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24. On Cayley-Hamilton’s Theorem and
Amitsur-Levitzki’s Identity

By Yoshio AGAoka
Department of Mathematics, Kyoto University

(Communicated by Shokichi IYANAGA, M. J. A., March 12, 1987)

1. The purpose of this note is to prove a generalization of the clas-
sical Cayley-Hamilton’s theorem and a tensor version of Amitsur-Levitzki’s
identity concerning matrices.

Let V be an n-dimensional vector space over the field of complex num-
bers and A, ---, A, be linear endomorphisms of V. We define a linear
map AN ---N4,: A'V—> AV (A?V is the skew symmetric tensor pro-
duct of V) by

(AN NAYUAN - ANuy)=0/ph) Zae@p (=LA, iy - - ANAU,
where (—1)° is the signature of the permutation ¢ &, and %,, ---,u,e V.
Note that the equality 4,,,A--- ANA,,,=4,A---AA4, holds for any per-
mutation ¢ € S,. For X € End (V), we define invariants f,(X) € C by

det AU —X) =221 fu(X)2",
where I is the identity matrix. Then we have
Theorem 1. Let X be a linear endomorphism of V and p be an integer
(1<pgn). Then, by putting r=n+1—2p, the following identity holds :
Sarseraper XON - AX2 4 FU(X) Dosserapara XA - AXP 40
(1 ) = = — P .
+fr—1(X) Za1+om+a,,=1 Xa1/\ ce /\Xap+fr(X) I/\ ce /\I=O .
a2 /\PV——>/\1’V’
where the sum is taken over all the combinations of integers {a,} satisfying
the conditions under X. (We consider X°=1.)

Remark. In the case p=1, the above identity is reduced to the form :

X"+ fi(XDX" 4+ [o(X) =0 V—T,
which is nothing but the classical Cayley-Hamilton’s theorem.

Proof. We have only to prove the theorem in case where X is a dia-
gonal matrix because such a matrix constitutes a dense subset of the space
of matrices. Let {&;, ---,a,} be the eigenvalues of X and {e,, ---,¢,} be a
basis of V such that Xe,=a,e,, We prove that the element e,A---Ae,
e N\?V is mapped to 0 by the left hand side of the identity (1). We put
V,={e, --,e,} and V,={e,,, ---,¢,}. First, we have
(2) (XA AXD)(OA - Ae)=1/p]) T, (=1 X, A - AX %,

=1A/p) Dle, (—1)’aityy - - - @ity /\ - - A€y
=(1/p"H ng e qleme N\ e A€
We denote by S; and T, the Schur functions corresponding to the partition
A=y, + -y A) (A{>--->2,>0) with variables {«;, - - -, a,} and {a,.1, - - -, @},
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respectively. (See [2], [3], [6]. For example, S,=a,+ - -+a,and T,=«,,,
++-.+a,.) Then for a positive integer %, the Schur function S, is equal to
the trace of the linear map X*®: S*(V)—S*(V, defined by X*(u;o ---ou)
=Xu;0 -0 Xuy. (Uyo---ou,eS¥V, is the symmetric tensor product of
u,€V,)) Hence we have
Si=2 1< gin Xy " * ’“1k=2a1+~--+4p=k afts - -o?
=(1/p D Zgl+---+ap=k apr® . . ‘aﬁ""”-

Combining with the equality (2), we have
(3 ) Za,+~--+a,,=k (X‘“/\ e /\Xap)(el/\ e /\ep)-_—_Sk.el/\ e /\ep.

Next, we calculate the trace of the linear map X” : A*V— A*V defined
by XM A -+ - Aup)=Xu N\ - - - AXu,. Since A*V is a direct sum of X~-
invariant subspaces AV, QA* 'V, (=0, - .-, k), the trace of X" is

2tm0 (Pacemcts ®uy® * 0y Dopicnncguy Agy s @)= 2 1m0 STy,
which is, by definition, equal to >, ..., - -, =(—1)*f(X). Hence,
combining with (3), we have
fk(X) Za1+---+a,=r-k Xal/\ o /\Xap(el/\ e /\ep)
=(=1)* >0 SuTu-uS, -\ - - - Neé,.
From this equality, it follows that the element e, A - - - Ae, is mapped, by
the left hand side of (1), to
Z;=o (—l)r—q{sq_SlSq—1+SIISq—2— cre +(—1)qu}T1r—q‘el/\ e /\ep°
Using Littlewood-Richardson’s rule (cf. [3]), we have
Sltsq—z=Sq-a+1,1t—1+Sq-:,1t:
and substituting this equality into the above, we see that it is equal to
(—=1)Ty-e;,\---Ae, Butthisis 0 becauser>dim V,. Hence the identity
(1) holds. qg.e.d.

2. Next, we state and prove a tensor version of Amitsur-Levitzki’s
identity by using Theorem 1. For A4,,..-,4,€End (V), we define an
endomorphism 4, - ..o A, of the symmetric tensor space S?(V) by

(Ao -0 A(Uo---ou)=(1/ph 2ooes, Aoy o -+ 0 Ay
It is easy to see that the equality 4,50 --- 0 A, =A,0 .-+ oA, holds for any
permutation ¢ € €,.

