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16. Quantum Orthogonal and Symplectic Groups and their
Embedding into Quantum GL

By Mitsuhiro TAKEUCHI
Institute of Mathematics, University of Tsukuba

(Communicated by Shokichi IYANAGA, M. J. A., Feb. 13, 1989)

We use quantum R matrices [3] to define quantum orthogonal and
symplectic groups in the same way as quantum GL and SL of type A [2, 4,
7]. We also consider embedding the quantum orthogonal and symplectic
groups O, (n) and Sp,(n) into some g-analogues of GL(n). It seems difficult
to embed into GL,(n) of type A. We suggest there are two other types
(orthogonal and symplectic) of g-analogues of GL(n), and explain the em-
bedding of 0,(8) into GLJ(3), the quantum GL(3) of orthogonal type, in
detail.

We work over a field &, and fix an element ¢=+0 in k. Let .}, be the
free associative k-algebra on indeterminates x,, ¢, =1, ---,n, with the
following bialgebra structure:

A(xik)=Zj 2, Q% i, (2 4) =0
Let X denote the n X7 matrix (z,,) with entries in JH,.
1. Quantum orthogonal groups. For 1<i<w, put ¢=n-41—17 and

i—(n)2) if i<,
7=10 if i=17,
i—m—1  ifi>7.

We assume ¢ has a square root ¢** in k when n is odd. Let T denote the
following symmetric »? X n® matrix.
q Z eu®eu+. Z eij®eji+(q'—'q—1) Z ) €; Qe+ 2 0l Qe
P i#EjaJ! i<jyi#g’ i<k
where e;; denote matrix units and
1 if i=v=k,
0= {Q'l if i+ =k,
(@—q¢H@u—aqg*® if <k
We have
T —)(THqNT—g*"")=0.
Definition 1. Define bialgebras M (n) and A, (n) by
M,®)=M,/(XPT=TX®?), Am)=M,0n)| XX =I=X'X),
where X® =(X®@NUI®X), and X'=(¢' ;).

Proposition 2. (a) A (n) is a Hopf algebra, i.e., has an antipode.

(o) If g#=x1, there is a central group-like element 7 in M (n) such
that XX'=7I=X'X. The localization M (n)[r~*1 (with r~* group-like) is a
Hopf algebra, and A (n) coincides with the quotient Hopf algebra

M, (n)/(r—1).
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The quantum orthogonal group O,(n) is defined as the quantum group
corresponding to the Hopf algebra A,(n). When g=1, this reduces to the
classical orthogonal group.

2. Quantum symplectic groups. Definition is similar as above. We
use T'- instead of T. Assume n is even. For 1<i<n, put

{’Z:i—(n/z)——l, &=1 if i<?,

1=1—(n/2), g=—1 if >4,
We define T- by the same formula as T by using

aik={q" B if =k,

(@—q9 V0 —everg™ ") if i <k.

We have
T-—T4+q )T +q'-")=0.

Define quotient bialgebras M;(n) and A;(n) of ¥, by using T- and X'=
(ese,97 '2,,) in Def. 1. Proposition 2 holds for M (n) and A;(n). The
quantum symplectic group Sp,(n) is defined as the quantum group corre-
sponding to the Hopf algebra A;(n).

3. Quantum exterior and symmetric algebras. Manin [4] uses these
algebras to reformulate GL,(n). We define their orthogonal and symplectic
analogues. Let V=Fk" with canonical base v,, - --,v,. We identify T and
T- as linear endomorphisms of V®V. Assume T (resp. T-) has three dis-
tinct eigenvalues q, —q-*, ¢*~™ (resp. ¢, —q~', —q~'""). We put

W.=Ker (T—q)®Ker (T—q'""), W,=Ker (T+q)
(resp. W;=Ker (T-—q), W;=Ker (T-+q H®Ker (T~ +q~'"")).
Definition 3. We put
N W)=TV) (W), S, (V)=TV)|(W)

(resp. N WM=TW)| W),  S;(M=TWV)|(W7)).

When g=1, these reduce to the usual exterior and symmetric algebras.

Proposition 4. (a) The k-algebra N, (V) is defined by n generators
vy - - -, v, and the following relations:

i) =0, if i+7,
i) vw,=—q v, ifilj, %y,

ifli) vw,=—v0,+(Q@ ' —Q) Dk @V, 1T,

iv) 05, =(0"""—q"") Zcn T 0V
where n,=n+1)/2, and iv) is required only when n is odd.

(b) The products v,,- - -v,, with i,<- .- <i, form a base for N (V).

Proposition 5. (a) The k-algebra S, (V) is defined by n generators
vy, -+, v, and the following relations:

i) VU, =qV,Vy, if 1*<j’ i¢j’9
i) v0,=v20,+(Q"—Q) Dlician @' T VLV
Hqtriore(g =g, 1 <T,
where n,=(n+1)/2, and the last term in ii) is required only when n is odd.

