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1. Introduction. Let V=S8'xD?be a (framed) solid torus and choose
two disjoint embedded discs D_, D, indV. Define an oriented 3-dimensional
handlebody H, of genus g by H,=V4---4V, (g-copies of V) where D_ of
V, is attached to D, of V,_,. We denote 3, for 9H, which has an embedded
disc D*=D, of V,. Let J,,, be the Torelli group of X, rel. D*. Now let
¢, be a diffeomorphism of 5, defined as ¢,=[[{.,p, where p,=¢,0,0,, ¢, and
on being, respectively, the Dehn twist on the longitude and meridian curves
of the framed torus oV, so that H,(J, (—H,)=S®’. For each element ¢ ¢
Iy,1» the manifold M(p)=H,.,,(—H,) is an oriented homology 3-sphere
and we have the Casson invariant 2(M(¢)) € Z. Thus we have a map 1: J9,,,
—Z. The purpose of the present note is to announce our result concerning
the map 1. Briefly speaking we have shown that the Casson invariant is
a kind of secondary invariant associated with the characteristic classes of
surface bundles introduced in [7]. As a result we have obtained an
alternative definition of 2 (see Theorems 6 and 7).

2. Johnson’s homomorphisms. Letz, ---,2,, ¥y, ---,y, bethe sym-
plectic basis of H=H,(2,; Z) such that x, and y, are represented by the
longitude and meridian of 9V, respectively. Consider the basis =, Ay,
@, 7=1, -+, 9), z, Az, G<D, YAy, (<j) of A\*’H and write ¢, (i=1, - -,
() for these elements (in any order). Let T' be the submodule of A\*H®
N*HC \* HQH" generated by {,®¢, and t,®t,+t,®¢, ((+7). Hereafter we
simply write t,<>t, for ¢{,®t,+t,®t,. Let T be theimagein (\* HQH/\*H)
®H of T under the projection \*HQQH'>(N\*HQH/\*H)®H. Then we
have Johnson’s homomorphisms :

i I, —>N*H

75t K,,,—>T
where K, , is the subgroup of J,,, generated by Dehn twists on bounding
simple closed curves (see [4], [5], [6], [9] for details). Define a homomorphism
6,: T->Z by requiring the value of it on each element of the basis of T
described above as 6,(x,\2,<>y;\y,;)=1 and 6, (other element)=0.

3. Characteristic classes of surface bundles. Here we begin by
briefly recalling several results from our previous papers [7], [8], [9]. Let
M,,, be the mapping class group of 3, relative to D* and let e, € H(H,,,; Z)
be the first characteristic class of surface bundles. We constructed a
crossed homomorphism k: %, ,—H, which is uniquely defined up to
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coboundaries, and proved that the cohomology class e, is represented by the
2-cocycle ¢ of M, given by clp, v)=k(p) - k(") (o, € M, ). We also
proved that i*(e,))=0 in H*Y,, where i¢:JY9,,— M, is the inclusion.
(Formerly we have only proved that i*(e,) is a torsion class, but Johnson’s
result [6] and the form of the cocycle ¢ above imply that i*(e,) is actually
zero.) Hence there exists a map
d:9,,—>Z

such that i*(c)=dd. It is well defined up to elements of H'(Y,,; Z). Also
Im d is contained in 2Z.

Theorem 1. Let pe K, , be a Dehn twist on a bounding simple closed
curve of genus k in X, \D*. Then we have d(p)= —4k(k—1).

4. Statement of the main results. Let [, ,=Kerr, It is the sub-
group of 9, , consisting of all elements which act on n,(Zg\f)Z) trivially
modulo four-fold commutators.

Theorem 2. 1=(1/24)d on L, ,.

As a corollary to this theorem, we can answer a problem of Johnson
([5], p. 172, Problem B) negatively.

Corollary 3. The three-fold commutator subgroup of J9,.,, which is a
normal subgroup of L, has an infinite index in L, ;.

