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Abstract. Suppose that py is a probability density of sample X, T is a mapping, gg (¢) is an induced probability
density by T and kg (x) is a conditional density given 7" = ¢. Then, the following results are proved under some
conditions. (a) L2—differentiability of the family (,/pg) is equivalent to that of (,/gg) and (v/kg). (b) Regularity of
the family (pg) is equivalent to that of (gy) and (kg).

1. Introduction.

Let u be a o-finite measure on a o-algebra F of sets in a space X'. T is a mapping from
X into a space L. vy is the measure induced in £ on the o -algebra A; i.e. A is the o-algebra
of sets A in £ such that T~'A € F, and vo(A) = (T ' A).

Notice that vy is not necessarily o -finite. But there always exists a o -finite measure v on
A which dominates vg. Indeed pn is dominated by some finite measure ©; and the measure
induced in £ from s is finite and dominates vg. Let @ be an open parameter set in R¥, 6 an
element of ® and py a density function on X’. Put

Qp(A) =/T71Ap9(x)du, Ac A,
V(A =0= w(T 'A)=0= 0s(A) =0.

Hence v > (g, and so by the Radon-Nikodym theorem there exists a function gg on £ such
that

/ PedM=Q0(A)=/gedv, AcA.
T-14 A

We shall write gy (t) = E[pg|T = t] which is the conditional expectation given 7' = ¢.

We denote an inner product by (-, -), the transpose of a row vector a by a’ and |a| =
V(@,a). f € LP(u) (resp. f € LP(Qg)) means [ | f|Pdu < oo (resp. [ | f|Pgo(t)dv < 00).
We define

po(x)/ge(T (x)) on {x: go(T(x)) # 0}

k = .
o) 0 otherwise
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This is a conditional density given 7. It is well known that the family (,/gg) induced by
T is L2-differentiable with the derivative E[pg(x)|T1/(24/ge () if the family (/pg) is L2-
differentiable. Recent references are Bickel, et al. [1] and Ibragimov and Hasminskii [4].
Further the family (/kg) is smooth in the sense of conditional densities if the family (/' Pe)
is smooth. This result is proved by Kuboki [2], using Lebesgue Convergence Theorem and
a concept of loosely convergence. The subject of this paper is to give some properties of
Lz-differentiability of the families (,/ps) and (vVkg). In Section 3, we shall prove L2-
differentiability of (v/kg) under that of (J/Ps) by a direct calculation (Theorem 3.1). Con-
versely, when both the families (,/gs) and (v/kg) are L2-differentiable respectively, is the
family (,/ps) L>-differentiable? This is true. We shall prove this in Theorem 3.2 and also
refer the factorization of Fisher information matrix. Furthermore, it is proved that under some
conditions, regularity of (pg) is equivalent to that of (gg) and (kg) (Theorems 3.5 and 3.6).
Section 4 deals with the proofs of these theorems.

2. Definition and properties of the conditional expectation.

To simply notations, we shall write gy (¢) or gy T (x) for go(T (x)) and denote the square
root of densities by sy := /po, g0 := /g0 and rg := Vkp.

DEFINITION 2.1. The family (/pg) is L>-differentiable if there exists §5 € L%(u)
such that for every 6 € O,

/ IV Porn(x) — v/ po(x) — Go(x), B)[*dp = o(|h|?) . 2.1

DEFINITION 2.2. The family (v/kg) is L2-differentiable in the sense of conditional
densities if there exists 7y € L2(Q9) such that for every 0 € O,

/ IWkon(x) = Vko(x) = (Fa(x), D)2 go(T (x))dp = o(|h|?) . (2.2)

We shall say that the family (+/kg) is conditional L*-differentiable given T if the family
(Vkg) is L2-differentiable in the sense of (2.2). We shall prove in Theorem 3.1 that under
L2—differentiability of (\/po), the family (kp) satisfies (2.2) with the derivative

So(x)  s0(x)qoT (x)
. - T on (x s goT(x) #0)
Fo(x) =1 qoT (x) q6T (x) )
0 otherwise
where gg is L>-derivative of ./gg.

