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39. Zeta Zeros, Hurwitz Zeta Functions and L(1

By Akio FuJII
Department of Mathematics, Rikkyo University

(Communicated by Shokichi IYANAGA, M. J. A., May 12, 1989)

1. Introduction. Let a be a positive number 1. We are con-
cerned with the value distribution o the Hurwitz zeta unction (s, a)--

1 (for Re (s) 1) at the zeros of the Riemann zeta function (s).
(n+a)8
Although (s, a) has many good properties like (s), it 2ails to have

the Euler product ormula except when a= 1/2, in which case we have
(s, 1/2)=(2-1)(s). So it might be interesting to clariy how any prob-
lem concerning (s, a) depends on a. We assume the Riemann Hypothesis
throughout this article and prove the ollowing theorem. To state our

theorem, we put L(1)= e(--na) with e(y)=e and (x)=logp if
n=l n

x=p with a prime number p and an integer k_l, and --0 otherwise.
We denote the imaginary parts of the zeros of (s) by 7.

Theorem. For any positive a l,

lim 2 ]r (lr- < ) (a1--)-+ff, a A --L(1).

From this theorem we see first that for any integer k2,

--_1
_

1 k-l+. 1 +. 1
1+2+"" k--1 k k+l k+2

+...
1 k--1 1+ +...

2k-- 1 2k 2k-F 1
log k,

since ,-{(s, b/k)=(ks-1){(s) and -__} A(k/b)= A(m)=log k. (We
know, of course, that this can be proved in an elementary way.)

We see next that or any primitive character Z mod q_ 3,

lim 2- :--(b)rT 0<r (-+ir,)
2(b)A L/q(1)(b)

b=l

A(q) f(Z)L(1, Z),
where L(, Z) is he Diriehle L-function and r(Z)=g=Z(b)e(b/q). ore-
over since (, b/q) can be written as a linear combination of L-functions,
we ge he ollowing new expressions of L(1, ) (el. also [] and [6] for
oher ype o expressions).

CorollarT. Po imitie ehaaeter Z mod q8,
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q(/2)/*r ( ( 1 ) )=--lim 2z L +i,2 --1
0< (z)

We should remark that this corollary can be proved directly by evalu-
ating the sum 0<r x(/ +*(L((1/2) +it, )- 1). In fact, it should be com-
pared with the result (cf. [2] and [3]) for x= 1;

:0(( ) )T <
+it’ 1 L(1, z)v(z)-z(q) + (, )

(q)
where p(q) is the MSbius function and 9(q) is the Euler function. We
remark also that our results can be extended to the zeros of Dirichlet L-
functions. These will appear elsewhere.

To prove our theorem we shall use the following lemmas which are the
refinements of Theorems 1’ and 2’ in [2] and can be obtained by refining
the author’s proof in [1] (cf. [4]).

Lemma A. For x> 1 and T> To, we have

x,r= T A(x) M(x, T)+0( log (2x))

+0( 1 1(n) Min (T,x/< [log ()1

where
1

(x
*r log (T/’2) 1 X) if 1 <<log x

to((
LemmaB. Soe that O<(2/b)Y<T,(T/2)>>I g T>To.

Then we have for any positive .b2,

e( b log b )r<rr "2ea
A(n)n/’/-e(_an/)

b (Yb/2za) n(Tb/2a)b

o ((( )-+ (_) o+ o((-) ) )
log Y

2. Proof of Theorem. We suppose that (1/T) <<log 1/a. Using the
approximate functional equation of 5(s, a) due to Rane (cf. p. 204 of [9]),
we get
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/1\
5|+i, a} , (n+a)

+ e(-- loge/ e(--ma)m-(n)+
O<rKT 2= 2=e/

+ o( E r-/)
0rKT

=a-/ a-+ (n+a)-*/ (n+a)-
0rKT KnK 4T/2 2unKrT

+ e/ e(-ma)m-/ e(- log
m/2 2mrT 2 2em

+ O(T/ log T)
S, -4- S.+ S-4- O(T/ log T), say.

Using Lemma A, we get
log T )S=-----T A(-)+2u0 (al--log

+O((1/a)<n<(1/a)A(n) Min (T, 1

n (l/a)

(.1./ log T )+o(X[ll/gTlog(’_) log T )+ O\a log log T /-\--] log log T
log T

logT )+O(A(n(a))Min(T 1/a ))1 _n(a)

1 (al__)/ lg TT)+ 0 (. /.__
or

log (-)log log

where n(a) is the nearest integer to 1/a other than 1/a itself.
Using Lemma A, we get also

log T{O(/n+a log (n+a))+ O( log (n+a) )S-- 1
1KnK ,’T/2 /n + a

1

_
A(m) 1

"4-Oy/n"-b(1/2)(n+a)<m<2(n+a)
m--c:n+a (mlog

n+a

( logT )}+ 0 (n+ a)TM lo r log (2(n+ a))
log log T

( )( A(n)=o( o+o (m + 0

( ( 1 ))
where a Min (a, 1-- a).

Using Lemma B, we get
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T e( ma) -t- 0 -t- 0 log
2 m a

T).

Thus if we fix a, then we get

This proves our theorem with the remainder term.
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