Theorem 2. Let X,,.-.,X,, be linear endomorphisms of V. Then
the following identity holds :

(4) Zae@zn (“D"(Xa(l)Xa(Z)) ° (Xa(S)Xa(4)) 0o (Xa(Z'n—l)Xa(Zn)):O
: S*(V)—>S™(V).
Remark. It is easy to see that the contraction of the linear map
Ajo---0A,: 82(V)—S?(V) is
SHaTrAgAje-obio0d,
4+ (AA)o Ao i0lio 0,0 0 A,
Hence, by contracting the above equality (4) n—1-times, we obtain a matrix
identity

*  Dr. K. Kiyohara kindly communicated to the author another proof using the
graph theory.
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2aoeea (X, 00X, Xopam=0: V—V,
which is Amitsur-Levitzki’s identity ({11, [6]).
Proof. For A,,---,A,cEnd (V), we define linear maps
AO---0O4,:8°(V)—> AV and A,A---AA,: NPV—>852(V)
by

(Anl___l ct DAp)(ul 00 up)=% Zae@p Aluq(l)/\ e /\Apuv(p)’

and
(AN ANADUN - - - /\up)=% Dases, (1A, gy 0 -0 AUy,
(Note that equalities 4,0 -O4.p,m=(—D"4,0---04, and A,;, A\~

NA, =1 A, N---AA, hold for any 6 €S,.) Then the following com-
position formulas hold.

(AN ANANBO- - me)=5—1,— 57 (= 1)(A,B, )01 - - (A, B. )
(AA - AAYBO- - ~DB,,)=% ST(=1)"(A4,B.) o - - - o (4,B, )
=}}—, ST(— 1" (A,wB) o - o (A,By)

(AA - AADBA - '/\Bp)=~1;17 STAB, o)A - - - AA,B, ).

Now, we calculate the following sum of linear maps

(5) 2ioeen (mD (X iy A - AXony)
(X yANIN - ANDX O - OX, D+ SY(V)—>8™(V)
in two ways. First, from the above composition formula, we have
X,y ANIN - - ADX, O - - OX,m 0D

=—1]’;_ Z?=2 (-—'l)i(Xv(l)Xv(i))D e DXa(i—l)DXo(i-H)D s DXa(n)DI

L (D" X O O
Hence, by composing with the map X,., A« AX,qn, it follows that (5)
is equal to

S SEPINEE D 3 BYCS VL CAe SN 1 AL

(Xar(n+2)Xa(2)) O+ o0 (Xaf(n+i—1)X17(i-l)) ° (Xar(n+i)X¢r(i+1)) O+ o0
(Xv1(2‘n—1)Xo-(n)) ° (Xat(Zn)I)-‘—%.];q’*'(_l)n-l Zaé@zn Zre@n (—‘1)‘7(_'1)f
'(X.n(nn)Xo(l)) ©¢+e-o0 (XvT(Zn)XU(n))
(r €S, is considered as a permutation of the letters {n+1, .. .,2n}.)
=—?],;— ZGGGZn Z?=2 (_—1)1('—'1)0(Xa(n+1)Xa(1)Xa(t)) ° (Xv(n+2)Xc7(2)) 0+ 0

(Xcr(n-t-i—1)Xa(i-1))(Xv(n+i)Xa('l+1)) 0=+ 0 (Xu(zn—l)Xa(n)) ° (Xa(Zn)I)
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_—1)»-t
+(—}j— 5o (=D KXo @ -+ 0 Koo Xocw)

= n;1 ZaG@zn (—1)'7(Xa(7b+1)Xa(l)Xq(2)) ° (Xq(n+2)X”(3)) 6.v-0o

i n-1
(Xa(Zn—l)Xa(n)) ©° Xa(?n)'*"('?ll—) Zae@an (—l)q(Xa(n+l)Xo(l)) o0

(Xa(Zn)Xa(n))~
On the other hand, since X, ,AIN--- AI=Q1/n) Tr X, -IA - - - AI (the case
p=n in Theorem 1), (5) is equal to

zae%"(—l)ﬂ;l&— Tr X, Koo A+ AXoan) XD - 00X, 0o 0D

= n.];?,l 206627. Zre@,, ("1)”(—1)7 Tr Xﬂ(l)'(Xar(n-H)Xa(Z)) Orero
(Xu(m—l)Xa(n)) ° (Xa'r(2n)l)

=% Zoe@m (“‘1)0 Tr Xv(l)'(Xa(n+l)Xa(2)) © -0 (Xa(Zn-l)Xa(n)) ° Xa(2n)-

From these two expressions, we obtain the equality
( 6) (%——1) Za‘&@gn (_l)a(Xa(n+l)Xc(1)Xa(2)) ° (Xq(n+2)Xv(3)) © >+ 0 (Xv(zn—l)Xa(n)) °
Xa(zn)"i‘(—l)n-l Zoeem (_1)0(Xa(n+1)Xa(1)) 00 (Xa(Zn)Xy(n))
=Zve@2n (=1 Tr Xa(l)‘(Xamn)Xum) ©rrc0 (Xa(z'n—l)Xa(n)) ° Xu(zm-
Next, starting from the composite
206627, ("1)”(Xa(n+2)A e AXa(Zn)AI)(Xa(n+1)/\I/\ M /\I)
(X, - OX o) 2 SU(V)—>SU(V),
we obtain, in the same way, the equality
(7) (m—1) qu@“ (——1)0(X¢r(n+2)Xq(n+l)Xu(1)) ° (Xa(n+3)X¢7(2))° s O(Xo(Zn)Xa(n—l)) °
Xv(n)_l_(—l)n_l Zaé@n (-—1)0(Xa(n+1)Xa(1)) 0 (Xv(zn)Xv(n))
=Za€@2n ("1)" Tr Xa(n+1) '(Xv('n+2)Xa(1)) 00 (Xa(Zn)Xa('n—l)) ° Xa(n)°
‘We rearrange the indices in (6), (7) and add these two equalities. Then,
two terms are cancelled and we obtain the desired identity (4), q.e.d.
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