DEFINITION 2.3. The family (,/pg) is continuous L>-differentiable if it satisfies (2.1)
and the L2-derivative Sg 1S L?-continuous, i.e., for every 0 € O,

/|$9+h(x) —$9(x)?dp — 0 as |[h| > 0. (2.3)
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DEFINITION 2.4. The family (/kg) is continuous L2-differentiable if it satisfies (2.2)
and the L2-derivative g is L>-continuous in the following sense.
Forevery 6 € ©,

/ lFo4n(x) — Fo(X)|*go T (x)dpe — 0 as |h] — 0. 2.4)
We sometimes denote that (pg) (resp. (ky)) is regular if the family (,/pg) (resp. (v ko))
is continuous L2-differentiable.

REMARK 2.5. By the property of the conditional expectation (see Nabeya [5]),
(g~ !
E[ZZ(()I())l[ngHT] = %E[pe(x)lT] = lig,>0)- Hence, it follows that E[kg(x)|T] =
Ligo(ny=0) < 1 ae.v.

The score functions of X and a mapping 7 = ¢ are defined respectively by
po(x) ge(1)
lo(x) = ——1xipg=01,  lo(1) = ——l{1:g,>01»
po() go(®) "7

where py (resp. gy) is L'-derivative of py (resp. gg). It is well-known that lp(x) =
250 (x)/s0(x)1[55>01 and lg (t) = 2Go(t)/qo (t)1[4,>0) if the family (,/pg) is L2-differentiable.
See Bickel, et al. [1].

3. Main results.

First, we consider the following conditions.
CONDITION A. f |lg (t)|2k9+h (x)go T (x)d i exists for small A.

CONDITION B. [ [lgsn(x)*kon(x)go T (x)dp and [ |lg+1(t)|*geT (x)dp exist for
small £, respectively.

The above conditions are needed as the integrability when we shall prove Theorems
3.1, 3.2 and so on. Condition A is a weak assumption. Actually, condition A is satisfied
automatically from fk@ (x, y)dv < 1in the case of ky(x, y) = po(x,y)/pe(x). The detail is
referred in Example 3.3.

THEOREM 3.1. Suppose that (\/pe) is L2-differentiable and condition A is satisfied.
Then the family (v/kg) is L*-differentiable in the sense of (2.2) with the derivative
S0 (x)goT (x) — s9(x)qoT (x)
qoT (x)2
THEOREM 3.2. Suppose that the family (v/kg) is L?-differentiable in the sense of (2.2)

with the derivative i¢(x), (\/Gg) is L*-differentiable with the derivative qo(t) and that condi-
tion A is satisfied. Then the family (\/pg) is L*-differentiable with the derivative

$0(x) = g (x)v/90(T (X)) + ko (x)de (T (x)) .

L?-differentiability of induced probability densities is common knowledge (see Bickel,
etal. [1]). Hence, by combining Theorems 3.1 and 3.2, we can see that the family (1/pg (x)) is

Fg(x) = Lix:goT (x)>0] -
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L2-differentiable iff (v/gq (7)) is L2-differentiable and (v/kg (x)) is conditional L2-differenti-
able given T'.

EXAMPLE 3.3. Suppose that {X, A, u} and {Y, B, v} are two measure spaces. Let A
and B be o-algebras of subsets of X’ and )/, and u and v be o-finite measures on X and ),
respectively. {X x ), A x B, i x v} is the cartesian product space of {X, A, u} and {), B, v}.
Let (P9X Y) be probability distributions on X x ) with densities pg(x, y) relative to a o -finite
measure 4 x v. Then the induced probability density by a mapping 7 : & x Y — X
is marginal pg(x). Thus the family (v/pg(x, y)) is L>-differentiable iff both the families
(v pe(x)) and (/pg (y[x)) are L2-differentiable. Here, L2-differentiability of (+/pg (y[x)) is

correspond to (2.2), i.e., there exists Sy (y|x) € LZ(PQX x v) such that

/ IV Po+n(1%) — vV pe(1x) — (B, $6(y|1x))? po (x)dpdv = o(|h|?)

The concept of L>-differentiability is available for a discrete probability function with
an open parameter set since counting measure (4 is o -finite.