Now let J1,,, be the subgroup of ¥, consisting of isotopy classes of
diffeomorphisms of ¥, which can be extended to those of H,. Define an
equivalence relation ~ on J,, as follows. Two elements ¢ and € J,,, are
equivalent iff there are elements &, & € J1,,, such that =¢;'¢,c,0&. Then
the classical Heegaard-Reidemeister-Singer theorem implies that

lim Y,/ ~=49(),

g

where 9((3) denotes the set of all diffeomorphism classes of oriented
homology 3-spheres. The correspondence is given by J, ;3 o—>M(p) € H(3).
Now let W, (resp. W,) be the submodule of A®H generated by the elements
2, \&; Ay, and x, Az, A\, (resp. z, Ay, \y, and y, Ay, \y,) so that \°H=
W.®W,. Itis easy to deduce from the result of Suzuki [10] that for any
element we W, there exists an element o€ 9, ,NJ1,,;, such that z.(p)=wu.
Using this fact we can prove

Proposition 4. For any element ¢ € 9,,,, there exist elements y, ¥, €
Iy NI, such that ;e 00, is contained in K, ;.

Corollary 5. HB)=lim K,/ ~.

oo

This simple result might be useful when one tries to obtain new in-
variants for homology 3-spheres from those of knots in S°,

Next we define a homomorphism d: T—Z by requiring d(t,®t,)=0 and
daNb>cAd)y=(a-b)c-d)—(a-c)b-d)+(a-d)b-¢) (@, b,c,de H). For each
element ¢ € 9, ;, choose V, v, € J,,; N T, such that ¢=—c; "y, 0V, is contained
in X, (see Proposition 4) and also choose t € T such that ¢,(¢)=t e T, where
t is the projection of . Now set
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_ 171, ., 5
a<so)_oo<t)+-?’-{gd(so)w(t)}.

Theorem 6. The value 6(p) depends only on the element ¢, namely it
18 independent of the choices of r, v, and t. Moreover if ¢ ~+, then d(p)
=0(y) so that we have a map 6: HB)—Z.

For the proof of the above theorem, the determination of a finite set
of normal generators for the group 9,,NJ1,,;, which can be derived from
the classical presentation of GL(g, Z) and the result of Suzuki [10] along
the lines of Birman’s paper [1], plays a crucial role. Now we have

Theorem 7. 4 s equal to 2 as a map Y B)—Z.

Thus Theorem 6 provides a method of computing () and also we have
an alternative definition of Casson’s invariant in terms of the pasting maps
of Heegaard decompositions (of course the point here is that we do not use
the existence of 1 in the proof of Theorem 6).

5. The Magnus representation of the Torelli group. Choose a free
generators 1y, - -+, 7y, of nl(Zg\Dz) which is a free group of rank 29. For
each element ¢ € J, ,, consider the matrix

(o) = (ﬁ%“)-) € GL,,(Z[H])

where (3/07,) is the Fox differential with respect to 7,. This defines a map
r:Y,,—~GL,,(Z[H]) which is actually a homomorphism and following
Birman’s book [2] we call it the Magnus representation of the Torelli group.
Let I be the augmentation ideal of Z[H] and let Z[H], be the quotient
Z[H]/I". We write r, for the composition J, ,—GL,,(Z[H)—GL,,(Z[H],).
The homomorphisms 7, is closely related with Johnson’s homomorphisms
z,. For example
Theorem 8. (i) Im7, is naturally isomorphic to N\*H so that r, is
essentially equivalent to r,. In particular det r(p)=k(p) for all o€ I, ;.
(ii) 7K, ) is naturally isomorphic to Im <, so that r, restricted to
K, .1 18 equivalent to t,.
(iii) Imr, is isomorphic to the central extension of N\*H by Imz,: 0—
Imz,—Imr,— A\* H—1, whose Euler class e H*(\* H ; Im ;) is given by
N HX N*H 3 (@NbAc, dNeNf)
—(a-d)b NereN\f+(a-e)b Ne>fAd+-(a- b Ae>d/N\e
+B-decNaeNf+b-e)eNa>fAA+(D- e NadNe € Imz,CT.
+ (- DaNbeN\ f+(c-e)aNb>fAd+(c- HaNb<>d/N\e
Theorem 6 and Theorem 8 (iii) imply
Theorem 9. For two elements ¢, € J,.,,, we have
Apyr) =)+ A(y) —2m
where m is defined as follows. Write .(p)=2" a,;Y;/\Y;/\y+other terms,
to(¥) =2 b, N, A\, +other terms, with respect to the basis of N*H
described before, then m=73" a,;,b .
In particular 2 is a homomorphism for g=2 and also the above result
is consistent with the result of Birman-Craggs [3] that 2 mod 2, which is
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the Rohlin invariant, defines a homomorphism 9, ,—Z/2.
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