/ . ' ' , ... —
U(L)—U(M)—HS, Z l_[StU(L <1 € 0 Ep_i >)’
i=1 £2,63,...,6n—1=%£1 =2

where L’ < !
I & - en

> is the singular link with n — 1 double points obtained from

1 2 ---n-—1
L’ as the same way as L ( " ) obtained from L. On the other hand, we can

1 & ---¢ -1
easily see that M and M’ are ambient isotopic to each other. Hence we obtain

v(L) —v(L)
n—1 n—1
12 ... n—1 12 .- n—1
=[Is > [Jeabta T - T
: : 1 & -+ & 1 & -+ &
i=1 £2,63,...,6p_1=%£1 i=2

Here we have

(P2 Y (),
1 &) v+ Ep—] 1 &) v+ Ep—]
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~o(H)-+(nl)

n+l n

g G G R
:sn{v(L(i 522 ’;n—_ll T>_U(L(i 822 ’;n—_ll _nl>}

by the Vassiliev skein relation. Therefore we obtain

U(L)—U(L,)Zl_[si Z Hsiv(L(i 2 .- n>). -

8 oo 8
i=l  &,63,...en=%1i=2 2 n

We remark that Lemma 2.1 holds for L and L’ which are related by a C,,-move (it does not
need to be an SC,,-move).

Using Lemma 2.1, we have

ani D) —an (L= Y anmL(l P )) (mod 2)

1 8 e 8
£2,63,...,en==%1 2 n

By the Vassiliev skein relation and the definition of the Conway polynomial,

a(3)a(3)a(3) 1) ()

1 2 -
Applying the above relation to all singular points of L < | e 8” ) we obtain
s e &y
a1 (D) —ap (L) =) a (L 2 7 ")) (med2)
n+1 n+1 = 1 T 5 - & )
£,63,...,6n==1
where L 1 i i is a link obtained from L b2 " by smooth-
1 & --- &, 1 & &n

ing at all double points.

We recall that L is obtained from L’ by an SC,,-move. Therefore there is an arc oy such
that c(ax) # c(;) for all i with i # k. Here we consider the cases (i) k = 1, (ii)) k = 2,
(iii) k = 3 and (iv) k > 4.

Case (i). We already have

an+1(L) — apy1 (L,)

= Y aa(l 2 ")) (mod2)
1 ) En
£2,....en==%1
1 2 3 4 ... n 1 2 3 4 ... n
=E{a1(L———_ —_ PDtall| - - — _ — D
1 1 1 & - &, 1 1 —-1 & --- &,
&4,...,en==%1
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1 2 3 4 - a 1 2 3 4 - n

+‘“(L(T T & - a)”“l(L(T i S a))}-
Fix &4, ...,&, = £1 and set
1 23 4 . n 1 2 3 4 -
Li=L(- 27 Ly=L{ ; 2 =
! (1 1 1 8 - g) 2 (1 1 =1 & --- g)
1 2 3 4 - n 1 2 3 4 - n
Ly=L( = =2 Ly=L( > = .

3 (1—115--- a) 4 (1—1 1 & - a)

Then L1, L», L3 and L4 are identical except for the part corresponding to the arcs 3, o3 and
a4 in L. The difference of them depends on the orientation of the arcs o1, a2, @3 and 4. For
example if L is oriented as in the left of Figure 2.3, then L1, ..., L4 are like in the figure. We
show the theorem in the case that L is oriented as in Figure 2.3. In the case that L is oriented
differently, we can prove similarly. Let 7; be a tangle of L; as shown in Figure 2.3 and we set
atangle S = L; — T; (rtemark that L; — T; = L; — T; (i, j = 1,...,4)).

Al il gl ll gl

d,d;c,c b, baa dydoc,¢bbaa ddcchbbaa ddcchbbaa
Iy Lo L3 Ly
FIGURE 2.3

The first coefficient of the Conway polynomial of a pu-component link is equal to the
linking number of the link if © = 2 and zero otherwise. We consider possible connections of
arcs in the tangle S and calculate the linking number of L; (i = 1,...,4)if§L; = 2, where gL
denotes the number of the components of a link L. The points a; and a, in T; are connected
by an arc in S because this C,,-move is an SC,-move and k = 1 (we describe this situation
as a; — ap). On the connection of by, by, c1, ¢2, di and d> in S, we can consider the several
cases and define a type of S in the following:

type A:{b1 — by, c1 = c2,d1 — da}
type B : {by — by, c1 — da, dy — ¢2)
type C : {b1 — c2,c1 — by, d1 — da}
type D : {b1 — c2,c1 — da,d1 — b2}
type E : {b1 — dy, c1 — by, dy — 2}
type F : {by — da,c1 — c2,d1 — b2}.
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For each type of S, we have