EXAMPLE 3.4. Suppose that the conditional density of x given k is
Jpxlk) = <x _n[k]) p A = py L x = (k) K1+ 1, [kl +n

and a random variable k is according to N (u, 0’2), where [-] is Gaussian integer and 0 < p <
1, i and o are unknown parameters, that is 6 = (p, u, o). Since p* k(1 — pyr—>+lkl jg
ordinary differentiable with respect to p, it is obvious that

S%CmMum—Jﬁm“_s@mfeOaum+0 G.D
x=[k] " p | |

. A x—[k]-2 n—x+[k]—2 .
where s, (x|k) = (x _n[k]> (%) pz (1- p)%. Furthermore, putting w =

x — [k], (3.1) does not depend on k. Thus it is verified that (,/ f,(x|k)) is conditional L2-
differentiable given k. On the other hand, it is well known that the normal density of k is
L2-differentiable. Hence so is the joint density of (X, K).

Subsequently, we shall state the factorization of information matrix. We define the infor-
mation matrix of pg, gy as

Imm=4/@umuﬂw,Iﬂm=4/mmmmuu

respectively and the conditional information matrix of kg(x) given T as Ixir(0) =
E[(kgké)/kgIT]. It is known that Ix () = EQT{IX‘T(Q)} + I7(0) under L>-differentiability
of the family (,/pg). See Kuboki [2].

THEOREM 3.5. Suppose that the family (v/kg) is conditional L?-differentiable given
T and (go(t)) is Lz-dl:[ferentiable. Then,

Ix(0) = E} {Ix;7 )} + I (9) .
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PROOF. Applying Theorem 3.2, the family (,/pg) is L2-differentiable from the as-

sumption. By noting §, (1) = E[pg(x)|T] and ig(x) = $6(x)/qe(t) — so(x)de(1)/(gs (1)),
the assertion is proved. O

There are some papers which treat continuous L2-differentiability instead of mere L2-
differentiability because things are easier. Here we shall state the following theorems con-
cerned with regularity. Let a score function be lp(x) = (po (x)/pe(x))1{py>0]-

THEOREM 3.6. Suppose that the family (pg) is regular and conditions A, B are satis-
fied. Then the family (ko) is regular in the sense of Definition 2.4.

THEOREM 3.7. Suppose that the family (gp) is regular, the family (k) is regular in
the sense of Definition 2.4 with the derivative rg and conditions A, B are satisfied. Then the
family (pg) is regular.

When the family (pg) is regular, regularity of induced probability densities by T is
proved by Bickel, et al. [1]. Hence, by combining Theorems 3.6 and 3.7, we can see that
under conditions A, B, regularity of the family (py) is equivalent to that of (gy) and (ky).

Finally, we shall introduce the useful theorem for checking L?-differentiability of re-
gression models. Let the conditional density of y given x be py(y|x) = po(x,y)/po(x) on
{x : po > 0}and O on {x : pg = 0}. In some cases, it is difficult to check Lz—differentiability
of (/pe (y[x)) in measure P;* x v even if (v/pg (y]x)) is L?-differentiable in measure v. The
following Theorem 3.8 gives the sufficient condition of conditional L>-differentiability given
T:Xx)Y— X, ie.,

/ 1560 (1) — 55 (¥1) — G (v[x). h)2dvd P = o(Ih|?)  for every 6.

This result is proved by Strasser [3], Theorem 3.4, p. 120. Suppose that for every x € X, the
family (v/pg (y[x)) is L2-differentiable in measure v, i.e.,

/ 15901 (V1) — 50 (Y1) = Ga (y1), )Py = o([h[?)  for every 6.

Note that we shall use the same notation sg (y|x) for the L2-derivative in measure PQX X V as
well as for the L2-derivative in measure v. For the following theorem, we consider continu-
ous L2-differentiability instead of mere L2-differentiability. We denote Fisher’s information
matrix with respect to v by Iy (0) = 4fs'9 (y1x)Se(y|x)'dv. Let Iy|x n(0) := Iy|x (0 + h).
Iy|x,n(0) is called to be uniformly PQX-integrable if limp— o0 SUP, fmm ©)>M [Iy)x,n(0) |dP0X
= O forevery 6 € ©. If Iy, (6) is uniformly PQX—integrable, it follows that