(b) The products v,,- - -v,, with i,< - - - <i, form a base for S, (V).

The diamond lemma [1] is used to prove (b) of both propositions.
Similar facts hold for A (V) and S (V).
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Take the usual coaction p: T(V)->T(V)QM,, p(v)=2v.Qx,. Let J
be the smallest bi-ideal of %, such that p induces homomorphisms of quo-
tient algebras

Ny M)—> N MNOM,|J and S,(V)—>S,V)RM,|J
(cf. [4]D). Similarly, a bi-ideal J- is associated with A; (V) and S; (V).

Proposition 6. We put M,(n)=.H,/J and M;(n)=H,|J".

When ¢=1, both reduce to the polynomial algebra in z,;.

. Propositi~on 7. (@) M,(n) (resp. M;(n)) is a quotient bialgebra of
M, (n) (resp. M;(n)).

(b) We have

Aq(n)zllzfq(n)/(XX’=I=X’X) and A;(n)=M;(n)/(XX’=I=X’X).

Since A, (V) and A; (V) are quantum grassmannian algebras of di-
mension 7 [4], some group-like elements det, in M,(n) and det; in M (n)
are determined by the 1-dimensional n-th components. We call them the
quantum determinants of orthogonal and symplectic types. It is likely that
they are central and the localizations M, (n)[det;'] and M ;(n)[(det;)"] are
Hopf algebras. If this is the case we can well-define new g-analogues of
GL, GL%(n) and GL3(n) of orthogonal and symplectic types, as the quantum
groups represented by the Hopf algebras.

4. Presentation of Mq(:s). Write the generating matrix of 9, as

x Y 2z
X=u v o]
z/ ,y/ x/

The defining relation for MQ(B) congists of five types. Each type consists
of several equations of the same form.
I. yx=quxy
and 7 similar ones for (¥, 2), (z, u) etc. as (x, ¥),
II. zx=xz—ty* with t=q¢*—q**
and 8 similar ones for (', ¥, &), (%, u, 2’) etc. as (x, vy, 2),

e ()= 2 Gon)
" \oz 1 qg—q/\yu

and 3 similar ones for (¥, z; v, %) etc. as (&, ¥y; u, v),

wx q—1 —t 1 2U
Iv. (vy):( —t 2—q! t )(yv)
uz 1 t q—1/ \xw’

and 3 similar ones for (u, v, w ; 2/, ¥, &) as (&, ¥, 2 ; u, v, W),
/7
wu, 0 0 0 1 ¢ 7z

, xx’
V. Z'Z g 2 —lt —Ot —tt2 vy
, uw
27 1 0 t —1 0 w

with W=ax’—z2'—tyy’—»* (consisting of a single equation).
M,3) is a non-commutative polynomial algebra, i.e., the ordered
products of entries of X (relative to an appropriate order) form a base.
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There is the following “cofactor matrix”

x'v—qy'w Y —qya’ —2v4-qyw’
X=(—ux’+q“z’u’ W 42* Uz — qrw’ )
—2Zv+q¢ WU —xy+q'yR wv—qlyu

This means we have XX =det, I=XX in M,3). Hence the quantum deter-
minant det, (of orthogonal type) is central and M,(3)[det;'] has an antipode.
(The same is true for n=>5.) Thus we can well-define GL?(3), and the
quantum group O,(3) is its closed subgroup defined by the equation XX’'=

I=X'X with
z ql/2ul qz
X' = (q—1/2yr ) qx/zy).
q—-lz/ q—l/Zu xz
We put
S0,3)=0,3)NSLL3)
where SLJ(3) is the quantum subgroup defined by det,=1.
There is an interesting relation between quantum groups SL,(2) (of

type A) and SO,,(3). Let (g g) be the generating matrix of A(SL,(2)),

the Hopf algebra of SL,(2).
Proposition 8. The algebra map f: M,—A(SL,(2)),
a’ ¢"Mg+qMab  —(g+q~Hb*
f(X)=( q"*ac ad+qbe —q1’2(q+q")bd>
—c*(q+q™) —q"’cd @
(which is essentially the matric W, of [5], (10)) induces a Hopf algebra
map A,(8)—>A(SL, (2)) sending det,. into 1.

Thus we have a homomorphism of quantum groups SL,(2)—SO.(3).
This is epimorphic, i.e., the corresponding Hopf algebra map is injective
if char (¥)=0 and ¢ is not a root of 1.

During preparation of the work, the author had a chance to attend
a talk by L. Takhtajan, where similar constructions and results were
presented independently. For instance, our quantum group O, (n) was
introduced under the symbol SO,(n). On the other hand, the notion of
N, (V) or det, (of orthogonal or symplectic type) does not seem contained
in his work. His results will appear in the paper by N. Reshetikhin,

L. Takhtajan and L. Faddeev (in Russian) in Algebra and Analysis, vol. 1,
1989.
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