I14+m if Sistype Aor E
gLy =t8L3=42+m if Sistype B,Cor F
34+m if Sistype D

and

1+m if Sistype Aor D
Ly =8Ls={2+m if SistypeB,Cor F,
3+m if Sistype E

where m denotes the number of the components which are completely contained in S.
If S is type B, C or F and m = 0, then

a1(Ly) +ai1(L2) +ai1(L3) +ai1(Lg) =a1(Ly) — a1(L2) — a1(L3) +ai(Lsg)
=0 (mod ?2)

by (AS), (A1) and (A3) in §4. If S is type A, D or E and m = 1, then the linking number of
L; doesnotdepend on 7; (i = 1, 2, 3, 4). Hence we can obtain

ai(L1) =a1(L3),a1(Ly) =ai(Ls),
and
ai(Ly) +a(L2) +ai(L3) +ai(Ly) =0 (mod 2).

Therefore the proof is completed.

Case (ii). Fix e4,...,&, = *1 and set L, L,, L3 and L4 as same as in Case (i). We
also use the notation 7; (i = 1,...,4) and S as in Case (i). We prove in the case that L is
oriented as in Figure 2.3. The points b1 and b; in 7; are connected in S because this C,,-move
is an SC,-move and k = 2. We define types of S as follows:

type A:{a; — az, c1 — c2,dy — da}
type B :{a1 — az,c1 = da, di — c2}
type C :{a1 — c2,¢c1 — az,di — da}
type D :{a; — c2,¢1 — dz, dy — aa}
type E : {a1 — da, c1 = a2, d) — c2}

type F :{a; — da,c1 — ¢2,d1 — a2}
For each type of S, we have

I14+m if Sistype Aor E
gLy =t8L3=42+m if Sistype B,Cor F
34+m if Sistype D
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and

14+m if Sistype Aor D
Ly =#Lsa=142+m if Sistype B,Cor F,
34+m if Sistype E

where m denotes the number of the components which are completely contained in S.
If Sistype B, C or F and m = 0, then a;(L1) + ai1(L2) + a1(L3) + a1(L4) is even by
(AS), (A2) and (A4) in §4. If S is type A, D or E and m = 1, then

ai(Ly) =a1(L3),a1(Ly) = ai(Ls)

as the cases of type A, D or E in Case (i).
Case (iii). We use the notations Ly, ..., L4, T1, ..., T4 and S as in Case (i). We prove

in the case that L is oriented as in Figure 2.3. The points ¢; and c¢; in 7; are connected in S
because this C,-move is an SC,-move and k = 3. We define types of S as follows:

type A:{a) — a2, by — by, dy — da}

type B : {a; — az, by — dp, d; — b3}

type C :{a; — b2, by — az,dy — da}

type D :{a; — by, by — d>r,d1 — a3}

type E : {a; — da, by — az, d; — b3}

type F :{a; — dr, b1 — by, d1 — ar}.

For each type of S, we have

14+m ifSistype Aor E
gL =tLo=32+m ifSistype B,CorF
3+m if Sistype D

and

l+m if Sistype Aor D
BLy =fLs=12+m ifSistype B,Cor F ,
34+m ifSistype E

where m denotes the number of the components which are completely contained in S.
If Sistype B, C or F and m = 0, then a;(L1) + ai1(L2) + a1(L3) + a1(L4) is even by
(A3), (A6) and (A4) in §4. If S is type A, D or E and m = 1, then

ai(Ly) =a1(Ly),a1(L3) = ai(Ls)

as the cases of type A, D or E in Case (i).
Case (iv). We have
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ap1(L) — ap41 (L/)

= E ai(L (l i i)) (mod 2)
1 gy - I3
+1

€2,...,€n=

1 v k=1 k -+ =n
= 2 {‘”(L<T T T g))

€200 8k —2:8k+15--En=T1

1 o k=1 k - n
+‘“(L<T U e g))
1 o k=1 k - n 1 oo k=1 k - n
+“1(L<T U R g>)+“1@<1 T e g>)}-
Fix &2, ..., k-2, €k+1, ..., &n = £1 and set
1 o k=1 k - n 1 v k=1 k - n
LI—L<T U T g) LZ—L(T U e g>
1 v k=1 k - n 1 o k=1 k - n
L3—L(T U T g> L4—L<T U e S g)

Then they are identical except for the part corresponding to the arcs ox—», ax—1 and o in L.
The difference of them is illustrated in Figure 2.4 for example.