EX{Iyix.0(0)) — Ef {Iyx(0)} as |h| — 0. (3.2)

Of course, if there exist ng -integrable functions Hy (x : 8) such that for any small i, Iy 4 (6)
< Hyp(x : 0) ae. P and [ Hy(x : 0)dPS — [ H(x : 0)dPJ as|h| — 0, then (3.2) holds
from Lebesgue Convergence Theorem. Let A = v x PQX . Sp(y|x) is called to be v x PQX -
continuous if for every 6 € @, A{(x, y) : |So+n(y|x) — So(y]|x)| = e} = 0 as |[h| — 0.
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THEOREM 3.8. Suppose that for every x € X, the family (/pg(y|x)) is continuous
L>-differentiable in measure v with the derivative $¢(y|x). Let Fisher’s information matrix
with respect to v be Iy, (0). If the family of functions Iy|x () satisfies (3.2) and s¢(y|x) is
v x PX-continuous, then the family (v/pg(y[x)) is continuous L*-differentiable in the sense
of Definition 2.4.

EXAMPLE 3.9 (Normal Linear Model).

id .
where €1, - - -, 8,,1’1\“ N (O, 02), o is known and « and 8 are unknown.

Suppose that random variables x1, - - - , x,, are i.i.d with common density fy which is
continuous L>-differentiable at # with the expectation ;.() = EgX;, and each measure of
Yi,xi (i = 1,---,n)is Lebesgue measure. Let Y = (Y1, ---,Y,) and x = (x,---, x) .
Let z(-) be a density of standard normal distribution and the family (pg,g(y|x)) be the condi-
tional densities of ¥ given x. It is verified that py g(y|x) = o ™" [T z2((yi —a — Bxi)/o)
is continuous L2-differentiable in measure /LY. (See Bickel, et al. [1], Proposition 2).

njo? I xifo? 0

Since Iyxn(a, B,0) = Y xi/o? Y )cl-z/cr2 0| does not depend
0 0 0
on h and w(f) is continuous from Lz-differentiability of fo, EX{IY|x(o¢,,8,9)} =
njo? nu(0)/o? 0
nu®)/o? n(e?+ n@®)?/o? 0| satisfies (3.2).
0 0 0

Thus, (pe,p(y]x)) satisfies (2.2) and (2.4) from Theorem 3.8. Applying Theorem 3.6,
Poapx,y)=0"" H?:l z((yi —a — Bxi) /o) fo(xi) is continuous L2-differentiable.

4. Proofs.

In this section, we shall prove the theorems stated in Section 3. Let the partition of L,
Ap = {t : go(t) > 0 and gg4(t) > 0}, By, := {t : go(¥) > 0 and go+,(¢) = 0} and
Cp:={r: go(t) = 0and go11 (1) > 0}.

LEMMA 4.1. Suppose that the family (\/po) is Lz—dl'ﬁ”erentiable and &(T (x)) is a
function such that f E(t(x)ko+n(x)go T (x)du < 00. Then the following holds

() / (oo () — 10 ()20 T ()dpt = O]

(ii) /S(I(X))(Ve+h (@) = rg(0))*go T (x)dp = o(1).
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PROOF. First, we shall prove Lemma 4.1(1).

S6+h (X) 59 (X) )2
— T()d
/TlAh (119+hT(x) qoT (x) goT (x)dp

< f (GosnT () — qoT (o2 L) gy / (So0(x) — 59 (1)) 2d e
T-14, 9o+nT (x)

- / (o 1) — qoPE[ L2 | 110y 1 0qnp) @.1)
A go+nT (x)

From L2-differentiability of (,/gs) and Remark 2.5, we have (4.1) = O(|h[?). On the
other hand, it is easily verified that [;_1p |rg+n(x) — ro(x)|>goT (x)dp = O(|h]?) and
fT*ICh [ro+n(xX) — 1o (x)|zggT(x)du = 0. Hence (i) is proved. Next, we shall prove Lemma
4.1(ii). By using the partition of integral domain, we have

/ 1E(T )| [V kor (x) — ko ()12 g0 T (x)d

< / ET VR — Ve @PgTdu  (4.2)
- [r1g01> ]

