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1. Introduction. Let A, denote the class of functions of the form
a.1) f@=2+ 3 a2  (@eN={1,2,3, .-}

n=p+1

which are analytic in the unit disk U={z: |2|<1}.
A function f(2) € 4, is said to be p-valently starlike in U if it satisfies
2f'(2)
1.2) Re @ >0 (ze U).
We denote by S*(p) the subclass of A, consisting of all such functions,
and by S*(1)=S* when p=1.
For f(2) in the class A, when p=1, Singh and Singh [4] have proved
Theorem A. If f(z) e A, satisfies

z2f"(2) 3
a.3) ‘ﬁ@]<5 (ze D),

then f(z) e S*.
Also, Miller and Mocanu [2] have showed
Theorem B. If f(2) e A, satisfies

S"(@)
(1.4) ’f@‘<2 (ze U),

then f(z) e S*.

In the present paper, we derive an improvement of the above theo-
rems as the special cases of our main result.

2. Main theorem. In order to show our main result, we need the
following lemma due to Jack [1] (also, by Miller and Mocanu [3]).

Lemma. Let w(2) be regular in U with w(0)=0. If |w(z)| attains its
maximum value in the circle |z|=r at a point z,, then we can write

2,w' (2,) = kw(2,),

where k is a real number and k=1.

Applying the above lemma, we prove

Theorem. Let q(z2)=p+q,2+q2*+ .- (pe N) be analytic in U. If
q(2) satisfies

@.1) a2+ z;’(g) _pl< §(5p+4¢?+4> el
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then

2.2) Re{q(2)}>0 (zeU).
Proof. We define the function w(z) by

(2.3) 9= D +w(@))

Then w(z) is regular in U with w(0)=0. Making use of the loga-
rithmic differentiations in both sides of (2.3), we obtain that

@ oy iy 2w
2.9 q(x)+ =222 @ p—zx/pw(z)+W(z)+¢_ﬁ+w(z).

If we suppose that there exists a point 2z, € U such that
_v2p ,
2

121120

then lemma gives that
2w R)=kw(z)  (k=1).
Therefore, letting w(z,)=(+v'2p/2)e’, we have

(2.5) }q(zo)+ z"q((z") p‘ =|w(z)| |2¢ D +w(z)+

22,0 (2y)
W p +w(z))w(zy)

_— \/227 etﬁ+ . 25{;—
2 VD +( 2p [2)e”
gl/%|2¢?+¢§p cos g 2k@V D ++/ 2p cos )

p(3+2v 2 cosb)
NE3 2442 cosd
o2 (¥ peosg s 2V B 080 )
=v2(p+ g Peos +3+2«/7 cos ¢
Noting that the function g(¢) defined by
V2 2+4/2¢
2.6 t)= T2 pt4= =2 t=cos @
(2.6) g(®) p+4p+3+2ﬁt (t=cos 6)
has the minimum for t=(2—38+/ » )/2v 2p , we conclude that
@7 e+ 20E 2V 2 Gp 4y 7 +9),
0

which contradicts our condition (2.1). Thus |w(z)|<<+/ 2p /2 for all ze U.

It follows from this fact and (2.3) that Re{q(2)}>0 for all ze U.
Taking p=1, we have

Corollary 1. Let q(2)=1+q,2+q,2*+ - - - be analytic in U.
If q(z) satisfies
@.9) oty 422 ]<13F e D),

then Re{g(2)}>0 (z € U).

Corollary 2. If f(z) € A, satisfies
2.9) | J{((? +1-p|< r(5104—4«/ p+y  (zel),
then f(z) e S*(p).

Proof. Letting q(2)=zf"(z)/ f(2) in the theorem, we have
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2.10 Gy, 2@
(2.10) q(x)+ @ + iZ0)

Therefore, f(z) e S*(p) follows from the theorem.
Making p=1 in Corollary 2, we have
Corollary 3. If f(2) e A, satisfies

2f"(2) 13v 2
@.11) | e <2 e,

then f(z) e S*.

Remark. Since 1842 /8=2.298. .., Corollary 3 is an improvement of
Theorem A by Singh and Singh [4], and of Theorem B by Miller and
Mocanu [2].
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