a, a,
P\ ﬁ M [ 1 f\ mﬂ
@y - 16,6, b, d,d, b, b, dd G, ¢ b, by d, d, G, ¢ b, by
1 2 3 L,i
FIGURE 2.4

Let T; be a tangle of L; as shown in Figure 2.4 and we set a tangle S = L; — T;. We
prove in the case that L is oriented as in Figure 2.4. The points d| and d; in T; are connected
in S because this C,,-move is an SC,-move and k > 4. We define types of S as follows:

type A : {a; — az, by — by, c; — ¢}
type B : {a] — a», b — ¢3,c1 — b2}
type C :{a; — b2, by — az,c1 — 2}
type D : {a; — b2, by — c2,¢1 — az}
type E : {a] — c2, b1 — az,c1 — b2}

type F :{a; — ¢2,b1 — by, c1 — az}.
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For each type of S, we have

l+m if Sistype Aor E
Ly =8Lr={2+m if Sistype B,Cor F
3+m if Sistype D

and

1+m if Sistype Aor D
gLy =8Lsa=142+m if Sistype B,Cor F
34+m if Sistype E

where m denotes the number of the components which are completely contained in S.
If Sistype B, C or F and m = 0, then a;(L1) + ai1(L2) + a1(L3) + a1(L4) is even by
(A1), (A6) and (A2) in §4. If S is type A, D or E and m = 1, then

ai(Ly) =a1(Ly),a1(L3) = ai(Ls)

as the cases of type A, D or E in Case (i) and the proof is completed.

3. Remark and Examples

In this section we make a few remarks on Theorem 1.6.

An SC1-move is a crossing change between mutually distinct components. For an integer
k,let Ly 1(k) and L 2(k) be two links as shown in Figure 3.1. The sign of the integer k is
equal to the sign of a crossing in the tangle.

{® D gy

k k :Tor”:
o

|k| full-twists

L171(L:) Ll72<}\7)

FIGURE 3.1

Then we can see that L1 (k) and L 2(k) are transformed into each other by an SCj-move
and

ax(Ly,1(k)) —azx(Li2(k)) = k.

For an integer k, let Ly 1(k) and L2 2(k) be two links as shown in Figure 3.2. Then we
can see that Ly (k) and Ly (k) are transformed into each other by an SC2-move and

a3(L2,1(k)) — az(L22(k)) = k.
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=

Lg‘l(k”)

FIGURE 3.2

The above examples show that SC,-moves and the (n + 1)-st coefficients of the Conway
polynomials have no relation for n = 1 and 2.
For an integer k, let L, (k) and L, 2(k) (n = 3, 4, 5) be links as shown in Figure 3.3.

FIGURE 3.3

Then we can see that L, 1(k) and L, 2(k) are transformed into each other by an SC,-move
and

lant1(Ln,1(k)) — ang1(Ln2(k))| = 2|k].

The above examples show that Theorem 1.5 is best possible for n = 3, 4 and 5.
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4. Table

In this section, we give a table which we need for the proof of Theorem 1.6.

L1, Ly, L3 and L4 in each row of the table indicate four links which are identical except
for a neighborhood of one point. Non-identical part is illustrated by solid arcs and the connec-
tion outside the tangles by dotted arcs. Let x, y, z and w be oriented arcs indicated by dotted
arcs in the table. We give the sum of the signs of the crossing which is made from oriented
arcs x and y by Lk(x, y). Then for example, in the case of (A1), we have

HLk(x, w) + Lk(y, w) + Lk(z, w) — 2} if #L; =2
ai(Ly) =12 .
0 otherwise

By similar calculation for a1 (L>),a1(L3) and aj(L4), we obtain

—Lk(x,y) if gL1 =2

ai(L1) —ai(L2) —ai(L3) + ai(La) = {O otherwise

This table is a list of a1 (L1) — a1(L2) — a1 (L3) + a1(Ly).

(AD
a2 Al T
Ly Ly L Ly
— if =2
@)~ oLy — i) ot = { O TES
(A2

Lk(x,y) if §L1 =2
0 otherwise

ai(Ly) —ay(L2) —ai(L3) +ai(Ly) = {
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(A3)

Lk(x,y) if 801 =2

ar(Ly) —ai(Ly) —ai(L3) +ai(Ls) = { 0 otherwise

(A4)

—Lk(x,y) if tL;1 =2
0 otherwise

Ly Lo Ls Ly

ai(Ly) —ay(L2) —ai(L3) +ai(Lg) = {

(AS5)

a1(L1) —a1(L2) —ai1(L3) +aij(Lg) =0.
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