1
o / IWko+n(x) — ko (x)>go T (x)d (4.3)

It holds from Lemma 4.1(i) that (4.3) — 0 as |h| — 0. Since we have E[kg(x)|T] < lae.v
for every 8 from Remark 2.5, (4.2) is bounded above by

/ 1€ (@) |90 (@) (Elko+n ()| T]1+ Elko(x)|T1)dv
[r1e0)1> ]

<2 [ 1601 4000 (4.4)

It follows from Lebesgue Convergence Theorem that (4.4) — 0 as || — 0. Hence (ii) is
proved. (]

PROOF OF THEOREM 3.1. From ry = sp/qg and rg4y = Sg+n/qo+n On T 1A, it
follows that

/ Fo-1n(x) — rg(x) — (h, Fo (X)) g0 T (x)d
T-14,
<2 f |56+ (x) — s9(x) — (B, (x))>dp (4.5)
T-14,

+2/T i [(Go4nT (x) = go T (X))ro4n(x) — (h, rg(X)GoT (X)) [Pdpe. (4.6)
-14,
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It is clear that (4.5) = o(|h|?). (4.6) is bounded above by

4/ |go+nT (x) — qo T (x) — (h, Go T (x)) ko (x)d 4.7)
6T\
+4 / |rg-+1 (x) —re(x)|2(h, ) goT (x)dpe . (4.8)
qoT (x)
By Remark 2.5, it holds that (4.7) = o(|h|?). Setting lg (1) = 2(goT (x)/qe T (x)), it follows
from Lemma 4.1 (ii) that (4.8) = o(]h|?). Hence the assertion is proved. [l

LEMMA 4.2. Suppose that the family (v/kg) is conditional L*-differentiable given T.
Then,

/ Weon () — Vs PgeT()dp = O] .

PROOF.

/ IWko+n(x) — Vko ()12 g0 T (x)d e

<2 / Weorn () — ko 00) — o), ) Pge T (¥ +2 / (. 7 () g T ()t
=0(h%.
Thus, the lemma is proved. O

LEMMA 4.3. Suppose that (\/ke) is L*-differentiable and [ &(t (x))kg+n(x)go T (x)d 1
< 00 for small h.

/ E(T N IV ko1h (x) — ko () > go T (x)dp = o(1) .

PROOF. This is proved by the same argument as in the proof of Lemma 4.1 (ii). (]

PROOF OF THEOREM 3.2. Since py(x) = kg(x)gp(t) on {x : g9 > 0}, we have

fT ) I/ Po-+r () — v/ Po(x) — (Sp(x), h)*d
—1 n

<3 / Ik (x) — Vko (x) — (g (x), B)[>go T (x)d (4.9)

+3 f IWao4rT (x) — /90T (x) — (GoT (x), W) *kgn (x)d e (4.10)

+3 f IWko+n(x) — ke ()12 (G0 T (x), W) *d e . 4.11)

It is clear from the assumption that (4.9) = o(|h|%). Applying Remark 2.5, (4.10) = o(|h|?).
(4.11) does not exceed

3
Z'h'2 / IWko+1(x) — ko )P 1lo()|? g0 T (x)d .,
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where lg(t) = 2qo(t)/qe(t). It follows from Lemma 4.3 that (4.9) = o(|h|?). On the other
hand, we have pgy; = 0a.e. won T~ ' By, since 0 = th gopdv = fT*lBh Porndu. Hence

/ W Porn(x) — v/ po(x) — Go(x), h)*dp
T-!By
5‘/ ;mcwdu+—/' \Go (), )2
T-1By, T-!By

< / go()dv + |h]? 150 (0) 2t
B T-1By

=o(|h%).

It is easily verified that fT"C;, [/ Po+n(x) — A/ po(x) — (So(x), h)|2du = 0(|h|2). Thus, the

assertion is proved. (I

LEMMA 4.4. Suppose that the family (\/ge) is regular and f llo+n O2geT (x)dp <
00. Then the following holds

/ g1 (t) — lo(t)*go T (x)dp = o(1) .

PROOF.
) ) 2
o+nT (x) oT (x)

4 / oeh -2 _ 4 9T (¥)dpt
714, | Qo+nT(x)  qoT(x)
2
. oT (x) )
=4/ 610+hT(X)q——619T(X) dp

T-14, qo+n T (x)

<2 f a0 T () = qoT )Pl (0)Pdp + 8 / G0 T (x) = GoT (x)*dv
T—'Ap

2
:4/ <‘”+h(t) - 1) llg+n ()12 g0 (H)dv + o(1) . 4.12)
Ap CIQ(t)

By the same argument as Lemma 4.1 (ii), (4.12) tends to 0 as |[h| — 0. It is verified that

T-1p, 1L0+h\l) — Lo gol (x)dpu = o and Jr-1c, lo+n(l) — Lo gol (x)dpu = V.
Jr-1p, lo4n (@) = lo() 90T (x)d (1) and [1, o+ (1) — lo()|*goT (x)dp = 0O
Hence the assertion is proved. O

LEMMA 4.5. Suppose that the family (\/pg) is regular and f |l@+h(x)|2k9+h (x)ge
T (x)du < oo. Then, it follows that

/ llg+n (X)ro4n (x) — I ()rg(¥)[*go T (x)dp = o(1) .
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PROOF. Since lp(x)rg(x) = $o(x)/qsT (x), we have

Sorn(x)  Se(0) |
4 — T(x)d
/T—uA,, G T gl (o | Pk
. 2
<3 / S0 ) )~ S | die (4.13)
7-14, | qo+nT (x)

+8 / 1500 (6) — d6 ()Pl

Putting &94, (1) := E[|lg+n(x)ra4n(x)|?| T1, the following inequality holds in (4.13) by
the same argument as Lemma 4.1 (ii).

(4.13) <8 f - aeenT () = g T () Pllgn (0rgn () Pd
T—'Ap

=38 /A go-+1 (1) — qo (1) 1> E[llo+1(X)ro-+n (X)|* | T1dv
h

8
< = / |go-+1 () — go (1) *dv + 8/ 16+r (D1(go+n () + go(D)dv .
7] 80D > A
Therefore the assertion is proved. (]

PROOF OF THEOREM 3.5. Since L>-differentiability of the family (v/kg) is proved in
Theorem 3.1, it is sufficient to prove L2-continuity of the derivative 7 (x). By using 7y (x) =
(lg(x) — Ig(t))ro(x), it follows that

/ |Fg-+r (x) — Fo ()2 go T (x)d
= f |(o-+1(x) = lo-t1 (D) ran(x) — (lg (x) — Lp(0))ra(x) 9o T (x)d
<2 f -1 (X)re41(x) — Lo (xX)rg (x) > go T (x)d (4.14)

+2 / llon (t)ro1n (x) — lg()re(x) > go T (x)d e . (4.15)

It follows from Lemma 4.5 that (4.14) — O as |z| — 0. (4.15) does not exceed

4 / llo+n (1) — lo(1)1>go ()dv + 4 f Irg-+1 (x) — 19 ()12 1l6 (1)1 go (t)d 1 . (4.16)

Using Lemma 4.3 and 4.4, (4.16) — 0 as || — 0. Therefore (4.15) — 0 as |h| — 0.
Hence the assertion is proved. O
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PROOF OF THEOREM 3.6. It is sufficient to prove that the L2-derivative $p (x) is L2-
continuous since Lz-differentiability is proved in Theorem 3.2. For sg = rg../g90 + v'koqo,

/ |64 (x) — S0 (X)|2d e

= / 1Fo-+1 )V go+1 (1) + ko1 (X)Go-11 (1) — 7o (x)v/ 90 (1) — ko (x)Ga (1)|2d e

<4 f |Fg-4n (x) — Fg ()2 ga T (x)d

+4 f IV G041 (1) — v/ 90 (1) *Fon (x)Pd e

+4 f |Go-+1 (1) — Go (1) *kgn (x)d

+4 f ko (x) — ko ()10 (1) [*d e .

We have (4.18) — 0 as |h| — 0 by the same argument in (4.12).

4.17)
(4.18)
(4.19)

(4.20)

Applying Remark 2.5,

(4.19) — 0O as |h| — 0. By Lemma 4.3, (4.20) — 0 as |h| — 0. Hence the assertion is

proved.

O
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